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PREFACE.

———

INn presenting a revision of their  Plane and Solid Geom-
etry ” (Boston, 1895), the authors feel that an explanation of
its distinctive features may be of service to the teacher.

It is sometimes asserted that we should break away from
the formal proofs of Euclid and Legendre and lead the student
to independent discovery, and so we find text-books that give
no proofs, others that give hints of the demonstrations, and
still others that draw out the demonstration by a series of
questions which, being capable of answer in only one way,
merely conceal the FEuclidean proof. But, after all, the

~experience of the world has been that thg best results are

secured by setting forth a minimum of-.formal proofs as
models, and a maximum of unsolved or unproved propositions
as exercises. This plan has been followed by the authors,
and the success of the first edition has abundantly justified
their action.

There is a growing belief among teachers that such of the
notions of modern geometry as materially simplify the ancient
should find place in our elementary text-books. With this
belief the authors are entirely in sympathy. Accordingly
they have not hesitated to introduce the ideas of one-to-one
correspondence, of anti-parallels, of negative magnitudes, of
general figures, of prismatic space, of similarity of point
systems, and such other concepts as are of real value in' the

early study of the science. All this has been done in a con-
: iii
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servative way, and such material as the first edition showed
to be at all questionable has been omitted from the present
revision.

Within comparatively recent years the question of methods
of attack has interested several leading writers. Whatever
has been found to be usable in elementary work the authors
have inserted where it will prove of most value. To allow the
student to grope in the dark in his efforts to discover a proof,
is such a pedagogical mistake that this innovation in American
text-books has been generally welcomed. Upon this point
the authors have freely drawn from the works of Petersen of
Denmark, and of Rouché and de Comberousse of France, and
from the excellent treatise recently published by Hadamard
(Paris, 1898).

With this introduction of modern concepts has necessarily
come the use of certain terms and symbols which may not
generally be recognized by teachers. These have, however,
been chosen only after most conservative thought. None is
new in the mathematical world, and all are recognized by the
leading writers of the present time. They certainly deserve
place in our elementary treatises on the ground of exactness,
of simplicity, and of their general usage in mathematical
literature. '

The historical notes of the first edition have been retained,
it being the general consensus of opinion that they add
materially to the interest in the work. For teachers who
desire a brief but scholarly treatment of the subject the
authors refer to their translation of Fink’s «History of
Elementary Mathematics” (Chicago, The Open Court Pub-
lishing Co., 1899). For the limitations of elementary geom-
etry, the impossibility of trisecting an angle, squaring a
circle, etc., teachers should read the authors’ translation of
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Klein’s valuable work, “Famous Problems of Elementary
Geometry ” (Boston, Ginn & Company).

It is impossible to make complete acknowledgment of the
helps that have been used. The leading European text-books
have been constantly at hand. Special reference, however, is
due to such standard works as those of Henrici and Treutlein,
“Lehrbuch der Elementar-Geometrie,” the French writers
already mentioned, and the noteworthy contributions of the
recent Italian school represented by Faifofer, by Socci and
Tolomei, and by Lazzeri and Bassani.

Teachers are urged to consider the following suggestions in
using the book :

1. Make haste slowly at the beginning of plane and of solid
geometry.

2. Never attempt to give all of the exercises to any class.
Two or three hundred, selected by the teacher, should suffice.

3. Require frequent written work, thus training the eye, the
hand, and the logical faculty together. The authors’ Geometry
Tablet (Ginn & Company) is recommended for this work.

W. W. BEMAN, Axx ArBOR, MicH.
D. E. SMITH, Brockrort, N. Y.

Juxe 15, 1899.
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PLANE AND SOLID GEOMETRY.
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PLANE GEOMETRY.

INTRODUCTION.
l. ELEMENTARY DEFINITIONS.

1. In Arithmetic the student has considered the science of
numbers, and has found, for example, that a number which
ends in 5 or 0 is divisible by 5.

In Algebra he has studied, among other things, the equation,
and has found that if } & — 1 = 5, z must equal 12.

In Geometry he is to study form, and he will find, for
example, that two triangles must necessarily be equal if the
three sides of the one are respectively equal to the three sides
of the other.

Before beginning the subject, however, there are certain
terms which, although familiar, are used with such exactness
as to require careful explanation. These terms are solid, sur-
Jace, line, angle (with various kinds of each), and point. As
with most elementary mathematical terms, such as number,
space, ete., it is difficult to give them simple and satisfactory
definition. Explanations can, however, be given which will
lead the student to a reasonable understanding of them.

2. The space with which we are familiar and in which we
live is evidently divisible. Any limited portion of space is
called a solid.

In geometry no attention is given to the substance of which
the solid is composed. It may be water, or iron, or air, or
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wood, or it may be a vacuum. Indeed, geometry considers
only the space occupied by the substance. This space is called
a geometric solid, or simply a solid, while the substance is called
a physical solid. Thus, a ball is a physical solid ; the space
which the ball occupies is a geometric solid.

3. That which separates one part of space from an adjoin-
ing part is called a surface. So we speak of the surface of a
ball, the surface of the earth, ete.

4. Every surface is divisible. That which separates one
part of a surface from an adjoining part is called a line.

5. Every line is divisible. That which separates one part
of a line from an adjoining part is called a point.
A point is not divisible.
Thus, in the figure the surface of the block separates the space occu-
pied by the block from all the rest of space. This surface is divisible in
many ways; for example, it is divided into
two parts by the line passing from A through

C
k B Band C and back to A. This line is divisible
. in many ways; for example, it is separated
into three parts by the points 4, B, C. In the

case of a line that returns into itself, —i.e. a
closed line, like the one just mentioned, — two points are necessary com-
pletely to separate one part from the other.

It is impossible to draw mechanically a geometric line. A
chalk mark, a thread, a fine wire, an ink mark, are all very
thin physical solids used to represent lines; for this purpose
they are very helpful. So, too, a dot may be used to represent
a point, and a sheet of paper may be used to represent a surface,
although each is really a physical solid.

6. The preceding definitions start from the solid and take
the surface, line, and point in order. It is also possible to
start with the point and proceed in reverse order.

The point is the simplest geometric concept ; it has position,
but not magnitude.
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A moving point describes a line.
This may be represented by a pencil point moving on a piece of paper.
A moving line describes, in general, a surface.

This may be represented by a crayon lying flat against the blackboard,
and moving sidewise. How may a line move so as not to describe a
surface ?

A moving surface describes, in general, a solid.

Thus, the surface of a glass of water, as it moves upward, may be said to
describe a solid. How may a surface move so as not to describe a solid ?

7. Through two points any number of lines may be imagined
to pass. a r
For example, through the points Py, P; W\ P'\)/s
(read ‘‘P-one, P-two’’) the lines g, r, 8
may be imagined to pass.

A straight line is a line which is determined by any two of
its points.

In the figure, s represents a straight line, for, given the points P;, P,
on the line, its position is fixed ; it is determined.

But ¢ and » do not represent straight lines, because P; and P3 do Rot
determine them.

The word Zine, used alone, is to be understood to refer to a
straight line.

The expression straight line is used to mean both an unlim-
ited straight line and a portion of such a line. In case of
doubt, line-segment, or merely segment, is used to mean a
limited straight line.

As has been seen, a point is usually named by some capital
letter. A segment is usually
named by naming its end points, A_B ¢ 5——
or by a single small letter.

In the annexed figure, AB, AC, BC, and o are marked off.

Two segments are said to be equal when they can be made
to coincide. ‘
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8. If three points, 4, B, C, are taken in order on a line,
as in the preceding figure, then the line-segment 4AC is called
the sum of the line-segments 4B and B(, and 4B is called the
difference between 4C and BC.

9. If a point divides a line-segment into two equa,l seg-
ments, it is said to bisect the line-segment and P
is called its mid-point. A

A line is easily bisected by the use of a straight-
edge and compasses, thus :

With centers 4 and B, and equal radii, describe
arcs intersecting at P and P’. A B

Draw PP’. This bisects AB.

The proof of this fact is given later.

10. If a segment is drawn out to greater L
length, it is said to be produced. P

To produce 4B means to extend it through B, toward C, in the second
figure in § 7. To produce BA means to extend it through 4, away from B.

11. A line not straight, but made
up of straight lines, is called a broken
line.

12. Through three points, not in a straight line, any num-
ber of surfaces may be imagined

© e
For example, through the points 4, B, A

C the surfaces P and S may be imagined F sv

to pass.

A plane surface (also called a plane) is a surface which is
determined by any three of its points not in a straight line.

In the figure, P represents a plane, for it is determined by the points
A, B, C. But S does not represent such a surface.

A plane is indefinite in extent unless the contrary is stated.
To produce it means to extend it in length or breadth.
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13. If two lines proceed from a point, they are said to form
an angle, the lines being called the arms, and the point the
vertex, of that angle.

The size of the angle is independent of the length of the
arms; the size depends merely upon the amount of turning
necessary to pass from one arm to the other.

The methods of naming an angle will be seen from the
annexed figures. It is convenient to letter an angle around
the vertex, as indicated by the arrows, that is, opposite to the
course of clock-hands, or counter-clockwise.

% ° A a O
e N Ry o

Angle m. Angle 0. Angle AOB.  Angle ab. Angle A0B.

A line proceeding from the vertex, turning about it counter-
clockwise from the first arm to the second, is said to turn
through the angle, the angle being greater as the amount of
turning is greater.

14. If the two arms of an angle lie in the same straight
line on opposite sides of the vertex, a straight angle is
said to be formed. If the angle still further increases, until
the moving arm has performed a complete revolution, thus
passing through two straight angles, a perigon is said to be
formed.

For practical purposes angles are measured in degrees, min-
utes, and seconds. A

perigon is said to con- g 0 A
tain 360°. ~
In genera], if twolines 40B, a straight angle. A perigon, or angle

BOA, a straight angle, of 360"
are drawn from O, two » & stralght ang

angles, each less than a perigon, are formed. Of these the
smaller is always to be understood if «“the angle at O” is
mentioned, unless the contrary is stated.
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15, If a line turns through an angle, all points or line-
segments through which it passes in its turning, except the
vertex, are said to be within the angle. Other points or lines
are either on the arms or without the angle.

16. Two angles, ab, a'?’, are said to be equal when, without
changing the relative position of @ and &, angle ab may be
placed so that a lies along a', and & along &'

This equality is tested by placing one angle on the other, the vertices
coinciding. Then if the arms can be made to coincide, the angles are
equal, otherwise not.

17. If three lines, 04, OB, OC, proceed from a common

c point O, OB lying within the angle 40C,

. B then angles 40B and BOC are called ad-

jacent angles. Angle AOC is called the sum

p of the angles AOB, BOC. Either of the

o adjacent angles is called the difference be-
tween angle 40C and the other of the adjacent angles.

As two angles may be added, so several may be added.

18. If a line divides an angle into two equal angles, it is
said to bisect the angle and is called its
bisector.

In the annexed figure, if angle 40Y equals
angle YOB, then OY is the bisector of angle
AOB.

And, in general, to bisect any magnitude means
to divide it into two equal parts. ’

An angle is easily bisected by the use of a
straight-edge and compasses, thus:

If AOB is the given angle, mark off with the
compasses OC equal to OD.

Then with C and D as centers and CD as a Y
radius draw two arcs intersecting at P and P,

The line joining P or P’ with O is the required bisector. The proof
of this fact is given later.
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19. A right angle is half of a straight angle.
It follows from this definition that the sum of two right
" angles is a straight angle; and from the
definitions of a straight angle and of a
perigon, that the sum of two straight an-
gles, or of four right angles, is a perigon. C
It also follows that a straight angle
contains 180° and a right angle contains 90°.

20. If two lines meet and form a right angle, each line is
said to be perpendicular to the other.

Each is also spoken of as a perpendicular to the other.
Thus, in the preceding figure, BO is perpendicular to C4, or
is a perpendicular to C4. The segment PO is called the per-
pendicular from P to C4, since it will presently be proved that
it is unique ; that is, that there is one and only one perpendic-
ular. O is called the foot of that perpendicular.

The word unigue, meaning one and only one, is frequently
used in mathematics.

A line is easily drawn perpendicular to another line by the use of a
straight-edge and compasses. This is seen in the figure in § 9, where
PP is perpendicular to 4 B.

21. An angle less than a right angle is said to be acute; one
greater than a right angle but less than a straight angle is said
to be obtuse; one greater than a straight angle but less than a
perigon is said to be reflex or convex.

22. Two lines which form an acute, obtuse, or reflex angle
are said to be oblique to each other.

Acute, obtuse, and reflex angles are classed under the gen-
eral term oblique angles.

The meaning of the expressions oblique lines, an oblique, foot of an
oblique, will be understood from § 20. .

Draw a figure representing acute, obtuse, and reflex angles, oblique
lines, an oblique from P to CA, the foot of an oblique.
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23. Two angles are said to be complements of each other if
their sum is a right angle. Two angles are said to be supple-
ments of each other if their sum is a straight angle. Two
" angles are said to be conjugates of each other if their sum is a
perigon.

If one angle is the complement of another, the two angles
are said to be complemental or comple-
mentary. Similarly, if one angle is the
supplement of another, the two angles are

C A said to be supplemental or supplementary.
In the annexed figure, angles 4 OB and BOC

are supplemental, also angles BOC and COD,
D ete.

24. If two lines, C4, DB, intersect at O, as in the above
figure, the angles AOB and COD are called vertical or opposite
angles; also the angles BOC and DOA.

Exercises. 1. How many degrees in a right angle? How many
minutes ? How many seconds ?

2. What is the complement of one-half of a right angle ? of one-
fourth ?

3. How many degrees in the supplement of an angle of (a) 75°?
(b) 90°? (c) 160°? (d) 179°°?

4. Also in the complement of an angle of (a) 76°? (b) 1°? (c) 89°°?
(d) 45°2 (e) 90°? (f) 0°°?

5. Also in the conjugate of an angle of (a) 270°? (b) 180°? (c) 869°?
(d) 90°? (e) 1°? (f) 360°?

6. Draw a figure showing that two straight lines determine one point ;
also one showing that three straight lines determine, in general, three
points.

7. How many degrees in each of the two conjugate angles which the
hour and minute hands of a clock form at 4 o’clock ?

8. If six lines, proceeding from a point, divide a perigon into six
equal angles, express one of those angles (a) in degrees, (b) as a fraction
of a right angle, (c) as a fraction of a straight angle.
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2. THE DEMONSTRATIONS OF GEOMETRY.

25. The object of geometry is the investigation of ¢ruths con-
cerning combinations of lines and points, and of the methods
of making certain constructions from lines and points.

26. A proposition is a statement of either a truth to be
demonstrated or a construction to be made.

For example, geometry investigates this proposition: If two lines
intersect, the vertical angles are equal. It also investigates the methods

of drawing a line perpendicular to another line, and various other propo-
sitions requiring some construction.

Propositions are divided into two classes — theorems and
problems.

A theorem is a statement of a geometric ¢ruth to be demon-
strated.

A problem is a statement of a geometric construction to be
made.

For example: THEOREM, If two lines intersect, the vertical angles are
equal. — ProBLEM, Required through a point in a line to draw a perpen-
dicular to that line.

27. There are a few geometric statements so obvious that the
truth of them may be taken for granted, and a few geometric
operations so simple that it may be assumed that they can be
performed. Such a statement, or the claim to perform such
an operation, is called a postulate.

The geometric operations thus assumed require the use of the

straight-edge and compasses. The straight-edge and the compasses are
the only instruments recognized in elementary geometry.

The postulates used in this work are set forth from time to
time as required. At present three general classes suffice,
as follows:
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28. Postulates of the Straight Line.

1. Two points determine a straight line.

This follows from the definition.

2. Two straight lines in a plane determine a point.

3. A straight line may be drawn and revolved about one
of its points as a center so as to include any assigned point.
in space.

4. A straight line-segment may be produced.

5. A straight line is divided into two ports by any one of
its points.

29. Postulates of the Plane.

1. Three points not in a straight line determine a plane.

This follows from the definition.

2. A straight line through two points in a plane lies wholly
in the plane.

Thus, if part of a straight line lies in an unlimited plane blackboard,
the whole line lies in the blackboard.

3. A plane may be passed through a straight line and re-
volved about it so as to include any assigned point in space.

4. A portion of a plane may be produced.
5. A plane is divided into two parts by any one of its

straight lines, and space is divided into two parts by any
plane.

30. Postulate of Angles.
All straight angles are equal.

31. There are also a number of simple statements, of a
general nature, so obvious that the truth of them may be
taken for granted. These are called axioms.

The following are the axioms most frequently used in geometry, and
they are so important that they should be learned by number.
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32. Axioms.

1. Things which are equal to the same thing, or to equal
things, are equal to each other.

That is, (1) if A = B,and C = B, then 4 = C. Or, (2) if A = B, and
B=2C, and C = D, then 4 = D.

2. If equals are added to equals, the sums are equal.

That is, if A = B, and if C = D, then 4 + C = B + D.

3. If equals are subtracted from equals, the remainders are
equal. ‘
That is, if A = B, and if C = D, then A — C =B — D.

4. If equals are added to unequals, the sums are unequal in
the same sense.

That is, if A = B, and if C is greater than D, then A + C is greater
than B + D.

5. If equals are subtracted from wunequals, the remainders
are unequal in the same sense.

That is, if A = B, and if C is greater than D, then C — A4 is greater
than D — B. 4

6. If equals are multiplied by equals, the products are equal.

That is, if 4 = B, and m is any nilmber, then m4 = mB.

7.. If equals are divided by eguals, the quotients are equal.

. . . 4 B . .
That is, as in axiom 6, P bt It will be seen that axiom 6 covers

axiom 7, for m may be a fraction.

8. The whole is greater than any of its parts, and equals
the sum of all its parts.

The latter part of this axiom is merely the definition of whole.

9. If three magnitudes are so related that the first is greater
than the second, while the second is greater than, or equal to,
the third, then the first is greater than the third.

E.g.-if A is greater than B, and if B is greater than, or equal to, C,
then A is greater than C.
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SYMBOLS AND ABBREVIATIONS.

The following are used in this work, and are inserted here
merely for reference, and not for memorizing :

e.g. Latin, exempli gratia, for
example.

i.e Latin, id est, that is.

since.

oot therefore.

pt., pts. point, points.

rt. right.

st. straight.

ax. axiom.

post. postulate,

def. definition.

prop. proposition.

th. theorem.

pr. problem.

cor. corollary.

subst.  substitution.

prel. preliminary.

const.  construction.

ppd. parallelepiped.

- arc.

®, ® circle, circles.

A, A triangle, triangles.

4, square, squares.

O, rectangle, rectangles.

[, [5] parallelogram, parallelo-
grams.

/Z, /£  angle, angles.

+ plus, increased by.

— minus, diminished by.

X, +, and absence of sign, de-

note multiplication.

-+, /y :, and fractional form, de-
note division.

is equal, or equivalent, to.

is identical with,as AB=AB,
or coincides with.

is congruent to.

is similar to.

approaches as a limit.

is greater than.

is less than,

is not equal to, {.e. > or <.

is not greater than, i.e. = or <.

is not less than, i.e. = or >.

is perpendicular to, or a per-
pendicular.

Il is parallel to, or a parallel.

and so on.

FAVHAVIES IS

.....

The above take the plural also;
thus, = means are equal, as well
as i8 equal.

The manner of reading some of the
familiar symbols is suggested, as
follows :

P’, P-prime; P”, P-second; P,
P-third, etc.

Py, P-one ; Py, P-two, etc.

A’B’, A-prime B-prime, etc.

Ay, A-one-prime, etc.

References to preceding propositions are made by book and proposi-
tion thus, I, prop. IV ; if the first Roman numeral is omitted, the prop-
ogition is in the current book. Section references are also used.

Other simple abbreviations are occasionally used, but they will be

easily understood.
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3. PRELIMINARY PROPOSITIONS.

34. The following theorems are designed to show to the
beginner the nature of a geometric proof, and to lead him by
easy steps to appreciate the logic of geometry. Some of them
might properly have been incorporated in Book I, and others
might have been omitted altogether; but they form a group of
simple propositions which lead the student up to the more diffi-
cult work of geometry, and for that reason they are inserted
here. The student and the teacher are advised to proceed
slowly until the logic of the subject is understood, and under
no circumstances to allow mere memorizing of the proofs.

ProrosiTiON 1.

35. Theorem. All right angles are equal.

SuvecesTioN. The only angles of whose equality we are thus far
assured are straight angles. Hence in some way we must base our proof
of this theorem on the postulate of angles, which asserts this fact. We
then consider how a right angle is related to a straight angle, and the
proof is at once suggested.

r r’

Given any two right angles, », 7.
To prove that »r=1"
Proof. 1. rand » are halves of straight angles. Def. rt. £
(§ 19. A right angle is half of a straight angle.)
2. All straight angles are equal. § 30

3. .. all right angles, and hence » and 7', are equal.
Ax. 7

(If equals are divided by equals, the quotients are equal.)
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ProrposiTiON 11

36. Theorem. At a given point in a given line not more
than one perpendicular can be drawn to that line in the same
plane.

Given YY L XX at O.

To prove that no other perpendicular can be drawn to XX !,
at O, in the same plane.

Proof. 1. Suppose that another L, ZZ', could be drawn.

2. Then £ X0Z would be a rt. Z. Def. L
(If two lines meet and form a rt. Z, each is said to be L to the other.)
3. But £ XOYisart £ Given; def. 1, § 20
(For it is given that Y'Y’ 1. X.X’, and the def. of a . is given in step 2.)
4. ... £ X0Y would equal £ XOZ. Prop. I
(All right angles are equal.)
5. But this is impossible. Ax. 8

(The whole is greater than any of its parts, etc.) i

6. .. the supposition of step 1 is absurd, and a second '
perpendicular is impossible.

Nore. In prop. I we proved directly from the definition of straight
angle that all right angles are equal. In prop. II a different method of
proof is followed. We have here supposed that the theorem is false and
have shown that this supposition is absurd. Such proofs have long been
known by the name *¢ reductio ad absurdum,” a reduction to an absurd-
ity. They are also called indirect proofs.
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ProrosiTion III.

37. Theorem. The complements of equal angles are equal.

SuceestiON. Three lines of proof may present themselves. We may
base our proof on the equality of straight angles, as we did in prop. I, or
we may take an indirect proof as in prop. II, beginning by supposing the
theorem false and showing the absurdity of this supposition, or we may
base the proof on prop. I. Since the complements suggest right angles,
which of the three methods would it probably be best to follow ?

N iA
(o]

A O N

’

Given two equal £, 40B, A'0'B', and their complements,
BOC, B'0'C', respectively.

To prove that L BOC= 4L B'0'C'
Proof. 1. £ AOC and A'0'C' are rt. 4. Def. compl. -
(§ 23. Two 4 are said to be complements if their sum is a rt. £.)
2. S LAOC=L A'0'C Prop. 1
(All right angles are equal.)
3. But L AOB=LA'0'B. Given
4. . LBOC=XLB'0OC. Ax. 3

(If equals are subtracted from equals, the remainders are equal.)

ProrosiTion 1V.

38. Theorem. The supplements of equal angles are equal.

Let the student draw the figure and give the proof after the manner of
prop. III.  Use only four steps in the proof.

Given
To prove
Proof.
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ProrosiTiON V.

39. Theorem. The conjugates of equal angles are equal.

b : b
\é\)a' \G‘;a

Given two equal angles, ab, a'd’.

To prove that Lba=Lba'
Proof. 1. The given £ may be so placed that a lies along a',
and & along &', Def. equal £

(§ 16. Two 4, ab, a’t’, are said to be equal when Z ab can be placed
80 that a lies along a’, and b along V')

2. But then £ ba must equal £ d'a’. Def. equal £

ProposiTioN VI.

40. Theorem. JIf two lines cut each other, the vertical
angles are equal.

SuceesTION. After examining the figure the student might say that
because Za + £Lb=st £, and £Lb 4 La’ =st. £, . La+ Lb=LD
+ Za’y and then subtract Zb from these equals; or he might say that
Za = £ a’ because each is the supplement of £b. He should always feel
encouraged to try various proofs, selecting the shortest and the clearest.
Does the following proof meet these requirements ?

Given two lines cutting each other,
b forming two pairs of opposite
e angles, a, a', and b, &'.

To prove that La=/ZLa'
Proof. 1. Za and Za' are supplements of £5.  Def. suppl.
(§ 23. Two 4 are said to be supplements if their sum is a st. £.)
2. S La=La Prop. IV
(The supplements of equal angles are equal.)

’
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Prorosition VII.

41. Theorem. A line-segment can be bisected in only one

point.

To prove
Proof. 1.

e
A M B

a line-segment 4B, bisected at M.
that there is no other point of bisection.

Suppose another point of bisection exists, as P, be-
tween M and B.

. Then since AM and AP are both halves of 4B, they

are equal. Ax. 7
(State ax. 7.)

. But this is impossible, for 4M is part of AP. Ax.8

(State ax. 8.)

.*. the supposition that there is a second point of
bisection is absurd. _
(Another reductio ad absurdum, as in prop. IL.)

ProrosiTion VIII.

42. Theorem. An angle can be bisected by only one line.
(The student may prove this after the manner of prop. VIL.)

Exercises. 9. Of two supplemental angles, a and b, (a) suppose
a =2b, how many degrees in each ? (b) suppose a = 3b, how many ?

