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PREFACE.

BacoN has made an observation to this effect—that -
a man really possesses only that knowledge, which he
in some sort creates for himself. To apply to in-
tellectual instruction the principle iniplied in these
words was the aim of Pestalozzi. It is a principle
admitting of various degrees, as well as modes of
application, in the different branches of human know-
ledge ; but in no one can it be more extensively ap-
plied than in Geometry. That.science is peculiarly
the creation of the human mind, in which, independ-
ent-of external nature, and complete in its own re-
sources, it builds up the solid but airy fabric of its
abstractions. It needs no laboratory to test its con-
clusions, no observatory to obtain data for its cal-
culations; rendering aid to other sciences, it asks
none for itself.

Hence, that teacher will act most in conformity
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with the genuine character of the science, and con-
sequently will render the study of it the most inter-
esting and the most improving, who invites and trains
his pupils to create the largest portion of it for them-
selves. In Geometry, the master must not dogmatise,
either in his own person or through the medium of
his book; but, he must lead his pupils to observe, to
determine, to demonstrate for themselves. In order
to accomplish this, he must study the intellectual
process in the acquisition of original mathematical
knowledge ; and having ascertained what are the con-
ditions of successful investigation, he must so arrange
his plan of instruction as that these conditions may be
perfectly supplied. He cannet fail to perceive that
the leading requisites are a clear apprehension of the
subject matter, and well-formed habits of mathemati-
cal reasoning. To these must of course be added a
familiar acquaintance with the science as far as it
has been elaborated. The master, led by these
considerations, will, in directing the first labours of his
pupils, consider it as his especial aim, to enable them
to form clear apprehensions of the subject matter of
Geometry, and then to develope the power of mathe-

matical reasoning. Aware that clearness of appre-
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hension can take place only when the idea to be
formed is proximate to some idea already clearly
formed—when the step, which the mind is required
to take, is really the next in succession to the step
already taken, he will commence his instruction
exactly at that point where his pupils already are,
and in that manner which best accords with the mea-
sure of their development. As his pupils are unaccus-
tomed to pure abstractions, he will not commence
with abstract definitions. But supposing them, through
the medium of ¢ Lessons an Objects’ to have had their
attention directed to the forms which matter assumes,
he will present in his first lessons a transition from
the promiscuous assemblage of forms to a particular
group of them, consisting of the sphere, the cone,
the pyramids, the prisms, and the five regular bodies.
In conformity with the plan pursued in ¢ Lessons on Ob-
jects,’ the pupils will examine these solids, state what
they perceive at the first glance, then by more close
and attentive examination, directed by the master,
discover and supply the deficiencies in their first
perception, and afford him an occasion for con-
necting their new ideas with adequate technical

expressions.
A3
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The master’s next aim must be to cultivate the
power of abstract mathematical reasoning. With a view
to this end, he may advantageously avail himself of
the knowledge, obtained by the pupils from the solids,
in the manner above described. Here, then, he will
lead them to deduce the necessary consequences from
the facts which they know to be true, and then invite
them to examine the object and see whether their
reasoning has led to a correct result. Thus, if a
child has ascertained and knows that two sides of
different planes are requisite to form an edge, and
~ that a certain solid (an octahedron) is bounded by.
eight‘ triangular planes, he will be required to deter-
mine from these data the number of edges which that
solid has. He will reason thus:—Eight, triangular
faces have twenty-four sides ; two sides form one
edge: therefore, as many times as there are two
sides in these twenty-four sides, so many edges that
body must have,—that is, twelve edges. This result
being obtained, the object is presented to him for
examination, and he perceives by actual observation
the truth of that conclusion at which he had arrived
by abstract reasoning.

These lessons form the basis of the Introduction .to
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Geometry, and their results are, correct ideas of the
subject matter of the subsequent lessons, adequate
expressions for these ideas, and sound knowledge of
the definitions, which form the connecting link be-
tween physical and abstract truths.

In the former part of this work, a mode of gc-
complishing these points is set forth: in the se-
cond part, the further development of the power
of abstract reasoning is connected with a direct pre-
paration for the study of Euclid’s Elements. That
work exhibits a series of mathematical reasonings
and deductions, arranged in the most perfect lo-
gical ofder, so that the truths demonstrated rest,
in necessary sequence, on the smallest possible num-
ber of axioms and postulates. But, admirable as it
may be in itself, viewed simply in relation to the
science, it is not, viewed pazdagogically, an elemen-
tary work. It is fitted ‘for the matured, and not
for the opening mind. The judicious teacher will
desire to present to his pupils the subject matter of
Euclid in such a mode and in such order as that in
studying it the higher faculties of their minds may be
most effectually exercised and improved. For thus
only can the intellectual food be assimilated to the
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intellect itself—be received, as it were, into its sub-
stance, and nourish, and strengthen, and expand its
powers.

These Lessons on Form present @ mode in which
these principles are applied: other modes, perhaps
better ones, may be arranged ; — we but say with
Horace,

~—— 8i quid novisti rectius istis
Candidus imperti ; si non, his utere mecum.

It has been found in the actual use of these Les-
sons for a considerable period, that a larger average
number of pupils are brought to study the Mathe-
matics with decided success, and that all pursue them
in a superior manner. There is much less of mere
mechanical committing to memory, of mere otiose
admission and comprehension of demonstrations ready-
made, and proportionably more of independent judg-
ment and original reasoning. They not only learn
. Mathematics, but they become Mafhematicians.

Hence, when Euclid’s Elements and the higher
branches of Mathematics are to be read, the pupils
are found competent to demonstrate for themselves
the greater part of the propositions, and have re-
course to books only for occasional correction or im-
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provement of their processes, and for fixing more
firmly in their memory the results.

These advantages arise from the application of a
principle generally neglected in early education, but
deserving of attentive consideration and universal
adoption; namely, that « Every course of scientific
instruction should be preceded by a preparatory
course, arranged on psychological principles.” First
FORM THE MIND, THEN FURNISH IT. .

C. Mavo.
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LESSONS ON FORM,

BEING AN

INTRODUCTION TO GEOMETRY.

LESSON I.

THE master places before his pupils a variety of
objects, among which there should be (the following
solids, viz.) the five regular solids, viz. several of the
prisms and pyramids, the cylinder, the cone, and th
sphere. '

Master—1 have set these objects before you, that
you may find out some properties common to them
all. Endeavour to discover them. '

(The answer of each pupil should be subjected to
the consideration of the class, and be tried if in reality
it equally applies to all objects.)

Puypils.— These and all other objects occupy a
space. ) . '

M.—In how many directions does each extend ?

P.—~In three directions: in length, in breadth, and
in depth.

One of the pupils said, “ and in thickness.”

M. (holding up a book.)—Which would you call
the length of this book >—Which is its breadth ? Does
B
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it extend in another direction ?—By what word will
you describe it ?

P.—Thickness.

M.—Name an object of which it would be proper
to say depth instead of thickness.

P.—A well extends in length, in breadth, and in
depth: so does the sea, a pond, a lake, a river.

M.—Objects considered with reference to these
three dimensions only are called solids. What other
property have all solids in common ?

P.—They are all bounded by a surface.

M. (holding up a sphere and a prism.)—In what
does the surface of one of these objects chiefly differ
from the surface of the other?

P.—The one is composed of several surfaces, and
the other is bounded only by one curved surface.

M.—In what does a surface consist ?

P.—In extension of length and breadth: a surface
is the boundary of anything.

M.—What happens if a surface be removed from an
object ?

P.—A part of the object is likewise removed by
removing a surface.

M.—Is the object, by doing so, increased or de-
creased ?

P.—It is decreased.

M —In how many directions is it decreased ? ,

P.—It is decreased either in length, or in breadth,
or in thickness.

M.—Can a surface exist without the object of
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which it is a surface? Can you hold a surface in
your hand without holding the object itself ?

P.—No. '

On this question being asked, one of the pupils said,
a shadow is a surface existing without a concomitant
solid. The master will of course convince his pupils
of the error, should a similar answer, be given.

M. (holding up a prism.)—What is meant by the
surface of this object ?

P.—The assemblage of the several surfaces which
bound it."

M.—If we wish to dlstmgulsh one of .these several
surfaces from the total number of surfaces, it is usual
to call it one of its faces. Now state what may be
said in general of the number of faces by which all
objects are bounded.

P.—All objects are bounded elther by one face
only, or by several faces.

M.—Now examine more minutely the faces of these
objects, and class those together which you think to
have similar faces. -

The master should allow the pupils some time for
arranging the objects before him into groups, until
they have perceived that they may be classed pro-
perly into three distinct groups;—the one compre-
hending those which are bounded by plane faces; the
next, those that are bounded by plane and curved
faces; and lastly, those that have only one curved
surface.

P.—All these objects are either bounded by plane

B2
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Jaces, or by plane and curved faces, or by only one
curved surface. ‘ '

M.—Now examine the boundaries of the faces of
the first group you have mentioned. What do you
observe ?

P.—They are all straight lines.

M.—And the boundaries of the other group ?

P.—Curved lines and straight lines, or only curved
lines.

The substance of the lesson is then written on-the
school-slate by the master, and the pupils are required
to commit it to memory. Thus:—

1. All objects discernible by the senses are extend-
ed in three dimensions : namely, in length, in breadth,
and in depth or thickness.

2. Objects considered with reference to these three
dimensions are called solids.

8. The surface of a solid is its length and breadth
considered without reference to its depth.

4. Every solid is bounded either by one surface
only, or by several faces.

5. Solids are either bounded by plane faces, or by
both plane and curved faces, or by only curved faces.

6. The boundaries of faces are either straight lines,
or both straight and curved lines, or only curved lines.

When the above is committed to memory, it is
effaiced from the slate, and the pupils are required
to write it from memory and in the same order.
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LESSON II.

Ar the beginning of this and every following lesson,
the pupils ought to be required to recapitulate the pre-
ceding lesson, first viva voce, and then by writing it
out on their slates. ,

M.—We will now first examine those solids which
are bounded by plane faces only. See in what respect
their faces differ.

P.—1In size, in shape, and in the number of straight
lines which bound them.

M.—Speaking of the boundaries of faces, it is usual
to call them sides, instead of lines. I have brought
here a considerable number of solids which are bound-
ed by plane faces. Arrange them according to the
number of sides by which some of their faces are
bounded, beginning with the least. What is the least
number of sides by which some of the faces are
bounded ?

P.—By three straight lines—by three sides.

M.—And by what word will you express the space
which three straight lines inclose ?

P.—A three-sided face—a triangle.

M.—Imitate a triangle on your slates. How many
lines are necessary to inclose a space? Try one,
two, three. If a space is inclosed by two lines, what
sort of lines must these be ?
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P.—Either a straight and a curved line, or two
curved lines.

LN <>

M.—Which face have you placed next in succession
to the triangle?

P.—One which is bounded by four sides.

M.—Imitate it on your slates. Which of the faces
come next ?

P.—The five-sided face; then the six, seven, and
eight-sided face.

M~—Imitate all these faces on your slates.. Ex-
amine the three-sided figure on your slates: in how
many points do its three sides meet ?

P.—In three points.

M.—(Draws a triangle upon the school-slate).

a

b e

I will put the letters a, &, ¢ at the three points, in
order that we may be able to distinguish one side
from the others. By what word will you express the
position of the line a &, to the line b ¢ 2

P.—The line a & is inclined to the line b c. )

M.—And how many inclinations have the three
sides to each other ?

P.—Three inclinations.

M.—The inclination which one line has to another

.
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line is called an angle. How many angles are in a
three-sided figure ?
. P~—Three angles.

M.—See how many angles there are in each of the
figures on your slates. :

P.—A four-sided figure has four angles ; a five-sided,
five; a six-sided, six; a seven-sided, seven; and an
eight-sided has eight angles.

M.—Can you ilhagine a figure having nine, ten,
eleven, etc. sides? Describe them on your slates,
and observe how many angles each figure has.

P.—Every figure has as many angles as it has
sides. _

M.—You have mentioned another word instead
of three-sided figure.

P.—Yes, a triangle.

M.—From what circumstance do you think it is
called thus?

. P—From its having three angles. _

M.—The names of these several faces are derived
sometimes from the number of their angles, and
sometimes from the number of their sides, Thus, a
three-sided face is sometimes called a ¢rilateral figure
(from the Latin ¢res, three, and latus, a side), or a tri-
angle; a four-sided face is called a guadrilateral figure
(from the Latin quatuor, four, and latus, a side);
a five-sided face, a pentagon (from the Greek wévrs,
five, and ywvia, angle); a six-sided face, a hexagon,
(from the Greek &, six, and ywvia, angle); a seven- '
sided face, a heptagon (from the Greek ézra, seven,
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and yevia, angle); an eight-sided face, an octagon
(from the Greek oxrs, eight, and yevia, angle). And if
this mode of expression be extended to faces which
are bounded by many sides, they are called polygons,
(from the Greek roAvc many, and yer(a, angle).

As before, the pupils are called upon to reproduce
the legson on their slates; the substance of which is
then arranged into sentences, and written by the
master on the large school-slate, the pupils commit-
ting them to memory.

1.—Solids - bounded by plane faces differ in shape
and in the number of their faces.

2.—Their faces differ in the number of their sides.

8.—A face bounded by three sides is called érila-
teral; by four sides, guadrilateral; by five sides, a
pentagon ; by six sides, a kexagon ; by seven sides, a
heptagon ; by eight sides, an octagon ; by nine or more
sides, a polygon.

4.—An angle is the inclination of two lines to one
another which meet in a point.

5.—A trilateral face has three angles, it is therefore
called a ¢riangle; a quadrilateral has four angles; a
pentagon has five, a héxagon six, a heptagon seven,
an octagon eight; a polygon has as many angles as
it has sides.
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LESSON IIIL

M.—What other parts do you discover on these
solids ?

P.—Corners and edges.

M.—How are the corners formed ?

P.—By several angles of different planes meeting in
one point; or by several edges meeting in one point.

M.—How many edges or angles of different faces
are at least required to form a corner or solid angle ?
Try, one—two—three.

P.~—Three at least. )

M.—Instead of «corners,” say solid angles; how
are the edges formed ?

P.—By the meeting of two faces.

’

DESCRIPTION OF THE FIVE REGULAR SOLIDS.*

M.—Which of these five solids is bounded by the
least number of faces? By how many faces is it
bounded ? This solid is therefore called Zetrakedron
(from the Greek rerpa, four, and #pa:, seats).

M.—What are the four faces?

P.—Four triangles.

M.—How many sides have four triangles?

P.—Twelve.

M.—How many of these sides are there to each of
the edges ?

P.—Two sides. B

* Tetrahedron, Hexahedron Octahedron, Dodecahedron, Icosa-

hedron,
B 5
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M.—How many edges therefore must this solid
have ?

. P—Six edges; because there are six twos in
twelve.

M.—Now take the solid, examine it, and see whe-
ther it is so.—How many angles are there about each
corner or solid angle ?

It. is important that the pupils be convinced by
actual examination of the solid, that the calculation
which they have made is strictly true.

P.—Three angles.

M.—These angles are called plane angles ; can you
tell why ? '

P.—Because they are the angles of the plane faces.

M.—How many plane angles are there in the four
triangular faces ? ‘

P.—Twelve plane angles.

M.—~How many solid angles must the tetrahedron
have ? -

P.—Four solid angles; because about every solid
angle there are three plane angles, and there are four
threes in twelve.

M.—See whether it is so.

SUBSTANCE OF THE LESSON.

1—~Two faces meeting laterally form an edge.

2.—Three or more edges meeting in one point form
a solid angle.

8.—The tetrahedron is a solid bounded by four tri-
angular faces: it has six edges, and four solid angles.
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LESSON 1IV.

M.—Compare the sides of the faces of the tetra-
hedron. What do you observe ? ‘

P.—They are of the same length ; they are equal.

. M.—How will you call a triangle which has three
equal sides ?

P.—An equal-sided triangle.

"M.—Call it an equi-lateral triangle (from the Latin
@quus, equal, and latus, side). Describe an equi-late-
ral triangle on your slates; put letters at the angles.
—Are all triangles necessarily equi-lateral ?

P.—No; for two sides of a triangle may be equal
to each other, and the third unequal; or the three
sides may be unequal.

The master desires the pupils to draw such trian-
gles upon their slates ; after which, he may describe
an equilateral, an isosceles, and a scalene triangle upon
the school-slate, and, pointing to them, continue.

M.—A triangle having only two of its sides equal
to each other is called an isosceles (from the Greek
igng, equal, and oxého, a leg); and the unequal side
is called its dase. And a triangle having none of
its sides equal to each other is called a scalene
(from the Greek oxalw to limp, and exaAyvos, unequal)
triangle—~Compare the angles of the faces of the
‘tetrahedron.

P.—They are all equal to each other.

M.—How will you call a triangle of which the
angles are equal to each other?
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P.—Equiangular triangle.

M.—What are the faces of this solid (showing the
octahedron)? By how many such faces is it bound-
ed? How many plane angles are there about each
solid angle ?

P.—It is bounded by eight plane equilateral and
equiangular triangles. There are four plane angles
about each of its solid angles. ‘
 M.—The name of this solid is octahedron (from the
Greek o«ra, eight, and #jpa, a seat). Can you find
out how many edges the octahedron has, without
actually looking at the solid ?

P.—It must have twelve edges; because, since it
is bounded by eight triangles, there are twenty-four
sides to them, two of which belong to each edge ; con-
sequently the solid must have twelve edges.

M.—And how many solid angles has the octa-
hedron ?

P.—It must have six solid angles; because in its
eight faces there are twenty-four plane angles, four
of which are about each solid angle, and there are
six-fours in twenty-four; consequently the octahe-
dron must have six solid angles.

M.—See whether it is so.—What, then, is sufficient
to observe in a solid, in order to ascertain the other
parts ? , ‘

P.—It is sufficient to know the number and kind of
faces by which the solid is bounded, and also the num-
ber of plane angles which are about each of its solid

.

angles.
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SUBSTANCE OF THE LESSON.

1.—A triangle having equal sides is called an egui-
lateral triangle.

2,—A triangle having equal angles is called an
equi-angular triangle.

8.—A triangle having two of its "sides equal is
called an isosceles triangle: the unequal side is called
its base. .

4.—A triangle having unequal sides is called a
scalene triangle.

5.—The faces of the tetrahedron are equilateral
and equiangular triangles.

6.—The octahedron is a solid bounded by eight
equilateral and equiangular triangles : there are four
plane angles about each of its solid angles.

7.—The number and kind of faces, and also the
number of plane angles, being known, the number
of its edges and solid angles can be ascertained there-
from.

LESSON V.

M.—Is there another among these solids which is
bounded by triangles? What is their number? It
is therefore called icosakedron (from the Greek cixoo:,
twenty, and #pa, a seat).—See how many plane
angles there are about each of its solid angles, and
then calculate the number of its edges and solid
angles. :
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P.—It is bounded by twenty equilateral and equi-
angular triangles; there are five plane angles about
each of its solid angles: it bas thirty edges, and fif-
teen solid angles.

M.—See whether it is so. Which of the remain-
ing two solids is bounded by quadrilateral faces?
What is their number? It is therefore called Aexa-
hedron (from the Greek #, six, and #pa, a seat), or
cube (from the Greek 6o, a cube).-—How many
plane angles are there about each of its solid angles ?
Calculate the number of its edges and solid angles.

P.—The hexahedron, or cube, is a solid bounded
by six quadrilateral faces; three plane angles are
about each of its solid angles: it has twelve edges
and eight solid angles.

M.—Compare the sides and the angles of the faces
of the hexahedron.

P.—The sides are all equal to one another: the
angles are likewise equal.

M.—Represent such a face on your slate. The
" angles of this figure are called right angles. Draw
a right angle on your slate.—How many right angles
can you make with two lines ?

P.—Either one right angle, or two, or four.

M.—Compare these two angles with each other.

P.—They are equal.

M.—Are the two angles which one line makes with
another line always equal ? ' P

e d

b
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M. When one line makes two angles with another
line, these are said to be adjacent (from the Latin ad,
near,and jacens, lying) angles. When these adjacent
angles are equal, each of them is called a right
angle.—If these adjacent angles are not equal, what
can be said of them ? i

P.—One is greater than a right angle, the other
is less. : '

M.—An angle which is greater than a right angle
is called obtuse (from the Latin obtusus, blunted) angle ;
the angle which is less than a right angle is called
acute (from the Latin acutus, pointed) angle.—~De-
scribe on your slates right angles, obtuse, and acute
angles. Describe as many different quadrilateral
figures as you are able, and first let their difference
consist in their sides. :

P.—The four sides may be equal ;
the opposite sides may be equal ; the / /
adjacent sides may be equal; three

sides may be equal, and the fourth B [ ]
unequal ; all four may be unequal.

M.—Can you describe two quadrilateral figures:
having equal sides, and yet being different?
P.—Yes: in the one, all the angles
may be equal; in the other, the sides D D
may be equal, but its angles not all equal,—only two

pairs of opposite angles are equal.
M.—A quadrilateral figure whose sides are equal,
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and angles right angles, is called a square. A quad-
rilateral figure having equal sides, but whose angles
are not equal, is called a rhomb (from the Latin
rhombus).—Can you describe two quadrilateral ﬁgures
having their opposite sides in each equal, and yet be
different ?

P.—Yes: the angles in the one may
all be equal,—that is, right angles ; in
the other they are not all equal,—only D
those which are opposite each other.

M.—What do you observe respecting the distance
of those opposite and equal lines ?

P.—Their distance is everywhere the same.

M.—Draw two such lines upon your slates, and
two others whose distance is not everywhere the same.

P— /____

M.—What_happens if the last two lines be length-
ened ?

- P.—They will cross each other.

M.—And what happens if the first two lines be
lengthened ?

P.—They will not cross each other.

M.—Such lines are called parallel (from the Greek
wapa, beside, and aAAyAwy, each other) lines, and hence
these figures are called parallelograms (from the
Greek zwapdAAnhog, and ypappa, a figure) ; the former
a rectangular parallelogram, or simply rectangle, and
the latter merely parallelogram. The other quadrila-
teral figures of which three sides only are equal, or
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of which all four are unequal, are called trapeziums
(from the Greek rpariliov, a small table).

SUBSTANCE OF THE LESSON.

1.—The icosahedron is a solid bounded by twenty
equilateral and equiangular triangles »there are five
plane angles about each of its solid angles. ’

2.—The hexahedron, or cube, is a solid bounded by
six squares: there are three plane angles about each
of its solid angles.

:8.—When one line-standing on another line makes
the adjacent angles equal to one another, each of them
is called a right angle.

4.—An angle which is greater than a right angle
is called an obtuse angle.

5.—An angle which is less than a right angle is
called an acute angle. :

6.—A quadrilateral figure which has equal sides,
and its angles right angles, is called a square.

7.—A quadrilateral figure which has equal sides
and two pairs of equal opposite angles is called a
rhomb.

8.—A quadrilateral figure which has two pairs of *
equal opposite and parallel sides, and its angles right
angles, is called a rectangle.

9.—A quadrilateral figure which has two pairs of
equal opposite and parallel sides, but its angles not
right angles, is called a parallelogram.

10.—All other. quadrilateral figures are called
trapeziums.
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LESSON VL

M —Examine the last of these five solids.—What
are the faces which bound this solid, and what is their
number 7 It is therefore called dodecahedron (from
the Greek éwieca, twelve, and é3pa, a seat).—How
many plane angles are there about each of its solid
angles? Calculate the number of its edges and solid
angles. ’

P.—The dodecahedron is a solid bounded by twelve
pentagons ; there are three plane angles about each of
its solid angles: it has thirty edges, and twenty solid
angles.

M.—Examine the sides and angles of the pentagons.

P —They are equal.

M.—Are the sides and angles of every pentagon
equal ?

P—No; for pentagons may be described of which
the sides are unequal, as also the angles.

M.—How will you distinguish the former from the
latter ?

P—The former is an equilateral and equiangular .
pentagon, a regular pentagon; the latter an irregular
pentagon. .

THE RHOMBOIDAL DODECAHEDRON.
M,—What are the faces of this solid, and what is
their number ? '
P.—The faces are rhombs, and their number is
twelve.
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M.—How, then, will you call this solid ?

P.—Dodecahedron.

M.—How will you distinguish this dodecahedron
from the former ?

P.—This may be called rhombic or rhomboidal
dodecahedron ; the former, pentagonal dodecahedron.

M.—How many plane angles are there about each
of its solid angles ?

P.—About some of its solid angles there are three
plane angles ; about others, four.

M.—Compare these angles. Do you observe some
difference respecting them?

P.—Those of which there are three about a solid
angle are greater than those of which there are four.

M.—Define these angles more strictly.

P.—Some of the solid angles are formed by three
obtuse angles ; others, by four acute angles.

M.—How many of the angles of a rhomb are ob-
tuse? how many are acute ?

P.—In a rhomb there are two obtuse and two acute
angles.

M.—How are they situated ?

P.—They are opposite each other.

M.—How many obtuse angles are there in all the
faces of the rhomboidal dodecahedron, and how many
of them are acute angles?

P.—There are twenty-four -obtuse and twenty-four
acute angles in all the faces.

M.—How many solid angles, then, has this solid?
and how many of each sort ?
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P.—There must be eight solid angles formed by
the obtuse angles, and six solid angles formed by the
acute angles ;—in all, fourteen solid angles.

M.—See whether it is so. By what name will you
distinguish each sort of solid angles ?

P.—Those formed by the obtuse angles may be
called obtuse solid angles; the others, acute.

M.—How many edges has this solid ?

P.—Twelve edges.

This and some of the following lessons being de-
pendant on the results of the preceding, they may
be considered as a repetition and application of
the former. It is therefore not necessary to cause
the substance of these lessons to be committed to
memory. — ’

LESSON VIL
THE BIPYRAMIDAL DODECAHEDRON.

M.—Examine this solid. What are the faces, and
what is their number ? '

P.—The faces are isosceles triangles; their number
is twelve. T

M.—How will you call this solid ?

P.—Dodecahedron.

M.—By what name will you distinguish this dode-
cahedron from the other two?. It is usually called
bipyramidal dodecahedron, from another kind of solids
with which you will hereafter become acquainted.—
Examine its solid angles.



AN INTRODUCTION TO GEOMETRY. 21

P.— Some are formed by six plane angles; others,
by four.

M.—Endeavour to distinguish these angles the one
from the other.

P.—Some of the solid angles are formed by four
angles which are at the bases of the isosceles tri-
angles: the other solid angles are formed by the
angles which are opposite to the bases of the isosceles
triangles. '

M.—How many angles are there at each of these
bases of the triangles ?

P.—Two angles at each base.

M.—How may are there of this sort in all the faces ?

P.—Twenty-four. _

M.—How many solid angles formed by the angles’
at the base, then, has this solid ?

P.—Six solid angles.

M.—And how ,many solid angles formed by the
angles which are opposite the base ?

P.—Two solid angles.

M.—What, then, is the total number of solid angles
of the bipyramidal dodecahedron, and what must be
the number of its edges? .

P.—1t has eight solid angles, and eighteen edges.

M.—See whether it is so.

THE TRAPEZOHEDRON.

M.—Examine this solid. What are its faces ?
P.—Its faces are quadrilateral figures—they are
trapeziums.
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M—This solid is therefore called trapezokedron.
What is the number of its faces?

P.—1It is bounded by twenty-four trapeziums.

M.—Examine the angles of each trapezium.

P—Three of the angles are acute angles, the
fourth is obtuse.

M—Examine the solid angles.

P.—Some of them are formed by four acute, the
others by three obtuse angles.

M.—Calculate the number of solid angles of each
sort, the total number of solid angles, and the num-
ber of edges. '

P.—1It has eighteen acute solid angles, eight
obtuse solid angles; the total number is twenty-six
solid angles, and the number of edges is forty-eight.

M.—See whether it is so.

LESSON VIII.

THE PYRAMID.

M. (putting several pyramids before his pupils.)—
Examine these solids. What do you observe in
them ? ' '

P.—The faces of each.are triangles, except one,
which is either a quadrilateral figure, or a pentagon,
hexagon, &c.

M.—These kind of solids are called pyramids.
How would you call the unequal face ?
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P.—The base of the pyramid.

‘M.—What kind of face may the base of a pyramid
be ?

P.—Any polygon whatever.

M.—How are the triangles situated ?

P.—The triangles all meet in one point, which is
opposite the base of the pyramid.

M.—That point is called the summit of the py-
ramid. What is the number of triangular faces ?

P.—There are as many triangular faces as the base
has sides.

M.—What, then, is the number of faces of a
pyramid ?

P.— As many faces as the base has sides, more one.

M.—Examine the solid angles.

P.—The angles at the base of the pyramid are
formed each by three plane angles; and the angle
at the summit, by as many plane angles as there are
triangles. '

M.—What kind of triangles are they ?

P.—Isosceles triangles.

M.—What is the number of solid angles in each
pyramid ?

P.—There are as many solid angles as the base
has si.des, more one.

M. —If the base of a pyramid is a triangle, by what
name will you distinguish it from another whose base
is a quadrilateral figure ?

P.—The former may be called a triangular pyra-
mid; the latter, quadr r.
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M.—Calculate the number of faces, edges, and the
number of solid angles of a triangular pyramid.

P.—A triangular pyramid has four triangular faces,
six edges, and four solid angles. The tetrahedron
is a triangular pyramid.

M.—Calculate the number of faces, edges, and
solid angles of a quadrangular pyramid.

P.—A quadrangular pyramid has five faces, four
triangular faces, and one which is quadrilateral, which
is called the base of the pyramid: it has eight edges,
and nine solid angles. The octahedron is formed
by two quadrangular pyramids, being joined base to
base.

M.—Look again at the bipyramidal dodecahedron.
What do you now observe ?

P.—It is formed by two hexangular pyramids join-
ed base to base.

M.—Thence its name. Give a description of a
pyramid whose base is a polygon of twelve sides.

P.—1It has thirteen faces, twenty-four edges, and
thirteen solid angles.

M.—How many plane angles are there in all the
faces, taken together ?

P.—Forty-eight plane angles.

M. —What is the number of sndes in all the faces ?

P.—Forty-eight sides.
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LESSON IX.

THE PRISM.

M. (placing several prisms before his pupils)—Exam-
ine these solids. What do you observe ?

P.—Two of the faces are polygons, the others are
rectangles or parallelograms. ’

M.—Such solids are called prisms. Which of the
faces would you call the base of the prism ?

P.—Either of the polygons may be its base.

M.—Examine the solid angles. How are they form-
ed, and what must be their number in each prism?

P.—Each is formed by three plane angles; their
number must be double the number of the sides of
the polygon.

M.—In what manner may you distinguish one prism
from another ? '

P.—By its bases. A prism whose bases are triangles
we would call triangular ; one which has quadrilateral
bases we would call a quadrangular prism, and so on.

M.—Enumerate the faces, edges, and solid angles of
a quadrangular prism.

P.—It has six faces, twelve edges, and eight solid -
angles.

M.—Are you not already acquainted with a qua-
drangular prism ? What is its name ?

P.—Hexahedron, or cube.

M. (showing the parallelopiped) — Compare this
prism with the hexahedron.
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P.—The faces of the hexahedron are all equal;
they are all squares. In this solid, only two faces
are squares ; the others are rectangles.

M.—This prism is called a parallelopiped. Enume-
rate the faces, edges, and solid angles of & prism
whose bases are polygons of twelve sides.

P.—This prism must have fourteen faces, thirty-six
edges, and forty-eight solid angles.

. LESSON X.
SOLIDS BOUNDED BY CURVED FACES.

THE SPHERE.

M.—Examine this solid. What can you say of it ?

P.—1t is bounded only by one curved surface.

M.—Imagine a point within this solid, exactly in
the middle of it. What may be said of the surface
relatively to this point ?

P.—It is everywhere equally distant from this
point.

M.—This solid is called a sphere ; the point which
is equally distant from'every point of the surface, is
called the centre of the sphere. Imagine a straight
line drawn from any point of the surface of a sphere,
through its centre, to the opposite surface : such a line
is called a diameter (from the Greek da, through, and
uérpov, measure).— How many diameters can be
drawn in a sphere ?

P.—As many as you please.
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M.—What may be said, on comparing the diame-
ters of the same sphere ?

P.—Diameters of the same sphere are equal.

M.—When are diameters of different spheres equal ?

P.—When the spheres themselves are equal.

M.—And, if two spheres are equal, what may be
said of their diameters?

P.—Their diameters must also be equal.

M.—Imagine a straight line drawn from any point
in the surface of a sphere to its centre : such a straight
line is called a radius (from the Latin radius, a
ray). How many radii can be drawn in.a sphere?
—Compare a radius with a diameter of the same
sphere.

P.—Anindefinite number.—A diameter is just twice
as long as a radius ;—a radius is only half a diameter.

M—If two or more spheres are equal, what may be
said of theirradii? And if the radii of different spheres
be unequal, what may be said of the spheres ?
 P.—If two or more spheres are équal, their radii
must be equal ; and if the radii of different spheres be
unequal, the spheres must be unequal.

SUBSTANCE OF THIS LESSON.

1. A sphere is a solid bounded by one curved
surface, which is everywhere equi-distant from a -
point, within the solid, calléd the centre.

2. A straight line drawn from any point in the
surface of a sphere, through the centre, to the opposite
surface, is called a diameter.

c2
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3. A straight line drawn from any point of the sur-.
face of a sphere to the centre, is called a radius.

4. A’ diameter of a sphere is double the length of
a radius of the same sphere.

5. Diameters and radii of the same sphere, or of
equal spheres, are equal.

6. If spheres are equal, their diameters and radii are
equal.

7. If spheres are unequal, their diameters and radii
are unequal.

8. If the diameters or radii of different spheres are
unequal, the spheres themselves are unequal.

LESSON XI.
THE CYLINDER.

M.—Examine this solid: it is called a cylinder.
What can you say of it ?
P.—1It is bounded by two opposite plane faces, and
by one curved face.
M.—Represent the plane faces on your slates.
What do you observe ?
P.—Each is bounded by one curved line.
M.—Draw, on your slates, a figure,
which is also bounded by only one
curved line, and yet dissimilar to these
figures. Compare, now, these several
figures.
P.—The curved line which bounds one of the plane
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faces of the cylinder is everywhere equally distant
from a point within the figure.
M.—Right. And, what would you call this point ?.
P.—The centre of the figure. )
M—Yes; and the curved line is called the circum-
Jerence of the ﬁéure, (from the Latin circum, around,

and ferens, carrying,)—the figure itself being called a
circle—How would you define a circle ?

' P—A circle is a plane figure, bounded by one
curved line everywhere equi-distant from a point
within the figure. This point is called, the centre of
the circle ; and the curved line, the circumference.

M.—A straight line passing through the centre
of a circle, and terminated, each way, by the circum-
ference, is called a diameter; and a straight line
drawn from the centre to the circumference, is called
a radius.—When circles are equal, what may be said of
their diameters, and what of their radii ? If circles are
unequal, what may be said of their diameters, and what
of their radii? If the diameters of several circles be
equal, what may be said of these circles? If the
radii or diameters of different circles be unequal, what
may be said of these circles?

(The pupils are, here, required to illustrate these
several cases by drawing circles corresponding with
each.)

.JMM.—What happens, if part of a sphere be cut-off ?

P.—Each of theé parts is a solid, bounded by one
curved and one plane surface: the plane surface is a
circle.
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M.—If several parts be cut-off from a sphere, are
the circles obtained by these sections always equal ?—
When are they equal ? ,

P.—No. If the sphere be cut-through the centre,
or if it be cut-through at equal distances from the
centre,—they are, then, equal.

M.—Imagine a line drawn so as to comnect the
centres of the circular bases of this cylinder. Ex-
amine the angles which this line makes with the faces.

P.—The angles are right angles.

M.—And, in this cylinder—what are the anglel ?

P.—They are not right angles. .

M.—In the former case, the cylinder is called a
right cylinder ; in the latter case, an oblique cylindery
(from the Latin obliguus, indirect).

SUBSTANCE OF THIS LESSON.

1. The cylinder is a solid bounded by two oppo-
site plane faces and one curved face.

2. Each of the plane faces is called a circle.

3. A circle is a plane figure, bounded by one
curved line equi-distant, everywhere, from a certain
point within the figure.

4. This point is called the centre of the circle.

5. The curved line is called the circumference.

6. A straight line passing through the centre, and
terminating, each way, in the circumference, is called
a diameter.

7. A straight line drawn from the centre to the
circumference is called a radius.

-~
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8. When the straight line joining the "centres of
the circular bases of a cylinder is at right angles to
either of them, the cylinder is called a right eylin-
der ; when the straight line which joins the centres
of the circular bases of a cylinder is not at right
angles to either of them, the cylinder is called an
oblique cylinder.

LESSON XII.
THE CONE.

M.—Examine these solids: they are called cones.
What do you discover ?

P.—They are bounded by one plane surface and
one curved surface. The plane surface is a circle;
the curved surface terminates in a point. This point,
in one of the cones, is directly over the centre of the
" centre: the straight line joining the centre and that
point is at right angles to the base; in the other cone
it is not at right angles to the base.

M.—The point, you have mentioned, is called the
summit or vertex of the cone. By what name would
you distinguish the one cone from the other ?

P.—The one is a right, the other an oblique, cone.

M.—Compare the cone with the other solids. To
which of these has it the greatest resemblance ?

P.—It is most like the pyramid.

M.—What sort of pyramid would be almost a cone ?

P.—That pyramid whose base is a polygon of the
greatest number of sides : the greater the number of
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the sides of the base, the more nearly does the pyra-
mid approach the cone. '

M.—Which of the other solids, besides the pyra-
mid, resembles the cylinder ?

P.—The prism.

M.—What sort of prism is most like a cylinder ?

P,—That prism whose bases are bounded hy the
greatest number of sides.

M.—And, which of the solids resembles the
sphere ? : .

P.—The trapezohedréu, or that sort of solid which
is bounded by a great number of plane faces.

M.—By what name would you describe a solid
bounded by a great number of plane faces ?

P.— Polyhedron—(from the Greek xo\vs, many, and
idpa, a seat). '

M.—What plane figure, bounded by straight lines,
would most nearly resemble the circle ?

P.—One bounded by the greatest number of sides.



SURFACES.

CHAPTER 1.*

STRAIGHT LINES: ANGLES.

SECTION I,—~ONE AND TWO STRAIGHT LINES.

M.—Mention the different parts of a solid.

P.—Solid angles, edges, faces, sides or lines, plane
angles.

M.—In this and the following lessons, we shall en-
deavour to discover the properties of some of these
parts. For this purpose we shall begin with the
lines ; and, first, with one straight line. Draw one
straight line, and state all you discover respecting it.

P.—A straight line has length—it extends in a cer-
tain direction. This is not really a straight line, but
a solid; it merely represents a straight line—it has
two ends or extremities.

M.—What are the extremities of a straight line ?

P~—Points.

M.—Tell me, now, what can be done with a straight-
line.

P.—It can be lengthened, so as to become very

* This division, into chapters and sections, is adopted, now, for
the sake of preserving the continuity of the subject. In the course
of tuition, however, each section may be found to comprise several

lessons.

cb
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long—it can be shortened, so as to become very short :
a straight line may be drawnso as to join any two
points, but not any three, or any four, or more points.

M.—Draw two straight lines, and state all you
can discover from a consideration of them.,

P.—They may be equal in length; they may be
unequal in length; they may have the same direc-
tion—they may have different directions; they may
cross each other.

M.—In order to distinguish the one line from the
other, designate the extremities of the one by the let-
tersa, b; and the extremities of the other by the let-
ters ¢, d.—Show me, now, on your slates, the various dis-
coveries you have made respecting fwo st.raight lines.

P.—1. The line a b is equal to the d
line ¢ d. e

2. Theline a b is not equal )3
to the line ¢ d. /
a— ) |
3. e d € f g

The line a b has the same direction as the line ¢ d.
, The line e f has, likewise, the same directipn as the
line g .
a
4. The line a b has not the same L
direction as the line ¢ d, ¢

b
M.—In the first case which you have stated, if the
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line a & is equal to the line ¢ d, what happens, if you
imagine the line ¢ d applied to the line @ b ?

. P.—The extremities of the line ¢d may be upon
the extremities of the line @ 3, or they may not.

M.—How must the line ¢ d be applied to the line
a b so that their extremities shall be upon one an-
other, or shall coincide ?

P.—One extremity of the line ¢ d must be ima-
gined to be upon one of the extremities of the line
a b; then, the other extremity of ¢ d will fall upon
the other extremity of a &. ,

M.—In other words, if the straight line ¢ d be
placed upon the straight line @ 3, so that the point ¢
be upon the point a, the point d of the straight line
¢ d——Finish the sentence.

P.—Must fall upon the point b of the straight line
ab.

M.—Why?

P.—Because the line a b is equal to the line ¢ d.

M—If these straight lines be not applied in this
manner, will their extremities coincide ?

P.—No: their extremities will not be upon one
another (will not coincide).

M.—In case 2, can the extremities of the lines
coincide? Why not?

P.—No; because the lines are unequal.

M.—By what means can these lines be made equal ?

P.—Either by cutting-off from the longer a part
equal to the shorter, or by lengthening the shorter
until it becomes equal to the longer.
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M.—Instead of “lengthening,” say producing. In
case 8, what may be said of thelines aband cd, if they
be produced ever so far both ways ?

P —That these lines will never meet.

M—Straight lines which, when produced ever so
far both ways, never meet, are called parallel kines.
IMapd\A\nhog, from wapd, beside, and d\\jdesv, eack
other. What will happen if ¢f and g2 be produced
both ways?

P,—They will meet and form buz ome straight line.

M~—In case 4, what will happen, ifa b and ¢d be
produced both ways ?

P.—These lines will meet and will cross each other.

M.—Instead of “croes,” say infersect each other.
The place where they intersect is called the point of
intersection. Draw two lines which shall intersect each
other.

P.—ab and ¢ d intersect each e
other, at the point e, which is, , e / N 3
therefore, their point of inter-
section.

M~—What do straight lines form by intersection?

P.—They form [four] angles.

M.—And if two lines meet, how many angles do
they form ?

c

P—EFEither two angles or one a.A_Ll

d
a.

b ¢

angle.
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M.—The point in which the two lines meet is called
the vertex of the angle; the lines themselves are
called the legs of the angle. An angle is usually ex-
pressed by putting a letter at the extremity of each
leg, and at the vertex; and, in naming the angle,
the letter which stands at the vertex is inserted be-

tween the other two; thus, ¢ b g, a
or abec.—If the legs of an angle
be lengthened or shortened, is the & e

angle thereby altered —Why not ?

P.—The angle is not altered ; because the inclina-
tion of the two lines is not altered by either lengthen-
ing or shortening the legs.

M.—If two lines make an angle, what may that
angle be ? -

P.—Either a right, an obtuse, or an acute angle,

a

abcis a right angle ;
) [} ,_o
d
def is an obtuse angle ; /
. P A

g k & is an acute angle. b : 1.:.’

M.— Are all obtuse angles equal ?
P.—No: abc and

§
def are both obtuse /B/t /
@ d e

angles; but, a bcis,
obviously, less than def.
M.—Are all acute angles equal ?
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P.—No; abe :"' j
and de f are both b e ¢
acute angles ; but, ab ¢ is manifestly greater than d e f.

M.— Are all right angles equal ?

P.—Yes; all right angles are equal.

M~How, then, is it possible to distinguish one
obtuse angle from another obtuse angle,—one acute
angle from another acute angle ?

P.—By comparing each with a right angle. For in-
stance, one obtuse angle may be a right angle and Ralf
of another right angle ; and another obtuse angle may
be a right angle and one-third of another right angle ;
one acute angle may be Zalf of a right angle, and
another acute angle may be one-third of a right angle.

M. Draw sevéral equal and unequal obtuse angles.
Draw several equal and unequal acute angles.

___} . /S S
_— iy |

M.—Make an angle equal to another angle.
P.—Theangle abec is (4 /]

equal to the angledef. e o/ . ~
M.—~Make a third angle which is equal to the angle

def.
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: iﬂ
P—ght al to d e f.
—g h % is equal to d ef. h A

M.—Compare the angle g % % with the angle abe.
P.—They are equal.
< M.—And, if two angles, together, are equal to a
certain angle, and two other angles are also, together,
equal to the same angle, what may be concluded ?
P.—That the first two angles are, together, equal to
the second two angles.
M.—Express this truth generally.
P.—Angles which are equal to the same angle are
equal to one another.
M.—Make two equal angles, and a third angle
not equal to either.

P—" b/ @ / d h/gk
¢ e f
M.—To each of the equal angles add the angle g Ak
what are the sums ?
P.—The angles a b c and g & £, together, are equal
to the angles d ¢ fand g & k; together.
M.—Express this generally.
P.—If the same angle be added to equal angles, the
sums are equal.
M.—Instead of addmg the same angle, what might
be substituted ?
P.—Equal angles might be added.
M.—When one line makes two equal angles with
another line, what are these angles called ?
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P.— Right angles.
M.—Draw two lines so, that they may be at right
angles to each other,—thatis, form right angles.
0
P.—The angles a d ¢ and

bdc are right angles. s

M.—Then, if the adjacent angles, formed by the
meeting of two straight lines, are equal, what are
they called? Draw two straight lines which are not
at right angles to each other, and name the angles
which they form,

P.—The angle a b c is a

greater than a right angle—

it is an obfuse angle ; and the 2
angle a b d is less than a 4

right angle—it is an acute angle,

M.—How may you ascertain that the anglea & ¢
is not a right angle ?

P.—By comparing it with its adjacent anglea b d; -
if the angle a b c is not equal to its adjacent angle
a b d, it is not a right angle. _

M.—How may you ascertain that the angle a & ¢
is greater than a right angle ?

P.—By drawing from 3
the point & another line, bt
b e, making right angles
with cd. e b d

M.—By what angle is a b ¢ greater than a right
angle ?
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P.—By the angle a b e

M.—And, by what angle isa b d less than a right
angle ?

P.—By the same angle a b e.