10. How many straight lines are, in general, determined by three
points? by four? (The points in the same plane.)

11. If of five angles, a, b, ¢, d, e, whose sum is a perigon, a = 20°,
b =30° c =40° d = 560° how many degrees in e?

12. Of three angles whose sum is a perigon, the first is twice the sec~
ond, and the second three times the third ; how many degrees in each ?
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ProrosiTion IX.

43. Theorem. The bisectors of two adjacent angles formed
by ome line cutting another are perpendicular to each other.

SvaeesTION. Considering the figure, we see that to prove 04 L OB
we must show that ZAOB is art. Z. Now the only way that we have as
yet of showing an angle to be a right angle is to show that it is half of a
straight angle. But evidently £.40Y is half of £ XOY, because £ X0Y
is bisected ; similarly, Z YOB is half of Z YOX", and this suggests the
following proof.

o) A—

Given two lines, XX', YY", cutting at O; also 04, OB,
bisecting £ XOY, YOX', respectively.

To prove that 04 1 OB.
Proof. 1. LAOY =4 L XO0Y. Given; § 18
2. LYOB=4%/YOX' Given; § 18
3. S LAOB =% /£ X0X' Ax. 2
(If equals are added to equals, the sums are equal.)
4. L AOB =% of a st. £ Def. st. £

(§ 14. If the two arms of an Z lie in the same st. line on opposite sides
of the vertex, a st. Z is said to be formed.)

5. S LAOB=art £ Def. rt. £
(§ 19. A rt. Zis half of a st. £.)
6. ... 04 1 OB. Def. L

(§ 20. If two lines meet and form a rt. Z, each line is said
to be L to the other.)
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ProrosiTion X.

44 Theorem. The bisectors of the four angles which two
intersecting lines make with each other form two straight
lines.

B
’I\i/v

- A
C iO
v ; X

,Given XX' intersecting YY" at O, O4 bisecting £ X0,
OB bisecting £ YOX', OC bisecting £ZX'0Y"'
and OD bisecting £ Y'0OX.

To prove that COA4 and DOB are straight lines.

Proof. 1. £ AOB and BOC are rt. 4. Prop. IX
(State prop. IX.)

2. .'.the two together form a st. angle. Def. 1t. £
(§ 19. State the definition.)
3. .*. COA is a st. line. Def. st. £

(§ 14. State the definition.)
4. Similarly for DOB.

45. The nature of a logical proof should now be understood.
Before continuing, however, the following points should be
emphasized :

a. Every statement in a proof must be based upon a postu-
late, an axiom, a definition, or some proposition previously
considered of which the student is prepared to give the proof
again when he refers to it.
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b. No statement is true simply because it appears to be true
from a figure which the student may have drawn, no matter
how carefully. Many cases will be found, for example, where
angles appear equal when they are not so.

¢. The arrangement of the discussion of a theorem is as
follows:

Given. Here is stated, with reference to the figure which
accompanies the proof, whatever is given by the theorem.

To prove. Here is stated the exact conclusion to be de-
rived from what is given.

Proor. Here are set forth, in concise steps, the statements
to prove the conclusion just asserted. If the proof is written
on the blackboard, the steps should be numbered for convenient
reference by class and teacher. The teacher will state how
much in the way of written or indicated authorities shall be
required after each step. :

CoroLLARY. A corollary is a proposition so connected with
another as not to require separate treatment. The proof is
usually simple, but it must be given with the same accuracy
as that of the proposition to which it is attached. It is usually
sufficient to say, This is proved in step 4; or, This follows
from steps 2 and 5 by axiom 3, etc. In every case the stu-
dent should (1) clearly prove the corollary, but (2) do so as
concisely as possible. A corollary may also follow from a
definition ; thus, from the definitions of Proposition and Theo-
rem the following might be stated as a corollary: Every
theorem is a proposition, but not every proposition is a theo-
rem; and as a part of our definition of a Perigon we incor-
porated the corollary (the term then being undefined) that a
perigon equals two straight angles.

Nore. Anyitem of interest may be inserted under this head.

Exercises. 13. Of the proofs of the preliminary theorems, state which
are direct and which indirect. (See note on p. 14.)

14. How can you form a right angle by paper folding ? Prove it.




BOOK I.—RECTILINEAR FIGURES.

1. TRIANGLES.

46. A figure is any combination of lines and points formed
under given conditions.

E.g. an angle is a figure, for it is a combination of two lines and one
point formed under the condition that the two lines proceed from the point.

47. A rectilinear figure is a figure of which all the lines are
straight.

Plane geometry treats of figures in one plane, — plane figures.

Hence in plane geometry, which in this work extends through Books

I to V inclusive, the word figure used alone denotes a plane figure, and
all propositions and definitions refer to such figures placed in one plane.

48. If the two end-points of a broken line coincide, the fig-
ure obtained is called a polygon, and the broken line its perim-
eter. The vertices of the angles made by the segments of the
perimeter are called the vertices of the polygon, and the seg-
ments between the vertices are called the sides of the polygon.

49. The perimeter of a polygon divides the plane into two
parts, one finite (the part inclosed), D
the other infinite. The finite part
is called the surface of the polygon,

or for brevity simply the polygon. E Y
A point is said to be within or c
without the polygon according as it A g X

lies within or without this finite part. A polygon,

The figure ABCDE is a polygon (the sides being produced for a sub-
sequent definition).
21
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50. In passing counter-clockwise around the perimeter of a
polygon the angles on the left are called the interior angles of
the polygon, or for brevity simply the angles of the polygon.

Such are the angles CBA, DCB, EDC, ..... in the figure on p. 21.

51. If the sides of a polygon are produced in the same order,
the angles between the sides produced and the following sides
are called the exterior angles of the polygon.

Such are the angles XBC, YCD, ..... in the figure on p. 21. They
are the angles through which one would turn, at the successive cornerss

in walking around the polygon.

52. A line joining the vertices of any two angles of a poly-
gon which have not a common arm, is called a diagonal.

Such a line would be the one joining 4 and C in the figure on p. 21.
The sides, angles, and diagonals of a polygon are often called its parts.

53. A polygon which has
all of its sides equal is called
equilateral.

L

54. Two polygons are said
to be mutually equilateral, or
one is said to be equilateral
to the other, when the sides of
the one are respectively equal
to the sides of the other.

[ ]

A polygon which has all of
its angles equal is called equi-

angular.

Two polygons are said to
be mutually equiangular, or
one is said to be equiangular
to the other, when the angles of
the one are respectively equal
to the angles of the other.

55. A polygon of three sides is called a triangle; one of

four sides, a quadrilateral.
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56. Any side of a polygon may be called its base, the side
on which the figure appears to stand being usually so called,
as AB in the figure on p. 21.

In the case of a triangle, the vertex of the angle opposite
the base is called the vertex of the triangle, the angle itself
being called the vertical angle of the triangle, and the other
two angles the base angles.

Thus, in the first triangle on p. 25, C is the vertex of the triangle, Z C
is the vertical angle, Z A and Z B are the base angles.

57. Two figures which may be made to coincide in all their
parts by being placed one upon the other are said to be con-
gruent.

For example, two line-segments may be congruent, or two angles, or
two triangles, etc.

58. The operation of placing one figure upon the other so
that the two shall coincide is called superposition, and the
figures are sometimes called superposable (a synonym of con-
gruent).

This is illustrated in prop. I.

Superposition is an imaginary operation. It is assumed as
a postulate (§ 61) that figures may be moved about in space
with no other change than that of position. The actual move-
ment is, however, left for the imagination.

59. It will hereafter be explained and defined that polygons
of the same shape are called similar, the symbol of similarity
being —~, and that those of the same area are called equal or
equivalent, the symbol being =. Congruent figures are both
sitmilar and equal, and hence the symbol for congruence is =,
a symbol used in modified form by the great mathematician
Leibnitz.

The symbol « is derived from the letter S, the initial of
the Latin similis, similar.
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Many writers use equal for congruent, and equivalent for
equal, as above defined. But because of the various meanings
of the word equal, and its general use as a synonym for

[\F‘—II\BNI\

Similarity. Congruence.

equivalent, the more exact word congruent with its suggestive
symbol is coming to be employed. The student should be
familiar with this other use of the words equal and equivalent.

60. It is customary to designate the sides ¢

of a triangle by the small letters correspond- b a
ing to the capital letters which designate the
opposite vertices. A c B

Thus, in the figure, side a is opposite vertex 4, etc.

6l. It now becomes necessary to assume three other pos-
tulates.

Postulates of Motion.

1. A4 figure may be moved about in space with no other
change than that of position, and so that any one of its points
may be made to coincide with any assigned point in space.

That is, we may pick up one polygon and place it on another without
changing its shape or size.

2. A figure may be moved about in space while one of its
points remains fixed.

Such movement is called rotation about a center, the center being the
fixed point.

3. A figure may be moved about in space while two of its
points remain fixed.

Such movement is called rotation about an azis, the axis being the line
determined by the two points.
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ProrosiTiON I.

62. Theorem. If two triangles have two sides and the in-
cluded angle of the one respectively equal to two sides and
the included angle of the other, the triangles are congruent.

' c c '
A 3 B A %

Given the A 4BC, A'B'C' such that
c=c,
b =¥, and
LA=LA
To prove that AABC=AA'B'C'".
Proof. 1. Place A A'B'C' on A ABC so that
A' falls on 4, and §61,1
¢' coincides with its equal ¢. § 61,2
2. Then &' may be caused to fall on 3,
because L A'=LA. Given; § 61, 3
3. Then C' will fall at C,
because o' =b. . Given; § 57
4. .*. @' will coincide with a. §28,1

(Two points determine a straight line.)

5. .. AABC=A A'B'C', by definition of congruence.
§ 57
Nores. This is a proof by superposition.
The theorem may be stated, A triangle is determined when two sides
and the included angle are given.
In the exercises hereafter given, the proofs are to be given in full;
when a question is asked, a proof of the answer is to be given; when a
theorem is suggested, it is to be completely stated and then proved.
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ProrosiTion II.

63. Theorem. If two triangles have two angles and the
included side of the one respectively equal to two angles and
the included side of the other, the triangles are congruent.

, c
b
N &
>
B d

Given the A ABC and A'B'C' such that

LC=4LC
4L B=/ B, and
a=a

To prove that AABC=AAB'C'
Proof. 1. Place A 4'B'C' on A ABC so that o' falls on ¢ and

£ C' coincides with its equal £ C. §61
2. Then B' will fall on B because a'=a. Given
3. Then ¢' will fall on ¢ because £ B' =4 B. Given
4. .*. A' will coincide with A. § 28, 2

(Two straight lines determine a point.)

5. . AABC=A A'B'C', by definition of congruence.
-§ 57
Nore. Prop. I, and prop. III following, are attributed to Thales.

Exercises. 15. In the figure on p. 19, given
that OA bisects angle XOY, and that OB is
perpendicular to OA, prove that OB bisects
angle YOX".

16. Show that the distance BA across a lake
may be measured by setting up a stake at O,
sighting across it to fix the lines A’B and B’A,
laying. off 0A’ = OA, and OB’ = OB, and then measuring B’4’.

- aae
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64. Reciprocal Theorems. The student will notice that prop-
ositions I and II have a certain similarity. Indeed, if the
words side and angle are interchanged in prop. I, it becomes
prop. II, and if interchanged in prop. II that becomes prop. I.
Theorems of this kind are called reciprocal. The relation is
more clearly seen by resorting to parallel columns.

Prop. I. If two triangles have Prop. II. If two triangles have
two sides and the included angle of two angles and the included side of
the one respectively equal to two the one respectively equal to two
sides and the included angle of the angles and the included side of the
other, the triangles are congruent.  other, the triangles are congruent.

Moreover, if small letters and capitals are interchanged in
the proof of prop. I, the proof becomes that of prop. II.

65. The principle involved is called the Principle of Reci-
procity, and is extensively used in geometry. But the student
must not suppose that because a theorem is true its reciprocal
theorem is also true; in elementary geometry, involving
measurements, the reciprocal is often false. The principle
is, however, of great value even here, for it leads the student
to see the relation between propositions, and ¢ often suggests
new possible theorems for investigation. TFor these purposes
we shall use it.

At present it is sufficient to say that for many theorems of
plane geometry reciprocal theorems may be formed by re-
placing the words

: point by line,

line by point,
angles of a triangle by (opposite) sides of a triangle,
sides of a triangle by (opposite) angles of a triangle.

Exercises. 17. Explain this statement and tell why it is true : Any two
sides and the included angle of a triangle determine the remaining parts.

18. State the reciprocal of ex. 17 and tell whether it is true, and why.
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ProrosiTiON III.

66. Theorem. If two sides of a triangle are equal, the
angles opposite those sides are equal.

C

A M B

Given the A ABC with AC = BC.

To prove that LA=4LB.
Proof. 1. Suppose 7 to bisect £ ba.
2. Then ‘cb=a, Given
and £ bm = L ma,
and m = m,
3. SAAMC=A BMC, Prop. I

(State prop. L)
and £ 4 = £ B, by definition of congruence. § 57

CoroLLARY. If a triangle is equilateral, it is also equi-
angular.

For by the theorem the angles opposite the equal sides are equal.

67. Definitions, The line from any vertex of a triangle to

the mid-point of the opposite side is called the median to that
side.

In the above figure, CM is the median to AB.

If a triangle has two equal sides, it is called an isosceles
triangle.
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The third side is called the base of the isosceles triangle,
and the equal sides are called the sides.

A triangle which has no two sides equal is called a scalene
triangle.

The distance from one point to another is the length of the
straight line-segment joining them.

The distance from a point to a line is the length of the per-
pendicular from that point to that line.

That this perpendicular is unique will be proved later.

This is the meaning of the word distance in plane geometry. In

speaking of points on a curved surface (for example, the earth’s surface),
distance may be measured on a curved line. -

68. In the figure of prop. III,
A AMC = A BMC, as proved.
. AM = MB,
and £ CMA = £ BMC,
and hence each is a right angle.

In cases of this kind the points 4 and B are said to be
symmetric with respect to an axis. Hence, in the figure, CM is
called an axis of symmetry. And, in general, two systems of
points, Ay, By, Cy, ..., A3y By, C,, ....., are said to be symmetric
with respect to an axis when all lines, 4,4, BB, ...., are
bisected at right angles by that axis.

Also, two figures are said to be symmetric with respect to an
axis when their systems of points are symmetric.

A single figure, like that of prop. III, is said to be sym-
metric with respect to an axis when this axis divides it into
two symmetric figures.

Exercises. 19. If four lines go out from a point making four angles
of which the first and third are equal, and the second and fourth are
equal, prove that the four lines form two intersecting straight lines.

20. In the figure on p. 19, if a line passes through O and bisects
angle X0A, prove that it also bisects angle X"OC.
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ProrpositioNn IV.

69. Theorem. If two angles of a triangle are equal, the
sides opposite those angles are equal.

c
X
b, a
A B
Given the A ABC with L A =4 B.
To prove that a=4
Proof. 1. Suppose that a +0b,
and that a>b.
2. Then let BX, a part of a, equal b, and join 4 a.ndX.
3. Then ‘L B=4ZLBAC, Given
and AB = AB,
.AABCZA BAX. Why ?
4. .'.the supposition leads to an absurdity, for _
AABC > A BAX, Ax. 8
(State ax. 8.)
and .". a}b.

In the same way it may be shown that a <5,
and .". e =0. )

CoroLLARY. If a triangle is equiangular, it is also equi-
lateral. (Why?)

Exercise. 21. If four points, 4, B, C, D, are placed in order on a
line, and if 4C = BD, prove that AB = CD.
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ProrosiTioN V.

70. Theorem. If any side of a triangle is produced, the
exterior angle i8 greater than either of the interior angles
not adjacent to it.

Given the A ABC, with 4B produced to X.
To prove that L XBC > £ C, and also > £ BAC.

Proof. 1. Suppose BC bisected at M, AM drawn and produced
to P so that MP = AM, and BP drawn.

2. Then *. Z BMP = £ CMA,. Why ?
. ABPM<ZA CAM, Why ?

and . ZPBM=/C. § 57
3. But = ZXBC>ZPBM. Why ?
. LXBC> LC. Why ?

5. Similarly, by producing CB, bisecting 4B at N,
producing CN, etc., it can be shown that an angle
equal to £ XBC is greater than £ BAC.

Exercises. 22. Show that, in the figure of prop. V, ZXBC>/ZBAC
by following out in full the proof suggested in step 6.

23. In the figure of prop. V, join C to any point in the segment AB
and prove that Z CBA + £ BAC <180°. '

24. If a diagonal of a quadrilateral bisects two angles, the quadrilateral
has two pairs of equal sides.

25. How many equal lines can be drawn from a given point to a given
line ? Show thatif another is supposed to be drawn, an absurdity results.
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ProrosiTiON VI.

71. Theorem. If two sides of a triangle are unequal, the
opposite angles are umequal and the greater side has the
greater angle opposite.

Given the A ABC, with a > .
To prove that LA>LB.

Proof. 1. Suppose £ C bisected by Y'Y’ cutting 4B at D, C4'
made equal to C4, and DA' drawn.

2. Then AADC=AA'DC,and 4A=£CA’D. Why ?

3. But £CA'D > ZB. Prop. V

(§ 70. If any side of a A is produced, the exterior angle is greater than
either of the int. £ not adjacent to it.)

4 . LA>ZB. Subst. 2 in 3

Exercises. 26. State, without proof, the reciprocal of prop. VI.

27. Can a scalene triangle have two equal angles ? Proof.

28. Prove prop. VI by drawing A4 4’ instead of DA’, and proving that
LA>LA’AC=LCA’A>LB.

29. ABCD is a quadrilateral of which DA is the longest side and BC
the shortest. Which is greater, ZBor ZD? Prove it. (Suggestion :
Draw BD.) Also ZCor ZA? Proveit.

30. How many perpendiculars can be drawn to a given line from a
point outside that line? Show that any other supposition violates
prop. V.

81. ABC is a triangle having ZB = twice ZA; £ B is bisected by a
line meeting b at D; prove that AD = BD,
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ProrosiTion VII.

72. Theorem. If two angles of a triangle are umequal,
the opposite sides are unequal and the greater angle has the
greater side opposite.

C

A 3 —B

Given the A ABC with L A > Z B.
To prove that a>b
Proof. 1. a+b,forifa=b,then LA=/B. Why?

2. a4 b, for if @ < b, then £ 4 < L B.
Prop. VI. State it.
3. .*. @ must be greater than 5.

Note. It must not be inferred from props. VI, VII that, because one
angle of a triangle is twice as large as another, one side is twice as long
as another.

Exercises. 32. Prove that if the bisector of any angle of a triangle is
perpendicular to the opposite side, the triangle is isosceles.

33. Suppose any point taken on the perpendicular bisector of a line;
is it equally or unequally distant from the ends of the line? Give the
proof in full. :

34 a. Prove that in an isosceles 34b. Prove that in an isosceles
triangle ABC, where a =b, the triangle abc, where Z A = £ B, the
bisector of £C, produced to c, bisector of side ¢, joined to C,
bisects side c. bisects Z C.

35. After reading § 73, state the converse of each of the following :
(a) prop. IIT ; (b) prop. IV ; (c) prop. VI; (d) prop. VII; (e) this state-
ment, If the animal is a horse, then the animal has two eyes. Of these
converses, how many are true ?

38. What kind of a triangle is formed by joining the mid-points of the
gides of an equilateral triangle ? Prove it.



34 PLANE GEOMETRY. (Bk. I

73. The Law of Converse. Two theorems are said to be the
converse, each of the other, when what is given in the one is
what is to be proved in the other, and vice versa.

E.g. props. VI and VII. The converse of a theorem must not be con-
fused with its reciprocal. Props. I and II are reciprocal, but not converse.

Because a theorem is true its converse is not necessarily true.

For example, prel. prop. I may be stated thus: Given that £r and v
are rt. 4, to prove that Zr = Zr’; the converse is, Given that Zr = £,
to prove that they are rt. £. This converse is evidently false, for Zr
could equal £+ without their being rt. 4.

But there is one important class of converse theorems, illus-
trated by props.IV and VII, that should be mentioned. When-
ever three theorems have the following relations, their converses
must be true:

1. If it has been proved that when 4 > B, then X > Y, and

2. [ « 1 A= B, « X=%, «

3. “« ¢« « A< B} “« X< Y,
then the converse of each of these is true. For

1. If X > Y, then 4 can neither be equal to nor less than
B, without violating 2 or 3; .*. 4 > B. (Converse of 1.)

2. If X=Y, then 4 can neither be greater nor less than B,
without violating 1 or 3; .. A=B. (Converse of 2.)

3. If X <Y, then 4 can neither be greater than nor equal to
B, without violating 1 or 2; .. A < B. (Converse of 3.)

The law just proved will hereafter be referred to as the Law
of Converse. By its use the proof of the converse of many
theorems, where true, is made very simple.

The student should not proceed further unless the Law of
Converse is thoroughly understood, and its proof mastered.

Prop. VII may now be proved by the Law of Converse,
thus:

If @ > b, then £ 4> LB Prop. VI
Ifa=b « LA=ALB. « TII
Ifa<d « LA<LLB. “« VI

.*. each converse is true, and if £ 4 > Z B, then a > b.

i/
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74. Suggestions as to the Treatment of the Exercises. Thus
far the student has been left to his own ingenuity in treating
the exercises. - A few suggestions should now be given.

1. In attacking a theorem take the most general figure possible:

E.g. if a theorem relates to a triangle, draw a scalene triangle ; an
equilateral or an isosceles triangle often deceives the eye, and leads
away from the demonstration. Draw all figures accurately ; an accurate
figure often suggests the demonstration. But the student who relies
too much upon the accuracy of the figure in the demonstration itself is
liable to go astray.

2. Be certain that what is given and what is to be proved
are clearly stated, with reference to the letters of the figure.

This has been done in all of the theorems thus far proved. The neglect
to do so in the exercises is one of the most fruitful sources of failure.

3. Then begin by. assuming the theorem true ; see what fol-
lows from that assumption ; then see if this can be proved true
without the assumption ; if so, try to reverse the process.

E.g. suppose PO L X’ X, and PB, PA two obliques cutting off 04 > OB,
as in the figure, and that it is required to prove
PA > PB. Assume it true; then Zb>Za. P

Now see if Zb>Za without the assumption ;
£b>Le, which = Zd, which >Za, by prop. V; ,d

o L b> L a, without the assumption. Now re- X 0O B X
verse the process; ' Zb>Za, .. PA>PB
by prop. VII.

4. Or begin by assuming the theorem false, and endeavor to
show the absurdity of the assumption. (Reductio ad absurdum.)

5. To secure a clearer understanding of the theorem it is
often well to follow Pascal’s advice and substitute the defini-
tion for the name of the thing defined.

E.g. suppose it is to be proved that the median to the base of an isos-
celes triangle is perpendicular to the base. Instead of saying :

¢ Given CM the median to the base of the isosceles triangle A BC *’ (see
figure on p. 28), it is often better to say :

‘“Given A ABC, with AC = BC, and M taken on AB so that AM
= MB,” for then the facts stand out prominently without any confusing
terms,
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ProrosiTion VIII.

75. Theorem. The sum of any two sides of a triangle is
greater than the third side.

Given the A ABC.

To prove that a+b>ec
Proof. 1. Suppose Z C bisected by CD.
Then £ CDA > ZDCB. Prop. V. State it
2. And ‘' LACD=/DCB, Step 1
‘£ CDA>ZLACD.
. b > AD. Prop. VII. State it
Similarly, a > DB.
3. Soatb>e.

CoroLLARY. The difference of any two sides of a triangle
18 less than the third side.
Forifa + b >c, and ¢ > b, then a > ¢ — b, by ax. b.

Exercises. 37. Two equal lines, AC and AD, are drawn on oppo-
site sides of a line 4B and making equal angles with it ; BC and BD are
drawn. Show that BC and BD also make equal angles with 4B.

38. P, Q, R are points on the sides AB, BC, CA, respectively, of an
equilateral triangle ABC, such that AP = BQ = CR; joining P, Q, and
R, prove that A PQR is equilateral. (Notice that ex. 36 is merely a
special case of this one.)

39 a. The bisectors of the equal 39 b. Themid-pointsof the equal
angles of an isosceles triangle form,  sides of an isosceles triangle form,
with the base, an isosceles triangle.  with the vertex, the vertices of an

isosceles triangle.
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ProrosiTion IX.

76. Theorem. If from the ends of a side of a triangle two
lines are drawn to a point within the triangle, their sum is
less than the sum of the other two sides of the triangle, but
they contain a greater angle.

C

s b a

‘A ~ B
Given the AABC, P a point within, and BP and P4
drawn.
To prove that (1) BP + PA<a+b, (2) LAPB> LC.
Proof. 1. Produce AP to meet a at X.

Then R
XP + PA=XA4A<XC+1b, Ax.8; prop. VIII
(State ax. 8 and prop. VIIL) '

and __ BP<BX+XP. Prop. VIII
2. ..BP+ XP+PA<BX+ XC+ XP+5b.
3. .. BP +PA< o + 5,

which proves (1). Why ?
4. Also,
£ APB > £ PXB > £ C,which proves (2). Why?

Exercises. 40 a. If the equal 40b. If the equal angles of an
sides of an isosceles triangle are isosceles triangle are bisected, the
bisected, the lines joining the points angles formed by the lines of bi-
of bisection with the vertices of the section and the equal sides are
equal angles are equal. equal.

41. The perimeter of a quadrilateral is less than twice the sum of its
two diagonals.
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ProrosiTion X.

77. Theorem. If two triangles have two sides of the one
respectively equal to two sides of the other, but the included
angles unequal, then the third sides are unequal, the greater
side being opposite the greater angle.