M.—If, then, the two adjacent angles be not right
angles, what may be said of the obtuse and the acute
angle when compared with one right angle ?

P.—The obtuse angle is as. much greater than one
right angle, as the adjacent angle is less than one
right angle.

M.—What, therefore, may be said of the sum of the
two angles which one straight line makes with another
straight line ?

P.—The two angles which one straight line makes
with another straight line are, together, always equi- -
valent to two right angles.

M.—If the angle a b ¢ is
one right angle, and one-
hal.f of a right angle, that is, d
i right angles, what part of b
one right angle is its adjacent angle a b d ?

P.—The angle a bd is § right angle.

M.—Why? '

P.—Because the angles ab ¢ and a b d are, together,
equal to two right angles, (that is, § right angles,) and
a b c is § right angles : therefore, @ 5 ¢ must be j right
angle. - ‘

M.—What may be concluded from this example ?

P.—That if one angle be known, its adjacent angle,
likewise, may be known. -
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M.~How, then, may you ascertain the magnitude
of the adjacent angle ?

P.—By subtracting the known angle from #wo
right angles.

M.—Compare each of the
angles @ b ¢ and ¢ b d with
. a d
two right angles. 3

P.—The angle a b c is equal to two right angles
minus [less] the angle ¢ 6 d. The angle e¢b d is
equal to two right angles minus [less] the angle a & ¢.

M.—We shall, now, substitute signs for words fre-
quently occurring; thus, put / instead of angle, / s
instead of angles ; = instead of is or are equal to;
— instead of less [minus]; rt. £ instead of right
angle; rt. /s instead of right angles.— Now, re-
write the last two sentences on your slates, and
make use of these signs.

P— C
Labe=2rt./ 8~/ cbd —Ll_z
Lecbd=2rt. Ls—abe a b

M.—What is the number of angles formed by two
straight lines intersecting each other ?

P.—Four.

M.—What may be said of them ?

P.—They are either four right angles, or they are,
together, equal to four right angles.

M.—If one of them is a right angle, what must
each of the others be 7
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P.—Also, a right angle.\

M. (drawing, on the school-
slate, two lines intersecting m / b

each other.)— Name two of %
these angles which, together, /
are equal to two right angles. o

P.—The angles amcandemb.

M. (writing.) ssamecand e mb=2rt. Ls.
Name two other angles which are also equal to two
right angles, and let a m ¢ be one of them.

P.—The angles a m c and a m d.

M. (writing.) Lsamcand amd =, also, 2 rt.
£ s: hence, the angles @ m ¢ and ¢ m b are togetlier
equal to—what other two angles ?

P.—The two angles a m ¢ and a m d.

M. (writing.)—Hence, Lsamcandemb= Ls
amc and a m d. If the angle a m ¢ be taken away
from the former two angles, and, also, from the latter
two angles,—what angles remain ?

P.—The angles ¢ m b and a m d.

M.—And, what may be said of these angles?

P.—That they are equal.

" M. (writing.)—If the angle am ¢ be taken from
each of these equals, there remains

Lemb= /L amd
How are the angles ¢ m b and a m b situated ?

P.—They are opposite each other.

M.—For this reason, they are called opposite or ver-
tical angles. Can you tell me why they are called
vertical ?
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P.—Because the vertex of the one angle is, like-
wise, the vertex of the other.

M.—What other angles are, here, vertical ?

P.—The angles amcand b m d.

M.—Compare them.

P.—They are equal.

M.—Hence, the opposite or vertical angles formed
by the intersection of two straight lines——

P.—Are equal to each other.

M. —This truth we have established; we have
proved it to be true. If, then, you were called-upon
to prove, that, “if two straight lines intersect each other,
the opposite or vertical angles are equal,” what would
you do?

P.—We would do as we have just now done.

M.—Well—the method by which a mathematical
truth, such as this, is proved, we call its demonstration.

M.—I shall rub out what I have written. Demon-
strate, each of you, that, «if two straight lines intersect
each other, the opposite or vertical angles are equal.”

The master will, here, have an opportunity of judg-
ing whether what precedes has been clearly understood.
It is of importance that the written demonstration
should be well performed,—the lines being neatly
drawn, &c. The signs, which have been introduced,
tend to render the expressions capable of being more
quickly revised, and to facilitate the detection of
errors. The following is a specimen of the manner
of demonstration recommended :—

" If two straight lines intersect each other, the opposite or
vertical angles are equal.
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Let the straight lines a b and ¢
¢ d intersect each other in the ’
point m ; the vertical anglesam ¢ 2 Ll b
and b m d, and, also, ¢ m b and
a m d, shall be equal. d

Because Zsamcand cmbd = 2rt. /s,
and, also, the Zsembandbmd = 2rt. £s;
therefore, /samcandemb= zZscmband bmd;
from each of these equals take-away £ em b ;
there remains £ am ¢ = b m d.

Again,

Because /samcandem b = 2rt. 25,
and, also, the Zsamcandamd = 2rt. /s;
therefore, /samcandem b= ssamcandamd:
from each of these equals take away £ am ¢;
there remains em b £ = a m d.

M.—On what truth does this demonstration chiefly
depend ?

P.—That the two angles which one straight line
makes with another straight line are together equalto
two right angles.

M.—There are two other truths referred-to in
your demonstration: what are they?

P.—Angles which are equal to the same angles are
equal to each other ; and, if the same angle be taken
from equal angles, the remaining angles are equal.

M.—Do these last-mentioned truths require de-
monstration ?

P.—No ; they are acknowledged at once.

M.—Will it be readily admitted that, the two angles
which one straight line makes with another straight line
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are equal to two right angles; and that, if two straight
lines intersect each other, the vertical angles are equal?

P.—No; these truths must be proved ; they require

M.—Truths which are at once conceded, and, there-
fore, do not require demonstration, are called azioms.
(Greek dtlwua, from diioc, worthy,—a proposition
worthy of being believed.)

M.—Instead of saying, “ Angles which are equal to
the same angles are equal to each other,” we might say,
in general, * Things which are equal to the same thing
are equal to each other.” Generalize the other axiom
in a similar way.

P.—If equals be taken from equals, the remainders
are equal.

M —Endeavour to generalize a similar axiom.

P.—If equals be added to equals, the sums are equal.

M.—From what obvious truth did you deduce this
general axiom ?

P.—If equal angles be added to equal angles, the
sums are equal.

The pupils will probably mention several axioms :
if not, they may be led to discover some.

It is of importance, that the substance .of this sec-
tion should be reduced to concise sentences, which
ought to be written on the school-slate and committed
to memory.

SUBSTANCE OF SECTION I.

1. A line is length without breadth.
2. The extremities of a line are points.
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8. Two straight lines may either be parallel or not.

4. Parallel lines are such, that, if produced both ways
ever so far, they do not meet.

5. If nom-parallel lines be produced far enough,
they meet or intersect each other.

6. If two straight lines meet, they may either form
one angle or two angles.

7. An angle is the inclination, to one another, of
two lines, which meet in one point.

8. That point is called the vertex of the angle ; and
the lines which contain the angle are called its legs.

9. Angles may either be equal or unequal.

10. If one straight line standing on another straight
line makes the adjacent angles equal to each other, each
of them is called a right angle.

11. All right angles are equal to each other.

12. An obtuse angle is that which is greater than
a right angle.

13. An acute angle is that which is less than a right
angle. }
14. All obtuse angles are nof equal to each other;

. nor are all acute angles equal to each other.

15. The two angles, which one straight line makes
with another straight line, are either two right angles,
or they are together equal to two right angles.

16. Iftwo straight lines intersect each other, the
four angles about the point of intersection are either
four right angles, or they are, together, equal to four
right angles.

17. If two straight lines intersect each other, the '
opposite or vertical angles are equal,
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The axioms should, in a similar manner, be written,
and learnt by heart.

Frequent repetition of what precedes is indispensa-
bly necessary before beginning the next section. The
pupils must be able to write the preceding sentences in
their order, whenever they are so required, and great
strictness is to be observed with regard to the demon-
stration of No. 17.

SECTION II.—THREE STRAIGHT LINES.,

M.—Draw three straight lines, and state what you
observe respecting them, proceeding as you did with
two straight lines.

P.—Three "
straight lines
may be equal.

2nd. Two e D e d e 5
of them may
be equal, and the third unequal. -

3rd. All
[}
three may be o b de £
unequal.
4th. They may all three be par- pt b P!
allel. e______ §

5th, Two of them may be parallel, :
and the third non-parallel.

6th. All three may be non-par- & —_—

allel. ' o / \
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M.—1In the first case, if the equal straight lines a b,
cd, e f; be placed upon each other, so that their ex-
tremities @, ¢, ¢, coincide, what must happen ?

. P—Their other extremities b, d, and f, must like-
wise coincide ; because the lines a b, ¢ d,.and e f are
equal.

M.—If the line @ b be added to each of the other
lines ¢ d and e f; what will the sums be ?

P.—a b together with ¢ d must be equal to a b to-
gether with e f.

M.—Why?

P.—Because if equals are added to equals, the sums
are equal.

M.—Instead of writing, “a b together with ¢ d is
equal to a b together with e f;” we shall make use of a
szgn for the words “ together with,”—thus:

abt+ecd=ab+e f

In the second case, if the lines a b, ¢ d, e f be placed
so that their extremities , c, e, shall coincide, will
their other extremities b, d, and f; likewise coincide ?

P.—The extremities b and d of the equal straight
lines a b and ¢ d will coincide ; but the extremity f of
the unequal straight line e f* will not coincide.

M. —If the line @ b be added to each of the other
lines ¢ d and e f, what will their sums be ?

P.—Unequal: for ab+cd are not equal toa b+e f.

M—Why not ?

P.—Because a b and ¢ d are equal, and ¢ fis unequal ;
and if equals be added to wnequals, the sums shall be
unequal.
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M. —But if the line ¢ f be added to each of the equal
lines @ & and ¢ d, what will the sums be?

P—ab +ef=cd + ef; because, &c.

M.—In the third case, can the unequal lines a b,
cd, and ef, be so placed that their extremities may
coincide ?

P.—No; thy,lines may coincide, but their extre-
mities cannot : because a b, ¢ d, and e f are unequal.

M .—If the line a b be added to each of the other
lines, ¢ d and e f;, what will the sums be ?

P.—The sums must be unequal: because the same
Jline has been added to unequal lines.

M.—In the fourtk case, can the parallel lines a b,
¢ d, and ef, intersect ?

P.—No; because parallel lines are such that, if
produced ever so far, they never meet.

M. —If, then, it were discovered that these lines do
meet, what must be concluded ?

P.—That they are not parallel.

M.—In the fifth case, since the line e f is not par-
allel to the parallel lines a & and ¢ d, what will happen
if e f be produced ?

P.—The line e f will intersect both the parallel
lines @ 4 and ¢ d.

. M.—Represent this on your slates; put letters at
the points of intersection. Which of the angles are
equal ?

P—yage= g hgb)for,

Lagh= gegh they
T are ver- o_

L chg: thd tical

Zehf=_ghd |angles. g/
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M.—Examine these angles more closely : are others
of them equal, besides those you have mentioned ?—
How is the inclination of the line @ g to the line e f
expressed ?

P.—By the angle a g e, or by the angle a g f.

" M.—Is there another line which has the same incli-
nation to ¢ f which a g has to e f? ’

P.—Yes; thelinech orcd: becauseag and c &
are parallel.

M.—And, how is that inclination expressed ?

P.—By the angle ¢ % e, or by the angle ¢ % f.

M.—What angles, then, must be equal ?

P.—The angle @ g e must be equal to the angle
¢ ke, and the angle ¢ 4 f to the angle a g A.

M.—How are the angles a g € and ¢ % e situated
with regard to each other?

P.—The angle a ge is without— the angle c % e
is within, the parallels.

M.—The angle a g e s, therefore, called the exterior,
and the angle ¢ % e the interior and opposite angle. If,
then, two parallel lines intersect another straight line,
what may be said of the angles which they form ?

P.—If two parallel lines intersect another straight
line, they make the exterior angle equal to the interior
and opposite angle.

M.—Let a b and ¢ d be two
parallel lines intersecting an-

* other straight line, e f; in the
points g and . What are the
exterior and the interior and
opposite angles?
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P.—Theexterior  age = inter. and oppo. £ che.

»w L c"f= ”» » L agﬁ
”» ya bye = ”» » L dhy'
»w Lfhd= » 2L bgf.

M.—To what other angle is / a g e equal?

P.—To the angle b g f; because age and bg f
are vertical angles.

M.—What must, you thence conclude ?

P.—That the angle b g f is, also, equal to the angle
che.

M.—Angles which are situated as the angles b g f
and c & e, are called alternate angles. What angles,
besides these, are similarly situated? What are the
alternate angles ?

P.—The angles b g fand ¢ % e are alternate.

» agfandd h e are alternate.

M.—Then, if two parallel lines intersect another
straight line, they make the exterior angle equal to the
interior and opposite angle, and ?

P.—They make the alternate angles equal to each
other.

M.—Endeavour, now, to demonstrate this latter
truth with as much precision as you have proved No. 17.

P.—Let the parallel lines a b Y
and ¢ d intersect another straight @
lineef'; the alternate anglesamf h 4
and d » e shall be equal, and, also,
the alternate angles & m f and ¢ ne.

Because the parallel lines a b and ¢ d intersect e f;
the exterior £ e m b = interior and opposite Z d n e.
But Z emb = its vertical Z amf;
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therefore, s amf= s dne.
Again,
Because the parallels @ b and ¢ d intersect the straight
line ef,
“theext. L ame=int.opp. Lecme:
But, £ am e = its vertical 2 b m f;
therefore, £ bmf= s ene.
M.—What axiom did you make use of in this de-
monstration ?
P.—Angles or things which are equal to the same
angle or thing, are equal to each other.
M.—Let the parallel lines

a e
a b and ¢ d meet the line ¢ f
in the points 4 and d. Which . f
b d

of these angles would you call
interior angles ? .

P.—The angles a bd and c d b are interior angles.

M.—What angle is equal to the angle a b d?

P.—The angle ¢ d f is equal to the angle a b d ; be-
cause Z cdf is the exterior, and £ a bd, the in-
terior and opposite angle. -

M.—Hences abd + cdbis equal to—

P—ycdf+-scdb

M.—And what do you know respecting the angles
cdf +cdb?

P—gedf+ fedb= 21t gs.

M.—What do you thence conclude ?

P.—That the two interior angles,a bd + cd b =
2 rt. s, likewise.

M.—Express, now, in words the truth we have just
discovered.
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P.—If two parallel lines meet another straight line,
they make the two interior angles, together, equal to two
right angles.

M.—Demonstrate this truth.

P.—Let the parallel lines p
a b,c d meet the line e fin the / /
points b d, the two interior
anglesa bd and cdbshall, to- ¢ & d P
gether, be equal to two right angles.

Because the lines a b and ¢ d are parallel,
the ext. £ cdf = int. opp. £ abd.

To each of these angles add £ c¢d b;

then, Ledf+ Ledb= Labd + sedb.
But LZedf+ Ledb=2rt /5;
therefore, / abd + 4cd b = likewise, 2 rt. /s.

JM.—What axioms did you use in this demonstra-
tion ?

P.—«If equals be added to equals, the sums are
etiual ;" and, « things which are equal to the same
thing are equal to each other.”

M.—Demonstrate this truth from the eguality of the
alternate angles. In doing so, you will, of course, use
intersected lines.

P.—Because a b and ¢ d are
parallel lines, £ b e f= L cfe
each being an alternate angle.

e

To each of these angles add £ aef;

then, £ bef+ sLaef= Lcfe+ Laef.

But, £bef + Zaef=2rt £8;

therefore, the 2 int. £s,c fe + a e f = likewise,
2rt. /s,
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M.—Since the 2 int. /s, aef + cfe=2rt. /5,
what must the 2 exterior £8,¢fn + aembe?

P.—The2ext. £s,cfn + aem, must be equal to
2 rt. £8: because the 2 interior angles, cfe + aef,
together with the 2 exterior angles, ¢ fn + aem =4
rt. angles, and it is known that the 2 interior /5, ¢ fe
+ aef =2rt. £8; therefore, the 2 ext.zs,cfn +
a-e m, must be equal to 2 rt. /s.

M.—Demonstrate this on your slates.

@ t/m b

P .—Because Y

Zsefn +efe=2rt. /s,

and,alpo, Leyaem +aef=2rt. /£5;

therefore, £s,cfn +cfe +aem +aef=4rt. /s.

But, £scfe + aef = 2rt. £s; becausea b and ¢ f

are parailel : therefore,

the2 ext. £s,¢ f'n + aem = likewise, 2 rt. /s.

. M.—Ifit be known that, the e ,

exterioranglecdeisnot equal to

the interior and 6pposite angle £ / .

a bd, what must be concluded ? 3 d
"P.—That the lines a b and d ¢ are not parallel.
M.— Again, if itbeknown / @ e

that the anglesaefand dfe e £

are not equal, what must be

concluded ? b d
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P.—That the lines a b and ¢ d are not parallel.

M.—Again, ifitbeknown a
that the 2 interior angles . /
aef + cfeare not equal
to 2 rt. ~8, what must be / ,
concluded ? b d

P.—That the lines a b and ¢ d are not parallel.

M—Ifthe /s,aef + cfe are not equal to 2 rt.
28, what may they be, together?

P.—They may be together either more or less than
2rt. /8.

M—If the anglesa e f + ¢ f e be less than 2 rt. /5,
what will happen if the lines @ b, ¢ d, be produced
both ways?

P.—The lines a b and ¢ d will meet, toward a and c.

M.—If the anglesbef + dfe be more than 2 rt.
28, what will happen if the lines a 4 and ¢ d be pro-
duced both ways ?

P.—The lines a b and ¢ d will not meet toward the
points b, d.

M.—Hence, if any two straight lines intersect an-
other straight line, on which side of this line will the
two lines meet, if produced far enough ?

P.—The lines will meet on that side of the in-
tersecting line where the two interior angles are toge-
ther less than two right angles.

M.—If, then, we wished to ascertain
whether the lines @ b and ¢ d are parallel @
or not, what must be done ? ee @
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P.—A third line must be drawn so as to intersect
. aband ¢ d; and, then, we must ascertain whether
the exterior angle is equal to the interior and opposite,
or not; or, whether the alternate angles are co-equal
or not; or,'whether the two interior angles are, toge-
ther, equal to, less than, or more than, two right angles.
M.—In the 6tk case, what will happen if the non-
parallel lines a b, ¢ d, ef, be produced far enough 2
P.—They will meet and intersect each other.
M.—In how many points can they intersect ?

P.—In one point ;

or, in #wo points ;

or, in three points. a b

£ d
M.—If three lines meet in ome point, how many
angles can they make ?

a
P—Either two angles; ¢
b d

D5



.
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c e
or, three
angles ; a 54 b
d

a

Y .
or, four d”
. angles 3 /l\ d e
c 3 ¢ 3 i

: " e .
or, five angles; a,\ ¢ /
or, siz angles. ¢ F it

_ d b a/ [\

M.—If three lines, meeting in one point make fwo
angles, what may these angles be ?

P.—Only acute angles : @
for, if the anglesa b ¢ and %;
cb d were right angles the } d

lines @ b and b d would be

[14
in one straight line thus :— /
and, if the anglesa b ¢ and ¢ d
¢ bd were obtuse, the three L
linesa b, ¢ b, and d b would ¢

make three angles, thus :—

\d
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M.—Hence, if three lines, meeting in one point,
make two right angles, what must be concluded ?

P.—That two of these lines are one and the same
line.

M.—But, if three lines, meeting in one point, make
two angles which, together, are equal to two right
angles, what must then be concluded ?

P.—That the linesa & ¢
and d'b are but one and /
the same line; for, the @ 3 d

line ¢& may be at right
angles or not.

*  M.—Hence, if you were c
_required to ascertain, whe- i
ther abandd b are oneand  ° b 4
the sdme line or not, what would you do ?

P.—We would endeavour to ascertain whether the
angles,abe + dbc=2rt. /s, or not.

M.—If three lines, meeting in one point, make two
angles, what may these angles be found as to equality
when compared ?

P—Either equal or unequal.

M—If the angles a b ¢ and a
cbd are equal, what happens when e
the angles are placed upon each } d

other, so that their vertices coincide ?
P.—q b will fall upon b d and coincide with it.
M.—And, if a b = b d, what, then, will result ?
P.—The point @ will be upon the point d.

‘
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M.—But, if the anglesabc andcdd
be unequal, and be so placed upon each
other that their vertices coincide, will ¢
ab then be upon b d?

P.—No: a b will either be within the angle ¢ b d,
or, without it,—according as the angle a b ¢ is greater
or less than the angle ¢ bd.

M.—What may the sum of these two angles be ?

P.—They may, together, be either less than one
right angle ; or, they may be, together, equal to one
right angle; or, they may be greater than ome right
angle, but they must be less than two right angles.

M.—If three lines make three angles, what is the
sum of these angles ?

P.—They are together equal to two or to four right

angles.
M.—Show this.
c e
P.—
[ __XL b

d
The345,adc+cde+edb=24:,adc+cdb.
But the 2 /s, adec +ecdb=2rt. y/5;
therefore, the 8 /s, adc + cde + ed b = likewise,
2rt. /s, N

’|

Next, produce any of the three lines, 4 d,/d‘\
b ¢

the345adb+adc+bdc:the 4 /sadbd +
G“adec +bde +ede.
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Butthe4 /s,adb + adc + bde +~edc=4rt./8;
therefore, the 3 /s, add 4+ adec +bdc=4rt. £s.

M.—If three lines, meeting in one point, make either
' four, five, or six angles, what is their sum in each
case ?

P.—Four right angles.

M. —What, then, is the sum of all the angles about
one point ?

P.—Always four right angles.

M.—If three lines meet and intersect each other in
two points, what is the least, and what the greatest,
number of angles which they can form ?

P.—The least number is two d . ¢
angles; ’ /
& e b
_a
and the greatest number, eight _ / /:.
angles. / /;f
bV 4

M.—~In the former case, if each of the angles, da &
and ¢ b a, is a right angle, what must we conclude?

P.—That the lines d @ and ¢ b are parallel.

M.—And if their sum is = 2 rt. z£s8?

P.—That the lines d @ and ¢ b are parallel.

M.—But, if their sum be less or greater than 2
rt. /8?

P —If their sum be less, b ¢ and ¢ d must meet
toward the points ¢ and d; and if their sum be greater
than 2 rt. /s, the lines d @ and ¢ 4 will not meet.

M.—In the former case, the lines da and ¢ b are said
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to converge towards ¢ and d; and, in the latter case,
they are said to diverge.

M—If three lines, intersecting each other in -two
points, make eight angles, what is their sum ? '

P.—Their sum is equal to 8 rt. £s.

M.—If three lines meet and intersect each other in
three points, what is the least, and what is the great-
est, number of angles they make ?

and the greatest number is fwelve
angles. b

M.—What do-you observe respecting these lines ?
P.—They inclose a space—they form a ¢riangle.

SUBSTANCE OF THIS SECTION.

18. If two parallel lines intersect another straight
line, they make the exterior angle equal to the tnterior
and opposite angle.