C, Ce C
a, b,
, ) B A < A “M B,
B.
FiG. 1. Fie. 2. F16. 8.
Given the A AI'BI Cl a-nd Ang Cg, with ay = Qg b‘ = bg, but
LCy>LC,

To prove that ¢; > c,.
Proof. 1. Suppose A 4,B,C; placed on A 4,B,C, so that b,

and &;, being equal, coincide. § 61
Then *.* £ C, > £ C,, side a; must fall within £ C,,
as in Fig. 3.
2. Suppose CM drawn bisecting £ B,CB,, and B.M
drawn.
3. Then in A B,MC, B,MC,
CB, = CB,, Given
CM = CM,
£ MCB, =4 B,CM. Step 2
4. SCABMC=ABMC,
and MB, = MB,. Prop. I
5. But AM + MB, > AB,. Prop. VIII
o AM 4+ MB; > AB,,
or € > Cy.

The proof is the same when B, falls above 4,5;.
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Prorposition XI.

78. Theorem. If two triangles have two sides of the ome
respectively equal to two sides of the other, but the third sides
unequal, then the included angles are unequal, the greater
angle being opposite the greater third side.

Given A A,B,C; and A4,B;C,, with a, = as, b; = by, ¢, > ¢,.
To prove that £ C, > £ C,.
Proof. 1. It has been shown that if a; = ay, b, = b,,

and if £ C, > £ C,, then ¢; > c,. Prop. X
2. Andif LC)= « « «=« Prop. 1
3. « « / Cl < &« 43 €L K Pl'Op. X

4. .". the converses are true, which proves the theorem.

§ 73. Law of Converse

(Explain the Law of Converse. Since this law is so often used,
it should be reviewed frequently.)

Exercises. 42. Are props. X and XI reciprocals ? converses ?

43. In A ABC, suppose CA > AB, and that points P, @ are taken on
AB, CA respectively, so that PB = CQ. Prove that BQ < CP.

44. Investigate ex. 43 when P is taken on 4 B produced, and Q on AC
produced. '

45. The equal sides, 4C, BC, of an isosceles triangle ABC are pro-
duced through the vertex to P and Q respectively, so that AP = BQ.
Prove that BP = AQ.

46. Prove that the straight line joining any two points is less than any
broken line joining them. ’

47. Prove that the perimeter of a triangle is less than twice the sum
of the three medians.

48. In a quadrilateral, prove that the sum of either pair of opposite
sides is less than the sum of its two diagonals.

49. If the perpendicular from any vertex of a triangle to the opposite
side divides that side into two segments, how does each of these segments
compare in length with its adjacent side of the triangle ? Prove it.
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ProrosiTion XII.

79. Theorem. If two triangles have the three sides of the
one respectively equal to the three sides of the other, the tri-
angles are congruent.

Given A ABC, AB'C, with AB=AB', BC=B'C, and
AC = AC.

~ To prove that A ABC=A AB'C.

Proof. 1. Suppose no side longer than 4AC. Then the A,
being mutually equilateral, may be placed with 4C
in common, and on opposite sides of 4C. Draw BB

2. Then Z CBB'=/BB'C, Prop. I11
and L B'BA=/AB'B. Why ?

3. .. ZCBA =ZAB'C. Why ?

4. . AABC =AAB'C. Why ?
AC is evidently an axis of symmetry (§ 68) in the
figure.

Exercises. 50. Suppose three sticks to be hinged together to form
a triangle, could the sides be moved so as to change the angles? On
what theorem does the answer depend ? How would it be with a hinged
quadrilateral ?

61. Ascertain and prove whether or not a quadrilateral is determined
when the four sides and either diagonal are given in fixed order.

52. Also when the four sides and one angle are given in fixed order.

63. How many braces would it take to stiffen a three-sided plane
figure ? four-sided ? five-sided ?
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ProrosiTion XIII.

80. Theorem. If two triangles have two angles of the one
respectively equal to two angles of the other, and the sides
opposite one pair of equal angles equal, the triangles are
congruent.

A XBY X B’

Given A ABC,A'B'C",with/ A=L A, ZB=/LB,b=}
To prove that A ABC= A A'B'C.

Proof. 1. Place A A'B'C' on A ABC so that 4' falls at 4,
A'B' lies along AB, and C and C' both lie on the
same side of 4B. § 61

2. Then because £ 4=/ A', and b =10, b' coincides
with 4, and C' with C.

3. Now B' cannot fall between 4 and B, as at X, for
then £ CXA, which = Z B', would be greater than
£ B. Prop. V. State it

4. Neither can B' fall on AB produced, as at ¥, for then
Z Y, which = Z B!, would be less than Z B.

Prop. V

5. .*. B' must fall at B, and the A are congruent. § 57

Exercises. 54. If YO meets X'X at O, and YA, YB are drawn meet-
ing X’ X at A, B; and if YA = YB, and 40 =+ OB, which is the greater,
LAYOor LOYB?

65. Consider the diagonals of an equilateral quadrilateral, (a) as to
their bisecting each other, (b) as to the kind of angles they make with
each other. State the theorems which you discover and prove them.
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ProrosiTion XIV.

81. Theorem. If two triangles have two sides of the one
respectively equal to two sides of the other, and the angles
opposite one pair of equal sides equal, then the angles opposite
the other pair of equal sides are either equal or supplemental,
and if equal the triangles are congruent.

Given A ABC, A'B'C", witha=a/,b =0, L B= 4B
To prove thateither (1) £ 4 =/A4'and A ABC=A A'B'C',
or QLA+ LA =58t L
Proof. 1. Place A A'B'C' on A ABC so that B' falls at B,
a' coincides with its equal @, and A4'and A4 fall on
the same side of a. § 61
2. Then ‘. £ B= /4B, B'A'lies along BA.

3. Then either A' falls at 4, the A are congruent and
L A=LA; or else A' falls at some other point on
BA, as at X, and A A'B'C'= A XBC.

4. But v CX=0'=0,

. L A=/ CXA. Prop. III. State it

5. And
o LCXA+ £ BXC =st. £, § 14, def. st. £

LA+ LA =6t L

Exercises. 56. In prop. XIV, step 3, X may lie on BA produced, in
some cases. Draw the figure and prove.

57. In prop. XIV prove that Z.A and £ A4’ must be equal, if (1) they
are of the same species (i.e. both right, both acute, or both obtuse); or
(2) angles B and B’ are both right angles; or (3) 4 < a.
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2. PARALLELS AND PARALLELOGRAMS.

82. Definitions. If two straight lines in the same plane.do
not meet, however far produced, they
are said to be parallel.
La)
E.g. A and B in the annexed figure. B \\

The fact that A is parallel to B is indi-
cated by the symbol 4 Il B.

A line cutting two or more lines is called a transversal of
those lines.

In the figure of the parallel lines, T is a transversal of 4 and B.
The adjacent figure shows a transversal of

two non-parallel lines. The figure on p. 46
shows a transversal of three lines.

" The angles formed by a transver-
sal cutting two lines (parallel or not)
have received special names. Thus, in the annexed figure,

a, b, ¢', d' are called exterior angles ;
a', b', ¢, d are called interior angles;

a and ¢' are called alternate angles; also 4 and d', ¢ and a/,
b' and d;

a and o' are called corresponding angles; also & and ', ¢ and ¢/,
d and d'.

Exercises. 58. Angle 4, of triangle ABC, is bisected by a line meet-
ing BC at P. Which is the longer, AB or BP? Prove it. Also CA
or PC? Prove it.

59. State the reciprocal of prop. XIII, and tell whether it is true
without modification. In what proposition is your statement proved ?
60. If a quadrilateral has two pairs of equal sides, prove that it must

have one pair and may have two pairs of equal angles, depending upon
the arrangement of the sides.
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ProrositioNn XV.

83. Theorem. If a transversal of two lines makes a pair
of alternate angles equal, then (I) any angle 8 equal to its
alternate angle, (2) any angle is equal to its corresponding
angle, and (3) any two interior, or any two exterior, angles
on the same side of the transversal are supplemental.

Given

To prove

U W

B
[9
¢
ch

a transversal cutting two lines, making equal alter-
nate £ d and ' as in the figure.
that Q) La=Le,
@) La="Lad,
B) Lb+ L' =st. L
Ld+La=st £

and L b + Lo =st. £ §14, def. st. Z
SLd+La=LY + Lo Why ?
.. £ a =4 ¢, which proves (1). Ax. (?)

W Le'=Lal, . La= Za', which proves (2).
Now ‘v ZLb=»Ld and Ld=L}, Why ?
S LY=L Why ?
But LY+ L =st Z, § 14, def. st. £

S Lb + L =8t L

CoroLLARIES. 1. If two corresponding angles are equal,
the same three conclusions follow.

2. If two interior or two exterior angles on the same side of
the transversal are supplemental, the same conclusions follow.
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ProrosiTion XVI.

84. Theorem. If a transversal of two lines makes a pair
of alternate angles equal, the two lines are parallel.

Given P and P, two lines, cut by a transversal 7, making
equal alternate 4 ¢ and a'.

To prove that P P,

Proof. 1. P, P' cannot meet towards P', for then Z ¢ would
be an ext. Zof a A, and .". Z¢ would be greater

than Z a'. Prop. V. State it
2. P, P' cannot meet towards P, for then £ a' would
be greater than £ c. Why ?

3. ... P, P' cannot meet at all, and P I| P'. Def. parallel
Similarly any other two alt. £ may be taken equal.

CoroLLARIES. 1. If two corresponding angles are equal,
the lines are parallel.

For then two alt. £ are equal. Prop. XV, cor. 1, which says — (?)

2. If two interior or two exterior angles on the same side of
the transversal are supplemental, the lines are parallel.

For then two alt. £ are equal. Prop. XV, cor. 2, which says — (?)

3. Two lines perpendicular to the same line are parallel.
(Why ?)

Exercises. 61. In prop. XVI would lines
bisecting Z a’ and Z ¢ be parallel? Prove it.
62. Show that if a draughtsman’s square
slides along a ruler, as in the annexed figure, N B:

BICI Il BgCg, and A.!Cl Il Aan
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85. Postulate of Parallels. It now becomes necessary to
assume another postulate, and upon it rests much of the ele-
mentary theory of parallels. It is: Two intersecting straight
lines cannot both be parallel to the same straight line.

CorOLLARY. A line cutting one of two parallel lines cuts
the other also, the lines being unlimited.
(Show that the corollary is necessarily true if the postulate is.)

Prorosition XVII.

86. Theorem. The alternate angles formed by a trans-
versal with two parallels are equal.

Given P and P' two parallels, and 7, a transversal.
To prove that any £ ¢ equals its alternate £ a'.
Proof. 1. Suppose Z¢ > Za', and that @ is drawn as in the
figure, making an £ equal to £ a'.
2. Then @ would be parallel to . Why ?
3. But this would be impossible, *.- P Il P'. § 85

(Two intersecting straight lines cannot both be parallel to the same
straight line.)

4. Similarly, it is absurd to suppose that Za' > ZLe.
S Le=La.
CoroLLARIES. 1. A line perpendicular to one of two paral-
lels 18 perpendicular to the other also.

For it cuts the other (§ 85, cor.) and the alternate angles are equal
right angles.
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2. A line cutting two parallels makes corresponding angles
equal, and the interior, or the exterior, angles on the same side
of the transversal supplemental.

For the alternate angles are equal (prop. X-VII), and hence prop. XV
applies.

3. If the alternate or the corresponding angles are unequal,
or if the interior angles on the same side of the transversal
are not supplemental, then the lines are not parallel, but meet
on that side of the transversal on which the sum of the inte-
rior angles is less than a straight angle.

For the lines cannot be parallel, by prop. XVII and cor. 2.

Further, suppose e+ LY <st. L
then L&+ LY =8t L,
it follows that e<la.

- P and P’ cannot meet towards P, for then Z¢ would be greater
than Za’, prop. V.
Let the student give the proof in full form, in steps.

4. Two lines respectively perpendicular to two intersecting
lines cannot be parallel.

For, in the annexed figure, let AB1 X, CDLY; V.
join 4 and C. Then ZBAC <rt. 4, and LACD
< rt. £; .. their sum is <st. Z; ... cor. 3 applies.

Give proof in full form in steps.

5. If the arms of one angle are parallel or perpendicular
to the arms of another, the angles are equal or supplemental.

The proof is left to the student.

Ezxercises. 63. In the figure of prop. XV, suppose a = ¢’ = 120° 3¢,
how large is each of the other angles ?

64. In the same figure, suppose @ + d’ = st. Z,and a =2 d, how large
is each of the other angles ?

65. If a transversal cuts two lines making the sum of the two interior
angles on the same side of the transversal a straight angle, one of them
being 30° 27/, how large is each of the other angles ?
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ProrosiTion XVIIL

87. Theorem. ILines parallel to the same line are paral-
lel to each other.

B /
Given Al M, and Bl M.
To prove that Al B.

Proof. 1. Suppose 7' a transversal, making corresponding
£ a, m, b, with 4, M, B, respectively.

2. Then oAl M,
S La=ZLm. Prop. XVII, cor. 2

3. And ‘“BIM, . Lb=Lm.
4. S La=Lb. Why ?
5. . A1 B. Prop. XVI, cor. 1. State it

Exercises. 66. In prop. XVIII, if T cuts 4, must it necessarily cut
M? Why? If it cuts M, must it necessarily cut B? Why ?

67. Prove that a line parallel to the base of an isosceles triangle
makes equal angles with the sides or the sides produced. (The line may
pass above, through, or below the triangle, or through the vertex.)

68. If through any point equidistant from two parallels, two transver-
sals are drawn, prove that they will cut off equal segments of the parallels.

69. ABC is a triangle, and through P, the point of intersection of
the bisectors of Z B and Z C, a line is drawn parallel to BC, meeting A B
at M, and CA at N. Prove that MN = MB + CN.

70. Through the mid-point of the segment of a transversal cut off by
two parallels, a straight line passes, terminated by the parallels. Prove
that this line is bisected by the transversal.

e -
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ProrosiTion XIX.

88. Theorem. In any triangle, (I) any exterior angle equals
the sum of the two interior non-adjacent angles ; (2) the sum
of the three interior angles 18 a straight angle.

Given A ABC, with AB produced to X.
Toprove that (1) LZXBC=LA+ L C;
Q) LA+ LB+ L C=st L
Proof. 1. Suppose BY Il AC, and £ named as in the figure.

2. Then Lx=La, Why ?
and Ly=Le. Why ?
3. " Lx+ Ly, or LXBC, =La+ ZLeg,
which proves (1). Ax. 2
4. But Lo+ Ly+Lb=st L Def. st. £
5. S La+Lb+Le=st L

by substituting 3 in 4, which proves (2).

Nortes. 1. Prop. XIX, (2), is attributed to Pythagoras.
2. The theorem is one of the most important of geometry. To it and
to its corollaries (p. 650) frequent reference is hereafter made.

Exercises. 71. PQR is a triangle having PQ = PR; RP is produced
to 8 so that PS = RP; @S is drawn. Prove that QS L RQ.

72. Prove prop. XIX, (2), by drawing through C, in the figure given,
a line Il AB.

73. Also by assuming any point P on AB, drawing PC, and showing
that Z BPC + £ CPA =st. Z, and also equals the sum of the interior
angles.

74. State the reciprocal of prop. VIII, and prove or disprove it.



50 PLANE GEOMETRY. [Bx. L

CorOLLARIES To PROP. XIX. 1. If a triangle has one
right angle, or one obtuse angle, the other angles are acute.
For the sum of all three is a straight angle.

2. Every triangle has at least two acute angles.

For if it had none or only one, the sum of the others would equal or
exceed what kind of an angle, and thus violate what theorem ?

3. From a point outside a given line not more than one
perpendicular can be drawn to that line.

For if two could be drawn, a triangle could be formed having how
many right angles, thus violating what corollary ?

4. If a triangle has a right angle, the two acute angles are
complemental. )

For the sum of all three must equal two right angles; therefore, etc.

5. If two triangles have two sides of the one respectively
equal to two sides of the other, and the angles opposite one
pair of equal sides right angles, or equal obtuse angles, the
triangles are congruent.

For prop. XIV then applies ; the oblique angles cannot be supplemental.

6. If two angles of one triangle equal two angles of another,
the third angles are equal. (Why ?)

7. Two triangles are congruent if two angles and any side
of the one are respectively equal to the corresponding parts of
the other. (Why ?)

8. Each angle of an equilateral triangle is one-third of a
straight angle. (Why ?)

89. Definitions. A triangle, one of whose angles is a right
angle, is called a right-angled triangle.

A triangle, one of whose angles is an obtuse angle, is called
an obtuse-angled triangle.

A triangle, all of whose angles are acute, is called an acute-
angled triangle.

The side opposite the right angle of a right-angled triangle
is called the hypotenuse.

£ -
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90. SUMMARY OF PROPOSITIONS CONCERNING CONGRUENT
TriaNeLEs. Two triangles are congruent if the following
parts of the one are equal to the corresponding parts of the
other :

1. Two sides and the included angle. Prop. 1
2. Two angles and the included side. Prop. I1
3. Three sides. Prop. XII
4. Two angles and the side opposite one, Prop. XIII
or, more generally, two angles and a side.

‘ Prop. XIX, cor. 7

6. Two sides and the angle opposite one, provided that angle
18 not acute. Prop. X1V, and prop. XIX, cor. &

If the angle is acute, then from two sides and the acute angle opposite
one of them two different triangles may be possible. This is therefore
known as the ambiguous case. If the side opposite the acute angle is not
less than the given adjacent side, the case is not ambiguous. Why ? Draw
the figures illustrating the ambiguous case.

These propositions can be summarized in one general propo-
sition: A4 triangle is determined when any three independent
parts are given, except in the ambiguous case.

It should be noted that the three angles are not three independent parts,

gince when any two of them are given the third is determined. (Prop.
XIX.)

Exercises. 75. In 4 right-angled triangle, the mid-point of the hypote-
nuse is equidistant from the three vertices. (Suppose a line drawn from
the vertex C of the right angle making with a an angle equal to £ B.)

76. In a right-angled triangle, a perpendicular let fall from the vertex
of the right angle, upon the hypotenuse, cuts off two triangles mutually
equiangular to the original triangle.

77. falzand b.ly, and z intersects y, then Zab = Zzy.

78. In the annexed figure, Zaa; = £bb;. Prove that
(1) £aay = Zab + £Lbay; (2) £bby = Lbay + £ ayby.

79. How many degrees in each angle of an isosceles
right-angled triangle ? also of an isosceles triangle whose
vertical angle is 72°? 178°? 60°°?
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ProrosiTioN XX.

91. Theorem. Of all lines drawn to a given line from a
gwen external point, the perpendicular is the shortest; of
others, those making equal angles with the perpendicular
are equal ; and of two others, that which makes the greater
angle with the perpendicular is the greater.

P

X N O AB X

Given PO 1L XX'; PA, PA', PB, oblique to XX, with
LA'PO=LOPA< L OPB.

To prove that 1) PO P4,
(2) PA' = P4,
(3) PB > P4, or PA.
Proof. 1. £ PAO < L AOP. Prop. XIX, cor. 1
.. PO < PA, which proves (1).
Prop. VII
3. Z AOP = £ P04, Prel. prop. I
L A'PO =L OPA, Why ?
and PO = PO.
4. . A AOP = A A'0OP,
and P4'= PA,which proves(2). Why?
5. L BAP is obtuse, "." it > Z AOP, Prop. V
and £ PBOis acute, *.* Z BOPisrt. Why?
6. .*. PB > PA, or its equal P4/,

by step 4, which proves (3). Prop. VII
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CorOLLARIES. " 1. From a given external point there can be
two, and only two, equal obliques of given length to a given line.
Prove it by a reductio ad absurdum.

2. If from a point not on a perpendicular drawn to a line
ot its mid-point, lines are drawn to the ends of the line, these
lives are unequal and the one cutting the perpendicular is the
greater.

Let Z be the point, not on OP in the figure. Suppose ZA4’ to cut OP
at Y. Then ZA’'=ZY + YA >ZA.

3. The converse of cor. 2 is true.

For if ZA’ cuts OP, then ZA’ > ZA, by cor. 2.
13 ZA 3 “ “ e < 3 [ L 1Y
“Z ison ¢ ¢« = ¢ (Why?)
.. the Law of Converse (§ 73) evidently applies to this case.

4. Of two obligues from a point to a line, that which meets
the line at the greater distance from the foot of the perpen-
dicular is the greater.

For if OB> OA, then Z OPB>Z OPA. (Why ?) ... prop. XX applies.

5. Two obliques from a point to a line, meeting that line at
equal distances from the foot of the perpendicular, are equal,
make equal angles with this line and also with the perpen-
dicular.

Give the proof in full.

6. Two equal obliques from a point to a line cut off equal
segments from the foot of the perpendicular.

Draw the figure. It will then be seen that prop. XIX, cor. 5, applies.
The L is evidently an axis of symmetry (§ 68).

Exercises. 80. A line perpendicular to the bisector of any angle of a
triangle makes an angle with either arm of that angle equal to half the
sum of the other two angles ; and, unless parallel to the base, it makes an
angle with the line of the base equal to half the difference of those angles.

81. In an isosceles triangle, the perpendicular from the vertex, the
median to the base, and the bisector of the vertical angle all coincide.
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92. Definitions. A polygon is said to be convex when no
side produced cuts the surface of the polygon.

A polygon is said to be concave when a side produced cuts
the surface of the polygon.

A polygon is said to be cross when the perimeter crosses
itself.

The word polygon is understood, in elementary geometry, to refer to
& convex or concave polygon unless the contrary is stated.

T\

Convex. Concave.

If all of the sides of a polygon are indefinitely produced,
the figure is called a general
polygon.

If a polygon is both equi-
angular and equilateral, it is

said to be regular. l
A general quadrilateral.

By the term regular polygon, a
regular convex polygon is under-

stood unless the contrary is stated.
A polygon is called a tri-
angle, quadrilateral, penta-

gon, hexagon, heptagon, R”‘;;?;gc::vex Reg‘;:’y"g::’“
octagon, nonagon, decagon,

..... dodecagon, ..... pentedecagon, ..... n-gon, according as it
has 3,4, 5, 6,7, 8,9, 10, ..... 12, ..... 15, ..... n-sides.

The student, even if unacquainted with Latin or Greek, should under-
stand the derivation of these common terms. From the Latin are derived
the words and prefix tri-angle (three-angle), quadri-lateral (four-side),
nona- (nine); from the Greek are derived poly-gon (many-angle), penta-
(five), hexa- (six), hepta- (seven), octo- (eight), deca- (ten), dodeca- (twelve),
..... Much light will be thrown on the meaning of various geometric
terms by consulting the Table of Etymologies in the Appendix.
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’

ProrosiTion XXI.

93. Theorem. The sum of the interior angles of an n-gon
18 (n — 2) straight angles.

P

Given - P, a polygon of n sides.

To prove that the sum of the interior angles is (n — 2) straight
angles.

Proof. 1. P may be divided into (» — 2) A by diagonals which
do not cross; for,

(«) A 4-gon (quadrilateral) is a A + a A,
S.2A,0r (4—2) A,

(0) A 5-gon (pentagon) is a 4-gon + a A,
.3/ 0r (5—2) A

(¢) A 6-gon (hexagon) is a 5-gon + a A,
.4 A 0r (6—2) A

(d) And every addition of 1 side adds 1 A.

(e) .*. for an n-gon there are (n — 2) A.
2. The sum of the 4 of each A is a st. Z. Prop. XIX

3. .'. the sum of the interior £ of an n-gon is (n — 2)
st. 4, because these equal the sum of the 4 of the A.

CororLLARY. If each of two angles of a quadrilateral is a

right angle, the other two angles are supplemental. (Why ?)

Exercise. 82. How many diagonals in a common convex pentagon ?
hexagon ?
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94. Generalization of Figures. If a thermometer registers 70°
above zero, it is ordinarily stated, in scientific works, that it
registers + 70°, while 10° below zero is indicated by — 10°,
the sign changing from + to — as the temperature decreases
through zero. Similarly, west longitude is represented by the
sign +, while longitude on the other side of 0° (i.e. east) is
represented by the sign —, the longitude changing its sign in
passing through zero. So in speaking of temperature it is
said that 10° + (— 10°) = 0, meaning thereby that if the tem-
perature rises 10° from O, and then falls 10° the result of
the two movements is the original temperature, 0.

This custom holds in geometry. Thus, in this figure, if the
segment between B and C is thought of as extending from B
to C, it would be named BC'; and,
as is usually done in geometry with A 8 ¢
lines thought of as extending to the
right, it would be considered a positiveline. But if it is thought
of as extending from C to B, it would be named CB, and con-
sidered a negative line. Hence it is said that BC + CB =0,
an expression borrowed.from algebra, where it would appear
in a form like # + (—z) = 0.

Similarly, with regard to angles: the turning of an arm in
a sense opposite to that of a clock-hand, counter-clockwise,
is considered positive, while the turning
in the opposite sense is considered nega-
tive. Thus, Z X0A is considered posi-
tive, but the acute £ 40X is considered
negative, and this is indicated by the state-
ment, — £ XOA = acute £ A0X. Hence, as in the case of
lines, Z X04 + (— £ X04) = £ X0A4 + acute £ AOX = zero.
On this account we pay special attention to the manner of
lettering angles, distinguishing between £ X0A4 and £ A0X.
It is only recently that negative angles have been considered
in elementary geometry, and hence the older works paid no
attention to the order of the naming of the arms.
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95. These considerations enable us to generalize many fig-
ures, with interesting results. Thus, prop. XXI is true for a
cross polygon as well as for the simple cases usually consid-
ered. If, in Fig. 1, P is moved through 4B to the position

Cc
+C

+B

+P
A A
Fra. 1. FiG. 2.
shown in Fig. 2, we shall still have £ 4 (which has passed
through 0 and has become negative) + L B+ £ C+ L P
(which is now reflex) = 2 st. angles.

Exercises. 83. Prove the last statement made above.

84. How many points of intersection, at most, of the sides of a gen-
eral quadrilateral ? pentagon ?

85. How many diagonals, at most, has a general quadrilateral ?

86. Prove prop. XXI by connecting each vertex with a point O within
the figure, thus forming = &, giving n st. £, and then subtracting the two
around O.

87. In an isosceles triangle, the perpendlculars from the ends of the
base to the opposite sides are equal.

88. If the bisector of the vertical angle of a triangle also bisects the
base, the triangle is isosceles.

89. If the base AB of A ABC is produced to X, and if the bisectors
of £ XBC and £ BAC meet at P, what fractional part is ZPof £C?

90. Given two parallels and a transversal, what angle do the bisectors
of the interior angles on the same side of the transversal make with each
other ?

91. If one angle of an isosceles triangle is given, and it is known
whether it is the vertical angle or not, then the other two angles are
determined.
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Prorosition XXII.

96. Theorem. The sum of the exterior angles of any poly-

gon 18 a perigon.

Given P and @, two n-gons.
To prove that the sum of the exterior £ = 360° in each n-gon.

Proof. 1. In P, each interior £ + its adjacent exterior £

= 180°. § 14, def. st. £
2. .. sum of int. and ext. 4 = n-180°. Ax. 6
3. But sum of int. £ = (n— 2)-180°. Why ?
4. .. sum of ext. £=2-180° = 360°. Ax. 3

The proof for ¢ is the same, if £ a is considered negative.

Exercises. 92. Each exterior angle of an equilateral triangle equals
how many times each interior angle ?

93. [Each exterior angle of a regular heptagon equals what fractional
part ot each interior angle ?

94. Each exterior angle of a regular n-gon equals what fractional
part of each interior angle ? See if the result found is true if n = 3, or 4.

95. Is it possible for the exterior angle of a regular polygon to be
7009 72°9 75°9 120°°?

96. Prove prop. XXII independently of prop. XXI by taking a point
anywhere in the plane of the figure (inside or outside
the polygon, or on the perimeter) and drawing par-
allels to the sides from that point, and showing that
the sum of the exterior angles equals the perigon
about that point.
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97. Definitions. A quadrilateral whose opposite sides are
parallel is called a parallelogram.

A quadrilateral that has one pair of opposite sides parallel
is called a trapezoid.

Trapezium is a term often applied to a quadrilateral no two of whose
sides are parallel.

By the definition of trapezoid here given it will be seen that the paral-
lelogram may be considered a special form of the trapezoid.

The parallel sides of a trapezoid are called its bases, and are distin-
guished as upper and lower.

If the two opposite non-parallel sides of a trapezoid are equal, the
trapezoid is said to be isosceles.

D—_Upper Base c
Ah-“""”“’” B Cj

Parallelogram. Trapezoid. Isosceles trapezoid.

In the above figures, angles 4, B, or B, C, or C, D, or D, A, are called
consecutive angles. Angles 4, C, or B, D, are called opposite angles.

Exercises. 97. If the student has proved ex. 96, let him prove prop.
XXI from that.

98. Prove that the quadrilateral formed by the bisectors of the angles
of any quadrilateral has its opposite angles supplemental.

99. Show that in ex. 98 the angles bisected may be either the four
interior or the four exterior angles.

100. If from the ends of the base of an isosceles triangle perpendicu-
lars are drawn to the opposite sides, a new isosceles triangle is formed,
each of its base angles being half the vertical angle of the original triangle.

101. The hypotenuse is greater than either of the other sides of a right-
angled triangle.

102. From the vertex of the right angle of a right-angled triangle, is it
possible to draw, to the hypotenuse, a line longer than the hypotenuse ?
Proof.

103. A line from the vertex of an isosceles triangle to any point on the
base produced is greater than either side. Is this also true for a scalene
triangle ?
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Prorosition XXIII.

98. Theorem. Any two consecutive angles of a parallelo-
gram are supplemental, and any two opposite angles are

equal.

7
A B
Given [J ABCD.
To prove that A LA+LB=st L,
@) LA=ZLC.

Proof. 1. £ A+ £ B =st. £, which proves (1).
Prop. XVII, cor. 2

2. LB+ LC=st L Why ?
8. LA+ LB=LB+LC. Why ?
4. .. £ A = £ C, which proves (2). Why ?

CoroLLARY. If one angle of a parallelogram is a right
angle, all of its angles are right angles. (Why ?)

99. Definitions. If one angle of a parallelogram is a right
angle, the parallelogram is called a rectangle.

By the corollary, all angles of a rectangle are right angles.

A parallelogram that has two adjacent sides equal is called
a rhombus. :

It is shown in prop. XXIV, cor. 1, that all
of its sides are equal.

A rectangle that has two adjacent
sides equal is called a square.

It is shown in prop. XXIV, cor. 1, that all FRombus. Square.

of its sides are equal. A square is thus seen to be a special form of a
rhombus. N



Pror. XXIV.] PARALLELS. AND PARALLELOGRAMS. 61

Prorosition XXIV.

100. Theorem. JIn any parallelogram, (I) either diagonal
divides it into two congruent triangles, (2) the opposite sides
are equal.

Given [J ABCD.

To prove that (1) AABC=A CD4,
(¢) AB=DC.
Proof. 1. In the figure, Lz =Lz, Ly=Ly',and AC= AC.

Prop. (?)
2. . AABC= A CDA, which proves (1).  Prop. II
3. .. AB = DC, which proves (2). § 57

Similarly for diagonal BD, and sides BC and A4D.

CoroLLARIES. 1. If two adjacent sides of a parallelogram
are equal, all of its sides are equal.

’ For by step 3 the other sides are equal to these.
Hence, as stated in § 99, all of the sides of a rhombus are equal.

2. The diagonals of a parallelogram bisect each other.

For if diagonal BD cuts AC at O, then, by prop. II, A ABO== A CDO,
whence 40 = OC, and BO = OD.

In the annexed figure, if a and a’ are perpendicular to P and P, two
parallels (prop. XVII, cor. 1), they are parallel
(prop. XVI, cor. 3). Hence a = a’, by prop. |a la,
XXIV. This fact is usually expressed by pZ
saying,

3. Two parallel lines are everywhere equidistant from each
other.
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Prorosirion XXV.

101. Theorem. If a convex quadrilateral has two opposite
sides equal and parallel, it is a parallelogram.

D
A .C
B
Given a convex quadrilateral 4BCD, with AB = DC, and
AB || DC.
To prove that ABCD is a parallelogram.
Proof. 1. In the figure Lz =2/, Prop. (?)
BD = BD, and AB = DC. Given
2. F.AABD=ACDB,and Ly= Ly Prop. (?)
3. - . BC Il AD. Prop. XVI
4. . ABCD is a [J by definition.

Exercises. 104. It is shown in Physics that if two forces are pulling
from the point B, and the first force is represented (see fig. to prop. XXV)
by B, and the second by BC, the resultant (resulting force) will be rep-
resented by the diagonal BD. Show that, if the two forces do not pull in
the sawe line, the resultant is always less than the sum of the two forces.

105. If two equal lines bisect each other at right angles, what figure
is formed by joining the ends ?

106. 1f the diagonals of a rectangle are perpendicular to each other,
prove that the rectangle is a square.

107. On the diagonal BD of /7 ABCD, P and @ are so taken that
BP = @QD. Show that APCQ is a parallelogram. Suppose P is on DB
produced, and @ on BD produced.

108. Prove that the diagonals of a rectangle are equal. Prove that

the diagonals of a rhombus are perpendicular to each other and bisect
the angles of the rhombus.

.
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Prorosition XXVI.

102. Theorem. If two parall;eloyrams have two adjacent
stdes and any angle of the one respectively equal to the
corresponding parts of the other, they are congruent.

of ] D c

Given (5] ABCD, A'B'C'D', in which AB= A'B, AD =
A'D',and L D= £ D.

To prove that [JABCD =[] A'B'C'D'.

Proof. 1. LA=L Ay L B=/LB,ZC=LXLC(,for they are
equal or supplemental to D or D' Prop. XXIII

2. CD = C'D', BC = B'C', for they are equal to sides
that are known to be equal. Prop. XXIV

3. Apply [T ABCD to [J A'B'C'D' so that AB coin-
cides with its equal 4'B’, 4 falling on 4. Then AD
can be placed on A4'D' because £ 4 =L A". Then
D will fall on D', because 4D = A'D'. Similarly,
C will fall on C', and CB on C'B'.

CoroLLARIES. 1. Two rectangles are congruent if two ad-
Jacent sides of the one are equal to any two adjacent sides of
the other. (Why ?)

2. Two squares are congruent if a side of the one equals a
stde of the other. (Why ?)

Exercises. 109. Is a parallelogram determined when any two sides
and either diagonal are given ? when two adjacent sides and either diag-
onal are given ?

110. The angles at either base of an isosceles trapezoid are equal.
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ProrosiTion XXVII.

103. Theorem. If there are two pairs of lines, all of which
are parallel, and if the segments cut off by each pair on any
transversal are equal, then the segments cut off on any other
transversal are equal also.

Given four parallels, of which P;, P; cut off a segment a,
and P, P, cut off an equal segment &, on a trans-
. versal 7, and cut off segments a', &', respectively,

. on transversal 7"

To prove that a'=b
Proof. 1. Suppose « and y || T as in the figure.

2. Then, in the figure, L wx = £L P,T = £ P,T = L zy.
‘ Prop. XVII, cor. 2
3. And ZLa'w=ZLb'". Why ?

4. And r=a=b=y. Prop. XXIV
5  c.Awaez=Azb'y, and o'=08" Prop. XIX, cor. 7

CoroLLARIES. 1. If a system of paral-
lels cuts off equal segments on one trans-
versal, it does on every transversal. A
For if a = b; or by, &’ = by’ or by’ respectively, e/ haX
and similarly for the other transversals.
2. The line through the mid-point of one side of a triangle,
parallel to another side, bisects the third side.

Draw a third parallel through the vertex. Then cor. 1 proves it.
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3. The line joining the mid-points of two sides of a triangle
s parallel to the third side.

For if not, suppose through the mid-point of one of those sides a line
is drawn parallel to the base; then this must bisect the other side, by
cor. 2; ... it must coincide with the line joining the mid-points, or else a
side would be bisected at two different points. (This is the converse of
cor. 2. Draw the figure.)

4. The line joining the mid-points of two sides of a triangle
equals half the third side. (Prove it.)

Exercises. 111. The line joining the mid-points of the non-parallel
sides of a trapezoid is parallel to the bases.

112. In a right-angled triangle the mid-point of the hypotenuse is
equidistant from the three vertices. (This exercise has
been given before, and will be repeated, since it is a
important and admits of divers proofs. It is here e b
easily proved by prop. XXVII, cor. 2; for if a =2b, ‘k
thena’' = ; but plle, . pLa, ~z=b=al) a’ b

113. The lines joining the mid-points of the sides of a triangle divide
it into four congruent triangles.

114. If one of the equal sides CB of an isosceles triangle A BC is pro-
duced through the base, and if a segment BD is laid off on the produced
part, and an equal segment AE is laid off on the other equal side, then

the line joining D and E is bisected by the base. (Consider the cases in
which BD< CB, BD = CB, BD> CB.)

115. If the mid-points of the adjacent sides of any quadrilateral are
joined, the figure thus formed is a parallelogram. (Consider this theorem
for cases of concave, convex, and cross quadrilaterals, and for the special
case of an interior angle of 180°.)

116. The lines joining the mid-points of the opposite sides of a quadri-
lateral bisect each other. Consider for the special cases mentioned in
ex. 115.

117. The line joining the mid-points of the diagpnals of a quadri-
lateral, and the lines joining the mid-points of its opposite sides, pass
through the same point.

118. P and @ are the mid-points of the sides AB and CD of the

parallelogram A BCD. Prove that PD and BQ trisect (divide into three
equal segments) the diagonal 4C.
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EXERCISES.

119. What is the sum of the interior angles of a polygon of 20 sides ?
of 30 sides ?

120. How many degrees in each angle of a regular polygon of 12 sides ?
of 20 sides ?

121. How many sides has a polygon the sum of whose interior angles
is 48 right angles ?

122. The vertical angle of a certain isosceles triangle is 11° 15’ 20”;
how large are the base angles ?

123. The exterior angle of a certain triangle is 140°, and one of the
interior non-adjacent angles is a right angle; how many degrees in each
of the other two interior angles ? -

124. Each exterior angle of a certain regular polygon is 10°; how
many sides has the polygon ?

125. If P is any point on the side BC of A ABC, then the greater of
the sider 4 B, AC, is greater than AP.

128. . If the diagonals of a quadrilateral bisect each other, prove that the
quadrilateral is a parallelogram. Of what corollary is this the converse ?
Prove that the diagonals of an isosceles trapezoid are equal.

127. Conversely,.prove that if the diagonals of a trapezoid are equal,
the trapezoid is isosceles.

128. Is a parallelogram determined when its two diagonals are given ?
when its two diagonals and their angle are given ?

129. ABC is a triangle; AC is bisected at M; BM is bisected at N;
AN meets BC at P; MQ is drawn parallel to 4P to meet BC at Q.

" Prove that BC is trisected (see ex. 118) by P and Q.

136. A4, C are points on the same side of X X”; B is the mid-point of
4C; through 4, B, C parallels are drawn cutting XX’ in 4’, B, C".
Prove that A4’ + CC’ =2 BB

131. A straight line drawn perpendicular to the base AB of an isos-
celes triangle ABC cuts the side CA4 at D and BC produced at E ; prove
that CED is an isosceles triangle.

132. ABC is a triangle, and the exterior angles at B and C are
bisected by the straight lines BD, CD respectively, meeting at D ; prove
that Z CDB + § £ A = a right angle.

133. In the triangle ABC the side BC is bisected at E, and 4B at G;
AE is produced to F so that EF = AE, and CG is produced to H so
that GH = C@. Prove that F, B, H are in one straight line.



PROBLEMS. 67

3. PROBLEMS.

104. Definitions. A curve is a line no part of which is
straight.

105. A circle is the finite portion of a plane bounded by a
curve, which is called the circumference,
and is such that all points on that line
are equidistant from a point within the
figure called the center of the circle.

Di,
A circle is evidently described by a line-seg- ameter

ment making a complete rotation in a plane,
about a fixed point (the center).

106. A straight line terminated by the center and the eir-
cumference is called a radius, and a straight line through the
center terminated both ways by the circumference is called
a diameter of the circle.

107. A part of a circumference is called an arc.

Nore. The above definitions are substantially those usually met in
elementary geometries. The student will find, after leaving this subject,
that the word circle is often used for circumference. Indeed, there is
good authority for so using the word even in elementary geometry.

108. From the above definitions the following corollaries
may be accepted without further proof:

1. A diameter of a circle is equal to the sum of two radii of
that circle.

2. Clircles having the same radii are congruent.

3. A point is within a circle, on its circumference, or outside
the circle, according as the distance from that point to the
center i3 less than, equal to, or greater than, the radius.
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109. It now becomes necessary to assume certain postulates
relating to the circle. .

Postulates of the Circle.

1. AU radii of the same circle are equal, and hence all
diameters of the same circle are equal.

2. If an unlimited straight line passes through a point
within a circle, it must cut the circumference at least twice,
and so for any closed figure.

That it cannot cut the circumference more than twice is proved in III,
prop. VI, cor.

3. If one circumference intersects another once, it intersects
it again. '

4. A circle has but one center.

5. A circle may be constructed with any center, and with a
radius equal to any given line-segment.

This postulate requires the use of the compasses. As has been stated,
the only instruments allowed in elementary geometry are the compasses and
the straight-edge, a limitation due to Plato. In the more advanced
geometry, where other curves than the circle are studied, other instru-
ments are permitted.

110. OrDER TO BE OBSERVED in the solution of problems:

Given. For example, the angle 4.

Requirep. For example, to bisect that angle.

Co~sTRUCTION. A statement of the process of solving,
using only the straight-edge and compasses in drawing the
figure described.

Proor. A proof that the construction has fulfilled the
requirements.

DiscussioN. Any consideration of special cases, of the
limitations of the problem, etc. If a problem has but a
single solution, as that an angle may be bisected but once,
the solution is said to be unique.
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ProrosiTion XXVIIIL

111. Problem. 7o bisect a given angle.

Given the Z AOB.
Required to bisect it.
Construction. 1. With center O describe an arc cutting 40 at
C, and OB at D. § 109, post. of ©
2. Draw DC. § 28, post. st. line
3. Describe arcs with centers D, C, and radius DC.
Post. (?)
4. Join their intersection P, with O. Post. (?)
Then £ AOB is bisected, YY' being an axis of
symmetry (§ 68).
Proof. 1. Draw DP, CP;
then OD = 0C, DP = DC, DC = CP. § 109, 1
..DP=CP. Ax. (?)
3. But OP = OP.

.. A OCP=A ODP,
and £ COP = £ POD. Prop. XII

CoROLLARY. An angle may be divided into 2, 4, 8, 16, .....
2*, equal angles. (How ?)
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112. Nore ox AssuMep ConsTrUcTIONs. It has been assumed, up to
prop. XXVIII, that all constructions were made as required for the
theorems. Thus an equilateral triangle has been frequently mentioned,
although the method of constructing one has not yet been indicated ;
a regular heptagon has been mentioned in ex. 93, and reference might
be made to certain results following from the trisection of an angle,
although the solutions of the problems, to construct a regular heptagon,
and to trisect any angle, are impossible by elementary geometry. But
the possibility of solving such problems has nothing to do with the
logical sequence of the theorems; one may know that each angle of a
regular heptagon is § * 180°, whether the regular heptagon admits of
construction or not. Nevertheless, an important part of geometry con-
cerns itself with the construction of certain figures —a part of utmost
practical value and of much interest to the student of mathematics.

113. Suggestions on the Solution of Problems. The methods
of logically undertaking the solution of problems will be dis-
cussed at the close of Book III. But at present one method,
already suggested on p. 35, should be repeated : In attempting
the solution of a problem, assume that the solution has been
accomplished ; then analyze the figure and see what results
Jollow ; then reverse the process, making these results precede
the solution.

For example, in prop. XXVIII, assume that £ A OB has been bisected
by YY; if that were done, and if any point, P, on Y'Y’ were joined
to points equidistant from O, on the arms, say C and D, then A OCP
would be congruent to A ODP ; now reverse the process and attempt to
make A OCP congruent to A ODP ; this can be done if OD can be made
equal to OC, and PD to PC, because OP = OP ; but this can be done
by § 109, 5.

This method of attacking a problem, without which the
student will grope in the dark, is called Geometrical Analysis.

Exercises. 134. Give the solution of prop. XXVIII, using P’ instead
of P. Why is P better than P for practical purposes? In what case
would the construction fail for the point P’? In that case how many
degrees in £ AOB ?

135. In prop. XXVIII, in what case would P’ fall below O? Give
the solution in that case, after connecting P’ and O and producing P’O.




Pror. XXIX.] PROBLEMS. 7

ProrosiTion XXIX.

114. Problem. 7o draw a perpendicular to a given line
Jrom a given internal point.

3,

,
<

~
\\

N
>

Y'

Solution. This is merely a special case of prop. XXVIII,
the case'in which £ AOB is a straight angle. (Why ?) The
construction and proof are identical with those of prop.
XXVIII, and the student should give them to satisfy himself
of this fact.

Exercises. 136. What kind of a quadrilateral is CPDP’? Prove it.

137. Prove that any point on BA is equidistant from P and P’. Also
that any point on Y'Y is equidistant from D and C.

138. In step 8 of the construction of prop. XX VIII might the radius
equal two times DC ? If so, complete the solution. Is there any limit
to the length of the radius in that step ?

139. In the figure of prop. XXVIII, suppose £ PCO = 130°. Find
the number of degrees in the various other angles, not reflex, of the
figure. ‘

140. In the figure of prop. XXVIII, prove that the reflex angle BOA
is bisected by Y'Y”, that is, by PO produced.

141. Also prove that Y Y” is the perpendicular bisector of DC.

142. Also prove that if O is connected with P and with P/, OP”" w1ll
fall on OP. (Prel. prop. VIIL) -
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ProrosiTioNn XXX.

115. Problem. 7o draw a perpendicular to a given line
Srom a given external point.

i \,
v’ \, ,’I / (o] N
N I‘\\"~§_-—‘__—
A & A

Given the line XX' and the external pt. P.
Required to draw a perpendicular from P to XX'.

Construction. 1. Draw PR cutting XX § 28

2. With center P and radius PR const. a O.
§ 109, post. of ©

3. Join 4 and A', where the circumference cuts XX,

with P. § 28, post. of st. line
4. Bisect £ A'PA. Prop. XXVIIIL

The bisector, PO, is the required perpendicular.
Proof. 1. P4 = P4, §109,1
£ OPA4A = /£ A'PO, Const., 4

and PO = PO.
2. S AAPO=A A'PO, Prop. I
and £ AOP = £ POA4'

3. ".LAOPisart. £, and PO 1 XX' §§ 19, 20

Note. The solution of this problem is attributed to (Enopides.

Exercises. 143. Find in a given line a point equidistant from two
given points 4 and B, the mid-point of 4B being also given.

144. Find a point equidistant from three given points A4, B, C, the
mid-points of 4B and BC being also given.
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ProrosiTroN XXXI.
116. Problem. 7o bisect a given line.

P
<

Given the line 4B.
Required to bisect it.
Construction. 1. With centers 4, B, and equal radii describe

arcs intersecting at P and P'. Post. (?)
2. Draw PP Post. (?)
3. Then PP’ bisects 4B.

Proof.
(Let the student give it. Draw AP’, P’B, BP, PA.)

Exercises. 145. Through a given point to draw a line making equal
angles with the arms of a given angle. Discuss for various relative posi-
tions of the point.

148. To draw a perpendicular to a line from one of its extremities,
when the line cannot be produced. (Ex. 112 suggests a plan.)

147. Through two given points on opposite sides of a given line draw
two lines which shall meet in the given line and include an angle which
is bisected by-that line.

148. If twoe isosceles triangles have a common base, the straight line
through their vertices is a perpendicular bisector of the base.
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ProrosiTion XXXII.

117. Problem. From a given point in a given line to draw
a line making with the given line a given angle.

Given the line 4B, the point P in it, and the angle O.

Required from P to draw a line making with 4B an angle
equal to Z O.

Construction. 1. On the arms of £ O lay off OC= OD by
describing an arc with center O and any radius OC.
§ 109, post. of ©

2. Draw CD. '§ 28, post. of st. line

3. With center’ P and radius OC, describe a circum-
ference cutting PB in C'. ) Post. (?)

4. With center C' and radius CD, describe an arc cut-
ting the circumference in D'. Post. (?)
Draw PD', and this is the required line.

Proof. Draw C'D'; then,
APC'D and A OCD being mutually equilateral,
Why ?
APC'D'=A 0CD, 7
and £ C'PD'= £ COD. : Prop. XII

Exercises. 149. Prove that the circumferences must cut at D’ as
stated in step 4. .

150. See if the solution of prop. XXXII is general enough to cover
the cases where the £ O is straight, reflex, a perigon.

161. From a given point in a given line to draw a line making an
angle supplemental to a given angle.
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ProrosiTion XXXIIT.

118. Problem. Through a given point to draw a line paral-
lel to a given line.

Given the line 4B and the point P.
Required through P to draw a line parallel to AB.

“Construction. 1. Join P with any point, O, on 4B.
§ 28, post. of st. line

2. From P draw PC making £ OPC=Z P04. (?)
Then PC is the required line.

Proof. " PCI AB. Why ?

Discussion. The solution fails if P is on the unlimited line AB.

Exercises. 152. Through a given point to draw a line making a given
angle with a given line. Notice that the solution is not unique.

153. Through a given point to draw a transversal of two parallels,
from which the parallels shall cut off a given segment. Discussion should
show when there are two solutions, when only one, when none.

154. To construct a polygon (say a hexagon) congruent to a given
polygon.

165. Through two given points to draw two lines forming with a
given unlimited line an equilateral triangle.

156. Three giveh lines meet in a point ; draw a transversal such that
the two segments of it, intercepted between the given lines, may be equal.
Is the solution unique ?

157. From P, the intersection of the bisectors of two angles of an equi-
lateral triangle, draw parallels to two sides of the triangle, and show that
these parallels trisect (see ex. 118) the third side.
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ProposiTion XXXIV.

119. Problem. 7o construct a triangle, givem the three
sides.

a

T

Given a, b, ¢, three sides of a triangle.
Required to construct the triangle.

Construction. 1. With the ends of b as centers, and with radii
a, ¢, describe circumferences. § 109

2. Connect either point of intersection of these circum-
ferences with the ends of 5. § 28
Then is the required A constructed.

Proof. It was constructed on b, and the other sides equal a, ¢.
§ 109, 1
Discussion. If the two circumferences do not intersect, a
solution is impossible, for then either a > b+ ¢,
a=b+¢, a=c—b, or a<c—b, and in none of

these cases is a triangle possible.
Prop. VIII and cor.