19. If two parallel lines intersect another straight
line, they make the alternate angles equal to each other.
- 20. If two parallel lines meet another straight line,
they make the two interior angles together equal to
two right angles.

21. If two straight lines intersect another straight
line, so as to make the exterior angle not equal to the
interior and opposite angle, these two lines are not

parallel.
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22, If two straight lines intersect another straight
line, so as to make the alternate angles not equal to
each other, these two lines are not parallel.

28. If two straight lines meet another straight line,
and make the two interior angles, together, less than
two right angles, these lines will meet if produced
far enough on that side of the line on which are these
interior angles.

24. If, at one point in a straight line, two other
straight lines make the adjacent angles, together, equal
to two right angles, these two lines are in the same
straight line.’

SECTION III.
ONE TRIANGLE.

M.—State all you have learnt concerning triangles.
(See Lesson IV.)—We shall now examine triangles
more minutely. Can there be a triangle of which all
the angles are right angles ?

P.—No: for, if each of the anglesa b ¢ a
and a ¢ b were a right angle, the lines /\

a b and a ¢ would be parallel and, there- i z
fore, could not meet at the point a ; b °
nor could @ b and & ¢ meet if the /s, bac and beca
were right angles,—nor a ¢ and b ¢ if the £s, ca b
and ¢ b @ were right angles. '

M.—Try if two of the angles can be right angles.

P.—They cannot ; there cannot be a*triangle of
which two angles are right angles : for, a
if £8, abec and a cb were right angles,
aband a ¢ would be parallel, and, there-
fore, could not meet at the point a. b ¢
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M.—What, then, must be concluded with respect
to the sum of any two angles of every triangle ?
P.—The sum of any two angles of every triangle

must be less than 2 rt. zs: for, if a
28 abe + acb= 2rt. /s, the lines A
a b and bc would be parallel, and could } e

not, therefore, meet at a.

M.—Can one of the angles of a triangle be a right -
angle? Sucha triangle is called a right-angled triangle.
Can there be a triangle of which the three angles are
obtuse angles; or, of which two angles are obtuse an-
- gles; or, of which one angle is obtuse ?

DP.—The three angles of a triangle can- @
not be obtuse; because, if £sabcand acd
are obtuse, then /s, abe + ac b are} c
greater than 2rt. £s; and, therefore, a b and a ¢ cannot
meet at @, but must diverge continually : and the same
may be said of the lines a b and b ¢, or a c and ¢ b.

For the same reason, there cannot be a triangle of
which two angles are obtuse: but the one angle
of a triangle may be obtuse.

M.—Such a triangle is called an obtuse-angled trian-
gle—Can the three angles of a triangle be acute
angles ?

P.—The three angles of a triangle may be acute.

M.—What may be concluded from what you have
discovered concerning the sum of the angles of every
triangle ?

P.—The sum of the angles of every triangle cannot
be three right angles; neither can it be three obtuse,
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that is, more than three right angles: it must there-
fore, be less than three right angles. .

(3
M.—Let a bc be a triangle: find the

sum of the angles abc, a c b, and bac.
b ¢

It is advisable, here and in similar cases, to leave
the pupils, unassisted, to the operation of their own
faculties ; and, should their efforts not prove success-
ful, the time, thus occupied, must not be considered
mis-spent,—inasmuch as such efforts will tend, per-
haps more than anything else, to impart to them that
habit of independent and patient thought and research,
which constitutes a fundamental element of the mathe-
matical character, as well as of every well-trained
mind. All answers to such questions as the last should
be submitted to the criticism of ‘the class :—and the
master -may, ultimately, assist their endeavours, or
correct and arrange their results—after the following
example :—

M.—In the trianglea b ¢, d
, draw from the point ¢ a line,
¢ d, parallel to one of the
sides of the triangle. Which|, c
side must that be ?

P.—Parallel to the side a &.
+© M.—What have we, thus, obtained ?

P.—The angle a ¢ d.

M.—And, to what angle is a ¢ d equal ?

P; Lacd= gbac,fortheyare alternate angles,"
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_ formed by the parallel lines a 4, ¢ d, meeting the
strajght line @ c.

M.—The three angles of the triangle are, therefore,
together, as much as—what other angles ?

P.—The angles of the triangle, '

abec+acb+dbac= gp,abc+achb+acd

M.—And to whatare the /s,abc +acb+acd
equal ? .

P—ys,abct+achb+acd=2rt £58;
because they are equal to
48 abe + d ¢ b, which are equal to 2 rt. £ s,—for,
they are the two interior angles formed by the parallel
lines a b and d ¢ meeting the line 4 c.

M.—What must thence be concluded ?

P.—That the angles,abc+acbd + bac, of the
triangle a b ¢ are, also, equal to two right angles.

M.—State, now, in writing, what we have just
said.

P, —From the point ¢ of the
triangle a b ¢ draw the line ¢ d paral-
leltoad; b

a 4,

c
then, because a b and ¢ d are parallel,

the £ bac= £ altern.ac d,

To each of these angles add £s,aecd + abe;
then, Ls,b_ac+acb+abc= Ls,acd+ach
+abe. '

But, /s,acd +ach +abc=2rt. zs.
Therefore, 28, b a ¢ + a ¢b + a b ¢, likewise, = 2
rt. /28,
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M.—What axioms did you use in this demonstra-
tion ?

P —Ifequals be added to equals, the sums are equal;
and, things which are equal to the same thing are
equal to each other. _

M.—What has been done, in order to demonstrate
this truth—< the sum of the angles of a triangle is
equal to two right angles ?” :

- P.—A line has been drawn, from the point ¢, paral-
lel to one of the sides of the triangle.

M.—Such a line is called an auailiary line ; for, it
is by the Zelp of this line that we have been enabled
to demonstrate this truth. Is it necessary to draw an
auxiliary line from the point ¢ exclusively ?

P.—No: & line may be drawn from the point a,
parallel to the side & ¢, or from the point 4, parallel to
the side a ¢.

M.—In general, then, an auxiliary line may be drawn
from either of the points a, b, ¢, parallel to what
side ?

P.—That side which is opposif.e to the angle from
the vertex of which the parallel line is drawn.

"M.—Produce the auxiliary line ¢ d from the point e ;
what do you obtain? :

a d,

D

P.—The angle b ce.
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M.—Endeavour to demonstrate the same truth by
means of the two anglesacd, bce.

P. Z acd=alternate £ bac,
and 2 bce=alternate L abec;
~ therefore, £s,acd +bce= ¢s,bac+abec
To each of these equals add £ bca s
then, /s,acd + bce+ beca= ygs,bac+abc +
bea:

But /s,acd +bce + bca=2rt. £5;
therefore, £s,bac+abec+bca,likewisg, =2rt. £s.

M.—Find whether or not the sum of the angles of
every triangle is equal to two right angles. What, then,
must each of the angles of an equi-angular triangle be ?

P.—The third part of two right angles; that is, two
thirds of one right angle. _

M.—If one of the angles of a triangle be a right
angle, what will be the sum of the otlfer two angles ?

P.—The sum of the other two angles must be equal
to what remains after the subtraction of one right angle
from two right angles,—that is, to one right angle.

M.—Hence, what are the angles of a right-angled
triangle ?

P.—Oné angle is a right angle, and each of the other
two angles is acute.

M~—If one of the angles of a triangle is obtuse,
what is the sum of the other two angles, and what, is
each of them ? '

P.—The sum of the other two angles must be
less than one right angle ; and, therefore, each of them
must be acute.
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M.—If one of the angles of a triangle be acute,
what must be the sum of the other two angles, and
what may each of them be ?

P.—Their sum must be greater than one right an-
gle: one of them may, therefore, be a right, the other
an acute angle; or, one of them may be obtuse, and
the other acute ; or, each of them may be acute. -

M—If it be known that the sum of two angles of a
certain triangle is equal to one right angle, what may
be concluded with respect to the triangle ?

P.—As theremaining must be a right angle, the tri-
angle must be a right-angled triangle.

M.—If it be known that the sum of two angles of
a certain triangle is less than one right angle, what
may be concluded with respect to the triangle ?

P.—The remaining angle being obtuse, the triangle
must be obtuse-angled.

M.—And, if it be known that the sum of two angles
of a certain triangle is greater than one right angle,
what may be concluded ?

P.—The remaining angle must be acute ; but, the
triangle may be right-angled, obtuse-angled, or acute-
angled.

M.—What may we obtain by producing one of the

sides of a triangle ?
a

P.—An angle such as acd. i E\
: b c d

M.—How is this angle situated with respect to the
triangle ?
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P.—1t is without the triangle.

M.—On that account it is called an exterior angle.
By what name would you designate the angle @ ¢ b ?

P.—I would say that the angle a ¢ b is adjacent
to the exterior angle a ¢ d.

M.—The other two angles b a c and a b ¢ are called
the interior and opposite angles with respect to the ex-
terior angle a cd. Now compare the exterior angle
a ¢ d with each of the interior angles of the triangle
a b ¢, and state the various results of the comparison.

P.—1. The exterior angle a ¢ d may o
be equal to its adjacent angle @ ¢b ; in
this case each of them is a right angle, b d

and the triangle @ b ¢ is, therefore, a right angled-
triangle.

2. The exterior angle a ¢ d may be e
greater than its adjacent angle ac b - &
the exterior £ @ c¢d is, then, obtuse, b e d
the adjacent £ ac b being, therefore, acute; and the
triangle may be a right-angled, obtuse-angled, or acute-
angled triangle,—because either of the interior opposite
angles a b ¢, b a ¢ may be right, obtuse, or acute
(page 64).

3. The exterior angle a ¢ d may be @
less than its adjacent angle a ¢ b.

The exterior £ acd is, then, acute, b 4 d
the adjacent £ a ¢ b obtuse, and

the triangle a b c. therefort, obtuse-angled.
4. The exterior angle acd is

. a.
always greater than the interior
b d
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and opposite angle a b ¢ : for,—

because £Zs,acd +acb=2rt. /s,

and £s,abec + acbareless than 2 rt. £s;
therefore, /s, a cd + a ¢ b are greater than /s,
abc+ach:

from each of these unequals if you take away £ a ¢ b,
there remains the exterior £ a ¢ d, greater than the
interior and opposite angle a b ¢. '

5. The exterior angle acd is, @
likewise, greater than the other i f
interior and opposite angle bac: e

for, because £s,acd+acdb=2rt. As,'

and /s,bac + acbare less than 2 rt. /s;
therefore, /8, a ¢ d + a ¢ b are greater than /s,
bac+ach:

from each of these unequals if you take away £ a ¢ d,
the exterior £ a@ ¢ d remains greater than the interior
and opposite £ ba c.

M.—Use the sign < for the words “is or are less
than,” :
and the 'sign > for the words ‘“is or are greater
than;”
also, the sign ., for the word ¢ therefore,”
and the sign °.* for the word “ because.”

Express Nos. 4 and 5 in words.

P.—1If one side of a triangle be produced, the exterior
angle is greater than either of the interior and opposite
angles.

M.—Write the demonstration of this truth on your
slate, and introduce the signs just recommended.
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P. °r ygs,acd+achb=2rt. /s,

and zs,abec+acdb 2rt. £s;

S lsaecd+ach> gs,abe+ach

From each of these unequals take away £ a ¢ b—
Then, the remaining ext. £ ac d 2> the int. opp. £
abe.

In the same way, it may be shown that the ext.
2 a c d is greater than the int. opp. L bac.

M.—Compare the exterior angle of a triangle with
the sum of the two interior opposite angles.

P.—The exterior angle a ¢ d is equal to the sum of
the twp interior opposite angles a b ¢ + b a ¢+
for,

w zsacd +ach=2rt s,

and, also, /s, acdb +abc+bac=2rt. /5;

S 2saedtach= gs,acb+abec+ baec
Take away £ a ¢ b from each of these equals—

.. the remaining ext. £ a ¢ d = remaining int. opp.
Ls,abe+bac

M.—Produce two of the sides of a triangle. What
is the sum of the two exterior angles ?

\

P. ss,acd+ach=2rt. 25, a
and zs,ebct+abe=2rt. /s;

S Ls,acdtachbtebe+abe b ¢ d
=4rt. £8;

and, ., Zs,ac d+acb+ebc+abc+bac>
4rt. /s,
From these unequals take /s, acd + a be+bag,
which=2rt. /s;
Then, the remaining ext. L acd t+ebe>2rtys.
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Hence, two exterior angles of a triangle are together
greater than two right angles.

M.—Produce each of the sides of a triangle. What
is the sum of the three exterior angles ?

P.—Each exterior angle‘to-
gether with its adjacent angle

= two rt. £s; ., the three
ext. s together with the b —X*d

d

[

angles of the triangle = six
rt. Zs.
But the £s of the triangle = 2rt. /s;
.>. the three exterior £8 =16 rt. £8—2 rt. L8 =
4rt. /8.
Hence, if each of the sides of a triangle be produced,
the sum of the three exterior angles — four rt. Zs.

M.—Produce each of the sides of a triangle both
ways. What is the sum of the twelve angles; and,
" what is the sum of the nine exterior angles?

P.—The sum of the twelve angles = 12 a
rt. £s; and ,°, the sum of the 9 ext. /s
= 10rt. Zs. b c

SUBSTANCE OF SECTION IIL

1. Any two angles of a triangle are together less
than two right angles.

2. The interior angles of every triangle are together
equal to two right angles.

8. A right-angled triangle is that which has a right
angle.

4. An obtuse-angled triangle is that which has an

obtuse angle.
E
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5. An acute-angled triangle is that which has three
acute angles.

6. If one side of a triangle be produced, the ex-
terior angle is greater than either of the interior and
' opposite angles.

7. If onesside of a triangle be produced, the exterior
angle is equal to the two interior and opposite angles.

8. If each of the sides of a triangle be produced,
the three exterior angles are, together, equal to four
right angles.

SECTION 1IV.
TWO TRIANGLES—THEIR EQUALITY.

M.—What may be said, on comparing the angles
of two triangles ?

P.—1, The angles of one triangle are, together,
equal to the angles of any other triangle; because,
their.sum, in each, is equal to two right angles.

2. One angle of the one may be equal to an angle
of the other.

8. Two angles in the one may be equal to two an-
gles in the other, each to each. ’

4. The three angles of the one may be equal to
the three angles of the other, each to each.

5. The three a.ngles of the one may be wnéqual to
the three angles of the other, each to each.

M—1If an angle of one triangle be equal to an angle
of another triangle, what may be said of the other
two angles, in each ? ‘

P.—The sum of the other two angles of the one
triangle must be equal to the sum of the remaining
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two angles of the other ; because, the sum of the three
angles of the one is equal to the sum of the three
angles of the othér, and if the equal angles be sub-
tracted from these equals, the remaining angles must
be equal. _

M.—If two triangles have two angles of the one
equal to two angles of the other, each to each, what
. may be said of the remaining third angles ?

P.—They must be equal,—for the reason alleged
in the former case. :

M.—What may be said, then, of the angles of these
triangles ?

P.—The angles of the one are equal to the angles
of the other, each to each.

M.—Draw two triangles having one angle of the
one equal to one angle of the other.

. a d/
P.—Let the anglebac
be equal to the angle e d f- .
e
¢ f

M.—If the angle bac

a d
be equal to the angle
e d f, what happens, if }
the triangle e d f be ©
. S
placed upon the triangle c

a be, so, that the point d may be upon the point a,
and the angle e d f upon the angle b a ¢ ?

P.—The side e d must fall upon the side a &, and
the side d f upon the side ac.

M.—And, where may the points e and f fall ?
E2
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P.— Either somewhere on the
sides a b and @ c;—when de and d f
are, each, less thana band ac;

Or, a
one of them may fall upon a b and the
other beyond the point ¢,—when d e is

less than a b, and d f is greater thana ¢ ;be

]

'
"Or, a
both may fall beyond the side
b ¢, without the triangle a b ¢,
—when d e and df are both }
greater thana b and a c. e

e
I

M.—And, when will the points ¢ and f fall exactly
upon the points b and ¢ 2

P—Whende=abd, anddf:ac.

M.—And where, then, will the side e f fall ?

P—¢ f must fall upon b ¢, and ef must, also, be
equal to &c; because, since the point e falls upon 3,
and the point f upon ¢, the whole line e f must fall
- upon the whole line 4 ¢, and be equal to it,—for, ¢ f
“and b ¢ are straight; not curved, lines.

M.—And, what may be said of the remaining two
angles of each triangle ?
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P.—The angle d e f must be equal to the angle
a b ¢, and the angle d fe must be equal to the angle
ach

M.—And what may, then, be said of the triangles
themselves ? ‘

P.—The triangle d e f must be equal to the tri-
angle a b c.

M.—Then, when are two triangles equal to each
other ?

This question the author has been accustomed to
propose to his class previously to the preceding in-
vestigation, which is strictly in accordance with the
demonstration of Euclid. (B. 1. Prop. 4). The an-
swers of his pupils were, however, generally of such
a nature as to render the demonstration too loose
and unmathematical; and he has, accordingly, found
it necessary to lead their thoughts into a chain of
reasoning similar to the preceding. :

P.—Two triangles are equal, when two sides of the
one, with the included angle, are equal to two
sides of the other, each to each, with the included
angle.

M.—Instead of, “the included angle,” or ¢ the
angle between them,” say, «the angle containel by
them.” What may be said of the third sides of two
such triangles? ’

P.—Their third sides are equal.

M.—And, of the remaining angles in each ? .

P.—The remaining angles of the one are equal to
the remaining angles of the other, each to each.
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M.—Then,if a b= a d
df,andac =de, and : i
Lbac=sedf} ceﬁl
state what you know ~—\f
of the trianglesa bcand d e f.

P.—The side b ¢ = side e f,

Zabe= zdfe,
and Lacb= zdef.

M.—Could the angle a b ¢ be equal to the angle
def?

P.—No: because if the triangle d e f be applied to
the triangle a b ¢ so that the point @ may be on the
point d, and the side a4 upon the side, equal toit, df,
the side a ¢ will fall upon d ¢,—
because L bac= Ledf;
the point f will fall upon the point b,—
because a b =df ;
the point ¢ will fall upon the point e,—
becauseac = de; ,
and, hence, the third side ¢ must. fall upon e f and be,
therefore, equal to e fo
Also the triangle @ & ¢ must fall upon the triangle
d e f, and be, therefore, equal to it; and the £ abd¢e
upon the £ dfe, and L acbupon Ldef.

Hence, these angles must be equal: and the angle
a b ¢ cannot be equal to the angle de f, unless £ def
be likewise equal to £ d fe.

M.—What may be said of the sides which are op-
posite to the equal angles, in each triangle ?

P.—The sides opposite to the equal angles are equal.
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M.—And what, of the angles to which the equal
sides, in each triangle, are opposite ?

P.—The angles to which the equal sides are oppo-
site are equal.

M.—Now, state connectedly the different truths we
have established respecting two such triangles.

P.—If two triangles have two sides of the one equal
to two sides of the other, each to each, and have like-
‘wise the angles contained by those sides equal to each
other—their third sides are equal—the triangles are
equal—and their other angles are equal, each to each,
namely, those to which the equal sides are opposite.

M.—Demonstrate this truth on your Slates.

The pupils must give a demonstration in all respects
similar to the preceding; and great attention should
be paid to neatness of performance, correctness of
statement, and methodical arrangement of the several

parts.
‘ a d
" A A
b o o £
Bat, if in the t;'iangles abcanddef,
ab=deac=df,
and £ ed f is greater than £ b a e,
what will necessarily be concluded with respect to
their third sides or dases, e f and b¢?

P.—The base ¢ f must be greater than the base b¢.
M.—State this deduction at full length.
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P—If two triangles have two sides of the one
equal to two sides of the other, each to each—but,
the angle contained by the two sides of the one
greater than the angle contained by the two sides,
equal to them, of the other—the base of that triangle
which has the greater angle, is greater than the base
of the other.

N.B. This theorem may be demonstrated, by making

s d
! A
bﬁ . §
Lbag= Ledfiandag=dforac;
and by joining ¢ g and b g—(Euclid, B. I. Prop. 24) .
though it may, perhaps, be desirable to defer the
demonstration until the rekearsal of this section.

M—State what you know of an isosceles triangle.
(Introduct. Lesson IV.)

P.—An isosceles triangle is that of which two sides
are equal: the third, the unequal, side is called the
base ; the angles adjacent to the base are called the
angles at the base.

M.—Compare the angles at the base of an isosceles
triangle.

P.—In the tri- @
anglea b ¢,

letab=ac;
draw the straight line @ d, bisecting £ ba c:

then, *.* a b =a ¢, and a d is common to the two tri-
angles,ad b and a d c,
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andthe L bad= fcad:

., the third side b d = third side ¢ d,

the triangle @ d b = triangle c a d,

and the remaining angles of the one are equal ‘to the
remaining angles of the other, each to each, namely,
those to which the equal sides are opposite ;

and -, Ladb= s adec,

and £ a b d = £ a c d—the angles at the base.
Then, in an isosceles triangle, the angles at the base
are equal to each other.

(Should the pupils be unable to discover the manner
of drawing the auxiliary line a d, the master may
thus far assist them, then leaving them to find" out
the demonstration, by themselves. The demonstra-
tion of Euclid (B. I. Prop. 5.) is, at this stage, too
proliz, and may be dispensed-with till they are pro-
perly prepared to enter on the study of his Elements.

M.—From the manner in which a d has been
drawn, what other properties can you discover in an
isosceles triangle ?

P.—When the angle opposite to the base of an
~ isosceles triangle is bisected,

1. The base is, likewise, bisected ;
2. The bisecting line is at right angles to the base.

M.—The angle opposite to the base of an isosceles
triangle is usually called the angle at the vertex. In
an isosceles triangle, if the base be bisected, and,
from the point of bisection, a straight line be drawn
to the angle at the vertex, how will such a line affect
this angle?

ES
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P.—The anglea b ¢ at b
the vertex is bisected by
bd; o
a c
for . ab=">c, and d

a d = ¢ d (a c being bisected),
and L bac= sbed;
.~ the triangles @ & d and ¢ b d are equal in every
respect.
Hence L abd= secbd;
. £ a b ¢, at the vertex, is bisected.

M.—How are the equal angles of an isosceles tri-
angle situated with regard to the sides ?

P.—The two equal angles are opposite to the two
equal sides.

M.—Hence, if two angles of a triangle be equal to
each other, what must follow ?

[In an introductory course- of study, it is advisable
to omit demonstrations of the .converse truths; and,
accordingly, few will be found in this treatise. In-
deed, the indirect method of demonstration (reductio
ad absurdum),—as, ambng other reasons, involving
‘the assumption of an wntruth, and being the least
satisfactory, — is unsuitable to  beginners or young
learners; and it should, therefore, be avoided, as much
as possible, in initiatory instruction.]

P.—The sides which are opposite to these two
equal angles are equal to each other—that the triangle
is isosceles.

M.—Hence, if the three sides of a triangle are
equal, —that is, if a triangle is equilateral, — what
may be said of the angles ?
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P.—The angles of an equilateral triangle are
equal : an equilateral triangle is equi-angular.
M.—Demonstrate this. )

P.—Let a b ¢ be an equilateral an
triangle ;
then ‘cabd=ac
Zabec=acb;
and " ab =be b ¢
LZbac=ach:

S Labe= gbac= L ach;
and ., the triangle a b ¢ is equiangular.