CoROLLARY. To construct an equilateral triangle on a given
line-segment.

The first proposition of Euclid’s ¢ Elements of Geometry.” Euclid
proceeded upon the principle of logical sequence of propositions, with
no attempt at grouping the theorems and the problems separately. He
found this corollary (a problem) the best proposition with which to begin
his system.

Exercise. 158. In a given triangle inscribe a rhombus, having one of
its angles coincident with a given angle of the triangle, and the other
three vertices on the three sides of the triangle.
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ProrosiTioN XXXV,

120. Problem. 70 construct a triangle, given two sides and
the included angle.

- T
b———

L
Given the sides a, 4, and the included angle %.

Required to construct the triangle.

Construction. 1. From either end of 4 draw a line making with
b the angle k. Prop. XXXII

2. On that line mark off ¢ by describing an arc of
radius a. § 109

3. Join the point thus determined with the other end
of 5. § 28
Then the triangle is constructed.

Proof. By step 2 the line marked off equals a, and by step 1
£Lb=LkE, and it is constructed on b.

Exercises. 159. To trisect a right angle. (Construct an equilateral
triangle on one arm.)

160. On the side AC of A ABC to find the point P such that the par-
allel to A B, from P, meeting BC at D, shall have PD = AP.

161. To construct a triangle, having given two angles and the perpen-
dicular from the vertex of the third angle to the opposite side.

162. Draw a line parallel to a given line, so that the segment inter-
cepted between two other given lines may equal a given segment.

163. Given the three mid-points of the sides of a triangle, to construct
the triangle.

164. Through a given point P in an angle 4 OB to draw a line, termi-
nated by OA4 and OB, and bisected at P. (Through P draw a.ll to BO
cutting 04 in X ; on X4 lay off XY = OX; draw YP.)
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ProrosiTioNn XXXVI.

121. Problem. Zo construct a triangle, given two sides and
the angle opposite one of them.

a

P
% | AL

Given two sides of a triangle, a, 5, and £ & opposite a.
Required to construct the triangle. i
Construction. 1. At either end of 4 draw a line making with &

an angle equal to Z k. Prop. (?)
2. With the other end of 4 as a center, and a radius a,
describe a circumference. Post. (?)

3. Join the points where the circumference cuts the
line of step 1, with the center. Post. (?)
Then the triangle is constructed. ‘

Proof. For it has the given side.b, and the given Z £k, and
the lines of step 3 equal a. o §109,1

Discussion. If the circumference cuts the line twice, two solu-
tions are possible, and the triangle is ambiguous
(see prop. XIV). If it touches the line without
cutting it, what about the solution ? If it does not
meet the line, no solution is possible. If £k is
right or obtuse, or if a <5, only one solution is
_possible (prop. XIX, cor. 5). .

Draw a figure for each of these cases, and show from the drawings
that the statements made in the discussion are true.

Exercise. 1656. X.X’, YY’, are two given lines through O, and P is a
given point; through P to draw a line to X X', which shall be bisected
by YY’. Investigate for various positions of P, a8 where P iz within
the £ XO0Y, the ZY0X’, on OY, or on OX.
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ProrosiTioN XXXVII,

122. Problem. 70 construct a triangle, given two angles
and the included side.

e

A A B B A
Given  two angles, 4, B, and the included side 4B,
Required to construct the triangle.
Construction. 1. From A draw AX making with 4B an angle

equal to £ 4. Prop. XXXII
2. Similarly, from B draw BY, making an angle equal
to £ B. Prop. XXXII

C being the ictersection of 4X, BY, then ABC is
the required A.

Proof.  (Let the student give it.)

Discussion. If AX, BY, do not intersect, what follows ?

Prorosition XXXVIII.

123. Problem. 7o construct a triangle, given two angles
and a side opposite one of them.

Solution. Subtract the sum of the angles (found by prop.
XXXII) from 180° and thus find the third angle (prop. XIX).
The problenf then reduces to prop. XXXVII.

Proposition XXXIX.

124. Problem. 7o construct a square on a given line as
a side.
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4. LOCI OF POINTS.

125. The place of all points satisfying a given condition is
called the locus of points satisfying that condition.

Indeed, the word locus (Latin) means simply place (English, locality,
locate, etc.) ; the plural is loci.

For example, if points are on this page and are one inch from the left
edge, their locus is evidently a straight line parallel to the edge.

Furthermore, the locus of points at a given distance r from a fixed
point O is the circumference described about O with a radius ». This
statement, although very evident, is made a theorem (prop. XL) because
of the frequent reference to it.

Of course in this discussion, as elsewhere in Books I-V,
the points are all supposed to be confined to one plane.

In Plane Geometry the loci considered will be found to con-
sist of one or more straight or curved lines.

It is a common mistake to assume that a locus, which one is trying to

discover, consists of a single line. It may consist of two lines, as in prop.
XLIL

126. In proving a theorem concerning the locus of points it
18 necessary and sufficient to prove two things: .

1. That any point on the supposed locus satisfies the condition;

2. That any point not on the supposed locus does not satisfy
the condition.

For if only the first were proved, there might be some other
line in the locus; and if only the second were proved, the sup-
posed locus might not be the correct one.

Exercise. 166. State, without proof, what is (1) the locus of points
4 in. from a given straight line; (2) the locus of points equidistant from
two parallel lines.
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ProrosiTioN XL.

.127. Theorem. The locus of points at a given distance
Jrom a given point is the circumference descrided about that
point as a center, with a radius equal to the giver distance.

Given the point O, the line », and the circumference C
described about O with radius ».

To prove that C is the locus of points » distant from O.

Proof. 1. Let P,, P,, P;be points on C, within the circle, and
without the circle, respectively.
Let OP; produced meet C in B, and OP;meet C'in A.

2. Then OP, = OB = OA=r, § 109, 1
and OP; < OB, and OP, > OA. Ax. 8

3. .’. any point on C is r distant from O, and any point
not on C is not r distant from O.

KExercises. _167. Has it been proved in prop. XL that the required
locus may not be merely the arc cut off by r and OP,? If 8o, where ?

168. What is the locus of points at a distance of } in. from the above L~
circumference, the distance being measured on a line through O ?

169. Lighthouses on two islands are 10 miles apart; show that there [/
are two points at sea which are exactly 12 miles from each.

170. How would you find, by the intersection of two loci, a point on /
this page 1 in. from O in the above figure, and 8 in. from the right edge
of the paper ?
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‘ProrosiTion XLI.

128. Theorem. The locus of points equidistant from two
given points is the perpendicular bisector of the line joining
them.

Y|

P, P

Given two points X and X', and Y'Y’ L XX'at the mid-

point O. )
To prove that Y'Y'is the locus of points equidistant from X
and X' . :
Proof. 1. Let P be any point on YY", and P' be any point not
on YY'
Draw PX, PX', P'X, P'X'.
2. Then PX= PX', ] Prop. XX, cor. 5
and P'X' > P'X. Prop: XX, cor, 2

3. Hence any point on Y'Y’ is equidistant from X and
X', but any point not on YY'is unequally distant
from X and X'

.*. YY' is the locus. § 125, def.

Exercises. 171. Required to find a point which is 1 in. from X and
4 in. from X"’ in the above figure. - Is there more than one such point ? /

172. Required to find a point which is equidistant from X and X“in
the above figure, and 1 in. from O. Is there more than one such point?
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Prorosition XLII.

129. Theorem. The locus of points equidistant from two
gwm lines consists of the bisectors of their included angles.

Given

To prove

Proof. 1.

OA and OB, two lines intersecting at O, and XX'
and YY" the bisectors of the angles at O.

that XX' and Y'Y’ form the locus of points equidis-
tant from 04 and OB.

Let @ _be any point on neither XX' nor YY'; let
@B 1L OB, Q4 1 04, QA cut OX in P, PA'L OB
Draw QA"

Since @ may be moved, P may be considered as any
pomt on OX.

. Then ~ A OAP=A 0A'P,

and AP = A'P. Prop. XIX, cor. 7

. Also, A'P+PQ>AQ>BQ. . Why ?

4. . 4Q,o0 AP+ PQ> ' BQ. Why ?

*. any point P on XX' (or on YY) is equidistant
from OA4 and OB, but any point @ on neither XX
nor YY'is unequally distant from 04 and OB.
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CoroLLARIES. 1. If the given lines are parallel, the locus \/
ts a parallel midway between them. (Prove it.) ‘

The stadent should imagine the effect of keeping points 4, 4’ fixed,
and moving O farther to the left. Y'Y’ moves with O, but XX’ keeps
its position as the lines approach the condition of being parallel.

2. The locus of points at a given distance from a given line
consists of a pair of parallels at that distance, one on each side

of the fixed line. (Prove it.)

130. .Definitions.

Three or more lines which Three or more points which
meet in a point are said to be lie in a line are said to be
concurrent. collinear.

ProrosiTion XLIII.

131. Theorem. The perpendicular bisectors of the three
sides of a triangle are concurrent.

Given a triangle of sides a, b, ¢, and z, y, » their respective
perpendicular bisectors.

To prove that z, y, # are concurrent.

Proof. 1.  and y must meet as at P. Prop. XVII, cor. 4
2. Then P is equidistant from B and C, and C and 4.
Prop. XLI

3. .'. P is on the perpendicular bisector of ¢; Why ?

t.e. z passes through P.
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CoroLLARIES. 1. The point equidistant from three non-
collinear points is the intersection of the perpendicular bisectors
of any two of the lines joining them.

Step 2. ’

2. There is one circle, and only ome, whose circumference
passes through three mon-collinear points.

Let 4, B, C be the three points. Tlen by step 2 they are equidistant
from P, the intersection of z and y.

And -~ z and y contain all points equidistant from A4, B, and C, and
can intersect but once, there is only one point P.

And ‘.- there is only one center and one radius, there is one and only
one circle.

3. Circumferences having three points in common are iden-
tical.
Otherwise cor. 2 would be violated.

4. If from a point more than two lines to a circumference
are equal, that point is the center of the circle.

For suppose a circamference through 4, B, C, and suppose PA = PB
= PC.

Now with center P and radius PA a circumference can be described
through 4, B, C, because it is given that

PA = PB=PC. § 108, cor. 3

And this is identical with the given circumference.
Prop. XLIII, cor. 8
.. its center must be identical with the given center, since a © cannot
have two centers. § 109, 4

Exercises. 173. The proof of prop. XLIII is, of course, the same if
the triangle is right-angled or obtuse-angled. The figures, however,
show interesting positions for P; consider them.

174. Required to find a point at a given distance d from a fixed point
O, and equidistant from two given intersecting lines. How many such
points can be found in general ?

176. Required to find a point equidistant from two given intersecting
lines, and equidistant from two given points. How many such points
can be found in general ?
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ProrosiTION XLIV.

132. Theorem. The bisectors of the interior and exterior
angles of a triangle are comcurrent four times by threes.

Given the A ABC, and the bisectors of the interior and
exterior angles, lettered as in the figure.

To prove that these bisectors are concurrent four times by
threes; that is, 3 meet at P, 3 at Py, etc.

Proof. 1. - - LCAM>ZCBM,...LGAM > ZHBM. Prop. V
2. .. AG and BH meet as at P,.  Prop. XVII, cor. 3

3. LHBM+ L BAE < L B+ £ 4 <180°. Prop. XIX

.. BH and AE meet as at P;.  Prop. XVII, cor. 3

4. BF 1 BH, and AG 1 AE, Prel. prop. IX

.. BF and AG meet as at P,,  Prop. XVII, cor. 4

5. Also, P, is equidistant from a and ¢, from ¢ and 5,
and .*. from a and b, Prop. XLII
.. P, lies on CT. Similarly for P,. Prop. XLII

6. Similarly, P, and P; lie on CN. .-. the four points
P, P, Py, P, are points of concurrence of the
bisectors.
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ProrosiTion XLYV.

133. Theorem. The perpendiculars from the vertices of a
triangle to the opposite sides are concurrent.

’ C ’
B“ I/A
\
\‘ I’
AN Z = /
‘\\ /I’
AV
cl
Given. the A ABC.-
To prove that the perpendiculars from A4, B, C, to ab, ¢,
respectively, are concurrent.
Proof. 1. Through 4, B, C, respectively, suppose B'C' |l CB,

A'C'| CA, A'B' || BA.
2. Then ABCB' and ABA'C are [5]. Def. [T

3. ... B'C= AB = C4', and C is the mid-point of B'4'.
Prop. XXIV; ax. 1

4. Similarly, 4 and B are mid-points of B'C", C'4".

5. If AX, BY, CZ L B'C', C'4', A'B', respectively, they
are concurrent, as at O. Prop. XLIII

6. And they are also the perpendiculars from 4, B, C
toa, b, c. Prop. XVII, cor. 1

-Note. The theorem is due to Archimedes.

134. Definition. To trisect a magnitude is to cut it into
three equal parts.

Exercise. 176. In prop. XLIV suppose C' moves down to the side ¢.
‘What becomes of Py, Ps, P3, Py ?
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ProrosiTion XLVI.

135. Theorem. The medians of a triangle are comcurrent
in a trisection point of each.

Given  the A ABC and the medians BY, AX, interséeting
* at O.

To prove that (1) the median from C must pass through O,
. (2) OX=3%A4X, OY =} BY, ete.

Proof. 1. Suppose CO drawn, and produced indefinitely, -
cutting 4B at Z.

2. Suppose AP Il OB; CO must cut AP, as at P. § 85

3. Draw PB. Then'. CY = Y4, ... CO= OP.
Prop. XXVII, cor. 2

4. And*.* CO=OP, and CX=XB, .. 0X |l PB.
Prop. XXVII, cor. 3

5. .. APBOisa[J, AZ= ZB, and OZ = ZP.
Prop. XXIV, cor. 2

6. ... CZ is a median, and it passes through O.

7. And . 0Z=3% OP,.". 02=4%4CO, or } CZ. Simi-
larly for OY and OX.

Exercise. 177. The sum of the three medians of a triangle is greater
than three-fourths of its perimeter.

~
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136. Definitions. The point of concurrence of the perpen-
dicular bisectors of the sides of a triangle is called the cir-
cumcenter of the triangle. (Prop. XLIIL)

The reason will appear later when it is shown that this point is the
center of the circum-scribed circle. (See Table of Etymologies.)

137. The point of eoncurrence of the bisectors of the interior
angles of a triangle is called the in-center of the triangle; the
points of concurrence of the bisectors of two exterior angles
and one interior are called the ex-centers of the triangle.
(Prop. XLIV.)

It will presently be proved that the in-center is the center of a circle,
in-side the triangle, just touching the sides; and that the ex-centers are
centers of circles, out-side the triangle, just touching the three lines of
which the sides of the triangle are segments. Hence the names in-center
and ex-center.

138. The point of concurrence of the three perpendiculars
from the vertices to the opposite sides is called the orthocenter
of the triangle. (Prop. XLV.)

139. The point of concurrence of the three medians of a tri-
angle is called the centroid of that triangle. (Prop. XLVI.)

It is shown in Physics that this point is also the center of mass, or
center of gravity of the plane surface of the triangle. It is, therefore,
sometimes called by those names.

Exercises. 178. If a triangle is acute-angled, prove that both the
circumcenter and the orthocenter lie within the triangle.

179. In prop. XLVI, if X, Y, Z be joined, prove that the A XYZ
will be equiangular with the A 4 BC.

180. Is there any kind of a triangle in which the in-center, circum-
center, orthocenter, and centroid coincide ? If so, what is it? Prove it.

181. In the figure of prop. XLVI, connect X, Y, Z, and prove that O
is also the centroid of A XYZ.

182. In ex. 179, prove that if the mid-points of the sides of A XYZ
are joined, O is also the centroid of that triangle ; and so on.



BOOK II.—EQUALITY OF POLYGONS.

1. THEOREMS.

140. Definitions. Two polygons are said to be adjacent if
they have a segment of their perimeters in common.

141. Suppressing the common segment of the perimeters of
two adjacent polygons, a polygon results which °
is called the sum of the two polygons. Simi-
larly for the sum of several polygons, and for
the difference of two overlapping polygons.

142. Surfaces which may be divided into the
same number of parts respectively congruent, or which are the
differences between congruent surfaces, are said to be equal.
This property is often designated by the expressions equivalent, equal
in area, of equal content, etc.; but the use of the word congruent, for

identically egqual, renders the word equal sufficient.
The definition is more broadly treated in Book V.

143. The altitude of a trapezoid is al \ \
the perpendicular distance between
the base lines. b

Hence a trapezoid can have but one alti- b a b
tude, a, unless it becomes a parallelogram. b

144. The altitude of a triangle with A \
reference to a given side as the base, .
is the distance from the opposite ver- AN
tex to the base line. ’ as

Hence a triangle can have three distinct
altitudes, viz. a;, as, as, in the figure. \
90
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ProrosiTiON 1.

145. Theorem. Parallelograms on the same base or on
equal bases and between the same parallels are equal.

\NWVV

F1G. 1.

Given [51 ABCD, ABC'D', on the same base AB, and
between the same parallels P, P'.

To prove that (7 ABCD = [J ABC'D'.

Proof. 1. AD = BC, AD'= BC', DC = AB=D'C". Why?
2. In Fig. 1, adding CD', DD' = CC". Ax. 2
3. ...ABC'CZA AD'D. Why ?
4. But ABC'D = ABC'D.
*.[J ABCD = [J ABC'D. Ax. 3

Similarly for Figs. 2 and 3. In Fig. 2, CD' has become
zero; in Fig. 3, it has become negative.
The meaning of ¢ between the same parallels” is apparent.

CoroLLARIES. 1. A parallelogram equals a rectangle of the
same base and the same altitude. (Why ?)

2. Parallelograms having equal bases and equal altitudes
are equal. (Why ?)

3. Of two parallelograms having equal altitudes, that is the
greater which has the greater base ; and of two having equal
bases, that is the greater which has the greater altitude. (Why?)

4. Equal parallelograms on the same base or on equal bases
have equal altitudes.
Law of Converse, § 73, after cors. 2 and 3. Give it in full.
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ProrosiTioNn II.

146. Theorem. Triangles on the same base or on equal
bases and between the same parallels are equal.

c D

Given A ABC, ABC' on the base 4B, and between the
same parallels 4B, C'C.

To prove that " AABC=A ABC".

Proof. 1. In the figure, suppose 4D | BC, BD' | AC".
Then ABCD, ABD'C' are equal [5]. Why ?

2. And, since A ABC, ABC' are their halves,
I, prop. XXIV
. AABC=A ABC'. Ax. 7

CoroLLARIES. 1. A triangle equals half of a parallelogram,
or half of a rectangle, of the same base and the same altitude
as the triangle.

By step 2, and prop. I, cor. 1.

2. Triangles having equal bases and equal altitudes are equal.

3. Of two triangles having equal altitudes, that is the greater
which hasthe greater base ; and of two having equal bases, that
is the greater which has the greater altitude. (Why ?)

4. Equal triangles on the same base or on equal bases have
equal altitudes. (Why ?)

Nore. In props. Iand II if the figures are on equal bases they can
evidently be placed on the same base. Hence the proofs given are
sufficient.
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ProrosiTion IIIL

147. Theorem. A trapezoid 8 equal to half of the rect-
angle whose base 13 the sum of the two parallel sides, and
whose altitude is the altitude of the trapezoid.

D c e
c
b\ ¢’ B
A B 0
Given the trapezoid ABCD.

To prove that ABCD equals half of a rectangle with the same
altitude, and with base equal to 4B + DC.

Proof. 1. About O,the mid-point of BC, revolve 4 BCD through

180° to the position 4'CBD',leaving its original trace.

2. Then, """ Le'=Le, and Lb+ Le=st. £,
S LV Ld=Lb+Le=5st L,
and .. ABD' is a st. line. § 14, def. st. £
Similarly, DCA4' is a st. line.

3. Also, 'L D'=4LD,and LA+ L D=st. 4,
S LAY LD =LA+ LD=st 4L,

. DA AD, I, prop. XVI, cor. 2
and ... AD'A'D is a [7. § 97, def. 7

4. The base of the L7 = AB + DC,
and the [7=2-4ABCD. Why ?

5. ... ABCD =} [J = } required (. Prop. I, cor. 1

Exercises. 183. P isany point within Z7 ABCD. Prove that A PAB
+ APCD=131.J ABCD. Suppose P is outside of L7 ABCD.

184. A quadrilateral equals a triangle of which two sides equal the
diagonals of the quadrilateral, and the included angle of those sides
equals the included angle of the diagonals.
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ProrosiTioN IV.

148. Theorem. If through a point on a diagonal of a par-
allelogram parallels to the sides are drawn, the parallelo-
grams on opposite sides of that diagonal are equal.

Given [J ABCD, and through P, a point on AC, the lines
GF I AB, HE | DA, and the parts lettered as in the

figure.
To prove that b=10.
Proof. 1. a+b+c=a+8+¢,
a=a, c=c\ I, prop. XXIV
2. Soh=0 Ax. 3

149, Definitions. Since all rectangles which have two adja-
cent sides equal to two given lines a, b, are congruent (I, prop.
XXVI, cor. 1), any such rectangle is spoken of as the rectangle
of a and b.

This is indicated by the symbol ab, or, if the adjacent sides are AB
and CD, by the symbol AB: CD. These symbols are read ¢ The rect-
angle of a and b,” ¢ The rectangle of AB and CD,” or, briefly, ¢ The
rectangle ab,”’ ‘¢ The rectangle 4B (pause) CD.”” Since there is no mul-
tiplication of lines by lines, by any definition thus far known to the stu-
dent, the readings * a times b,” ‘* ABtimes CD" are not recommended.

In like manner, any square whose side is equal to a given
line is spoken of as the square on (or of) that line.

The square on a line 4B is indicated by the symbol AB?; on a line a
by the symbol a? ; read ¢ The square on (or of) 4B, or, briefly, ¢ AB-
square ** ; and similarly for a. .

Squares, rectangles, and polygons in general are often designated by
the letters of two vertices not consecutive,
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150. A point in a line-segment is said to divide it internally;
a point in a produced part of a line-segment is said to divide
it externally.

In the figure, AB is di-
vided internally at P, and
externally at P'. AP, PB are called segments of AB; and
AP', P'B are also called segments of 4B.

The propriety of calling AP, PB, and AP, P’B, segments of AB is

apparent, since AP + PB = AB, and also AP’ + P’B (which is negative)
= AB.

A P B P

Exercises. 185. If the sides BC, CA, AB, of A ABC, are produced
to X, Y, Z, respectively, so that CX = BC, AY = CA, BZ = AB, prove
that A XYZ =72 ABC.

186. The medians of a triangle divide it into six equal triangles. (In
what kind of a triangle are the six triangles congruent ?)

187. Prove prop. III by bisecting BC at O, drawing DO to meet AB
produced at I, and proving that A BDYO = A CDO, that A AD'D =
trapezoid, etc.

188. Discuss prop. IV when P moves to C; through C on AC pro-
duced.

189. If two equal triangles are on opposite sides of a common base the
line of that base bisects the line joining their vertices.

190. A triangle X is equal to a fixed triangle T and has a common
base with T'; what is the locus of the vertex of X ? (Is the locus a single
line or a pair of lines ?)

191. P is any point on the diagonal BD of L7 ABCD. Prove that
A PAB = A PBC.

192. In ex. 191, suppose P moves to D; moves throngh D on BD
produced.

193. The sides 4 B, CA of a triangle are bisected in C’, B, respectively;
CC’ cuts BB’ at P. Prove that A PBC = quadrilateral 4C’PB’.

194. If P is a point on the side AB, and @ & point on the opposite
side CD of [J ABCD, prove that A PCD = A QAB.

195. If the mid-points of the sides of any convex quadrilateral are
joined, in order, then (1) a parallelogram is formed, (2) which equals
half the quadrilateral.
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ProrosiTION V.

151. Theorem. The rectangle of two given lines equals the
sum of the rectangles contained by one of them and the several
segments into which the other is divided.

a] ax ay a

Given the rectangle of «, and 4, and & divided into the seg-
ments z and y.

To prove that ab = ax + ayy.

Proof. 1. Let a; be drawn |l a, from the division point of .
2. Then, in the figure, a; = a3 =a,. I, prop. XXIV
3. . ab=ax + ayy. Ax. 8

CoroLLARIES. 1. If a line is divided internally into two
segments, the rectangle of the whole line and one segment equals
the square on that segment together with the rectangle of the
two segments.

Make a; = z in the proof above, and consider step 3.

2. If a line i3 divided internally into two segments, the square
on the whole line equals the sum of the rectangles of the whole
line and each of the segments.

Make a; = & + y in the proof above.

Note. This theorem is the geometric form of the Distributive Law of
Multiplication of Algebra, which asserts that a (z + y) = ax + ay.

Exercise. 196. The rectangle of one line and the sum of two others
equals the sum of the rectangles of the first and each of the other two.
Consider the case where one of the second two lines is zero ; negative.
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152. Positive and Negative Polygons. In general, a line AB
is thought of as positive; but if, in the discussion of a propo-
sition, 4 is thought of as approaching B, then, when 4 reaches
B, AB becomes zero; and if A4 is thought of as passing through
B, then 4B is considered as having passed through zero and
become negative; thatis, BA = — 4B. c

A similar agreement exists as to triangles. : :

In general, A 4BC is thought of as posi- '
tive; but if, in the discussion of a propo-
sition, ' moves down to rest on 4B, then g B
A ABC becomes zero; and as C passes V -
through 4B, A ABC passes through zero c

and is considered as having changed its sign and become
negative; that is, A ACB=— A ABC.