M—And, if a triangle be equiangular, what may
be said of its sides ?

P.—1If a triangle is equiangular, it is also equilateral.

M.—Since a triangle of which the sides are equal
has likewise its angles equal, what may be inferred if
the sides be unequal ?

P.—That the angles are, likewise, unequal.

M.—And, what angle must; then, be greater than
either of the others?

P.—That to which the greater side is opposite. -

M.—Demonstrate this, by means of those truths
with which you are already acquainted.

P.—In the triangleadc,let b ¢

be greater than a c; the angle o
b a c, opposite b c, shall be greater m
than the angle a b ¢, oppositea ¢ b c

*» a c is less than b c.

Produce & ¢ at a,and make cd = b ¢,
and joind b;

then',bc=dec,
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Zebd= gcdb;
S Zedb> sabe.
But £bac>int.opp. £Lcdb;
muchmore ., Lbac> L abe.
~ Hence, in every triangle the greater angle is opposite
to the greater side.

'M—If, then, it be known that one angle of a tri-
angle is greater than another angle, what must be
concluded with respect to the sides subtending [op-
posite to] these angles ?

P.—The side subtending the greater angle must be
greater than the side subtending the less.

M.—Which, then, of the sides of a right-angled
triangle is the greatest ?

P.—The side subtending the right angle.

M.—And in an obtuse-angled triangle, which is the
greatest side ?

P.—The side subtending the obtuse angle.

M—In an equilateral triangle, compare the sum of
any two sides with the remaining side.

P.—Any two sides of ‘an equilateral triangle must
together be greater than the remaining [third] side,
because all the sides are equal.

M.—But, in any triangle, are two sides together
“greater or less than the remaining third side ?

P.—The sides, b a + a ¢ must be . a
greater than b ¢, because b ¢ is the - _/— i
shortest distance between the points b ¢
b and c.

For same reason, ad + b¢ >ac, and
ac+bc>ab.
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M.—This truth may be demonstrated by converting
two sides into one : endeavour to do so.
P.—Produce the side a b at the
point @, and make a d, the part produced, @
equal to a ¢, and join de¢:
then > ad=ac, b °
Zade= sacd;
S 2bed> sade
And *.- to the greater angle the greater side is opposite;
sbd>de
butbd=ba+ ac:
sba+ac>be
Hence, any two sides of a triangle are together greater
than the remaining side. b
M.—In the triangle a b ¢, let
the side & ¢ be greater than ¢ b.;
how would you discover the ex- ¢ a
cess of b ¢ over ab—i.e. by how much b¢ is greater
than ¢ b2
P.—By cutting off from the greater, & ¢, a part equal
to ab; the remaining part must be the difference, in
length, between bcand ab.
M.—Compare this difference between two unequal
sides of a triangle with the remaining [third] side.

P.—Let bcbe greater than abd;

/a
frombeccut of bd=ab: 3 i ds‘_\_

dec is the difference between b ¢ and ab.
Then, because any two sides of a triangle are to-
‘gether greater than the third side,
ba+ac>be; .
but ba=bd;
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Sbd+ac>be
From these unequals take-away b d, which is common
to both—
there remains ac > de.
Hence, the difference between any two .ndes of a triangle
is less than the third side.

M.—The same truth can be demonstrated by means
of the angles: try this method.

"P—Letdec be the difference a
between be and ab; join ad:
then °. ba=bd, y) Y

LZbad= s bda;

but the ext. £ adc¢ > int. opp. £ bad;
cozade> s bda. '
Also, the ext. £ bda > int. opp. £ dac;
much more .*. Lade > £ dac;
but to the greater angle the greater side is opposnte —
ceac>de—
that is, the difference, d ¢, between b c and a b, is less
than the third side, ac.

M.—Compare the three sides of a tnangle with the
double of any one side.

P.—The three sides of any triangle are together
greater than double the length of any one side;

for, a b + ac being > be, "
add b ¢ to each of these unequals; A
thenabd 4+ ac +bc>bec+ be b e

SUBSTANCE OF SECTION 1V,

1. If two triangles have one angle of the one .equal
.to one angle of the other, the sum of the remaining
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two angles of the one is equal to the sum of the re-
maining two angles of the other.

2. If two triangles have two angles of the one equal
to two angles of the other, each to each, the third
angle of the one is equal to the third angle of the
othier ; that is, the triangles are equiangular.

3. If two triangles have two sides of the one equal
to two sides of the other, each to each, and have like-
wise the angles contained by these sides equal, their
third sides are equal, the triangles are equal, and the
remaining angles of the one are equal to the remaining
angles of the other, each to each, namely, those to
which the equal sides are opposite.

4. If two triangles have two sides of the one equal
to two sides of the other, each to each, but the angle
contained by the two sides of the one greater than the
angle contained by the two sides, equal to them, of the
other, the base of that triangle which has the greater
angle is greater than the base of the other.

5. The angles at the base of an isosceles triangle are
equal.

6. In an isosceles triangle, the straight line which
bisects the vertical angle bisects the base.

7. In an isosceles triangle, the straight line which
bisects the vertical angle stands at right angles to [is
perpendicular to,] the base.

8. In an isosceles triangle, if the base be bisected,
the straight line joining the vertical angle and the
point of bisection bisects the vertical angle and stands
at right angles [is perpendicular to,] to the base.
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9. If a triangle be equilateral, it is likewise equi-
angular. ‘

10. If two’angles of a triangle be equal to one an-
other, the sides opposite to them are likewise equal ;
that is, the triangle is isosceles.

11. If a triangle be equiangular, it is likewise equi-
lateral.

12. In every triangle the greater side is opposite to
the greater angle. ‘

13. In every triangle the greater angle is subtended
by the greater side.

14, Any two sides of a triangle are together greater
than the third side.

15. The difference between any two sides of a
triangle is less than the third side.

16. The three sides of every triangle are together
greater than double the length of any one side.

SECTION 1IV.
EQUALITY OF TRIANGLES.

M.—Describe a triangle; in it take any point, and,
from the extremities of any one side of the triangle,
draw lines to that point: what is the result ?

P.—Two triangles,a b ¢
andbde.

M.—What have these two triangles in common ?
P —The base b c. :
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M.—Compare the sum of the sides & d and d ¢ with
the sum of the sides b a and a c.

Obs.—As it is important that the pupils should
find-out a- method of demonstration for themselves,
the master ought, in this and every similar instance,
to withhold assistance as long as he perceives the ma-
jority of the class actively engaged in the investiga-
tion of the question. If, ultimately, the pupils should
not succeed in discovering a demonstration, he may
direct their attention to the main points in the ques-
tion: thus, with respect to the preceding—

- M.—What are you required to do?

P.—To compare b d-+ d ¢ withba + ac.

M.—WHhat does that mean ?

P.—To try whether b d +d ¢ is equal to, or
greater, or less thanba + ae.

M.—When the sides of triangles are to be compared
with each other, which of the preceding truths will
guide you?

P.—« The greater side subtends the greater angle ;P
or, “ any two sides of a triangle are together greater
than the third.”

M.—If you adopt the former of these truths, how
must you draw a line so as.to find a relation between
baand bd?

P.—We must join the points @ and d.

M.—Do this, and see if it will assist you.

The pupils will find that it cannot assist them, be-
cause the point d is not determined.

M.—And, if you wish to use the other truth, you
have mentioned, what must be done ?
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Here, the master should leave the pupils to their
own resources: they will, doubtless, find that either
bdor ¢ d must be produced,—if the preceding les-
sons have been thoroughly understood.

When any of the pupils have succeeded, let the
“master. describe a triangle on the large school-slate,
and the successful pupil submit his demonstration to
the class, the master writing it down as the pupil
proceeds. Thus:

A
b e

(Pupil dictating, and the master writing.)
Produce bd to e ;
then, ba + aebeing > be,

add ec to each of these unequals—
sbat+aec>be + ec.
Also, de + ec being >de,

add b d to each of these unequals—
sbet+ec>bd+de
But, it has been shown that

ba+t+aec>be+ec;
" much more Soisba+ac>bd+ ec
Hence, if a point be taken in a triangle, the straight
lines drawn to it from the extremities of any one side
are, together, less than the other two sides of the
triangle.

The master may, now, let the rest of the class read
[not aloud] what is written on the slate; and, there-
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after, the demonstration being rubbed-out, let each
pupil, in turn, be called-upon to give an oral demon-
stration of the problem.

If the class consists of many pupils, the recapitula-
tion of the solution by eack pupil is apt to occasion
inattention, on the part of those who fully know it.

. It is, then, advisable to let each pupil take a share of
the demonstration~—not in regular rotation, but at the
call of the master, in ‘ordér, the more effectually, to
sustain universal aftention.

This exercise having been gone-through, let the
pupils be called-upon to re-produce the whole in
writing, on their own slates — the master carefully
revising what they have written.

Should there be, after all, some, weaker, pupils in-
capable of doing so, the master may assist them by
writing, on the school-slate, the main points of the
problem, thus:

a

o
! .,

Show that
l.ba+aec>be+ec
2.be+ec>bd+ de
8. Draw the necessary inference.

The preceding process has been found service-
able even to those who fully understand the demon-
stration ; as, they are thereby led to resolve the prob-
lem into its component parts.
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Moreover, it is not an unnecessary practice to in-
vert diagrams in all possible ways,—and, in this in-
stance, to produce, now be, and, at other times, dec.

o/ a o :
e
b A
/ LA c l . ©
. c e

M. (continues)—Where must the pointd be taken
s0 that d + dc shall be less than any other two lines
drawn to another point in the triangle ?

P.—The point d must be taken very near the side
b ¢,—it must be taken in the side & c; thus :

a

]
b/kb//$

M.—And where must the point d be taken so that
bd + d c may be greater than any other two lines
drawn to another point in the triangle ?

P.—The point d must be taken very near the ver-
tex, a, of the triangle, thus:

a

M.—And, what is to be observed, if the point d is
taken % the vertex a ? .

P.—The lines bd and ed, then, coincide w1th the
sides, b a and ca, of the triangle.

M.—And, what may, then, be said of the two tri-
angles abe and bdc?

~
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P.—That the sides of the triangle & d ¢ coincide with
the sides of the triangle @ b ¢, each with each; and
consequently, that the triangles are equal to each
other. .

M.— Youare already acquainted with one in-
stance of the equality of triangles ; what is it ?

P.—Two triangles are equal when they have two
sides of the one equal to two sides of the other, each
to each, and have likewise the angles contained by
those sides equal.

M.—Now, I think, from what you have before re-
marked respécting the triangles abc and bde¢, you
will be able to find out another instance of the equality
. of triangles. What is it ?

P.—Two triangles are equal when the three sides
of tire one are equal to the three sides of the other,
each to each.

M.—Right; and what angles are equal in two
such triangles ? :

P.—Those angles which are opposite to the equal
sides. ‘

M.—Illustrate what you have said, by drawing two
triangles having these requisites.

@ d
i A A
b c ¢ f

In the triangles a b ¢ and def,
ifab=deac=df,andbc =ef;
then, Lacb= Ldfe Labc= £ def, and
Lbac= Ledf—
"and A abe= A def.
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@ d

bAe e $

M.—If, then, in the triangles abcand def;
ab=deand ac = df]
but the base ef is greater than the base b¢ ;
what must be concluded withrespect to the angle e df,
which is opposite to the greater base?

P.—The angle e df must be greater than the angle
bac. .

M.—State this proposition fully, in words.

P.—If twotriangles have two sides of the one equal
to two sides of the other, each to each, but the base of
the one greater than the base of the other, the angle
contained by the sides of that triangle which has the
greater base is greater than the angle contained by
the sides, equal to them, of the other.

M.—There is, yet, something to be remarked with
. regard to the angle which the lines 4 d, ¢ d contain—
(describing the figure on the slate).

c
1 & e
Compare the angle bd ¢ with the anglebac.
P.—The angle bdc is greater than the angle
" bacy
for *. exterior £ becof A bae > int.opp. £ bac,

and the exterior £ bdcof Adec > int.opp. £ bec;
much more .. is £ bde> L baec.
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The pupils repeat the demonstration and, then, write
it on their own slates; the master, as before, writes
upon the school-slate the following :

Show that
1. £bec> Lbac.

2 zbde> sbec
8. Thence draw the necessary consequence.

M.—Hence, the angle formed by two lines drawn
from the extremity of any side of a triangle to a point
within it is greater than

P.—The angle contained by the other two sides of
the triangle.

M.—Compare the angles d b ¢ and dcb with the
angles abc and acb.

P.—The angles dbc and dcb are, evidently, less
than the angles a b ¢ and a ¢ b—because they are only
parts of the latter angles.

M.—Where must the point d be taken, so that the
angles dbc and dcb may become equal to the angles
abcandach?

P.—The point d must be taken in comcxdence with
the point a.

M.—And what may, then, be said of the triangles
abcanddbe?

- P.—They are equal to each other.

M.—After supposing, then, the anglesdbc anddcd
equal to the angles a b ¢ and acd, each to each, there
are two other parts in the triangles a b ¢ and d be,
which are equal to each other, or which these triangles

“have in common, if we consider. them separated from
each other. What are they ?
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P.—The side be.

M.—And how is this side situated with respect to
the angles?

P.—It is adjacent to them. :

M.—Describe two triangles having the following re-
quisites : two angles, and the side adjacent to them, of
the one, equal to two angles, and the side adjacent
to them, of the other.

P b d

T~

a ¢ e e

Let L bac= s def,

Lachb= Ldfe \

andac=ef. !

M.—If one of these triangles, we suppose to be ap-
plied to the other triangle, so that the point e may be
upon the point @, and the side ef upon the side ac,
what must happen? -

P.—The point £ must fall upon the point c,
because ef = ac; '
and df must coincide with b¢,
because £ dfe= g acb;
and ed must coincide with a b,
because £ def= s bac;
and, therefore, the point d must fall upon the point ,—
and the triangle def must coincide with the triangle
a b ¢, and be equal to it.

M.—Here, then, is a third instance of equality in
triangles : what is it ?

P.—Two triangles are equal, when they have two
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angles of the one equal to two angles of the other,
each to each, and have likewise the sides adjhcent to
. the equal angles equal to each other.
_M.—Repeat, now, all you have learnt from the in-
vestigation of the triangles abc and bdec.

The pupils repeating, the master writes their state-
ments on the slate. Thus :—

1. bd + dec islels thanbda + ac.

2. b d and dc are least, when the pomt d is taken in
the side c.

8. bd and d c are equal to b a and g ¢, when the pomt
d is taken in the vertex a.

4. Hence, two triangles are equal when three sides
of the one are equal to three sides of the other, each
to each.

5. Again: if two triangles have two sides of the
one equal to two sides of the other, each to each, but
the base of the one greater than the base of the
other, the angle contained by the sides of that which
has the greater base is greater than the angle contain- °

“ed by the sides, equal to them, of the other.

6. The angle b dc is greater than the angle bac.

7. Theanglesd bc and d ¢ b are less than the angles
abcand ach.

8. When the angles dbc and d ¢b are equal to the

F



98 . LESSONS ON FORM, BEING

angles a bc and acb, each to each, the point d coin-
cides with the vertex a. .

9. Hence, two triangles are equal when they have
two angles of the one equal to two angles of the other,
each to each, and have likewise the sides adjacent to
the equal angles equal to each other.

M.—And, if the angles bd ¢ and d b ¢ be equal to the
angles bac and @b c, each to each, what must follow ?

P.—The angle d ¢ 5 must be equal to the anglea c 5;
and the triangle b d ¢ must coincide w1th the triangle
ab ¢, and be equal to it.

M.—Hence, if two triangles have two angles of the
one equal to two angles of the other, each to each,
and have likewise one side equal to one side, how
must these sides be situated in order that the triangles
may be equal?

P.—They must either be adjacent to the equal
angles, or they must be opposite to the equal angles.

M.—This, then, is a fourth instance of equality in
triangles: state it.

P.—Two triangles are equal when they have two
angles of the one equal to two angles of the other,
each to each, and have likewise one side equal to one
side,—namely, those opposite to the equal angles.

This truth the master, now, writes on the slate, in
addition to the others already there. The whole is,
then, committed to memory by the pupils.

A recapitulation of this paragraph is not given,—
its result having just been written on the school-
slate.
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SECTION VI.
QUADRILATERAL FIGURES.

M.—We have, now, become acquainted with the
most general truths respecting triangles, Write them
on your slates, that I may see whether you remem-
ber them all.

This having been done satisfactorily, let the pupils
be called-upon to demonstrate any one of the pro-
blems : or rather, let each pupil, in turn, assign a '
problem, for solution, to the class. After this useful
exercise, the master may proceed thus :

M.—What, do you think, should be our next step,
after the investigation of ¢rilateral figures ?

P.—To investigate quadrilateral figures.

M.—State all you know of quadrilateral figures.
(Lesson V. Introduction.)

Let the pupils repeat what they remember respect-
ing them. .

M.—Into what two groups may all quadrilateral
figures be classed ? :

P.—Into parallelograms and trapeziums.

M.—We shall begin with parallelograms, and, first,
- consider the manner in which a parallelogram is con-
structed. Draw a parallelogram, and give a definition

of it. @ b

A
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P.—If ab is parallel to cd,
and a ¢ is parallel to b d,—
the figure ab decis a paralfelbgram.

M.—Hence, a parallelogram is

P.—A four-sided figure whose opposite sides are
parallel.

M.—Well, one relation between the sides of paral-
lelograms being known, you may be able to discover
another : try. )

P.—The opposite sides must be equal.

- M.—Demonstrate this. a b
L/ /47
c d

* P~Let abdc be a parallelogram,
its opposite sides shall be equal ;
namely, a b= c¢d, and a ¢ = bd.
Join ¢ b+
*.* a b is parallel to cd,
oo Zabe = alternate £ debd;
and-.«cis parallel to b d,
. 2 ach=alternate £ dbc:
now, ¢ b is common to the triangles acband d be;
c.aacbhb=Aadbe,
ab=cd,and ac=bd.
M.—Why are the triangles acb’and bdc equal
to each other?
P.—Because they have two angles, and thé side
adjacent to them, of the one, equal to two angles, and
the side adjacent to them, of the other, each to each.
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M.—And why, then, is a4 = cd, and ac =
bd?

P.—Because these are the sides which are mosuc
to the equal angles in the triangles.

M.—Then, conversely, if a four-sided figure has its
opposite sides equal, what will you conclude as to the
figure ?

P.—That the figure is a parallelogram.

M.—Demonstrate this. a b

c d

P.~Let abde be a four-sided figure whose op-
posite sides are equal: the figure is a parallelo-
gram.
Join ¢b:
then, ‘. ab=cd, andac = bd,
and ¢b is common to the triangles ac b, bde,
c.Aach= A bde
and £ abe= s dcd.
But, these are alternate angles;
.*. ab is parallel to e d,
also Lacb= L dbe.
Again, these are alternate angles ;
.*. acis parallel to bd:
and, hence, the figure ab dc is a parallelogram

M.—Why are the triangles a b¢ and dbc equal to

each other?

P.—Because they have three sides of the one
equal to three sides of the other, each to each.
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- M.—And, why is the angle a b ¢ equal to the angle

d be, and the angle ac b equal to the angle db¢c?
P.—Because these are opposite to the equal sides

in the equal triangles. ‘
M.—Again, if, in the four- a 3

sided figure @ b ¢ d, you knew

that a b is equal and parallel to

the opposite side ¢ d, what would

you conclude the figure to be ?  © d
P.—A parallelogram. -
M.—Demonstrate this.

a b

¢ d

P.—Let abdc be a four-sided figure of which the
opposite sides @b, cd are equal and parallel : the
figure shall be a parallelogram.
Joined: :
then -.* a b is parallel to ¢ d,
s £ abc = alternate £ dcb,
andad =cd:
and ¢b is common to the triangles abe, d ¢ b—
c.Aaabe= adebd, ’
and L acb= /L dbe.
Now, these are alternate angles ;
.*. ac is parallel to db,—
and .. the figure ab d ¢ is a parallelogram.

M.—Why is the triangle a b ¢ equal to the triangle
deb?
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P.—Because these triangles have two sides of the
one, ab and b¢, equal to two sides of the other, cd
and b ¢, each to each, and have likewise the anglesa b ¢
and d ¢ b, contained by them, equal to each other.

M.—What else is known of the lines @ ¢ and b4,
besides their parallelism ?

P.—ac is equal to bd.

M.—Well, how have ac and b d been drawn ?

P.—Joining the extremities a, ¢, and b, d, of the
parallel and equal straight lines @ 4, ¢ d.

M.—Hence, the two straight lines which join the
extremities of two equal and parallel straight lines——
Finish the sentence. -

P.—Are equal and parallel.

M.—That is not quite correct. Repeat what has
been said, and see if it be true in every case.

P.—No: for, in & b

the annexed figure, c g F
a d is not equal to ¢ b,

and yet these two lines have been drawn so as to join
the extremities of two equal and parallel straight lines.

M.—Now, alter the preceding statement in con-
formity with this finding. )

P.—The two straight lines which join the extre-
mities of two equal and parallel straight lines in the
same direction, or toward the same parts, are equal
and parallel.

M.—What, then, is the general truth respecting
the sides of parallelograms ?
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‘P.—The opposite sides of parallelograms are equal.
M.—Investigate the angles b
of a parallelogram. ’

a

vy

C L
P.—1. The sum of the interior angles is equal to
four right angles. .
2. The opposite angles are equal.
M.—Demonstrate these positions.

a b

P.—Let abdc be a parallelogram ;
the sum of its interior angles shall be equal to four
right angles.
Join be:
then, .. ysof Aabc=2rt. Ls,
and, also, Zs of A dcb=2rt. /58;
. g8ofthe Asabe+decb=4rt. £s.
But, £s of Asabec 4+ deb make up the £s of the
parallelogram abd ¢ ;
.*. the sum of the /s of a parallelogram = 4 rt. Zs.
Their opposite angles are, also, equal to each other:
++ it has been demonstrated that
Aabe= adeceb,
and £ abe= 2 deb,
and Lacb= zdbc;
.. the whole £ abd = the whole 2 dca;
also, L cab= ('cdb:

.. the opposite angles of a parallelogram are equal to
each other.

L
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Let the pupils, now, be called-upon to demonstrate
the last truth without the auxiliary line ¢ 5.

M.—The line ¢ b joining the vertices of the opposite
angles is called a diagonal. What may be said of it ?

P.—A diagonal divides a parallelogram jnto two

equal parts.
M.—Demonstrate this. a 1}
‘wab=cd,andac=bd,

and £ cab= £ c¢db;
eAacab= acdbd,
and .. the diagonal ¢ b divides the parallelogram into
two equal parts.

M.—How many diagonals may be drawn in a pa-~
rallelogram ?

P.—Two.