In Book I, to accustom students to this convention (that A ACB
= — A ABC), triangles were always named by taking the letters in the

counter-clockwise (or positive) order, except in a few cases where a
departure from this rule seemed advisable.

A similar agreement exists as to rectangles, which illustrates
the law of signs in algebra. In the figure, I has for its alti-
tude and base 4+ @ and + b, and

the rectangle is spoken of as + ab. Y

But if 4 shrinks to zero, + ab also bl 1
shrinks to zero, and as & passes -ab+@ +ab
through zero and becomes nega- X =b | +b X
tive, so ab is considered to pass’ 4ab—a —ab
through zero and to become nega- 34 1v

tive; that is, Il = — ab. If, now,

a shrinks to zero, and passes Y

through zero, changing its sign, so does — ab; that is, III
=+ ab. And finally, as — & again passes through zero, so
does ab, and therefore IV = — ab.

Exercise. 197. If P is any point in the plane of A ABC, then
A PAB+ APBC + APCA=AABC. (Monge.)
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In the case of polygons in general, the law of signs will be readily
understood from the annexed figures. In Figs. 1, 2, 3 both the upper
and lower parts of the polygon are considered as positive ; in Fig. 4, P

AAd 44X

FiG. 3. F1aG. 4.

has reached BC and the upper part of the polygon has become zero ; in
Fig. 5, P has passed through BC and the upper part of the figure has
passed through zero and become negative.

This treatment of negative surfaces dates from Meister (1769).

Prorosition VI.

153. Theorem. The square on the sum of two lines equals
the sum of the squares on those lines plus twice their rectangle.
G__¢

y xy ¥y
HF——pvfF

x xt X xy

X Y
A - E B
Given ABCD, the square on z + y.
. To prove that. x+y) =2+ +2xy.

Proof. 1. In the figure, let AE=AH =%, EB=HD =y,
EG| AD, HF | AB, and HF cut EG at P.

2. Then the #’s in the figure are all equal; also the y’s.
Def. O; I, prop. XXIV

3. c AP =23, PC =4y § 99, def. O
and EF =2y, HG=uay. § 99, def. OJ

4, St y)i=at+ A+ 2y Ax. 8
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CoroLLARIES. 1. The square on a line equals four times
the square on half that line.

Make z = y in step 4.

Then 2z =242+ 2%,
or T 2x) =4

That is, if 22 is the line, the square upon it equals four
times the square on z.

2. The square on the difference of two lines equals the sum
of the squares on those lines minus twice thesr rectangle.

X

p X

x-y)*

Xy

Bl ye

X

H

For, in the above figure, AP =2? BH =y’ PD =uxy,
CH=zy, and AC = (x — y)*

But AC= AP + BH — PD — CH,
or (x—yP=a+y*—2zy.

The truth of the corollary is, however, evident from prop. VI, if the
agreement as to signs is considered ; for if y becomes 0, then 2zy = 0,
and y2 = 0; and as y passes through 0 and becomes negative, 2y also

becomes negative, but ¥2 remains positive because it is the rectangle of
—yand — y.

Exercises. 198. If ABC ..... MNA is the perimeter of any polygon,
and P is any point in the plane, then A PAB 4+ A PBC + ..... + A PMN
+ A PNA is constant. '

199. If A, B, C, D are four collinear points, in order, then AB ‘- CD
+ AD-BC = AC* BD. (Euler.) Investigate when B moves to and
through C.

s
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ProrosiTioNn VII.

154. Theorem. The difference of the squares on two lines
- equals the rectangle of the sum and difference of those lines.

D, X C
)
=
ly )")'.g
y
A E B

Given ABCD, a squa.re/on z, and AEF@, a square on y.

Toprove that 2*—y’=(z+ y)(x—y).
Proof. 1. Suppose the squares placed as in the figure, and GF
produced to BC. Then the 3’s in the figure are all

equal, as also the sides of % Def. O
2. .. the (= — y);s are equal. - Ax. 3
3. But 2*=y*+ax@—y)+y@E—y) Ax. 8
or 2=y 4+ (x+y)(x—y). Prop. V
4. a2t — = @+y)(x—y). Ax. 3

CoroLLARY. If a point divides a line internally or externally
into two segments, the rectangle of the segments equals the differ-
ence of the square on half the line and the square on the seg-
ment between the mid-point of the line and the point of division.

1. If AB is the line, P (either P, or P;) the point of divi-
sion, and M the mid-point, it is to M
be proved that L .
A R B R
AP.PB = AM® — MP: !
2. Let AB=y, AP =, then PB=y —x, AM =}y, and
MP=zx—1%y.

2 2
3. Buta(y —a)= (g) - (a: - %) , by prop. VIL
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155. Reciprocity between Algebra and Geometry. From props.
V, VI, VII, it is evident that a reciprocity exists between
algebra and geometry which is likely to be of great advantage
to each. This reciprocity will be more clearly seen by resort-
ing to parallel columns.

Geometric Theorems.
If 2, y, ..... are line-segments,

Algebraic Theorems.
If a, b, are numbers,

.....

and zy, 22, .... represent the
rectangles of x and y, « and
2, ....., and z (y + #) represents
the rectangle of = and y+ 2,
and z* represents the square
on z, then

1. z(y+2)=xy+a=.

Prop. V
2. (@+y)i=2+y"+2zy.
Prop. VI

2

3. x?=4 (g) .

Prop. VI, cor. 1
4. (x—y)=2+ y*—2axy.
Prop. VI, cor. 2

5. a'—y'=(z+y)(z—y)
Prop. VII

and ab, ac, ..... represent the
products of a and b, a and ¢,
..... , and a (b + c) represents
the product of a and b+,
and a® represents the secand
power of a, then

1. a(d+c)=ab+ac.

2. (a+b)*=a*+0b"+2ab.

w
gl.
1
'S
7~ N\
NS
\/”

4. (a - b)'=a®+b*— 2ab.

5. a— b= (a+b)(a—b).

This correspondence of one symbol, one operation, one

result, etc., of algebra, to one symbol, one operation, one
result, etc., of geometry, or, as it is called, this “one-to-one
correspondence,”’ suggests many theorems of geometry that
might otherwise remain unnoticed. This correspondence is
the basis of the treatment of Proportion, Book IV.

Exercise. 200. Prove geometrically that (x + ¥)2 — (x — ¥)? = 4zy.
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ProrosiTion VIII.

156. Theorem. In a right-angled triangle the square on
the hypotenuse equals the sum of the squares on the other
two sides.

E F G

Given the right-angled A ABC, Z C being right.
To prove that ad+b¥=c

Proof. 1. Let BLMC = a*, ACKH = V?, AEGB = ¢*; suppose
CF | AE, and HB and CE drawn.

2. Then .- £ KCA, ACB, are right, their sum = st. Z,

and .". BCK is a st. line. § 14, def. st. £
3. And " L CAH = L EAB, Prel. prop. I
‘. L BAH = L EAC, by adding Z BAC. Ax.2
4. And - AC=HA4,and AE=B4, §99,def. O
S AABH=A AEC. Why ?

5. But [0 AF = twice A AEC,
and b = twice A ABH. Why ?
.0 A4F, or AB-AD, =¥, Ax. 6

6. Similarly, [ BF, or BA- BD,=a’
“al+0'=04F + 0O BF=¢2 Axs. 2, 8

N
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157. Nore. The first proof of this theorem is said to have been
given by Pythagoras about 540 B.c., although the theorem itself was
known long before that time. From this fact it is generally known as
the Pythagorean Proposition. It is one of the most important in geometry.

There have been many proofs devised for the Pythagorean
proposition. In the subsequent exercises occasional proofs
will be suggested, that the student may see the great variety
of ways in which the theorem may be attacked. That the
proposition would naturally be suggested to a people using
tile floors is seen from Fig. 1, although the proof following

Fia. 1.

from such a figure is special, being limited to the case of the
isosceles right-angled triangle.

In Fig. 2 is given a suggestion of the conjectured proof of
Pythagoras: If A 1, 2, 3, 4 are taken from the figure, the
square on the hypotenuse remains; and if the two [ AP,
PB, are taken away, the sum of the squares on the two sides
remains ; but since the two rectangles equal the four triangles,
these remainders are equal.

Exercises. 201. What is the use of steps 2 and 3 in the proof of
prop. VIII?

202 In the figure of prop. VIII, prove that AK Il BM.
203. Also that H, C, L are collinear.

204. Twice the sum of the squares on the medians of a right-angled
triangle equals thrice the square on the hypotenuse.
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Fig. 3 is that of Bhaskara, the Hindu: The inside square
is evidently (a — b)*% and each of the four triangles is 4 ab;
Sl —4d-fab=(a—0)*=a’+0—2ab; ... P=a’+ 5

F1G. 3. F1G. 4.

Fig. 4 is one of the most simple: If from the whole figure
there are taken A b, there remains the square on the hypote-
nuse; or if the equal A a are taken, there remains the sum of
the squares on the two sides.

158. Definition. The projection of a point on a line is the
foot of the perpendicular from the point to the line.
Thus 4’ and B, Figs. 1, 2, are the projections of A and B on X".X.

The projection of a line-segment on another line in the same
plane is the segment cut off by the projections of its end-
points, e.g. in Figs. 1 and 2, 4'B' is the projection of AB.

A A A
l\a [\ N AL B
X :3
N B A \la

X BN B X
Fie. 1. Fio. 2. Fio. 8, Fie. 4,

Strictly these are orthogonal (or right-angled) projections; but since
orthogonal projections are the only kind ordinarily considered in elemen-
tary geometry, they are called, simply, projections. In advanced geom-
etry, the projections of Figs. 3, 4 are among the others used. Fig. 3
represents an oblique projection, and Fig. 4 represents a projection from
a point. Fig. 4 is the most general, approaching the others as P recedes
to a greater distance.
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ProrosiTion IX.

159. Theorem. JIn an obtuse-angled triangle the square on
the side opposite the obtuse angle equals the sum of the
squares on the other two sides, together with twice the rect-
angle of either side and the projection of the other on the
line of that side.

Given A abe, obtuse-angled opposite ¢, and a' the projection
of a on the line of &.

To prove that A=a+ b2+ 2ba.
Proof. 1. In the figure, 2 L a/, § 158, def. projection
SR (@' 40 =6, Why ?
or B+a?4+0142a'% = c Prop. VI
2. coat 4+ b2 42a'b =2 Prop. VIII

Exercises. 206. In the figure of prop. VIII, prove that, if HK and
LM are produced to meet at P, then AE = and |l PC, and BG = and |l PC.

208. If the diagonals of a quadrilateral intersect at right angles, prove
that the sum of the squares on one pair of opposite sides equals the sum
of the squares on the other pair.

207. In the annexed figure, equilateral triangles
are constructed on the sides of a right-angled
triangle; M is the mid-point of CA4. Prove (1)
NABK=<=AAEC, (2) MK || BC, (38) A BCM =
A BCK, (4) ABRM = ARCK, (5) A ABK =
NAACK + AABM = ANACK + A ABC, (6)
.. from (1) and () AAEC = AACK + }AABC,
(7) similarly, A CEB = A BLC + $ A ABC, (8)
.. figure AEBC = figure ABLCK, (9) .. AAEB
= A BLC + A ACK. State in full form the
theorem proved in (9).
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CoRrROLLARIES. 1. In any triangle the square on the side
opposite an acute angle equals the sum of the squares on the
other two sides, less twice the rectangle of either side and the
projection of the other side on it.

. b

For, in the above figure,
B+ @G—a)=c
SR+ P4 a't—2ah =%

a4+ 02— 2a'b =2
The truth of the corollary is, however, evident from prop. IX ; for if
Z ba becomes 90°, @’ = 0 and prop. IX becomes prop. VIII; and if £ba

becomes acute, a’ passes through 0 and becomes negative, and (] a’d
becomes negative ; ... step 2 becomes a? + b2 — 2a’b = c%

2. Converse of props. VIII, IX, and prop. IX, cor. 1. The
angle opposite a given side of a triangle is right, obtuse, or
acute, according as the square on that side is equal to, greater
or less than the sum of the squares on the other two sides.

- Law of Converse (§ 73). Write out the proof in full.

Exercises. 208. In the figure of prop. VIII, the medians of A ABC
are perpendicular to and equal to half of KM, HE, LG, respectively.
(Complete the (1 BCAV, and prove CV = and L KM, etc.)

209. XOY is any angle, and from B, on OY, BA is drawn L OX ;
from B is drawn BZ || OX ; now if P can be found on BA, so that OP
produced to cut BZ in @, makes PQ = 2 OB, then £ X0Q = }Z XOY.
(That is, £ XOY is trisected. It has been proved that this famous
problem of the Greeks, to trisect any angle, cannot be solved by
elementary geometry, that is, by using the compasses and straight-edge
only. There are various solutions if other instruments are allowed.)

210. Prove algebraically that if  is an even number, then n, } 22 — 1,

}n? 4+ 1 are numerically the sides of a right-angled triangle (Plato), and
that they are integers.
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ProrosiTion X.

160. Theorem. The sum of the squares on any two sides of
a triangle equals twice the sum of the squares on one-half the
third side and on the median to that side.

Given the A abe, and m the median to e.

2
To prove that at+0t=2 [(-%) + m’:l .

Proof. 1. Let m' be the projection of m on ¢, and suppose

Z c¢m acute.
2 .
2. Then a? =(%> +m?—2 <%) m!, Prop.IX, cor. 1
\ .
and 0 =<§> +mP+ 2 (%) m. Why ?

2
3. a4 02=2 [(%) + 'm’:l- Ax. 2

If Z em is obtuse, then £ me is acute, and the proof
merely interchanges a, b without affecting step 3.
If Z em is right, then m'= 0 in step 2, but 3 is not
affected.

Exercises. 211. In prop. X, prove that 4 m2 =2 (a2 + b?)— c2. Hence
show that in a right-angled triangle (in which a2 + b2 = ¢?) the median
to the hypotenuse equals half the hypotenuse.

212. From ex. 211, what is the locus of the vertex of the right angle
of a right-angled triangle with a given hypotenuse ?

213. The sides of a triangle are 10, 12, 15 inches. Is the triangle
right-angled ? obtuse-angled ?
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ProrosiTion XI.

161. Theorem. The sum of the squares on the sides of a
quadrilateral equals the sum of the squares on the diagonals
plus four times the square on the line Jommg the mid-points
of the diagonals.

Given a quadrilateral abed, convex, concave, or cross, with
diagonals e, f, and with m joining the mid-points
of ¢, f.

To prove that a®+ 0+ ¢*+d? = é* + f2 + 4 m?.

2 .

Proof. 1. In the figure, a’+d’=2z’+2(§>, Why ?
f 2

and b’+o’=2y"+2('§>- Why ?

2
2 .'.a’+b’+o’+d’=2(x’+y’)+4(‘g) Ax.2

A% FAY
co[o (] (0

Prop. X
= ¢+ f?+ 4m* Prop. VI, cor.1

CoroLLARY. The sum of the squares on the diagonals of a
parallelogram equals the sum of the squares on the sides.
For then m = 0; I, prop. XXIV, cor. 2.

Note. The theorem is due to Euler. The corollary was, however,
known to the Greeks.
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2. PROBLEMS.
ProrosiTioNn XII
162. Problem.  To congtruct a triangle equal to a given
polygon.
/ C
II’
F A B

Fe. 1.
Given polygon ABCDE.
Required to construct a A equal to ABCDE.
Construction. 1. Produce B4, join D and 4, draw EF || DA,
meeting BA produced at F; draw DF.
§ 28, post. of st. line; I, prop. XXXIII
2. Then polygon FBCD has one less side than ABCDE,
and will be proved equal to it. Continue the process

until a A is reached (Fig. 2).
1. - EF | D4,
.. A ADF = A ADE, having same base AD.
Prop. IT
Ax. 2

Proof.
2. Adding polygon ABCD, FBCD = ABCDE.
3. Similarly thereafter. In Fig. 2, A FGD is the tri-
angle required.
Exercise. 214. To construct a rhombus equal to a given parallelo-
gram, and on the same base. Discuss for impossible cases.
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ProrosiTion XIII.

163. Problem. 7o construct a square equal to a given

polygon.

...
(o}
O .
| 7
C

Given polygon G.

Required

to construct a square equal to G.

Construction. 1. Construct a A equal to G. Prop. XII

2.

By drawing a line through the vertex of this A Il to
the base, and erecting ’s from an extremity and
the mid-point of the base, construct a [, as ABCD,
equal to this A. I, props. XXIX, XXXT, XXXIII

Then if AB = DA, ABCD is the required .

If not, produce 4D to E, making DE = CD; § 28
bisect AE at O, I, prop. XXXI
and with center O and radius OE, describe a semi-
circumference. § 109, post. of ©
Produce CD to meet circumference at F, § 28
and construct a square on DF. I, prop. XXXIX
Then DF? S in the figure, is the required OJ.

. Draw OF, let r = OF = OA = OE, and = OD;

then CD=DE=r—u,

and AD =7+

Then (r + ) (r — ) = r* — 2* Prop. VII
=22+ DF*— 2= DF? Why?

But (r+a)(r—2z)=04BCD =G, Const. 2

and .*. DF? = polygon G. Ax. 1
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EXERCISES.

215. 1f one angle of a triangle is two-thirds of a straight angle, show
that the square on the opposite side equals the sum of the squares on the
other two sides, together with their rectangle.

216. Prove prop. XI for a concave quadrilateral.

217. If Z P = 180° and SP = PQ, show that prop. XI reduces to a
previous theorem.

218. Prove prop. XI, cor. directly from prop. X without reference to
prop. XI.

219. If ABCD is any quadrilateral, and the mid-points of the diagonals
are joined by a line bisected at A, and if P is any point, then PA2 + PB3
+ PC2 + PD? = MA? + MB? + MC? + MI? + 4 PM3,

220. To construct a parallelogram equal
to a given triangle, and having one of its
angles equal to a given angle.

221. To construct a parallelogram equal
to a given square, on the same base and
having an angle equal to half the angle of
the square.

222. To construct an isosceles triangle equal to a given triangle, and
on the same base.

223. To construct a triangle equal to a given parallelogram, and having
one of its angles equal to a given angle.

224. To construct a parallelogram equal to a given triangle, and having
its perimeter equal to that of the triangle. (In the figure of ex. 220 how
must MD compare with BC + CA4 ?)

225. To construct a square equal to the sum of two given squares.
(Apply prop. VIIL)

226. On a given line to construct a rectangle equal to a given rectangle.

221. On one side of a triangle as a diagonal to construct a rhombus
equal to the given triangle.

228. Prove that in any triangle three times the sum of the squares on
the sides equals four times the sum of the squares on the three medians.

229. Also that three times the sum of the squares on the lines joining
the centroid to the vertices equals the sum of the squares on the sides.

230. If one angle of a triangle is one-third of a straight angle, show
that the square on the opposite side equals the sum of the squares on the
other two sides less their rectangle.
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3. PRACTICAL MENSURATION.

164. For practical purposes a surface is measured as
follows :

1. A square unit is defined as a square which is one linear
unit long and one linear unit wide.

That is, a square inch is a square that is 1 in. long and 1 in. wide; a
square meter is a square that is 1 m. long and 1 m. wide, etc. In the
figure the shaded square is considered as a square unit.

2. If two sides of a rectangle are 3 in. and 5 in. respec-
tively, then, in the figure, the area of the
strip 4B is 5 X 1 sq. in., and the total area
is 3 X 5 X 1 sq. in., or 15 sq. in.

Theoretically, a rectangle rarely has sides
both of which exactly contain any linear
unit, however small. Such cases are discussed in Book IV.
But for practical purposes the above method is approximate
to any required degree.

[v~]

At present it is necessary for the student to learn that geometry gives
him an instrument for practical work. It will accordingly be assumed
that the measurements can be made to any degree of approximation, and
that the expressions area, measure, etc., are understood in their ordinary
sense. It has already been explained that the rectangle of two lines
corresponds to the product of two numbers ; hence, in practice, lines are
represented by numbers, and their rectangles by the products of those
numbers. This practical measurement will be exemplified hereafter, as
it has already been to some extent, in the numerical exercises.

Exercises. 231. A field is in the form of a rhombus, the oktuse angle
being twice the acute angle; the shorter diagonal is 300 feet. Find the
area of the field in square feet.

232. A railroad embankment extends through a farm 1 mile long, its
rails being in straight lines perpendicular to the two parallel sides of the
farm ; the embankment is 80 ft. wide at the bottom at one end, and 60 ft.
at the other. How much land was taken for railroad purposes ?
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EXERCISES.

233. A road running across a farm is } mile long and 3 rods wide;
the road being rectangular, find its area in acres.

. 234. The side of an equilateral triangle is 16. Find the area.

235. In excavating for a canal 30 ft. deep, 200 ft. wide at the top, and
160 ft. wide at the bottom, what is the area of a cross-section ?

236. One diagonal of a quadrilateral is 100, and the perpendiculars,
from the other two vertices, upon it, are 50 and 40. Find the area.

237. The area of a triangle is @ and the altitude is &. Find the base.
Investigate for a = 826.85, h = 38 ; also for a = 100, A = 100.

238. The area of a trapezoid is @ and the two bases are by, b3. Find
the altitude. Investigate for a = 223.875, by = 13.5, bs = 6.4 ; also for
a=10, b =0, by =10.

239. The area of a trapezoid is 542.5, the altitude is 21.7, and the
difference between the parallel sides is 11.2. Find those sides.

240. The area of a square is 2. Find the side of a square of twice the
area; thrice the area; four times the area.

241. The altitude of an equilateral triangle is 160. Find the area.

242. The base of an isosceles triangle is § of one of the equal sides,
and the altitude is 10. Find the area.

243. Two sides of a right-angled triangle are 1036 and 1173. Find
the hypotenuse and the area.

244. Find to three decimal places the diagonal of a square whose area
is 1.
245. In a right-angled triangle the perpendicular from the vertex of

the right angle divides the hypotenuse into two segments, 2.88 and 5.12.
Find the two sides.

246. From the vertex 4 of A ABC, AD 1 BC. Find the lengths of
BD, CD, knowing that AB = 307.8, CA = 480.168, BC = 689.472.

247. A surveyor, wishing to erect a perpendicular to a line on the
ground, drives two stakes, 4, B, 12 links apart; to
these he fastens the ends of a 24-link segment, and
stretches the chain, at the end of the 9th link from 15
A, to C. Show that AC L AB. (This method of '
erecting perpendiculars was known to the temple
and pyramid builders, and surveyors employed for
this purpose were called ¢ rope stretchers.”” The method is still used in
practical field work.) :
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165. Definitions. A circle is the finite portion of a plane .
bounded by a curve, which is called the circumference, and is
such that all points on that line are equidistant from a point
within the figure called the center of the circle.

For corollaries and postulates, see §§ 108, 109.

Certain definitions are here repeated for convenience.

If two equal figures are necessarily congruent, as in the case of circles,
angles, squares, and line-segments, the word equal is ordinarily used to
express congruence. Hence congruent circles (see § 108, 2) are ordinarily
called simply equal.

A straight line terminated by the c
center and the circumference is called
a radius. . Y

A straight line through the center ¢ A
terminated both ways by the cir-
cumference is called a diameter.

166. The straight line joining any
two points on a circumference is called a chord.

Hence a diameter is a chord passing through the center. In the
figure, AE and BD are chords.

The expressions center, radius, diameter, chord, of a circumference
are sometimes used instead of center, etc., of a circle.

167. The line of which a chord is a segment is called a
secant, as XY in the figure.

168. A part of a circumference is called an arc.

In the figure, BCD is an arc. As in naming an angle, the counter-
clockwise order is followed, and arcs so named are considered positive.
114
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169. Onehalf of a circumference is called a semicircum-
ference.

170. A fourth part of a circumference is called a quadrant.

171. An angle formed by two radii is called a central angle.
In the figure, £ AOB, BOE are central angles.

172. A central angle is said to stand upon the arc which lies
within the angle and is cut off by the arms.
£ AOB, BOE stand upon A'B, Bi', respectively.

173. The arc upon which the sum of two central angles
stands is called the sum of the arcs upon which those angles
stand. Similarly for the difference of two arcs.

Thus, AE = AB + BE, and AB = AD — BD.

174. Two arcs are said to be complements of each other if
their sum is a quadrant; supplements of each other if their
sum is a semicircumference ; conjugates of each other if their
sum is a circumference.

In the figure, AB s the supplement of BE and the conjugate of FBA.

175. An arc greater than a semicircumference is called a
major arc; one less than a semicircumference, a minor arc.
In the figure, AB, BD, DE are minor arcs ; DEA is a major arc.

176. Conjﬁga.te arcs are said to be subtended by their com-
mon chord.

In the figure, BD and DB are each said to be subtended by chord BD.

The word sublend is variously used in geometry. It means to extend
under or to be opposite to. Hence in a triangle a side is said to subtend
an opposite angle, a chord is said to subtend an arc, etc.

177. A portion of a circle cut off by an arc and two radii
drawn to its extremities is called a sector, and the central
angle standing on that arc is called the angle of the sector.

In the figure, OAB is a sector, and Z A OB is its angle.
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1. CENTRAL ANGLES.

ProrosiTioN 1.

178. Theorem. JIn the same circle or in equal circles, if
two central angles are equal, the arce on which they stand
are equal also, and of two unequal central angles the greater
stands on the greater are.

Given M, M', two equal circles, and central angles
AOB = A'0'B', AOC > A'O'B'.
To prove that AB = A'B', and AC > A'B'.
Proof. 1. Place © M' on © M so that £ 4'0'B’ coincides with
its equal £ 40B.
Then A' coincides with 4, and B’ with B.