M.—What may be said of them ?

a 13

P.—The diagonals of a pa- V
rhllelogram bisect each other. .
' d

For, . ab =cd,
and £ abe= £ dce
and £ bae= Lecde; '
s Aabe= Acde,
and be =ce,andae=de.
Hence, the diagonals ad, ¢ b bisect each other in the
point e.
Fb
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M.—Mention some figures which are parallelograms.

P.—The square, the rhomb, and the rectangle.

M.—Since these are examples of the parallelo-
gram, the truths you have demonstrated respecting
parallelograms, in general, must likewise apply to
a square, to a rhomb, and to a rectangle. But, these
being particular cases of the parallelogram, each of
them will give rise to particular truths. Begin with
the square: define a Square.

P.— A square is a four-sided figure of which the
sides are equal, and the angles right-angles.

M.—Now, what are the general truths common to
all parallelograms?

P.—1. Their opposite sides and angles are equal.

2. One diagonal bisects the parallelogram.

8. The two diagonals bisect each other.

M.—Now, find what particular truths apply to the

Square.
a b

P.—1. In a square, each diagonal
bisects the opposite angles. -

Thus, . ab=ac,.

sl abe=ach: ’ ,

But £ abc = alternate £ dcb;

olach= / dcb—

and .. Z a cd is bisected.

In the same way, it may be shown that the angle
a bd is bisected :

- the diagonal b ¢ bisects the opposite angles.
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Obs—There are several other modes by which this
truth may be demonstrated. a ‘b
2. In asquare two diagonals inter- '
sect each other at right angles ; they
are equal to each other ; and the four
segments are equal to each other.
For,*rab=ac,
and a e is common to the triangles a ed, a ec,
and £ cae= [/ bae;
c.Aaeb= Aaee
and . L aeb= L ace,
which, accordingly, are rt. / s:
hence, all the angles at e are rt. / s.
Also, s aband bd=a band ac,
and £ abd =/ bae;
.. the base ad = the base bc :
and, since ad and b ¢ bisect each other,
nae=ed=cb=cec.

M.—What axiom do you use here ?

P.—Because the whole lines ad and bc are equal
to each other, their kalves, ae, ed, eb, and ec, are,
likewise, equal to each other.

M.—Define a Rhomb.

P.—A rhomb is a four-sided figure whose sides are
equal, but whose angles are not right angles.

M~—Now, ascertain the particular truths which
apply to a rhomb,

P.—1. Each diagonal bisects the opposite angles.

2. The two diagonals bisect each other at right
angles.

b d
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8. The two diagonals are not equal to each other,
nor are their four segments equal to each other.
Note.—Of these three positions, the former two
are demonstrated as the similar cases respecting the
square ; at the proof of the third the pupils will
easily arrive, guided by the definition of the rhomb.
M.—In what way, then, must two straight lines
intersect each other, so that the figure, formed by the
four lines joining their extremities, may be,
1. A square;
2. A rhomb ?
P.—1. In order that the figure @ e

may be a square, the two straight v
lings must be equal, and must bi-

sect each other at right angles. | A p)
Let a d be equal to ¢,

and let them bisect each other at right angles in e;
the figure @ e d b shall be a square.

ae be=ce de, each to each,

and L aeb= / ced,

.*. base ¢ b = base ¢ d,

also ‘v be=ce,

and a e is common to Asaeb,aec,

and /£ aeb= / aec, )

~ab=ac

mab=ac=cd=db:

and .". the figure acd b is eguilateral.

Again, ** / aecisart. £,
~./8eac+eca=1rt. ~.

Butcea=¢ec;
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sLeac= Leca

and . £ eacis drt. 2.

Inasimilar manner,itmay be shown that zeab is 3 rt. £;
NS sbacisart £,

In the same way, it may be proved that /s acd,
cdb,dba, arert. £s:

- the figure acd b is, likewise, rectangular ;

and, having been proved to be equilateral,

~ it is a square.

2.  Again, in order that the figure may be a rhomb,
the two straight lines must not be equal to each other,
yet they must bisect each other at right angles.

(This the pupils will easily demonstrate.)

M.—If, then, one of the angles of a parallelogramic
figure is a right angle, what are the other angles,
necessarily ? ,

P.—Likewise, right angles.

(This is easily demonstrated.)

M.—Again, if a four-sided figure is equilateral, is
it, necessarily, equi-angular ?

P.—No. (Instance—the square, and the rhomb.)

M.—But, if a four-sided figure be equi-angular, is it,
necessarily, equilateral ?

P.—No; it is, however, rect- ¥—— b

angular. ' l

+ the figure a bd ¢ is equi-angular,

.. each of its angles is one-fourth of their sum :
but the sum of the angles is 4 right £s;

«. each of the angles is a right angle.
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M.—And what, therefore, may be said of the
sides ?

P.—The opposite sides are parallel :
because £ cabd + £ dba are two rt. /s,

.~ ac is parallel to bd ;
and, for a similar reason, a b is parallel to ¢ d.

M.—What, then, would you call a quadrilateral figure
. whose angles are equal to each other ? .

P.—A rectangular parallelogram [a rectanglc]

- M—Is it always so ?

~ P—No; it may be a square: but, then, it must be
known that the sides are equal.

M.—Now, find what particular truths apply to a
rectangle.

P.—The two diagonals of a rectangle are equal
to each other, and its four segments are equal to
each other, .

(Demonstration, analagous to that respecting - the
square and the rhomb.)

M—In what way, then, must two straight lines
intersect each other, that the figure, formed by joining
their extremities, may be,

1. A rectangle;
. 2. A parallelogram?

P.—1. That the figure may be a rectangle, the
two straight lines must be egual and bisect each other,
yet not at right angles.

2. That it may be a parallelogram, the two straight
lines must be unequal to each other, and must bisect
each other, yet not at right angles. :
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(The demonstration is analagous to that respecting
the square and rhomb.)

M.—We have, now, completed the investigation of
parallelograms. What is the. other group of quadri-
lateral figures which you mentioned ?

P.—Trapeziums [or, trapezia].

M.—Can any general truths be stated respecting
trapeziums ? A

P.—No; unless some relation of the sides or angles
be known.

M. —There is a particular case of a trapezium—
A quadrilateral figure having three interior and one
exterior angle. Endeavour to describe such a figure ;
and, then, state what you can discover respecting it.

P—
b ¢

The figure a b ¢ d is such a trapezium ; and we have
proved before (Sect. 5.) that,
lLba+ac>bd+de;
2. £bde>bac; and
8. L bdec=interior /s bac +abd +acd.
a

b c
Well, produce c¢d to e ;
~ext. £ bdcof ANdec= int. and opp. £8bec+acd. -
But ext. 2 bec of Abac= int.and opp. Zs8bac+abd;
o 2 bde=interior £sbac+ abd + acd.
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SUBSTANCE OF SECTION VI.

1. A parallelogram is a quadrilateral figure whose

opposite sides are equal.

2. The opposite sides and angles of a parallelogram
are equal to each other. -

8. A quadrilateral figure whose opposite sides are
equal is a parallelogram.

4. The two straight lines joining the extremities of
two equal and parallel straight lines, toward the same
parts, are themselves equal and parallel. .

5. In a parallelogram, a diagonal bisects the pa-
rallelogram. '

6. In a parallelogram, two diagonals bisect each
other.

7.In a square, a diagonal bisects the opposite
angles.

8. In a square, two diagonals are equal to each
other; they intersect each other at right angles ; and
the four segments are equal to each other.

9. In a rhomb, each diagonal bisects the opposite
angles.

10. In a rhomb, the two diagonals bisect each other
at right angles.

11. If one of the angles of a parallelogram is a
right angle, the other angles are, likewise, right angles.

-12. If a quadrilateral figure is egui-angular, it is
rectangular ; that is, the figure is a rectangle.

18. The two diagonals, in a rectangle, are equal to
each other.
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14. In a trapezium having an exterior angle, the
exterior angle is equal to the three interior angles.

SECTION VII.
EQUALITY OF SQUARES, RECTANGLES, 4ND
PARALLELOGRAMS.

M.—What must we know of a square in order to
ascertain the number of square feet or square
inches which it contains,—in short, its area ?

P.—One of the sides; for, then, the other sides
become known, as they are all equal to each other,
and the angles are all right angles.

M.—When are two squares equal to each other ?

P.—When they have one side of the one equal to
one side of the other—or, when their bases are equal.

a b e §
: l

o _id° 9 h
If e d = g %, the square a bdc sha]l be equal to the
square efh g.
Join ed and g f: .
r.eabdecand efh g are squares,
and cd =gk,
~.bd =fh;

and £ bde= £ fhy,
e Abde= Afhg:
but A bdcis } of the square abde,



114 LESSONS ON FORM, BEING

and A fhgis } of the square efhg ;
= square a b d c = square efhg.

M.—If, then, two equal straight lines be drawn,
and upon them squares be constructed, what may be
said of these squares?

P.—They are equal to each other.

M—Draw a straight line o ¢ b

on your slates, bisect it, and

on the parts describe squares;

likewise, describe a square on d € §

the whole line; then, compare :

these squares. b
I ™%

P.—The square upon the whole line a b is four
times as great as the square upon Aalf the line.

The square on half the line ab is one-fourth of
the square on the whole line.

The two squares on half the line are, together,
one-half of the square upon the whole line.

(The pupils should demonstrate what they have
just-now stated.)

M.—Divide a straight line into three equal parts;
describe squares on the whole line and on the parts,
and compare them.

P.—The square on the whole line is nine times
as great as the square on one-third of the line.

The square on one-third of the line is one-ninth
part of the square on the whole line.

The three squares on the parts of the line are,
together, one-third of the square of the whole line.
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(Demonstration as in the preceding.)

The comparison of the square of the whole line
with squares described upon one-fourth, one-fifth, &c. of
the line, is now continued, as far as the master thinks
expedient. The pupils are, then, required to compare
these results with what they have learnt of square
numbers. (Lessons on Number, p. 130. 2d Ed.)

M.—Again, if a straight line

b © 9 9

e divided into two wnequal,

instead of into two equal, parts, d e
and squares be constructed (g

upon these two parts, and like- g

wise. upon the whole line — [ B

what may be said of them ?

P.—The square ab% % upon the whole line ad is
greater than the square acgf+ cbed upon the
parts a ¢ and ¢ b, by the figure dek i fg.

M.—You will be able to express the comparison
better, if you produce cg to the side % 4.

P.—The square upon the whole line is greater than
the squares upon its parts, by the two figures fgl#,
dekl.

M.—And, of what kind are these figures ?

P.—They are two rectangles.

M.—When may the area of a rectangle be known ?
- P—When two of its adjacent sides are known;
for, then, all its sides become known ; and its angles
are right angles.

M~—Hence, when are two rectangles equal to each
other?
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P.—When two adjacent sides of the one are equal
to two adjacent sides of the other, each to each.
M.—Now, find whether these two rectangles are
" equal to each other.
P.—They are equal to each other :
‘ab=ahandac=af,
.*. remainder ¢b = remainder f A.
Butcb=de;
s fh=de:
also *. bk = Ak,
and be =de =%l
.*. remainder 4 / = remainder e &,
«~. adjacent sides f'4, &l — adjacent sides d ¢, ek ;
and .. the rectangles are equal to each other.
M—Since two adjacent sides of a rectangle are
sufficient toward ascertaining its a
area, it is usual, when speaking of b
arectangle,asa bd ¢, to say, “the o d
rectangle contained by a b, a ¢,”
or, simply, “ the rectangle a b, ac.”
Now, observe by what lines the preceding two
rectangles are contained.
P.—One of them by fg,f#, and the other byek,ed.
M.—Compare these with a ¢, ¢cb.
P—fg9,fh=ac cb
‘fg=ac,andfh=cb;
also ek, ed=ac,cbh,
cvvek—=ac,and ed= cb.
M.—Hence the square of ab is greater than the
squares of ac and ¢ by —?
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P.—by twice the rectangle contained by a¢, ¢ b.

M.—And, the square of a b is equal to —?

P.—the squares of ¢ and ¢ b, together with twice
the rectangle contained by ac and ¢ &.

M.—Express this truth as a general proposition.

P.—If a straight line be divided into any two
parts, the square of the whole line is equal to the
squares of the two parts, together with twice the
rectangle contained by the parts.

The master will, here, have a suitable opportunity
of directing the attention of his pupils to a numerical
truth analagous to the preceding—namely, that if a
number be divided into any two parts, the square of
the whole number is equal to the squares of the
parts, together with twice the product of the parts;.
and, that, in general, the product of two numbers

- corresponds to a rectangle constructed by two straight
lines.

M—The same truth may be a ¢
demonstrated by means of the b
following construction— h k
(writing upon the slate—)

., Uponabdescribethesquareabed; g
joindb d e

from c draw ¢ fg parallel to be or ad,
and, through f, draw % % parallel toa b or de.

The pupils may either be left to demonstrate the
proposition unaided, or the master may direct their
attention to the following notes, which, for that pur-
pose, he should write on the slate.
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Show that,
1. The figure cb & f is a square;
2. The figure hfg d is a square, and equal to a square
upon ac;
3. Rectangle a ¢f'h =rectangle fkeg:
4. Thence, draw the necessary consequences.

The demonstration found by the pupils, with a slight
exception'as to the complements af, fe, is that in Eu-

clid’s EL B. II. P. 4 ; which see. ¢ b
M. —Since, then, the rectangle

acfh is equal to the rectangle ] § h

Sfkeg, what will be the result, if

the square ¢bZf be added to

each of them ? d J €

P.—The rectangle ab k i = the rectangle cbeg.

M.—And the sum of these two rectangles is, there-
fore, equal to what ?

P.—To twice either of them.

M.—Now, what are the lines that contain the
rectangle ab k£ ?

P.—The lines a b and ¢b ; because bk = cb.

M. —Therefore, twice the rectangle contained by
ab and ¢b is equal to what?

P.—To twice the square upon ¢ b, together with
twice the rectangle contained By a ¢ and ¢ &.

M.—And what will be the result, if, to each of the
rectanglesacfand f'% eg, the square 4 fg d,—that is,
the square upon a ¢,—be added ?

P.—The rectangle acg d = the rectangle k% e d.

M.— And, therefore, the sum of these rectangles is
equal to —? . -
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P.—To twice either of them.

M.—What are the lines that contain the rectangle
acgd?

P.—The lines ab and ac; because ad = ab.

' M.—Therefore, twice the rectangle contained by
ab and ac is equal to what?

P.—To twice the square upon ac, together with
twice the rectangle contained by a b and ac.

M.—Express this truth in words.

P.—If a straight line be divided into any two parts,
twice the rectangle contained by the whole line and
one of the parts is equal to twice the square upon
that part, together with twice the rectangle contained
by the parts.

M—Two other interesting truths may be dis-
covered from the preceding construction of the figure ;
and we shall, therefore, examine it more minutely.

A
a G b
h k
¥
d 3 e

For that purpose, I have constructed two figures, A
and B—the former a square, the latter a parallelo-
gram. '

You have already shown, that the rectangles a ¢ f'&,
Sheg, in figure A, are equal to each other; now
ascertain whether the same thing be true of the cor-
responding parallelograms in figure B.
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P.—Yes: they are equal to each other.
‘*Aabd=Abde,
and A cfb= A fkb—
~and A kdf= adgf;

. remaining parallelogram a ¢ f'4 = remaining paral-
lelogram f% e g.

M.—Now, tell me how the parallelograms cbkf
and hfgd are situated with respect to the whole
parallelogram a b e d.

P.—They are about the diagonal b d.

M.—And, to what are these, together with the two
equal parallelograms a ¢ f4, f% e g, equal ?

P—They are together equaf to the whole paral-
lelogram a b ed,

M.—The two rectangles in figure A, or the two
corresponding parallelograms in figure B, therefore, if
added to the parallelograms which are about the
diagonal of these figures, make-up or complete them,
and are, on that account, called Complements. What
may be said of them ?

P.—The complements of the parallelograms which
are about the diagonal of any parallelogram are equal
to each other.

M.—And, what are the parallelograms which are
about the diagonal of a square, in figure A?

P.—The parallelograms which are about the diago-
nal of a square are, likewise, squares.

M.—When is a parallelogram known ?

P.—When two of its adjacent sides and the angle
contained by them are known ; for, then, the other two
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sides are known and the remaining angles are known,
because the opposite sides are parallel.

M.—Hence, when are two parallelograms equal to
each other ?

P.—When they have two adjacent sides, and the
angle contained by them, of the one, equal to two
adjacent sides, and the angle contained by them, of
the other, each to each.

N/ ZEZ f
cﬂ y ‘
For, ifac,cd =eg, gk, each to each,
and £ acd=/ egh,
s Aacd= Aegh.
But, A acdis} of the parallelogram a bdc,
and A e gk is § of the parallelogram efk g ;
. these parallelograms are equal to each other. -

M.—But if, of two parallelograms, it. is known that
the bases are equal to each other—are, - then, the pa-

rallelograms equal ?

Dﬂ

P.—No; forifab=cf,
it is not necessary that the parallelogram a d ¢ should
be equal to the parallelogram ef%g.

M.—And, what happens, then, when the parallel-
ogram efhg is applied to the parallelogram abde,
so that the point e is upon the point @, and the base
efupon the base a b ? : c -
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P.—The point f must fall upon the point b ; because

ef=ab . g h
c
a b
M.—And, when will these parallelograms become
equal ?

P.—When gk is in the same straight line with cd;
that is, when the parallelograms are between the same
parallels. .

M.—Describe two parallelograms in such a manner
that they shall have a common base and be between
the same parallels ; and, then, determine whether they
are equal. e d P

b

P.—Let the parallelograms abdc, abfe, be upon
the same base @ b, and between the same parallels a 5,
cf; they shall be equal to each other.
‘rcd=ab and ab=cef,
.’.cd=ej§
and .. ce=df;
but,ac =db, .
and £ bdf= interior opposite 2 ace;
s~ Aabdf=nanace:
from the trapezium abfc take the triangle bdf
orace;

«. parallelogram @ bd ¢ = parallelogram a b fe.
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M.—Hence, parallelograms are equal when——

P.—They are upon the same base, and between the
same parallels. ‘ ’

M.—What is to be observed with respect to the dis-
tance of parallel lines ?

P.—Parallel lines are equidistant.

M.— And, in what way is their distance determined ?

P.—By drawing a perpendicular.

M.—Hence, parallelograms which are between the
same parallels have, likewise—what ? )

P.—The same perpendicular height; they have the
same altitude.

M.—And, since parallelograms upon the same base
and between the same parallels are equal to each
other, what may be inferred of equal parallelograms
which are upon the same base ? ‘

P.—Equal parallelograms upon the same base must
be between the same parallels; or, they must have the
same altitude.

M.—Instead of being upon the same base, the

parallelograms may be——
P—Upon equal bases and between the same
parallels.
e d J h
a > S §

Let the base a & = the base ef,
and ¢ / be parallel toa f,
- o . G2
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the parallelogram a bd ¢ = parallelogram e f &g.
Joinag,bk;

then - gh=ecf, and ef = ab,

cab=gh

Also, a b is parallel to g4 ; |

. a g is parallel and equal to b 4,

and .. abhg is a parallelogram ;

and, it is equal to the parallelogram abdy,

-+ they are upon the same base a b, and
between the same parallels a b, c % :

and, for similar reasons,

the parallelogram a b 4 g = parallelogram efk g ;
«. parallelogram a b d ¢ = parallelogram ef% g.

M.—It is usual to denote a parallelogram by two
letters placed at the vertices of two opposite angles.

Thus, aZjd the parallelogram a b d ¢ is
usually - denoted thus,—pQcbor o ad.

What relation has a triangle to a parallelogram
which is upon the same base and between the same
parallels ?

P.—If a triangle and a parallelogram are upon the
same base and between the same parallels, the triangle
is one half of the parallelogram, or the parallelogram
is double the triangle.

a b € f
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Let o ad and A c¢de be upon the same base ed,
and between the same parallels a f; ¢d ;
O ad shall be double of A ede.
. Draw d f parallel to ce; hence, ¢f is a parallelo-
gram:
ad . oed= ocf—
but o ¢f'is double of A cde;
<. O ad is double of A cde.

M.—Is it necessary that they should be upon the
same base ?

P —No ;.the same thing is true of them if they be
upon equal bases between the same parallels.

M —From this and some of the preceding truths,
I think, you will be able to discover a £ftk instance of
equality with respect to triangles.

P.—Yes; two triangles are equal when they are
upon the same base and between the same parallels.

f a d ¢

b C

Let asabe, bed, be upon the same base, b¢, and
between the same parallels, fe, b¢c;
A abec shall be equal to A bed.
Draw ce and 5 f parallel to d and ac ;
sOfe=0obe;
but o f¢ is double of A a be,
and o be is double of A bed
aabe= abed
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M~—In what does this fifth instance differ from the,
four previous instances of equality in triangles ?

P—In the previous instances, the sides and angles
of the one triangle are equal to the sides and angles of
the other triangle, each to each—whereas, in this case,
the areas of the triangles are equal, yet not their
respective sides or angles. '

M. Well—in the previous instances, the triangles
are said to be identical. A

I think you will, now, be able to discover. yet an-
other instance of triangular equality. _

P.—Yes; triangles are equal to each other when they
are upon equal bases and between the same perallels. .

g g d
N/\ -
e
b © e o
f -

Let be = ef and a4 be parallel to b f;

aabeshal = adef:

draw cg and f4 parallel to ¢ b and e d ;

~obg=0oeh;

but o b g is double of A abe,

and O ek is double of A def;

s Aabe= adef.

. M.—Are these triangles identical ?
P.—They are identical only if

ab=deand L abec = LJeﬁ
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When this is not true, the areas of the triangles are
equal, but the parts of the_triangles are not identical.

M.—You have observed the circumstances under
which a parallelogram is double of a triangle. Try,
now, to find when a parallelogram is equal to a tri-
angle. '

P.—A parallelogram is equal to a triangle when
both are between the same parallels, and the base of
the triangle is double that of the parallelogram.

T3 g

[

If a g is parallel to cf;

and e f'is double ¢ d, _

O ad shall be equal to A efg; -

bisect ef'in 4 and join g & :

s aekg= ahfg, '

because they are upon equal bases and between the
same parallels ; .

and ., A efgis double of A ehg, or A Rfg:

but, & a d is double of A ekg, or A kfg:

s oad= aefg.

M.—Again, when is a parallelogram double of an-
- other parallelogram ?

P.—When they are between the same parallels,
and the base of the one is double the base of the
other. (Demonstration similar to that of the preced-
ing position.)
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M.—Draw an isosceles right-angled triangle, and
upon its sides describe squares ; then, compare these
squares.

d
h a . e
T
k b °
§ g
P.—1. The square upon a b = square upon bc;
because ab=bdec. !

2. The square upon a@c = square upon ab + the
square upon b ¢ ; )
or, the square upon ac is double the square upon
aborbe.
Joinaeand de;
then - e de c is a square,
ai=ic,and Laicisart. £ ;
and.. L cai= gaci=}rt. £ ;
but Lbae= Lbca=1}rt. £;
seaabe= aaic,
because a ¢ is common to them, and adjacent to equal \.
angles;
and .aicb is a square,
and the square adec = the 4 Asabec.
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But, square £ b = squareaicb =2 Asabe,

and square bg = squareaicb =2 aabe;
~squares b + bg =4 asabec;

and .. square adec = squares kb + b g—

that is, the square upon ac = twice the square upon
aborbe. '

M.—Hence, what must be done in order to make
a square equal to &wice another square? .