§ 165, def. ©
2. Then A'B' coincides with 4B, because its points are
equidistant from O. § 165, def. ©
3. Also, T LAOC > L A'0'B,
L AOC > £ AOB.
4. . Cis notin Z AOB, and AC > 4B. Ax. 8
5. And ' AB=A'B', .. AC > A'B". Ax. 9

The proof is essentially the same for a single circle,
and so in general when equal circles are involved.
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CoROLLARIES. 1. Sectors of the same circle or of equal
circles, which have equal angles, are equal.

For, by steps 1, 2, they coincide.

2. Sectors of the same circle, or of equal circles, which have
unequal angles, are unequal, the greater having the greater
angle.

This is proved by superposition in steps 3, 4, 5, of the proposition.

3. The two arcs into which the circumference is divided by
a diameter are equal.

For their central angles are straight angles, and these being equal the
arcs are equal by the proposition.

4. The two figures into which a circle is divided by a diam-
eter are equal.
For their central angles are straight angles. Hence by cor. 1 they

are equal.
This corollary is attributed to Thales.

179. Definition. The figure formed by a semicircumference
and the diameter joining its extremities is called a semicircle.

It is proved (cor. 4) that all semicircles, cut from the same circle, are
equal. Hence the name, semi- meaning half.

180. Since the 360 equal angles, into which the perigon
at the center of a circle is imagined to be divided, stand on
equal arcs by prop. I, the ordinary mensuration of angles by
degrees is also used for arcs. Similarly for minutes, seconds,
and other measurements. Hence the common expression, an
angle at the center is measured by the subtended are.

The expression is not strictly correct ; we do not measure an angle by
an arc, but the angle and arc have the same numerical measure, as will
be proved in § 264. We might as truly say that an arc is measured by
its central angle. But the expression is so commonly used, and has found

its way into so many text-books and examination papers, that the student
needs to become familiar with it.
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ProposiTioN II.

181. Theorem. JIn the same circle or in equal circles, if
two arcs are equal, the central angles which they subtend are
equal also, and of two unequal arcs the greater subtends the
greater central angle.

Proof. If O and O' are two central angles, and 4, 4' are the
ares on which they stand, it has been proved in prop. I
that :

If 0> 0 then 4> A4,

“« 0=0, « A=A4,

“« 0<O0, « A<A4d.

Hence the converses are true, by the Law of Converse, § 73.

CoroLLARIES. 1. In the same circle or in equal circles,
equal sectors have equal angles ; and of two unequal sectors,
the greater has the greater angle.

Law of Converse, § 73, from prop. I, cors. 1, 2.

2. A4 central angle is greater than, equal to, or less than, a
right angle, according as the arc on which it stands is greater
than, equal to, or less than, a quadrant. (Why ?)

" Exercises. 248. If two lines drawn to a circumference, from a point
within the circle, are equal, they subtend equal central angles.

249. Prove the converse of ex. 248.
250. Two circumferences cannot bisect each other.

251. Suppose from the point P on a circumference two equal chords,
PA, PB, are drawn. Prove (1) that these chords subtend equal central
angles, (2) that they subtend equal arcs.

262. The arc AB is bisected by the point M, and MC is a diameter ;
prove that chord 4C = chord BC. '

253. How many degrees in the central angle standing on a third of a
circumference ? a fourth ? a fifth ? ..... :
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2. CHORDS AND TANGENTS.

ProrosiTion III.

182. Theorem. [In the same circle or in equal circles, if
two arcs are equal they are subtended by equal chords, and
of two unequal minor arcs the greater is subtended by the
greater chord.

Given two equal circles, M, M'; two equal arcs, K, K';
and two unequal minor arcs, K > K".

To prove that, as lettered in the figure, chords AB = 4'B/,
AB > CA4"
Proof. 1. Draw the radii 04, 0B, 0'4', O'B', 0'C. Then
K=K, -.ZLAOB=/A'0B. Prop. II
2. But COM=0M,
. 04=0B=0'4'"=0B=0'C.
. AOAB = A 0'A'B'y and AB = A'B'. Why ?
4. Also, ‘
"+ K>K" ..ZAOB>ZC0'A, Prop. II
. 4B > (4. I, prop. X

)

CoROLLARY. In the same circle or in equal circles, of two
unequal major arcs, the greater is subtended by the less chord.
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ProrosiTioN IV.

183. Theorem. [In the same circle or in equal circles, if
two chords are equal they subtend equal major and equal
manor arcs; and of two unequal chords the greater subtends
the greater minor and the less major arc.

Proof. Let C, C' be two chords of the same circle or of equal
circles; N, N' their corresponding minor arcs;
J, J o« “ major ares.
From prop. III, .
if N> N, or if J<J', then C > C,
“« N=N!, « o« J____-JI’ I3 C=C"
“« N < _N" “ o« J> J', “© c<C.
Hence the converses are true, by the Law of Converse, § 73.

Exercises. 254. If through a point in a circle two chords are drawn
making equal angles with the diameter through that point, these chords
cut off equal arcs of the circle.

256. The intersecting chords joining the extremities of two equal arcs
of a circle are equal.

256. What is meant by an arc of 76°? by one of 300°? Can the sum
of two arcs ever exceed an arc of 360°? Draw a figure to illustrate
your answer.

257. Does the chord subtending the arc 2a equal twice the chord sub-
tending the arc a? Prove your statement.

258. May the chord subtending the arc 2a ever equal the chord sub-

tending the arc a? If not, show why ; if so, tell how many degrees in
the arc a.

259. How many degrees in the supplement of the arc 90°? 175°?
180°? 190°°?

260. How many degrees in the conjugate of the arc 180°? 3800°?
860°? 400°°?

261. How does the length of the chord subtending an arc of 60° com-
pare with that subtending an arc of 90° ? 300°? (Call the radius r, and
determine each in terms of r.)




Pror. V.] CHORDS AND TANGENTS. 121

ProrosiTiON V.

184. Theorem. A diameter which is perpendicular to a
chord bisects the chord and its subtended arcs.

Given the diameter BD perpendicular to chord AC at E.

To prove that (1) AE= EC,
(2 AdB=BC,  (3) DAd=CD.

Proof. 1. Drawing radii 04, OC, then
04 =0C, § 109, post. of ©
and AE = EC, I, prop. XX, cor. 6
. LAOE=ZEOC. 1,prop. XX, cor. 5
2. .. AB = BC. Why ?
3. And 4 D04=ZLCOD, Prel. prop. IV
~.DA=CD. Why ?

CoroLLARIES. 1. Conversely, a diameter which bisects a
chord is perpendicular to it.

For - AE = EC, and OA = OC, .. DB has two points equidistant
from A and C. Hence, being determined by these points, it is 1L to AC,
by I, prop. XLIL

2. The perpendicular bisector of a chord passes through the
center of the circle and bisects the subtended arcs.

For the center is equidistant from the ends of the chord, by definition

of a circle; .. it lies on the perpendicular bisector of the chord, by
1, prop. XLL



122 PLANE GEOMETRY. [Bx. IL.

ProrosiTioNn VI.

185. Theorem. All points in a chord lie within the circle ;
and all points in the same line, but mot in the chord, lie
without the circle. ’

(o]

Given the points P; in a chord 4B, and P, in AB pro-
duced.

To prove that P, is within the circle, and P, is without.
Proof. 1. Suppose O the center, and 04, OB, OP,, OP, drawn,

and OM L AB.
Then M is between 4 and B. Prop. V
2. And " ZAOM> Z P,0M, '
.40 > P,0, I, prop. XX
and .". P, is within the ©. § 108, def. ©, cor. 3
8. And .- L MOP,> ZLMOB,
.. P,O0 > BO, I, prop. XX

and .". P, is without the ©. § 108, def. O, cor. 3

CorROLLARY. A straight line cannot meet a circumference
in more than two points.
For every other point on that line must be either between or not

between those two points, and hence must lie either within or without
the circle.

Exercises. 262. Prove that, in general, two chords of a circle can-
not bisect each other. What is the exception ?

263. What is the locus of the mid-points of a pencil of parallel
chords of a circle? Why ?
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Prorosition VIIL

186. Theorem. .In the same circle or in equal circles, equal
chords are equidistant from the center ; and of two unequal
chords the greater i8 nearer the center.

E
Ko R
FI
Given two equal ® M, M', with chords AB = A'B', AE >
A'B'; and OC, OD, O'C'" 1’s from center O to 4B,
AE, and from center O' to 4'D".

To prove that (1) 0C=0'C", (2) 0D O'C"
Proof. 1. C, C' bisect AB, A'B, Prop. V
.. AC = A'C", being halves of equal chords. Ax.7
2. Draw 04, 0'A'; then '.: 04 = 0'4],

and LC=LC, Prel. prop. I
SCAACO=A A'C'O, T, prop. XIX, cor. 5
' and 0C = 0'C', which proves (1).
3. And ‘. AE > A'B/,
then AE > AB,whichequals 4'B". Ax.9
4. .. minor AFE > AFB,
so that & does not lie on AFB. Prop. IV

5. And °.* O and 4B are on opposite sides of AE,
.. OC cuts AE, as at G, and OD < OG.
I, prop. XX
6. And " 0G<O0C,...0D<OC. Ax. 9

7. And - 0C =0'C', ... OD < O'C" Ax. 9
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ProposiTion VIII.

187. Theorem. In the same circle or in equal circles,
chords that are equidistant from the center are equal ; and
of two chords unequally distant, the one nearer the center is
the greater.

Proof. If ¢, ¢’ are two chords of the same circle or of equal
circles, and d, d' are the respective perpendiculars from
the center upon them; then from prop. VII,

If ¢e>¢, then d<d,
“ e = cl’ &« d = d',
“e<e, « d>d.
Hence the converses are true by the Law of Converse, § 73.

CoRrOLLARY. The diameter is the greatest chord in a circle.
For its distance from the center is zero.

Exercises. 264. AB is a fixed chord of a circle, and XY is any
other chord having its mid-point P on AB. What is the greatest and
what is the least length that XY can have ?

265. What is the locus of the mid-points of equal chords of a circle ?

266. Two parallel chords of a circle are 6 inches and 8 inches, respec-
tively, and the distance between them is 1 inch. Find the radius.

267. Two chords are drawn through a point on a circumference so as
to make equal angles with the radius drawn to that point. Prove that
the chords subtend equal arcs.

268. If from the extremities of any diameter perpendiculars to any
secant are drawn, the segments between the feet of the perpendiculars
and the circumference will be equal. Draw the various figures.

269. If two equal chords of a circle intersect, the segments of the
one are equal respectively to the segments of the other.

270. Find the shortest chord which can be drawn through a given
point in a circle.

271. The circumference of a circle whose center lies on the bisector of
an angle cuts equal chords, if any, from the arms.
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ProrositTiON IX.

188. Theorem. Of all lines passing through a point on a
circumference, the perpendicular to the radius drawn to that
point 8 the only one that does mot meet the circumference

again.

ATX P

Given point P on the circumference of a © with center O,
and 4B, PC, respectively perpendicular and oblique

to OP at P.

To prove that AB does not meet the circumference again, but
that PC does.

Proof. 1. Let OM L PC, and OX be any oblique to 4B.
Then OM < OP, I, prop. XX
and .. M is within the ©, and PC cuts the circum-
ference again. §§ 108, 109

2. Also, 0X > OP, Why ?
and .'. X, any point except P on 4B, is without
the O. § 108, def. O, cor. 3

3. .". the perpendicular does not meet the circumference
again, but an oblique does.

189. Definitions. The unlimited straight line which meets
the circumference of a circle in but one point is said to touch,
or be tangent to, the circle at that point. The point is called
the point of contact, or point of tangency, and the line is called
a tangent.
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A tangent from a point to a circle is to be understood as the
segment of the tangent between the point and the circle.
If the two points in which a secant cuts a circumference continually

approach, the secant approaches the condition of tangency. Hence the
tangent is sometimes spoken of as a secant in its limiting position.

CorOLLARIES. 1. One, and only one, tangent can be drawn
to a circle at a given point on the circumference.

For the tangent is perpendicular to the radius at that point, and there
is only one such perpendicular. (Has this been proved ?)

2. Any tangent is perpendicular to the radius drawn to the
point of contact. (Why?)

3. A line perpendicular to a radius at its extremity on the
circumference is tangent to the circle. (Why ?)

4. The center of a circle lies on the perpendicular to any
tangent at the point of contact.

For the radius to that point is perpendicular to the tangent, and as
there is only one such perpendicular at that point (prel. prop II), that
perpendicular must be the radius.

5. The perpendicular from the center to a tangent meets it
at the point of contact.

For the radius to that point is perpendicular to the tangent, and there
is only one perpendicular from the center to the tangent.

Exercises. 272. Show that of these three properties of a line, (1) the
passing through the center of a circle, (2) the being perpendicular to a
given chord, (3) the bisecting of that chord, any two in general necessi-
tate the third. In what special case is there an exception ?

273. If a chord is bisected by a second chord, and the second by a
third, and the third by a fourth, and so on, the points of bisection
approach nearer and nearer the center.

274. Tangents drawn to a circle from the extremities of a diameter
are parallel.

275. The diameter of a circle bisects all chords which are parallel to
the tangent at either extremity.
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ProrosiTioNn X.

190. Theorem. An unlimited straight line cuts a circum-
Serence, touches the circle, or does not meet the circle, accord-
tng as its distance from the center of the circle 18 less than,
equal to, or greater than, the radius.

Given 04, OB, OC, the perpendiculars from center O of
O M, to lines S, T, N, and respectively less than,
equal to, greater than, the radius.

To prove that S is a secant, 7' a tangent, N a line not meet-

ing M.
Proof. 1. 4, B, C are respectively within the ©, on the circum-
ference, or without the ©. § 108, def. O, cor. 3
2. .. Sis a secant. § 109, 2
3. And T is a tangent. Prop. IX, cor. 3
4, NI T. I, prop. XVI, cor. 3

5. And .’. Ncannot meet © M because it cannot cross 7.

CoRrROLLARY. The converses are true.

Let the student state this corollary in full, and show that the Law of
Converse (§ 73) applies.

Exercises. 276. What is the locus of the extremities of equal tan-
gents drawn from points on a circumference ?

277. Two tangents meet at a point the length of a diameter distant

from the center of the circle. How many degrees in their included
angle ?
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3. ANGLES FORMED BY CHORDS, SECANTS,
AND TANGENTS.

191. Definitions. A segment of a circle is either of the two
portions into which the circle is cut by a chord.

If a segment is not a semicircle, it is called a major or a
minor segment according as its arc is a major or minor arc.

E.g. DBC is a minor segment, and BDE is a c
major segment.
The fact that the word segment is used to mean D,
a part of a line, and also a part of a circle, will
not present any difficulty, since the latter use is A
rare, and the sense in which the word is used is
always evident. It means ‘‘a part cut off,’” and
is therefore applicable to both cases.

192. The angle, not reflex, formed by two chords which
meet on the circumference is called an inscribed angle, and is
said to stand wpon, or be subtended by, the arc which lies
within the angle and is cut off by the arms.

It is also called an angle inscribed in, or simply an angle in, the segment
whose arc is the conjugate of the arc on which it stands.

£ ADB is an inscribed angle, standing on AB; it is also an angle in
the segment BCDEA. Similarly, Z DBA is in the segment DAC and
stands on DA.

193. Points lying on the same circumference are called
concyclic.

Exercises. 278. If from the extremities of any chord perpendiculars
to that chord are drawn, they will cut off equal segments measured from
the extremities of any diameter. (Draw a perpendicular from the center
to the chord.) :

279. If a tangent from a point B on a circumference meets two tan-
gents from A, C, on the circumference, in points X, Y; and if the lines
joining the center to 4, X, Y, C, are a, &, ¥, ¢, respectively, then Zzy =
Zax + Lyc,and XY = AX + YC.
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ProrosiTion XI.

194. Theorem. An inscribed angle equals half the central
angle standing on the same arc.

\' v

o \

B8 ' B
\ A

x x

Fi1a. 1. Fia. 2. F1aG. 3.

Given AVB an inscribed angle, and 40B the central angle
on the same arc 4B.

To prove that L AVB =4/ A0B.

Proof. 1. Suppose VO drawn through center O, and produced
to meet the circumference at X.

Then ZXVB=/ZVBO. I, prop. I1I

2. And £ XOB=/LXVB+ £ VBO, Why ?
=2/ XVB. Step 1

3. ZLXVB=4%/ZXO0B. Ax. 7
4. Similarly ZAVX = 4 £ AOX (each = zero in Fig. 2),
and ..£LAVB=4/A0B. Ax. 2

The proof holds for all three figures, point 4 having moved
to X (Fig. 2), and then through X (Fig. 3).

195. The theorem is often stated thus: An inscribed angle
18 measured by half its intercepted arc.
This expression, like that mentioned in § 180 is not strictly correct.

The angle and the arc simply have the same numerical measure as proved
later in § 264.
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CoroLLARIES. 1. Angles in the same segment, or in equal
segments, of a circle are equal. (Why ?)

2. If from a point on the same side of a chord as a given
segment, lines are drawn to the ends of that chord, the angle
included by those lines is greater than, equal to, or less than,
an angle in that segment, according as the point is within, on
the arc of, or without, the segment.

This follows from cor. 1 and from I, prop. IX. Draw the figure and
prove. . A
3. The converse of cor. 2 is true by the Law of Converse.
Hence the locus of the vertex of a constant angle whose arms
pass through two fixed points is an arc.

Let the student state the converse in full, and give the proof.

Exercises. 280. In the figures on p. 129, prove that if P is taken
anywhere on B’T’, then Z PBV + £ BV P is constant.

281. In Fig. 3, p. 129, if BO is produced to meet the circumference
at W, and the point of intersection of BW and AV is called Y, prove
that A YVB and WAY are mutually equiangular.

282. What is the locus of the vertex of a triangle-on a given base
and with a given vertical angle ? Prove it.

283. In Fig. 1, p. 129, suppose A to move freely on the arc VAXB,
and suppose £ AV B, VBA bisected by lines meeting at P. Show that
the locus of P is a constant arc.

284. If the vertices of a hexagon are concyclic, the sum of any three
alternate interior angles is a perigon. (That is, the sum of three angles,
taking every other one.)

285. Two equal chords with a common extremity are symmetric with
respect to the diameter through that extremity, as an axis; so also are
their corresponding arcs.

286. If from any point P, on the diameter AB, PX and PY are
drawn to the circumference on the same side of AB and making
£ XPA = £ BPY, then A APX and YPB are mutually equiangular.

287. If any number of triangles on the same base and on the same side
of it have equal vertical angles, the bisectors of the angles are concurrent.

288. Prove that two chords perpendicular to a third chord at its
extremities are equal.
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Prorosition XII.

196. Theorem. An angle in a segment i8 greater than,
equal to, or less than, a right angle, according as the segment
i8 less than, equal to, or greater than, a semicircle.

Given the segments ADE, ACE, ABE of a circle with
center O, respectively less than, equal to, greater
than, a semicircle.

To prove that £ AED, AEC, AEB are respectively greater
than, equal to, less than, a right angle.
Proof. 1. Draw OB, OD.

"Then *.* L AED = § reflex £ AOD, Prop. XI
. LAED > 1t L. ]
2. And " LAEC=14%st. LAOC, Why ?
S L AEC =1t L
3. And ' L AEB = } oblique £ A0B, Why ?

L AEB <1t Z

COROLLARY. A segment is less than, equal to, or greater
than, a semicircle, according as the angle in it is greater than,
equal to, or less than, a right angle.

From prop. XII, by the Law of Converse, § 73. Let the student write
out the proof.

Note. The discovery that an angle in a semicircle is a right angle is
attributed to Thales, who, tradition asserts, sacrificed an ox to the gods
in honor of the event.
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ProrosiTion XIII.

197. Theorem. An angle formed by a tangent and a chord
of a circle equals half of the central angle standing on the
tntercepted arc.

’

o
E A R

X

Given AB a chord, XX' a tangent through 4, and O the
center of the circle.

To prove that L XAB =4/ AOB,
and £ BAX'=%/Z BOA.

Proof. 1. Produce 40 to meet the circumference at C.
Then <L XAC =31-ZA40C,

=4 st. £ Why ?

2. And ' £ BAC =4 £ BOC, ‘ Why ?
L XAB =3 /L AOB. - Ax. 3

3. Also, " L CAX' =3 £ COA4, Why ?
. L BAX'=4 £ BOA. Ax. 2

CoroLLARY. Tangents to a circle from the same external
point are equal.

For, connect the points of tangency, and two a.ngles of the triangle
are equal by this theorem.

198. The theorem is often stated thus: An angle formed by
a tangent and a chord of a circle is measured by half its inter-
cepted arc.

See § 195.
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ProrosiTioNn XIV,

199. Theorem. An angle formed by two unlimited inter-
secting lines which meet the circumference equals either the
sum or the difference of half the central angles on the inter-
cepted arcs, according as the point of intersection i8 within or
without the circle.

Fo.1. Fie. 2.
Given two lines XX', YY' meeting a circumference at
4, A" and B, B', respectively, and intersecting at P.

To prove that Z A'PB' equals half the central angle on A'B'
plus or minus half that on 4B, according as P is
within or without the circle.

Proof. Suppose 4B’ drawn.

Then L A'PB'= /£ A'AB' +ZAB'B. §88
=4 cent. Zon A'B' + } cent. Z on AB.
Prop. XI

The theorem is thus re-stated for two of the special cases:

CoroLLARIES. 1. An angle formed by two chords equals the
sum of half the central angles on the intercepted arcs.
See Fig. 1. (State this as suggested in § 195.)

2. An angle formed by two secants intersecting without the
circle equals the difference of half the central angles on the
tntercepted arcs.

See Fig. 2. (State this as suggested in § 195.)
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Prop. XIV is, of course, true for tangents as well as chords
and secants. The following figures represent special cases.

Fi6. 5. Fia. 6.

Fia. 7.

Fig. 3 is a special case where P is at O, and merely affirms that
a central angle equals itself. Fig. 4 shows that prop. XI is a special case
of prop. XIV. Fig. 6 shows the same for prop. XIII.

CorOLLARY. 3. An angle formed by a secant and a tan-
gent, or by two tangents, equals the difference of hLalf the
central angles on the intercepted arcs.

See Figs. 7 and 8.
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Prorosition XV.

200. Theorem. If two parallel lines intercept arcs on a
eircumference, those arcs are equal.

Y Y v
M —_CM8B [ CmB
< B ;
(0] Eo O
i I DA
’ ; ‘(’
Fie. 1. F. 2. Fio. 3.
Given two parallel lines, I and 17, intercepting arcs AB,
CD, on the circumference of a circle with center O.
To prove that AB = CD.

Proof. 1. Suppose YOY' L I, and to cut BC at M, Fig. 1.

Then YY 1IL I, prop. XVII, cor- 1
2. And BM = MC, and AM = MD. Prop. V
3. . AB = (D. Ax. 3

Note. The proof is the same for Figs. 2, 3; in Fig. 2, BC equals zero;
and in Fig. 3, DA also equals zero. It should be noticed that Figs. 1, 2,
3, respectively, may be considered as special, or at least as limiting cases
of Figs. 2,7, and 8 of prop. XIV. In prop. XIV as P moves farther
and farther to the right the lines come nearer and nearer to being parallel,
the angle APB approaches nearer and nearer zero, and hence the cen-
tral angles on arcs BA, A’B’ approach nearer and nearer equality. It
might therefore be inferred that when the lines become parallel, the arcs
become equal, as proved in prop. XV.

Exercise. 289. The chords which join the extremities of two equal
arcs are either parallel, or else they intersect and are equal and cut off
equal segments from each other.
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[Bk. III.

4. INSCRIBED AND CIRCUMSCRIBED TRIANGLES AND
QUADRILATERALS.

201. Definitions. If the ver-
tices of the angles of a poly-
gon lie on a circumference,
the polygon is said to be in-
scribed in the circle, and the
circle is called a circumscribed

-

Inscribed quadrilateral.
Circumscribed circle.

7y

Inscribed cross quadrilateral.
Circumscribed circle.

If the lines of the sides of
a polygon are tangent to a
circle, the polygon is said to
be circumscribed about the cir-
cle, and the circle is called
an inscribed or escribed circle,
according as it lies within or
without the polygon.

9

Circumscribed quadrilateral.
Inscribed circle.

(X

Circumscribed quadrilateral,
Escribed circle.

The words inscriptible, circumascriptible, escriptible mean capable of
being inscribed in, circumscribed about, escribed to, a circle.

Exercise.

290. If any two chords cut within the circle, at right

angles, the sum of the squares on their segments equals the square on

the diameter.
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ProrosiTion XVI.

202. Th . A circumference can be described to pass
through the three vertices of any triangle. (Circumscribed
cirele.)

C

>
@

Given the points 4, B, C, the vertices of A 4ABC.

To prove that a circumference can be described to pass through
4, B, C.

Proof. 1. There is such a circumference. § 131, cor. 2
2. And the center of the © can be found. § 131, cor. 1

Note. The relation between prop. XVI and prop. XVII should be
noticed. Similarly for props. XVIII and XIX, and for XX and XXIL

Exercises. 291. Prove from prop. XVI and prop. XI that the sum of
the interior angles of any triangle equals a straight angle.

292. If the hypotenuse of a right-angled triangle is the diameter of a
circle, the circumference passes through the vertex of the right angle.
(CoroLLARrY. The median from the vertex of the right angle of a right-
angled triangle equals half of the hypotenuse.)

293. A line-segment of constant length slides so as to have its extremi-
ties constantly resting on two lines perpendicular to each other. Find
the locus of its mid-point.

294. If a circle is described on the line joining the orthocenter to any
vertex, as a diameter, prove that the circumference passes through the
feet of the perpendiculars from the other vertices to the opposite sides.

295. Prove that the perpendiculars from the vertices of a triangle to
the opposite sides bisect the angles of the triangle formed by joining their
feet ; the so-called Pedal Triangle.
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ProrosiTion XVII.

203. Theorem. A circle can be described tangent to the
three lines of any triangle. (Inscribed and escribed circles.)

Given the lines a, &, ¢, forming a A ABC.
To prove that a circle can be described tangent to a, 3, c.

Proof. 1. Let O be the in-center, O,, O,, 0; the ex-centers.
Let OP, 0Q, OR 1 a, b, c.
Then AARO = A AQO,

and A BRO =< A BPO. 1, prop. XIX, cor. 7
’ .. 0Q = OR = OP. Why ?
3. .. P, @, R are concyclic. § 108, def. ©, cor. 3

4, And "." 4B 1L OR, AB is a tangent.
‘ Prop. IX, cor. 3
Similarly, a, d, ¢, are tangent to the other three ®.

CoroLLARY. A4 circle can be described tangent to three
lines not all parallel nor concurrent.
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ProrosiTion XVIII.

204. Theorem. JIn an inscribed quadrilateral the sum or
difference of two opposite angles equals the sum or differ-
ence of the other two opposite angles, according as the quad-
rilateral i8 convex or cross.

0 \¢ 0

% B
A
Fia. 1. Fie. 2.
Given the inscribed convex quadrilateral 4ABCD.
To prove that in Fig. 1, LA+ /L C=4LB+ 4£D.
Proof for Fig. 1. 1. Z A+ £ C=14% central £ on BD + DB

=st. £ Prop. XI
2. Similarly, Z B+ £ D=st. L.
3. LA+ LC=LB+LD. § 30

Proof for Fig. 2. If the quadrilateral is cross, £ C — £ 4
=/ D — Z B, since each equals zero. Why ?

CoroLLARIES. 1. A parallelogram inscribed in a circle has
all of its angles equal, and is therefore a rectangle. (Why ?)

2. The opposite angles of an inscribed convex quadrilateral
are supplemental.

Exercises. 296. In the figure of prop. XIII, if P is the mid-point
of arc 4B, prove that P is equidistant from AX and AB. Suppose the
arc BCA is taken, instead of AB.

297. If a circle is described on one side of a triangle as a diameter, .
prove that the circumference passes through the feet of the perpendiculars
drawn to the other two sides from the opposite vertices.
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ProrosiTion XIX.

205. Theorem. In a circumscribed quadrilateral the sum
or difference of two opposite sides equals the sum or differ-
ence of the other two opposite sides, according as the quadri-
lateral 18 convex or cross.

2
c 4

Fio. 1. Fia. 2.
Given the circumsecribed convex quadrilateral abed.

To prove thatin Fig.1,a +¢=5+d.

Proof for Fig. 1, as lettered..
1. a; = d” ag = bl! C = b’, Cqg = dl' PI‘OP- XIII, cor.

2. oyt agteytea=0,+b+d, +d, Ax. 2

3. Or, a+c=0b+d. Ax. 8
Proof for Fig. 2. If the quadrilateral is cross,¢c —a =d — .

1. ey =20y and g =dy, .c=0; + dy.

2. ‘cay=dg and a3 =25, .. a =05, + d,.

3. Se—a=d—0>. Ax. 3

CoroLLARY. A parallelogram circumscribed about a circle
has all of its sides equal, and is therefore a rhombus. (Why ?)

Exercises. 298. The bisector of an angle formed by a tangent and
chord bisects the intercepted arc.

299. Given two pairs of parallel chords, ABIl A’B’, and BC Il B’C";
prove that AC” Il A’C.
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ProrosiTion XX.

206. Theorem. If the sum of two opposite angles of a
quadrilateral equals the sum of the other two opposite angles,
the quadrilateral 18 inseriptible.

Given  the quadrilateral ABCD such that
LA+LC=LB+ZLD.
To prove that ABCD is inscriptible.
Proof. 1. Supposethe circumference determined by 4, B, C not
to pass through D, but to cut CD at E. Prop. XVI
Draw AE. Then L B+ L AEC =X C+ £ BAE.
Prop. XVIII
2. But. LB+ ZLD=LC+ LA,
and . LAEC— 4L D=L BAE— Z A,
or, L EAD =— Z EAD. 1, prop. XIX
But this is absurd ; hence step 1 is absurd.
The proof is the same for D'

CoROLLARY. If two opposite angles of a quadrilateral are
supplemental, the quadrilateral is inscriptible.

Exercises. 300. A square is inscriptible.
301. Every equiangular quadrilateral is inscriptible.

302. The intersection of the diagonals of an equiangular quadrilateral
is the center of the circumscribed circle.

303. A circle is described on one of the equal sides of an isosceles
triangle as a diameter. Prove that the circumference bisects the base.
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-
ProrosiTion XXI.

207. Theorem. If the sum of two opposite sides of a
quadrilateral equals the sum of the other two opposite sides,
the quadrilateral is circumscriptible.

DE D
i

B
Given the quadrilateral ABCD such that
AB+ CD=BC+ D4. -~
To prove that ABCD is circumscriptible.

Proof. 1. Suppose the © tangent to 4B, BC, CD not to be
tangent to D4, but to be tangent to EA.

Prop. XVII

Then AB + CE = BC + EA. Prop. XIX

2. But AB + CD = BC + DA, Given
and .. CD — CE, or ED, = DA — EA. Ax. 3

But this is absurd ; hence step 1 is absurd.
I, prop. VIII, cor.
The proof is the same for D'

Exercises. 304. A square is circumscriptible. (Notice the relation
between exs, 300-302 and exs. 304-306.)

305. Every equilateral quadrilateral is circumscriptible.

306. The intersection of the diagonals of an equilateral quadrilateral
is the center of the inscribed circle.

307. A’, B’ are the feet of perpendiculars from 4, Bon a, bin A ABC;
M is the mid-point of AB. Prove that Z BPA’M = ZMB'A’ = £/ C.
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5. TWO CIRCLES.

208. Definitions. Two circles are said to touch or to be tan-
gent when their circumferences have one, and only one, point
in comnon.

They are said to be internally or externally tangent according as one

circle lies within or without the other. The more accurate expression,
a tangent circumference, is often used instead of a tangent circle.

The line determined by the centers of two circles is called
their center-line; the segment of the center-line, between the
centers, is called their center-segment.

If two circles have a common center, they are said to be
concentric.

The expression concentric circumferences is also used.

Exercises. 308. A triangle is inscribed in a circle. Prove that the
sum of three angles, one in each segment of the circle, exterior to the
triangle, equals a perigon.

309. Prove that a perpendicular from the orthocenter of a triangle
to a side, produced to the circumference of the circumscribed circle, is
bisected by that side.

310. Prove that the bisectors of any angle of an inscribed quadri-
lateral and the opposite exterior angle meet on the circumference.

311. If the diagonals of an inscribed quadrilateral bisect each other,
what kind of a quadrilateral is it ?

312. Prove that if two consecutive sides of a convex hexagon inscribed -
in a circle are respectively parallel to their opposite sides, the remaining
sides are parallel to each other.

313. Prove that the bisectors of the angles formed by producing the
opposite sides of an inscribed quadrilateral to meet, are perpendicular to
each other. (A proof may be based on cors. 1 and 2 of prop. XIV.)

314. Prove that if the diagonals of an inscribed quadrilateral are
perpendicular to each other, the line through their intersection perpen-
dicular to any side bisects the opposite side. (Brahmagupta’s theorem.)
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ProrosiTion XXII.

209. Theorem. If two circumferences meet in a point
which is not on their center-line, then (I) they meet in one
other point, (2) their center-line is the perpendicular bisector
of their common chord, (3) their center-segment s greater
than the difference and less than the sum of the radii.

Fia. 2.

Given M and N, two circumferences with centers 4, B,
meeting at P not on 4B.
To prove that (1) they meet again, as at P';
(2) AB L PP' and bisects it, as at C;
(3) 4B > the difference between AP and BP
and < AP + BP.
Proof. 1. In Fig. 1, suppose A ABP revolved about 4B as an
axis of symmetry, thus determining A AP'B.
Then *.* AP'= AP, and BP'= BP,
.*. P'is on both M and N, which proves (1).
§ 108, def. ©, cor. 3
2. In Fig. 2, '.* AP = AP',and BP=BP, §109,1
3. ... A-and B lie on the L bisector of PP, which
proves (2). I, prop. XLI
4. AB > the difference between AP and BP and
< AP + BP, which proves (3). § 75 and cor.

CoroLLARY. If two circumferences meet at one point only,
that point is on their center-line. (Why ?)
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Prorosition XXIII.

210. Theorem. If two circles meet on their center-line,
they are tangent.

(42/\

(9] A o

Given - O and O', the centers of two circles with radii 04,
0'4, which meet on their center-line at 4.

To prove that the circles are tangent.
Proof. 1. Let P be any point, other than 4, on circumference
with center O, and draw OP, O'P.

Then 0O'+ O'P > OP or its equal 04.
I, prop. VIII

2. And " 00'=04—- 04,
. 04— 0'44 O'P > 04,
or O'P > 0'4,
by adding O'A and subtracting OA. Axs. 4,5

3. .". P is without the circle with center O'.
§ 108, def. ©, cor. 3

4. And '.' the ® have only one point in common,
.. they are tangent. § 208

CoroLLARIES. 1. If two circumferences intersect, neither
point of intersection is on the centerline. (Why?)

2. If two circles touch, they have a common tangent-line at
the point of contact.

For a perpendicular to their center-line at that point is tangent to
both. (Why ?)

Exercise. 315. Find the locus of the centers of all circles tangent
to a given circle at a given point.
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6. PROBLEMS.
Prorositron XXIV.

211. Problem. 70 bisect a given are.

P
A
Solution. 1. Draw its chord 4B. § 28
2. Draw PC 1 AB at its mid-point. §§ 114, 116
Then PC bisects the arc. Prop. V, cor. 2

ProposiTion XXYV.

212. Problem. 7o find the center of a circle, given tits
circumference or any are.

Given a circumference, or an arc ABC.
Required to find the center of the circle.
Solution. 1. Draw two chords from B, as B4, BC. § 28
2. Draw their 1 bisectors DD', EE', §§ 114, 116
intersecting at the center O. § 131, cors. 1, 4

Note. Hereafter it will be assumed that the center is known if an
arc is known, for it may always be found by this problem.
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ProrosiTion XXVI.

213. Problem. 7% draw a tangent to a given circle from
a given point.

1. If the point is on the circumference.
Solution. 1. At the given point erect a perpendicular to the

radius drawn to the point. I, prop. XXIX
2. This is the required tangent, and the solution is
unique. Prop. IX, cors. 3, 1

2. If the point is without the circle.

Given a circle PP'B, with center O; also an external
point 4.
Required from 4 to draw a tangent to © PP'B.
Construction. 1. Draw 40. § 28
2. Bisect 40 at M. I, prop. XXXI
3. Describe a © with center M, radius MO. § 109
4. Join 4 to intersections of circumferences. § 28

Then these lines, AP, AP, are the required tangents.
Proof. 1. The circumferences will have two points in common,
and only two. Prop. XXII; I, prop. XLIII, cor. 3

2. And *.- £ APO, OP'A are 1t. 4, Why ?
.. AP, AP' are tangents. ‘Why ?
(Would this solution hold for case 1?)
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ProrosiTion XXVIIL

214. Problem. 7o draw a common tangent to two given
circles.

Given two circles 4, B, with radii r, »' (» > '), and centers
O, O, respectively.

Required to draw a common tangent to them.

Construction. 1. Describe ® 4,, 4; (Figs. 1 and 2), with centers
0, and radii » — 7' and r + 7/, respectively.  § 109

2. From O' draw tangents 0'C;, 0'C;, to ® 4,, 4,.

Prop. XXVI
8. Draw OC,, OC,, cutting circumferences 4 at E;, E,.
§ 28
4. Draw O'D, || OE,, and O'D, i E,O0. § 118
5. Draw E\D,, E,D,; they are the tangents.
Proof. 1. A Cl’ C’ are rt. A- Why?
2. In Fig. 1,
ot CI-EI = OEI - 001 =r— (7'_7") =r’,
.. C.Ey=and | O'D,. Const. 1, 4

8. .. C,0'D\E, is a [, and £ E,, D, are 1t. 4,
I, props. XXV, XXIII, cor.
and .*. D F, is tangent to ® 4, B. Prop. IX, cor. 3
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Similarly, in Fig. 2, E,C; = and || D,0', and E,D,0'C; is a
O, and D,E, is a tangent. In both figures a second tangent
can evidently be drawn, the solution being analogous to that
above given. Hence there are four tangents in general.

Note. The following special cases are of interest.

F1a.3. Fia. 4.

B
A A
F1a.5. ' Fia. 6.

In Fig. 8 the two circles have moved to external tangency, and the
two interior tangents have closed up into one. In Fig. 4 the circumfer-
ences intersect and the interior tangents bave vanished. In Fig. 5 the
circles have become internally tangent and the two exterior tangents have
closed up into one. In Fig. 6 the circle B lies wholly within the circle A4,
and the tangents have all vanished. In all cases the center-line is evi-
dently an axis of symmetry.

Exercises. 316. All tangents drawn from points on the outer of two
concentric circumferences to the inner are equal.

317. Find the locus of the centers of all circles touching two intersect-

ing lines. (Show that it is a pair of perpendiculars.) Suppose the two
lines were parallel instead of intersecting.
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Prorosition XXVIII.

215. Problem. On a given line-segment as a chord to con-
struct a segment of a circle containing a given angle.

Given the line-segment 4B and the £ N.

Required on 4B to construct a segment of a circle, containing

ZN.
Construction. 1. Draw BD and AC, making £ ABD, BAC
equal to £ N. I, prop. XXXII

2. Draw Y'Y/, the L bisector of AB. I, prop. XXXI
3. Draw L’s to AC, BD, from 4, B. I, prop. XXIX

These L’s will intersect Y'Y' at the centers of the
® whose segments on 4B are required.

Proof. 1. The two L’s from 4, B, meet YY', as at O', O.
I, prop. XVII, cor. 4

2. O is the center of © with chord 4B and tangent BD.
Prop. V, cor. 2; prop. IX, cor. 4

3. .. L ABD, or £ N, = } central £ on AEB,
Prop. XIII

=/ in segment ABY.
Prop. XI

Similarly for segment Y'BA, where £ BAC =14
central Z on the intercepted arc.
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216. Definitions. Two intersecting arcs are said to form an
angle, meaning thereby the angle included by their respective
tangents at the point of intersection.

An arc and a secant are said to form an angle, meaning thereby
the angle included by the secant and the tangent to the arc at
the point of meeting.

E.g. in the figure of prop. XXVIII, OB is said to make a right angle
with the circumference EBA, because it is perpendicular to the tangent
at B.

Exercises. 318. The bisectors of the interior and the exterior verti-
cal angles of a triangle meet the circumscribed circumference in the
mid-points of the arcs into which the base divides that circumference,
and the line joining those points is the diameter which bisects the base.

319. A triangle whose angles are, respectively, 30°, 50°, 100° is inscribed
in a circle ; the bisectors of the angles meet the circumference in 4, B, C.
Find the number of degrees in the angles of A ABC.

320. The three sides of A ABC are, respectively, 412 in., 506 in.,
514 in.; required the lengths of the six segments formed by the three
points of tangency of the inscribed circle.

321. The radii of two concentric circles are 29 in. and 36 in., respec-
tively. In the larger circle a chord is drawn tangent to the smaller;
required its length.

322. Two circumferences of circles of radii 0.5 ft. and 1.2 ft. intersect
so that the tangents drawn at their point of intersection are perpendicu-
lar to each other. Required the distance between the centers.

323. The distance between the centers of two circles of radii 7 in. and
4 in., respectively, is 8 in. Required the length of their common tan-
gent, between the points of tangency. Is there more than one answer ?

324. The distance between the centers of two circles of radii 327 in.
and 115 in., respectively, is 729 in. Required the length of their com-
mon exterior tangent, between the points of tangency.

325. The distance between the centers of two circles is 165 in.; the
radii are 62 in. and 48 in., respectively. Calculate, correct to 0.001, the
length of the longest line parallel to the center-line and 80 in. from it,
limited by the circumferences.

326. Through the point 4, 6 in. from the center of a circle of radius
4.5 in., two tangents, AT, AT", are drawn. Calculate the length of the
chord TT” and its distance from the center,



APPENDIX TO BOOK III. —METHODS.

217. The student has already been informed of three im-
portant methods of attacking a proposition :
(1) By Analysis (§ 113).
(2) By Intersection of Loci (I, props. XLIII, XLIV)
(8) By Reductio ad Absurdum (§ T4).

He is now prepared to discuss these somewhat more fully.

218. I. MeTHOD OF ANALYSIS. This method, first found
in Euclid’s Geometry, though attributed to Plato, may be thus
described : Analysis is a kind of inverted solution; ¢ assumes
the proposition proved, considers what results follow, and con-
tinues to trace these results until a known proposition is reached.
It then seeks to reverse the process and to give the usual, or
Synthetic, proof.

A more modern form of analysis is sometimes known as the
Method of Successive Substitutions. In this the student sub-
stitutes in place of the given proposition another upon which
the given one depends, and so on until a familiar one is reached.
The student reasons somewhat as follows:

1. I can solve 4 if I can solve B.
2. And I can solve B if I can solve C.
3. But I can solve C.

Or he reasons thus:

1. A is true if B is true.

2. And B is true if C is true.

3. But C is true.

4. Hence 4 and B are true.
162




Sxc. 218.] METHODS OF ATTACK. 153

ILLusTRATIVE ExERcCIsSES. 1. Through a given point to
draw a line to make equal angles with two intersecting lines.

Analysis. Suppose z, y the lines, P the point, and 7 the
required line; then, in the figure, Zc=Za+ Zb; but'."La
is to equal £b, .. Le=2ZLa; ..if Lec is bisected, and
a line is drawn through P parallel to this bisector, the con-
struction is effected. Now that the method is discovered,
giwe the solution in the ordinary way.

2. Through a given point to draw a line such that the seg-
ments intercepted by the perpendiculars let fall upon it from
two given points shall be equal.

\\
N B
“P
3 D . "R
.
N "

Analysis. Suppose P the given point through which the
line x is to be drawn, and 4 and B the other given points;
then, in the figure, 4D and BD' L x, and DP is to equal PD'
Further, if 4P is produced to meet BD' produced at 4', then
A DPA<= ADPA, and ... AP = PA'. But-'." 4 and P are
given, AP can be drawn, and P4’ found; .". 4’ can be found,
and .'. A'B; then from P a L can be drawn to 4'B, and the
problem is solved. Always give the solution in the ordinary
way.
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3. If two circles are tangent, any secant drawn through
their point of contact cuts off segments from one that contain
angles equal to the angles in the segments of the other.

Analysis. 1. Let CD be the common tangent to ® O, O' at

their point of contact P. II1, prop. XXIII, cor. 2
2. Then an Z in segment 4 = an Z in segment 4/, if

La=ZLa III, prop. XIII

3. But La=Ld Prel. prop. VI

Exercises. 327. To construct a trap-
ezoid, given the four sides.

Analysis. Assume the figure drawn.
Then if d is moved parallel to itself and
between ¢ and a, to the position YZ, the
A XYZ can easily be constructed (I,
prop. XXXIV). The process may now be reversed and the trapezoid
constructed.

828. To place a line so that its extremities shall rest upon two given
circumferences, the line being equal and
parallel to another line.

Analysis. If O and O are the given
circles, and AB the given line, and if
Q© O is moved along a line parallel and
equal to AB, then either XY or X'Y’
answers the conditions. Hence the
process may be reversed; first describe B\
©® 0”7, and then from Y, Y’ draw YX A

and Y’X’ = and || BA.
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EXERCISES.

329. Given two parallels, XY, X’Y”, with a transversal WZ limited
by XY and X’Y”; also two points A4, B, not between the parallels, and
on opposite sides of them. Required to join 4 and B by the shortest
broken line which shall have MN,
the intercept between XY and X'Y7,
parallel to WZ.

Analysis. If any MN in the figure
is moved along NB parallel to its
original position, until N coincides
with B and M is at P, then AM; P <
AM;P or AMsP (I, prop. VIII);
hence AM;N,B is the shortest broken line. Hence the process may be
reversed ; first draw BPlland = ZW; then join 4 and P, thus fixing M; ;
and then draw M N, I| WZ.

830. Through one of the two points of inter- P
section of two circumferences to draw a line from ‘
which the two circumferences cut off chords having
a given difference. (The projection of the center-
segment on the required line equals half the given
difference ; hence move this projection to the position
0OA ; the right-angled A 00’4 can now be constructed, and the required
line will be parallel to 0A4.)

331. In ex. 830, show that if the two chords lie on opposite sides of P,
the sum replaces the difference.

332. In a given circle to draw a chord equal and parallel to a given line.

333. From a ship two known points are seen under a given angle;
the ship sails a given distance in a given direction, and now the same two
points are seen under another known angle. Find the positions of the
ship. (On the line joining the known points, construct segments to
contain the given angles; the problem then reduces to ex. 328.)

334. Construct a trapezoid, given the diagonals, their included angle,
and the sum of two adjacent sides.

335. To construct a triangle given a and the orthocenter.

336. Also, given a and the centroid. A

337. To draw a tangent to a given circle, perpendicular to a given line.

338. To construct a triangle, 4 BC, having given ¢, £ C, and the foot
of the perpendicular from C to c.

339. Find the locus of the points of contact of tangents drawn from a
fixed point to a system of concentric circles.
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219. II. MeTHOD OF INTERSECTION OF Loct. This method,
adapted chiefly to the solution of problems, has already been
used in Book I (props. XLIII, XLIV). So long as it is known
merely that a point is on oze line, its position is not definitely
known ; but if it is known that the point is also on another
line, its position may be uniquely determined. For example,
if it is known that a point is on each of two intersecting lines,
the point is uniquely determined as their point of intersection;
but if the point is on a straight line and a circumference which
the line intersects, it may be either of the two points of inter-
section. .

For convenience of reference the following theorems are
stated, and will be referred to by the letters prefixed :

a. The locus of points at a given distance from a given point
18 the circumference described about that point as a center, with
a radius equal to the given distance. (§ 127.)

b. The locus of points at a given distance from a given line
consists of a pair of parallels at that distance, one on each side
of the fized line. (§ 129, cor. 2.)

¢. The locus of points equidistant from two given points is
the perpendicular bisector of the line joining them. (§ 128.)

d. The locus of points equidistant from two given lines con-
s8i8t8 of the bisectors of their included angles ; if the lines are
parallel, it is a parallel midway between them. (§ 129.)

e. The locus of points from which a given line subtends a
gwen angle is an arc subtended by that chord. (§ 195, cor. 3.)

ABBREVIATIONS. The following abbreviations will be used :
In the triangle ABC the altitudes on the sides a, b, ¢ will
be designated by &, A, k. respectively; the corresponding
medians by m, m,, m.; the corresponding angle-bisectors
terminated by a, b, ¢, by v,, v,, v.; the radii of the inscribed
and circumsecribed circles by 7, R, respectively ; the radius of
the escribed circle touching @, and touching & and ¢ produced,
by r,, and similarly for , 7.
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220. DEFINITION. A triangle is said to be inscribed in
another when its vertices lie respectively on the sides of the
other.

Exercises. 340. To describe a circumference with a given radius, and

(1) Passing through two given points. (Combine a and c.)

(2) Passing through one given point and touching a given line. (a, b.)

(3) Passing through one given point and touching a given circle. (a.)

(4) Touching a given line and a given circle. (a, b.)

(6) Touching two given circles. (a.)

341. In a given triangle to inscribe a triangle with two of its sides
given, and the vertex of their included angle given. (a.)

342. To describe a circumference passing through a given point and
touching a given line, or a given circle, in a given point. (c.)

343. On a given circumference to find a point having a given distance
from a given line. (b.)

344. On a given line, not necessarily straight, to find a point equi
distant from two given points. (c.)

345. Describe a circumference touching two parallel lines and passing
through a given point. (d, a.)

346. Find a point from which two given line-segments are seen under
(or subtend) given angles. (e.) (Pothenot’s problem.)

347. Construct the triangle ABC, given a, ka, Mq.

348. Also, given Z A, a, ha.

349. Also, given Z A, a, mq.

350. Also, givena, ks, k.

851. Also, given £ A, hq, v, (First construct the right-angled tri-
angle with side hq and hypotenuse v,.)

862. Also, given hq, mq, B. (First construct the right-angled triangle
with side A, and hypotenuse m, ; then find the circumcenter by a, c.)

863. Also, given a, R, k,. (First construct the right-angled triangle
with side A, and hypotenuse a ; then find the circamcenter by a.)

364. Also, givenc,r, ZA4 =90°; ¢, 7, LA =90°; b, r, LA =90°;
orbd, re, ZA = 90°

355. Describe two circles of given radii ry, ry, to touch one another,
and to touch a given line on the same side of it.
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MISCELLANEOUS EXERCISES.

3566. If two circumferences intersect, any two parallel lines drawn
through the points of intersection and terminated by the respective
circumferences are equal.

357. If the center-se