P.—Draw a right-angled isosceles triangle, whose
equal sides are, each of them, equal to the side of the
square. The square upon the side opposite the right
angle is equal to the two squares upon the other
sides of the triangle; and it is, therefore, equal to
twice the other square.

M.—Draw any right-angled triangle, and construct
. squares upon its sides: then, compare these squares.

{ d m
Il a p
8.
k b < n
o 59

P.—The square upon a cis equal to the squares
upon a b and b ¢ together.
Produce b a and b ¢, and, through d and e, draw Im
and mn parallel to 5n and b1, respectively ; ‘
eb
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also, produce % a and ge till they meet in p,

and produce A% and g f'till they meet in o,

and join % f.

~Inand kg,
pbandbo,

and, '~ L aldisart. £/,

~/tslad+1lda=art £,

and, . £8lad + lda= £/ daec.

Bus, /£ /da = alternate / pad;

< remaining /£ lad = £/ pac,

andrt. 2 ald=rt. L apq,

andad=ac;

sAaald= Aape,

andal=ap=be;

alsold=pc=ab.

And, in the same way, it may be shown,

that A abe= A cne,

and ab=cn=1d;

} are parallelograms ;

also, bc=en=ual

But, s lb=mn, and Im =bn,
andld=cn,andal=c¢en;
o be=md,and a b =me—
and ... A abc= adme—
and Im=Ilb=bn=nm;
and 2 lbnisart. £ ;

«~ fig. In is a square.

- Again, wpe=ab=ha,
andcg=">bec=ap,
wpg=ph=ho=oy;
and £/ pgoisart. Z;
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. fig hg is a square,
But, ik =ab,andap =al;
Shp=bl
-~ square Ag = square In:
also, . kb, bf = a b, be, each to each,
andrt. £ kbf=rt. L abe,
S~ Aakbf= Aabe
But, A kbf="Fof, and A abec= A apc;
<o Asabec+cne+emd+dla=
= aAsabect+apc+ kbf+kof
From the square In, take the triangles abc, cne, ‘
emd,anddla;
and from the square 4 g, take the triangles abc, ape,
kbf, and ko f:
«~ remaining square dc = remaining square 2 b + sq.b g.
The several parts of the preceding demonstration
may be thus separated : show that
1. The triangles abe, ald, cne, and em d, are equal
to each other. :
2. That, therefore, ! n is a square.
3. That kg is a square.
4. That kg is equal to I .
5. That the triangles kbg, abe, kof, and apec, are
equal to each other, and to the triangles abc, ald,
dme, and cne.
6. And, therefore, that the square dc¢ is equal to the
square 2b + 8q. b g.
M.—Express fully, in words, the truth you have

demonstrated.
P.—In a right-angled triangle, the square described



132 LESSONS ON FORM, BEING

upon the side opposite to the right angle, is equal to
the sum of the squares described upon the sides con-
taining the right angle. '

M.—If required to construct a square which shall
be equal to two given squares, in what manner would
you proceed ? :

P.—Draw two straight lines at right angles to each
other, and equal to the bases of the given triangles
respectively; the square upon the straight line joining
their extremities shall, then, be equal to the two
given squares.

M.—In an obtuse-angled triangle, squares being de-
scribed upon the sides, it is required to compare the
square described upon the side. subtending the ob-
tuse angle with the squares on the sides containing
that angle.

The pupils should be left to find-out, unaided, the
excess of this square above the sum of the other
squares.

Should, however, the master have occasion to assist
them, he may proceed thus:

b g d
M—~Ifaachis obtuse-angled, at ¢, what must be
done in order to make it a right-angled triangle ?
P.—Produce b ¢, and, from &, draw a d at right
angles to bd.
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M.—Now, find whether the squares of bd and ad
are greater or less than the squares of ¢ and ac.
P—The square of bd is greater than the square of
b ¢, by the square of cd and twice the rectangle con-
tained by b ¢, cd ;
and the square of a d is less than the square of ac, by
the square of ¢ d :
therefore, the squares of 4 d and a d are, together,
greater than the squares of bc and ac, by twice the
rectangle contained by b¢, cd.
M.— And, to what square are the squares of 4 d and
-a d, together, equal ?
P.—To the square of a b.
M.—Draw, thence, the necessary inference.
P.—The square of a b is, therefore, greater than the
squares of b ¢ and a ¢ by twice the rectangle con-
tained by b¢, cd.
Exhibit this demonstration on your slates; and, in-
stead of writing « the square of ¢ d,” write a &’.
P. bd*> b, by cd® and twice the rectangle be,
cd,
and ad’ L ac’, by cd® (because ac’ =ac® + cd’);
SobdP+ ad? > b et + ac’ by twice the rectangle be,
cd:

butbd® +ad*=abd*;
soab’>be + act, by twice the rectangle b ¢, cd.
M.—Instead of producing b ¢, what else a
might have been done in order to make
the obtuse-angled triangle, a b ¢, a right-
angled triangle ? b
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P.—The side ac might hgve been produced, and
from b a perpendicular been drawn to it.

M.—Try whether, in this case, the demonstration
would be the same.

[The pupils will find it would.]

M.—Express, in words, the truth you have demon-
strated.

P.—In obtuse-angled triangles, if a perpendicular
be drawn from either of the acute angles to the oppo-
site side produced, the square of the side subtending
the obtuse angle is greater than the squares of the
sides containing the obtuse angle, by twice the rect-
angle contained by the side upon which, when pro-
duced, the perpendicular falls, and, the straight line
intercepted, without the triangle, between the perpen-
dicular and the obtuse angle.

Obs.—While it is, of course, not to be expected,
that the pupils can express the result of a demonstra-
tion in terms so accurate and precise as the preceding—
yet, the teacher is earnestly counselled to require
them, in every case, to state, in their own words, the
truths which they have discovered, — altering and
amending their expressions till they assume the form
of a strict and regular proposition: for, they will,
thus, be led to perceive clearly the necessary con-
ditions and exact limits of the results of their in-
vestigations, and to acquire a readiness in embodying
‘them in correct and suitable phraseology. Perhaps,
indeed, of all the various exercises arising out of
geometrical study, few tend more than this toward
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the general improvement of the mental faculties,—
which, be it recollected, is a principal object of
this Treatise.

M~—Draw any acute-angled triangle, and compare
the square described upon any one of its sides with the
sum of the squares described upon the other two sides.

If the master should find it necessary to assist
his pupils, he may proceed thus :

b/ al N\

M.—Letabd bea triangle right-angled at d; what
must be done in order to make it an acute-angled tri-
angle ?

P.—Produce bd to any point, ¢,—and draw a c.

M.—Now, compare b c* with bd>.

P. bcis greater than bd2 by d ¢’ and twice the
rectangle bd, de.

M.—Also, compare a ¢ with ad®,

P actis greater than ad*® by d ¢*.

M.—Hence, b¢'+ ac® are greater than b d*+ ad?,
by what — ?

P.—By twice d ¢t and twice the rectangle bd, d c.
M.—But, to what square are b d”+ a d* equal ?
P.—Toab

M.—Therefore, b ¢* + a ¢* are greater
sentence.

Finish the
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P.—Than a &, by twice dc® and twice the rectangle
bd,de.

M.—And, what figures are formed by the two
squares of dc and twice the rectangle bd,dc? (p
237, No. 8.)

P.—Two rectangles, which are equal to twice the
rectangle contained by b ¢ and cd.

M.—And, therefore, b ¢+ ac’ are greater than a 42
by —7?

P.—By twice the rectangle be¢, cd.

M—Orabis —?

P. ab® isless than bc?+ ac® by twice the rect-
angle b¢, cd.

M.—1If, then, in ‘the acute-angled triangle, a bc,.it
should be required to compare a 42 with & ¢+ a ¢?, how
would you proceed ?

P —From a, we would draw a straight line at right
angles to bc; or, from b, would draw a line at right
angles to ac.

M—And, if ac® is to be compared with a2+ ac*;
or be2 with ad*+ bc* —?

Note.—It is advisable that the pupils should actually
draw the perpendiculars, and write upon their slates
the relations which the squares bear to one another,
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and fully demonstrate each case. Thus, they will find
that

1. ab’<bc’+ ac’by 2 be, cd, or by 2 ac, cf.
2. actlabi+ bc*by2bec,bdyorby2abdbe.
8. b’ abt+ac’by2ac af,orby2abd, ae.

Obs—If £ acb be an obtuse angle,
the perpendicular a d will fall without A abe ;
and, then, ac* < ab® + b¢c* by 2 be, bd—as previ-
ously. :

M.—Now, express, in words, the trath you have de-
monstrated.

P.—Inacute-angled triangles, the square of the side
subtending any of the acute angles is less than the
squares of the sides containing the same angle, by
twice the rectangle contained by either of these sides
and the straight line intercepted between the perpen-
dicular, drawn to it from the opposite angle, and the
acute angle,

SUBSTANCE OF SECTION VII.

1. Squares are equal to each other when their
bases are equal.

2. If a straight line be divided into any two parts,
the square of the whole line is equal to the squares
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of the two parts, together with twice the rectangle
contained by the parts.

3. If a straight line be divided into any two parts,
twice the rectangle contained by the whole line and
one of the parts is equal to double the square of that
part, together with twice the rectangle contained by
the parts.

4, The complements of the parallelograms, which
are about the diagonal of any parallelogram, are equal
to each other.

5. The parallelograms which are about the dlagonal
of a square are, likewise, squares.

6. Parallelograms and triangles which are upon the
same base and between the same parallels are equal
to each other.

7. Parallelograms and triangles which are upon
equal bases and between the same parallels are equal
to each other.

8. If & parallelogram and a triangle are upon the
same base, or upon equal bases, and between the same
parallels, the parallelogram is double the triangle.

9. In a right-angled triangle, the square of the side
subtending the right angle is equal to the sum of the
squares of the sides containing the right angle.

10. In obtuse-angled triangles, if a perpendicular be
drawn from either of the acute angles to the opposite
side produced, the square of the side subtending the
obtuse angle is greater than the squares of the sides
containing the obtuse angle, by twice the rectangle
contained by the side upon which, when produced,
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the perpendicular falls and the straight line intercepted,
without the triangle, between the perpendicular and
the obtuse angle.

11. In acute-angled tridngles, the square of the
side subtending any of the acute angles is less than
the squares of the sides containing the same angle, by
twice the rectangle contained by either of these sides
and the straight line intercepted between the perpen-
dicular, drawn to it from the opposite angle, and the
acute angle. '

SECTION VIIL
‘  PROPORTIONAL TRIANGLES.

M. —Describe any triangle, and, from one of its
angles, draw a straight line to the opposite side : what
figures are thus obtained ? )

b%\c‘

P.—Two triangles, a bd, and a d ¢.

M.—When are these two triangles equal to each
other ?

P.—When the straight line, ad, bisects the base,
be; because, then, the triangles have equal bases, b d
and d ¢, and they are between the same parallels.

M—And, what part of the whole triangle abc is
each of the trianglesabd, adc?

P.—One-half of the triangle a b c.
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M.—And, what part is the base bd of the whole
base bc?
P.—Also, one-half.
. M.—How must ad be drawn, so that the triangle
a bd may be one-third of the whole triangle abc?

a
b%\é
d e

P.—The base 4 ¢ must be divided into three equal
parts, bd, de, and ec, and, then, a d must be drawn.

M.—Demonstrate that the triangle a b d is one-third
of the triangle a b c.

P.—Joinae;
then ' bd=de=¢ec,

Aabd= Aade= A aec;
and .. A abd is one third of A abec.

M.—Hence, when two triangles are between the
same parallels, but the base of the one is one-half of
the base of the other, what may be said of these
triangles ? ’

P.—The one is one-half of the other.

M.—And, when the base of the one is one-third of
the base of the other —? ‘

P.—The one is then one-third of the other triangle.

M.—Under what circumstances must a d be drawn,
so that the triangle @ 4 d may be one-fourth, one-
fifth, one-sixth, &c. of the whole triangle a 6 ¢ ?

P.—The base b ¢ must be divided into four, five,
six, &c. equal parts, of which &d shall be one.



AN INTRODUCTION TO GEOMETRY. 141

M.—And, how must ad be drawn so that the tri-
angle abd may be two-thirds of the whole triangle
abe? K

P.—The base bd must be made two-thirds of be ;
and this is done by dividing b ¢ into three equal parts,

YANN

€
be,de,andde. Draw ad;

A abd is two-thirds of A abe. ,
M.—How must ad be drawn so that the triangle
a b d may be three-fourths, four-fifths, five-sixths, two-
sevenths, &c. of the whole triangle ab ¢ ?
P.—The base bd must be made the same pare,
three-fourths, four-fifths, &c. of the base b c.
M.—How must the base be¢ be divided, in order
that one of the resulting triangles may be one-half of

the other ?
a

P.—Divide bc into three equal parts, bd, de, ec,
and join ad ; ’
Aabdis}of Aade. .

M.—~We may, then, say that the triangle abd is
to the triangle a dc as—what two lines ?

P.—Asbdtode.

M.—Or, as what two numbers ?

P.~—As 1 to2.
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M.—Now, draw ad so, that the triangles may be to
each other as 1 to 8 ; then, as 1to 4, 1 to 5, &c.~—2 to
3, 3to4,4to 5, &c. .

The pupils having done so, and having demonstrat-
ed each case, the master may ask,

M.—Hence, how are triangles related to each other,
when they are between the same parallels ?

P.—Triangles between the same parallels are to
one another as their bases.

M. —Draw any triangle, bisect one of its sides, and
from the point of bisection draw a straight line paral-
lel to either of the other two sides. Then, find
whether that side be likewise bisected. '

d e
]
. F

P.—Let ad =d b, and d e be parallel to be ;
then shall ae = eec.
Draw ef parallel to a b,
.~ dfis a parallelogram,
andef=bd=ad;
also, Z efe=int. opp. £ dbf= £ ade,
and, L ecf= gdea;
o Aade= aefe
and, ,ae=cec,
that is, a ¢ is likewise bisected.
M.—Well, what part of the whole triangle abc is
the triangle a d ¢, thus cut-off by the parallel line de ?
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P.—One-fourth of the triangle abc :
for, the parallelogram.df is double the A ade,
and Aefe= Aade;
s.whole Aabe=4 x aAade,
thatis, A adeis } of A abe.
M.—Now, draw d ¢, from the third part of 4 a, paral-
lel to b¢; and find what part ae, then, is of the whole a c.
« .

P—Lletad=df=f5; .
draw de and fg parallel to 4 c,
and ek 4 parallel toa b :
~.ae=e g,—because ad =df, and d ¢ is parallel to fg;
also, e k=% h,—because df = f'b, and d / is a parallel-
ogram ;
and ., eg=gec.
" Hence,ae=¢eg=gc;
that is, a e is, likewise, one-third of a c.
M.—And, what part of the whole triangle is the
triangle a de, thus cut-off?
P.—One-ninth part.
> Aafg=aAche,
and Aafg=4 x A ade,
S Aefc=4 x.Aade:
also, parallelogram d f=4 x A ade;
.~ trapezium dbce=8 x A ade,
and . Aabc=9x Aade;
that is, A a d e is one-ninth part of A ab c.

-
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The master should, now, degire his pupils to draw a
of ab, and then to find whether, 1, the side ac is
divided by this parallel in a similar manner; and
2, what portion of the whole triangle is the triangle
thus cut-off.

The pupils should find that,

1. The side a c is, in every case, divided similarly
to the side a b.

2. That, if ad is one-half, or one-third, or ove-
fourth, or one-fifth, &c. of a b,

A ade is one-fourth, or one-ninth, or ome-sizicenth, or
one-twenty-fifth, &c. of A abe.

M.—Hence, we shall be able to ascertain several
very important truths.

a

d ¢
b ¢
For this purpose we shall draw, from any point d, in
the side a b of the triangle a b c, a straight line de
parallel to the side b c,—and then inquire,
1. In what manner the side a ¢ is divided.
P—Asab is divided ;
that is, what part soever ad is of a b,
the same part isae of ac;
and, what part soever b d is of a b,
the same part is ec of ac.
M. —When such a relation exists between four




AN INTRODUCTION TO GEOMETRY. . 145

numbers, what may be said of them? (Lessons on
Number, p. 218, 2nd. Ed.)

P.—They are proportional to each other.

M.—Now, since a similar relation exists between
the four lines ad, a b, and ae, ac, what may, like-
wise, be said of them ?

P.—These lines are, likewise, proportional to each
other.

M.—You know the usual way of designating quan-
tities as proportional to each other ; now, express the
relation which these lines bear to .each other, in the
same way.

P. ad:ab:.ac:ac

M.— And, since a similar relation exists between the
lines db, a b, and e c, ac, you would express this —?

P. db:ab::ec:ac.

M.—Now, compare these two proportions with each
other, and ascertain what inference may be thence
drawn.

P.—Sincead :ab:.ae:ac,

" and db:ab:iec:ac,
~oad:db:iiae:ec.

M.—What axiom have you used in drawing this
inference ? -

P.—That, two lines which have the same proportion
to two other lines that other two lines have, are
proportional to each other.

M.—And, what may be said generally,. if from any
point in the side of a triangle a straight line be drawn
parallel to either of the other sides ?

B
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P.—It will divide these sides proportionally.

M.— Secondly, we shall compare the triangles a b ¢
and ade. What have you to observe of them?
P.—The angles of A a b c are equal to the angles
of the triangle ade, each to each: that is,
2 bacis common to each of them;
and Labc= sade,and £ acdb= L aed.
M.—Triangles which are such, that the angles of the
one are equal to the angles of the other, each to each,
are said to be similar triangles. Hence, a line drawn
parallel to one of the sides of a triangle cuts-off- ?
P.—A triangle which is similar to the whole tri-
angle.

M.—If, then, ¢ f be drawn parallel to a b, what must
the triangle ecf be, when compared with the whole
triangle a b ¢ ?

P.—Likewise, similar to it ; and, therefore, also, si-
milar to the triangle ad e.



AN INTRODUCTION TO GEOMETRY. 147

M.—Thirdly, compare the ‘sides of the similar tri-
angles abc and ade.

P. - de is parallel t{b [
~.ad:abi ae:ac;
and °. df'is parallel to ac,
c.ad:abiicfibe
But cf=de;
~ad:ab:ide:be
Again,ad:ab ::aceac;
~ae:ac:: de.be
M.—Express this relation of the sides of similar
triangles, in words. ‘
P.—Insimilar triangles, the sides which are opposite
to equal angles are proportional to each other.
M.—Ib similar triangles, the sides which are oppo-
site to equal angles are called the %omologous sides.
What are the homologous sides in these triangles ?

[The pupils name them.]
M.—Fourthly, compare the areas of the triangles
adeandabe. a
d e
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P.—If we knew what part ad is of ab, we could
'tell what part the triangle ad e is of the whole tri-
- angleabe.

M.—Suppose a d to be three-fifths of a b.

P.—Then the triangle a de is nine-twenty-fifths of
the triangle a de.

M.—And, how are nine-twenty-fifths related to
three-fifths ?

P.—Nine-twentyfifths are the square of three-
three-fifths. o

M.—Hence, if ad is any part whatever of @ b, what
part will the triangle a d ¢ be of the triangle abc ?

P.—The part expressed by the square of a d.

M.—And, by what name did we denote the sides of
similar triangles which are opposite to equal angles?

P.—They are called the komologous sides.

M.—Now, express, in words, the relation which
similar triangles have to one another.

P.—Similar triangles are to one another as the
squares of their homologous sides.

SUBSTANCE OF SECTION VIII.

1. Triangles between the same parallels are to one
another as their bases. _

2. If, from any point in any side of a triangle, a
straight line be drawn parallel to either of the other
sides, the segments of the sides are proportional to
each other.

3. Triangles are said to be similar to each other,
when the angles of the one are equal to the angles of
the other, each to each.
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’

4. In similar triangles, the sides which are opposite
to the equal angles are called somologous sides.

5. In similar triangles, the homologous sides are
proportional to each other.

6. The areas of similar triangles are to one another
as the squares of their homologous sides.

SECTION IX.
POLYGONS. ,

The aim of this paragraph is, to afford a suitable
occasion and method for recapitulating and-applying
the foregoing truths, and, likewise, to excite the
pupils to discover some of the more obvious and im-
portant truths arising from the investigation of regu-
lar polygons. In order to accomplish this object, the
master should abstain from giving them any assist-
ance, and be satisfied if their endeavours are success-
ful in part only,—rather aiming to obtain little, [bu¢,
that little from the pupils themselves,] than dragging
them, as it were, forcibly forward, to wrestle with new
difficulties.

The following are some of the results actually ob-
tained, in this manner, from the author’s pupils.—

M.—We have, now, arrived at the investigation of
polygons, and it is my wish that you should endeavour
to discover some, at least, of their properties. In
what way would you begin the investigation of a regu-
lar pentagon, for instance? What questions would
you propose to yourselves, concerning it ?

P.—1. We would endeavour to find the sum of its
angles.
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2. Then, each angle separately.

8. Each of the sides may, next, be produced, and the
sum of the exterior angles found.

4. The sides may, then, be produced till they meet,
and the sum of the angles be ascertained, which these
sides form at the point of concourse.

5. One diagonal may be drawn, and the relation it
bears to the other sides be investigated.

6. Two, three, four diagonals may be drawn, and
their relations to each other be investigated.

These answers, which the master may obtain from
his pupils, he should write upon the large school-slate,
and, directing their attention to their own observations,
leave them to demonstrate each satisfactorily.

1. In a regular pentagon, the sum of the angles =
6 rt. zs.

Joinac:
o gsof Aabe=2rt. g5,
and /s of trapezium a edc =4 rt. L3,
~ 48 of the pentagon =2 + 4 =6 rt. £s.
2. Each of the angles is, tlierefore, one-fifth of 6 rt.

L8
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i. e, six-fifths of a rt. £, or one rt. £ and one-fifth
of a rt. £ ,—and, therefore, obtuse. '

3. The sum of the exterior angles = 4 rt. £s.
For, . each ext. £ fab + its adjacent int. £ bae=
2rt. £s,
<. all the ext. £s 4 all theint. £s =10rt. £Zs.
But, the int. £s of the pentagon = 6 rt. /s;
soext. Zs=4rt. /8.

4. If the sides of a regular pentagon be produced till
they meet, the sum of the angles at the points of con-
course = 2 rt. /8.
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For, *cext. £lek of A'egh=int. opp. zsegk + e kg,
and, likewise, ext. £ Ideof A dfk = int.opp. £d fh
+dkf,

sogslek 4 lde=4 ysat g, b, f; A

To each of these equals add £ at I

s zsof nedl=>5 ysatg, k[ h1; ie

=2rt. £s. a

¢ d
5. A diagonal, ac, is parallel to the side, e d.
Join ad, ce:
then ' a e, ed = c d, ed, each to each,
and L aed= Lcde,
saaed= Acde. .
But, equal As upon the same base are between the

same parallels ;

-~ ac is parallel to ed.
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6. If, from the same angular extremity, two diago-
nals ae¢, ad, be drawn, they shall be equal to each
other; and each of the angles acd, ade, is double
the angle ca d.

For, *» ba, bc = ea, éd, each to each, .
and L abe= s aed,

.. base ac = base a d,

and .. Lacd= g adc;

also, .- whole £ at @ = whole £~ at d,

and L ead= £ eda, .
- the remaining £ bad = the remaining £ adec.
But, vrad| be,

o gbeca=alt. Lca d:AA bac;

and .. £ bad is double of £ cad.

But L adec= s bad;

~. 2 ad c is, likewise, double of £ cad.

a,

b S e

/

c d

7. If, from two angular extremities a, b, diagonals ac,
be, be drawn,—
1. The figure f cd e is a parallelogram;
2. The greater segment fc is equal to a side of the
regular pentagon ; and the figure fede is, therefore,
a rhomb. H5
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3. £ baissimilar to A abe.
1. ‘vacfledand be || ed,
. fig. fede is a parallelogram ; and,
2 ~fe=ed=fe=cd,
a side of the pentagon ;
the fig. f cde is, therefore, a rkomb :
3. also . the opposite /s of parallelograms are equal
to each other,
s Lefe= gede= gbae;
but, Lafb= s cfe;
and .., also, L afb= £ bae,
and £ abfis common to Asabe, abe;
.~ remaining £ b a f = remaining £ a ¢ b,
and . A ab fis similar to A aebd.
From this it follows that,
l. fa=[fb,
csLaeb= gabe= sbaf;
and .. rectangle ¢ f x fa =rectangle b f x fe:
2. also *+ As abe, abf, are similar,
~be:ba::ba:bdf,
and ... rectangle be x b f = b2
But, s fe=ba=fe,
sbat=fel
and .. rectangle be x b f = f¢2
Obs.—The master has, here, an opportunity of cx-
plaining what is meant by «dividing a straight line
into eaxtreme and mean ratio.”
The pupils may, now, be required to investigate, in
a similar manner, a regular hexagon.
They will find that,
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1. The sum of the interior angles of a regular hexa-
gon is equal to eight right angles.

2. Each of the angles is, therefore, one-sxxth of elght.
right angles, [f.e. four-thirds of a rt. £ = one and
one-third of a rt. £,] and is, therefore, obtuse.

3. If each of the sides be produced, the sum
of all the exterior angles is equal to four right
angles.

4. If the sides be produced till they meet, the
sum of the angles at the points of concourse = 4

AN
Y

For, . gzsof Aghk=2rt Ls,
and, likewise, £sof A Imo=2rt. /s,
~. 2s at the points g, &, &, [, my, 0 = 4 rt. £s.
5. The opposite sides are parallel to each other.
a — 3

Joinae, bd e d
then ' fa, fe = ¢b, cd, each to each,
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and £/ atf=./ ate, -
s.ae=bd.
Butad=ed; -
- figure a bde is a: parallelogram,
and..abl|ed.
6. Also . whole £ at a = whole £ ate,
and-; £ fae= /[ fea
-~ remaining / b ae = remaining / dea.
Butraelled;
.. Lsbae+dea=2rt. £3;
.. L baeisart. £,
and .. fig. a d is a rectangle.

a b

; /i

7. A diagonal, b e, is
1. parallel to cd or af';
2. bisects the angles at b and e, and, also, the hexa-
gon.
1. Joince, bd ;
and ' be, cd = ed, de, each to each,
and £/ ate= L ate,
soAbed= aede:
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and they are upon the same base dc¢ ;
~bellcd, and .., likewise, || a f.

2. Also, joinae:
‘»in Asbaebee,
rt. £ bae=rt. L bee,
andab=be,
sAbae= nbcee
and ... L abe= L che.
But 2 abe = alternate £ bed;
.. the £ s at b and e are bisected.
Again, ‘s Aabe= A bce,
and Aafe= Acedg
. asabet+afe= asbece+ede,
and ... b e bisects the hexagon.

8. If two diagonals b e, a d, be drawn, each of the
/8 age, bgd = the angle of the hexagon.
For, s ad|| feand be| af;
.. fig. a e is a parallelogram,
and .. ~ age=opp. L afe;
also rag=feandaf=ge:
.~ fig. ae is a rhomb ;
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and each of the segments of the diagonals is equal to
a side of the hexagon.

-Vd

9 A third diagonal passes through the point of in-

tersection of the other two.

Join fg, ges

and °. fig. ae is a rhomb,

s Lagf=/Legf

Similarly, £ bge= £ dge,

and £ agb=vert. £ egd;

s l8agf+ agh+bge= }the sum ofthe £ sabout
the point g, =21rt. /8,

.~ f ¢ is a straight line;

thus, three diagonals intersect each other in the same
point.

10. Hence it follows, that the six triangles are
equilateral triangles. '

The following are questions, which the master may
seasonably and appropriately ask his pupils, relative to
polygons, in general :—

M —What is the sum of the interior a.ngles of a
heptagon—of an octagon? In what manner may the.
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~sum of the interior angles of any polygon be deter-
mined ?

P.—Every polygon may be resolved into as many
triangles as the figure has sides ; the sum total of their
angles is, therefore, equal to twice as many right angles
as the figure has sides.

Now, the sum of the angles about the common vertex
of these triangles =4 rt. £s; therefore, the sum or
the interior angles of any polygon is equal to twice as
many right angles as the figure has sides less [minus]
four., '

M.—If the number of sides be three, four, five, six,
seven, &c., what is the sum of the interior angles o.
figures so constituted, respectively ?

P.—Two, four, six, eight, ten, &c. right angles.

M.—What relation have the numbers three, four,
five, six, seven, &c. to each other?

P.—They form an arithmetical series ; they are the
natural numbers, beginning from tiree, in an ascending

. order. '

M.—And, what relation have the numbers two, four,
six, eight, ten, &c. to each other?

P.—They form, likewise, an arithmetical series.

M.—Endeavour to express, in words, the relation
which the sides and sum of the interior angles of poly-
gons have to each other, when taken in suck an order.

P.—The sides form an arithmetical series whose
common difference is one, and first term three ; and the
respective sums of the interior angles form an arithme-
tical series whose common ratio and first term is fwo.
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M—In a triangle, when each side is produced,
what is the sum of the three exterior angles ?

P.—Four right angles.

M.—Produce each of the sides of a quadrilateral
figure,—a pentagon,—a hexagon—of any polygon ;
and find the sum of the exterior angles.

The pupils will find this sum to be, in every case,
equal to four right angles.

Hence, if each of the sides of any rectilineal figure
be produced, the sum of the exterior angles is equal to
four right angles.
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CHAPTER II.

SECTION I.

ONE CIRCLE—ONE AND TWO STRAIGHT LINES
IN A CIRCLE.

M.—State all you know of a circle.

Let the pupils state what they remember of Lesson
XL [Introd.]; and, to facilitate their recollection, let
the sphere, cylinder, and cone, be presented to them.

M.—By what means may a correct circle be de-
scribed ?

P.—By a pair of compasses, or by means of a
string.

The master has, here, a fit opportunity of making
several observations on the use of the Mathematician’s
Compass in describing a circle, and of instructing the
pupils to draw circles without its assistance.

M.—What is the fized point called ?

P.—The centre of the circle.

M.—And, what is the curved line called ?

P.—The circumference of the circle.

M.—And, what is the space bounded by the cir-
cumference called ?

P.—The area of the circle, or the circle.

M.—What do you know respecting the positionof the
centre of a circle with regard to the circumference ?



- 162 LESSONS ON FORM, BEING

P.—The centfe of a circle is such, that all straight
lines drawn from it to the circumference are egqual
to each other.

M.—What are such lines called ?

P.— Radis of the circle; and one is called a Radius.

M.—Can a circle have more than one centre ?

P.—No; for, then, there would be radii not equal
to one another,

M.—And, what is a straight line passing through
the centre and terminated both ways by the circum-
ference called ? :

P.—A diameter of the circle.

M.—Compare the portions of a circle obtained by
drawing a diameter.

P.—They are equal to one another, and are called
semi-circles [half-circles].

M.—Compare, likewise, the portions of the circum-
ference cut-off by a diameter.

P.—They are, likewise, equal to one another

M.—These and other portions of the circumference
are called arcs. When is an arc a semi-circumfer-
ence ?

P.—When the straight line joining its extremities
is a diameter.

M.—Describe a circle, and draw, in it, any straight
line terminated both ways by the circumference.
In how many different ways can such a line be
drawn ? :

P.—Either passing through the centre, or not.

M.—In a circle, a straight line, which is terminated
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both ways by the circumference, and which is not a
diameter, is called a Chord. Compare a chord with
a diameter.

P.—A chord is always less than a diameter.

I 'z
;‘
For, join cdand ce;

then *.* any two sides of a triangle are together greater
than the third side,
s.ced+ce>de.
But cd + ce = ab, the diameter of the circle;
sab>de.

M.—From the centre erect a perpendicular on a
chord ; and, then, compare the segments of the chord.

a b

P.—The chord a b is bisected by the perpendicular
cd.
For, joinac,cb; .. A acbhis an isosceles A ;
and, ¢ d being perpendicular to a b,
ad=bd.
M.—Hence, if, from the centre, cd be drawn, bi-
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secting the chord ab, what are the angles which it
makes with ab ?

P.—Right angles: for, then,ca=cb,and ad = d b,
and ¢d is common; ., Aacd= A cdb, and .,
zZeda= g cdb. ’

M.—I think, from the truth you have here demon-
strated, you will be able to devise some method of

JSinding the centre of a circle.

P.—Yes; for, it must be in the perpendicular which

is drawn bisecting a chord ; thus:

draw any chord a in a circle,
and let ¢ d bisect a b, and be perpendicular to it ;
bisect c¢d in f: then f must be the centre of the circle.

M.—Find the different ways in which two straight
lines may be drawn in a circle.

[The pupils ascertain this.] The most important
of the several cases are,

1. When the two straight lines are diameters.

M_—If two straight lines in a circle are diameters,
where is their point of intersection ?

P.—In the centre of the circle.

M.—How may two diameters intersect each
other? . . '
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. P—Either at right angles, or not.

M.—Compare the ares intercepted by these diame-
bers.

P.—They are equal to one another; and each is
one-fourth part of the circumference.

M.—Compare the areas intercepted by the diame-
ters and arcs. )

P.—They are equal to one another; and each is
one-fourth part of the circle.

M.—They are, on this account, called Quadrants.
[fr. quadrans, Lat.] If, then, an angle at the cen-
tre of a circle is a right angle, what part of the cir-
cumference is the arc which subtends it ?

P.— One-fourth.

M.—And, if the arc is not a fourth part of the cir-
cumference, what must the’ angle which it subtends
at the centre be ? )

P.—Either an obtuge or an acwte angle, according
_ as the arc, which it subtends, is more or less than one-
fourth of the circumference. ‘

M.—Compare the arcs and the areas intercepted
by two diameters which do ne¢ intersect each other
at right angles.

P.—The opposite arcs and areas are equal to each
other ; the smg}ler arcs subtend the equal acute angles,
and the two greater arcs subtend the equal obtuse
angles at the centre.

M.—And, if the acute angles be made greater or
smaller, what will, consequently, be the case with
the subtending arcs ?
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P.—They will, consequently, become greater or
smaller also.

M.—Hence, what relation exists between the arcs
of a circle and the angles which they subtend at the
centre ?

P.—They increase or decrease according as the
angles at the centre increase or decrease.

M.—1t is from this circumstance, that arcs are said
to be the measures of the angles which they subtend
at the centre.

2. When two straight lines in a circle are not dia-
meters.

M.—When two straight lines in a circle are not to
be diameters, in what two different ways can they be
drawn ?

P.—Intersecting one another, or, not intersecting
one another.

M.—If they do not intersect each other, when are
they equal to each other?

P.—When they are equi-distant from the centre.

M.—By what means would you measure the distance
of a straight line from a point ? .

P.—By a perpendicular drawn from the point to the
line.

M. —Whya perpendicular ? Could any other straight
line serve the same purpose 7

P.—No: for, from the point, any number of unequal
straight lines may be drawn to a straight line, but
only one perpendicular.

M.—Then, demonstrate that chords which are equi-
distant from the centre are equal to each other.
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P.—From the centre ¢, draw the perpendiculars cf;
cg; and join ¢ b, cd.
Then « a b, de, are equi-distant from the centre,
ef=cg; '
and ¢b = cd, as they are radii;
and, b fis one-half of a b ;
also, ¢ d is one-half of d e,
But, s £ cfbisart. £ ;
nebi=cf +bf;
similarly, e &® = gd’ + cg®
But, cb¢=cd’ (because ¢b = cd);
scf+bft=gdt+cg’
But, ¢ f* = ¢ g° (because cf=cg);
Soff=gdl
and, ~. bf=gd.
But b f is one-half of a b,
and gd is one-half of de ;
sab=de.

M.—And, when it is known that chords in a"circle
are equal to each other, what inference must be drawn
respecting their distances from the centre ?
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P.—Their distances must be equal :
for, - a b =de, and ¢ f, c g are perpendiculars, drawn
to them from the centre,
~bf=gd,
andcb=cd;
seft+ bf*=cg’ + g d (as before).
Butdf’=gd?;
seft=cg,
and s.ef=cg;
that is, the perpendiculars are equal; and, therefore,
the chords a b, d e, are equi-distant from the centre.
M.—And, when are two chords not equal to each
other?
P.—When they are at unequal distances from the
centre.

a " N}

For,ifdebe > ab,
dgis>f.
But,cft +bf’=cg® +dg’,
anddg’ > bf*;
seft>egt;
that is, cf > cg.
Hence, the chords are at unequal distances from
the centre: and the lesser chord, a b, is farther from
the centre than the greater chord, d e.
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8. When two straight lines in a circle intersect
each other. ‘

M.—If two chords in a circle intersect each other,
where may their point of intersection be ?

P.—Either in the circumference of the circle, or
within the circle.

M.—In the former case, the angle made by two
chords meeting in the circumference is called the
angle at the circumference—

a

[J

{in contra-distinction to the angle bdc at the centre].
What have the angles bac and b d ¢ in common ?

P.—The arc b c subtending them beth.

M.—Hence; these angles are said to stand wpon the
same arc. Compare them.

P.—The angle 6 d c at the centre is greater than the
angle bac at the circumference ;—it is double the
angle at the circumference.

For, join a d and produce it to e ;

then - da =db,

Ldab= f dba;

and .-, the ext. / edb is double £/ d.ab.

For a similar reason, £ edcisdouble £ dae;
and ... the whole £ bd ¢ is double /2 bae.
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M—1In this figure, the angle b a d is an angle at the
circumference, and the angle b c¢d, at the centre ; and
they stand upon the same arcb d. 1Is 2 b cd, likewise,
double /. bad?

P.—Yes. Join ac and produce it to e ;

s L ecdisdouble £ cad; .
also, £ ecb isdouble £ cab; }""""“’“""
.. remaining /£ bcd is double the remaining / bad.

M. —Hence, when an angle at the circumference is
one-half of a right angle, what is the angle at the
centre, upon the same arc?

P.—Double one-half of a right angle,—that is, one
right angle.

M~—And what part, therefore, of the whole cir-
cumference is the arc upon which they stand ?

P.—One-fourth of the circumference.

M—~—And, when an angle at the circumference is a
right angle, what is the corresponding angle at the
centre ?

P.—There can, in this case, be no angle at the
centre ; because, no angle can be equal to double a
right angle, or, to two right angles.
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M.—Now, what part of the circumference is the arc-
which subtends a right angle at the circumference ?

P.—It must be a semi-circumference.

M.—If, then, an angle at the circumference stands
upon a semi-circumference, what must that angle
be?

P.—A right angle.

M.—Demonstrate that—When an angle at the eir-
cumference stands upon a semi-circumference, it is a

right angle.

Al

. P~If the arc ae b is a semi-circumference, a b
passes through the centre c. Join cd:
then *.» ¢d = ¢a, and cd = ¢ b,
Lecda= [ cad,and £ cdb= L cbd;
and .. whole £ adb= /scad + cbd.
Now, if one of the angles of a triangle is equal to the
sum of the other two, it is a right angle;
L adbisart. L.

M.—And, if it be known that an arc is less than a
semi-circumference, what must be concluded with re-
spect to the angle which it subtends at the circum-
ference ?

12
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P.—It must be less than a right angle; it must be
an acute angle.

M.—Demonstrate this.

P.— the arc adb is a semi-circumference,

. the arc d b is less than a semi-circumference.
But, in A adb, £ adbisart. £ ;
o/l dabislessthanart. 2.

M.—And, if the arc be greater than a semi-circum-
ference—?

P.—The angle which it subtends at the circum-
ference must be greater than a right angle; it must
be obtuse.

For, *. the arca b is a semi-circumference,

.. the arc baeis greater than a semi-circumference.
But £ adbisart. £ ;

s LedbDrt £,

i.e. £ edb is an obtuse angle.

M.—There is an important truth dependeat on
the relation of angles at the centre and angles at the
circumference, ‘upon the same arc. At the centre,
can there be several angles which stand upon the
same arc?

P.—No. -

. M.—But, can the same arc subtend several angles
at the circumference ?

P.—Yes,—an indefinite number.

M.—And, what may be concluded respecting
them?

P.—They must all be equal.
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Joincb, cd;

< L bed, at the centre ¢,

is double of each of L8 bad, bed, andbfd;
and . L bad= [ bed=0bfd.

M. —Look at the figure you have adopted, in de-
monstrating this truth. What part of the circum-
ference is the arc b d #~—what kind of angles are b ad,
bed, bfd?— Now, show that angles which stand

on arcs greater than the semi-circumference are, like-
wise, equal to each other.

P, -carcad> semi-circumference,
. arc a b e d < semi-circumference ;
and .. £ bae= £ bde (as before).
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But £ afb= £ dfe, inasmuch as they are ver-
tical /s

<~ in Asabdf,dfe, there are2 s of theone =2 /s
of the other, each to each;

s rem.abd =rem. /£ aed.

M.—We have now arrived at the last case, —
“ when the point of intersection of two chords falls
within the circle.” If the point of intersection is in
the centre, what, then, are the chords ?

P.—Diameters of the circle.

M.—And, if we conceive rectangles formed by
their segments, what conclusion must necessarily fol-
low respecting them ?

P.—Such rectangles are squares, and are equal to
each other.

M—But, if the point of intersection be not the
centre, are the segments, then, equal to each other ?

s

e

Join ¢ f'

then, if b f = f a,
Lefbisart. /2
and ife f= f d,
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L cfeislikewise art. / ;
and.. L cfb= /L cfe
which is impossible :
~ ab and ed do not bisect each other.

M.—Again, if the point of intersection is not the
centre of the circle, are, then, the rectangles contained
by their segments equal to each other ?

P,

P.—Yes: the rectangle contained by ae, eb, is
equal to the rectangle contained by ce, ed.
Joinacanddbd:

&L acd= [/ abd, as they are on the same arc a d ;
similarly, /2 cab= £ cdb,

and /£ cea= £ bed, as they are vertical /s:

<~ Aaecissimilar to A bed;

and c.ae:ed:.ec.eb;

and, hence, ae X eb=ed X ¢c,

that is, rectangle ae, e b = rectangle ed, ec.

M.—There is a particular case depending on this
truth.—Let one of the two straight lines be a diameter,
and the other a chord at.right angles to it: find
how the truth, you have demonstrated, is then
modified.
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a ' 13

P.—The rectangle ae, eb = rectangle ce, e d.
But ce = ed, because a b is at right angles to cd ;
.. rectangle ce, ed = ce® or de?;
and .-. rectangleae, eb = ce’.

M.—Express this truth in words.

P.—If, from a point in the circumference of a
circle, a perpendicular be drawn to the diameter, the
rectangle contained by the segments of the diameter
is equal to the square of the perpendicular.

SUBSTANCE OF SECTION 1.

1. A circle has only one centre.

2. A diameter is the longest straight line that can
be drawn in a circle.

8. An arc of a circle is a portion of its circum-
ference. .

4. The straight line joining the extremities of an
arc is called a chord.

5. A perpendicular drawn from the centre to a chord
bisects the chord.

6. If a chord be bisected, the straight line joining
the point of bisection and the centre of the circle is
perpendicular to the chord.
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7. Arcs are the measures of the angles which they
subtend at the centre.

8. Chords which are equi-distant from the centre of
a circle are equal to each other.

9. Equal chords, in a circle, are equi-distant from
the centre. ‘

10. Chords, in a circle, which are not equi-distant
from the centre are not equal to each other, and the
lesser chord is farther from the centre than the greater
chord.

11. The angle at the centre of a circle is double
the angle at the circumference, upon the same arc.

12. At the circumference, an angle which stands
upon a semi-circumference is a right angle.

18. At the circumference, an angle which stands
upon an arc less than a semi-circumference is an acute
angle; and that which stands upon an arc greater
than a semi-circumference is an obtuse angle.

14. At the circumference, angles which stand upon
the same arc are equal to each other. '

15. In a circle, if two chords intersect each other,
the rectangle contained by the segments of the one is
equal to the rectangle contained by the segments of
the other.

16. If, from any point in the circumference, a per-
pendicular be drawn to a diameter, the rectangle .
contained by the segments of: the diameter is equal to
the square of the perpendicular.

'

15
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SECTION IL
THREE AYD MORE siraight kimes 1IN A cimcix

M—If, from any point in a circle, three straight
lines be drawn to the circumference, what will result
from comparing them ?

P.—Nothing definite can be said of them, except
when the point is the centre.

M—Baut, if one of the three straight lines passes
through the centre—?

P—The straight line which passes through the
centre is the greatest of the three.

Let ab pass through the centre c¢; ad shall be
greater than ad or ae.

Joined, ce:

then, - ¢ is the centre of the circle,
cb=cd=ce.

Butac + cd>ad;
~~ac+chb>ad;

that is, ab > ad.

Similarly, ab> ae ;

. abis the greatest straight line.
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[In such cases, of course, the term ¢ greatest” |
refers to length solely.]

M—Now, compare the other two lines, a d and c e.

P. adis greater thanae ;

*»acand cd = ac and c ¢, each to each.
But L acd> L ace;
s.ad>ae.

M.—Express this in words.

P —Of three straight lines that can be drawn from
any point in a circle to the circumference, whereof
one passes through the centre, the greatest is that
through the centre ; and the one that is nearer to that
which passes through the centre is greater than the
one more remote. !

M.—But, can there be drawn two equal straight
lines from the point a to the circumference ?

P.—Yes: one on each side of a b,—that is, one on
each side of the greatest line.

Make £ dcb= / ech,

and joinedand ae:

s ac, cd=ac,ce; each to each,
and £ acd= £ ace;

~ base ad =base ae.



180 LESSONS ON FORM, BEING

M—Can there be drawn, from the point to the cir-
cumference, a third line which shall be equal to @ d
orae?f

P.—No ; because it has been proved, that any line
which is nearer to a b, is greater than one that is more
remote : and, theréfore, any line drawn on either side
of a b must be less or greater than ad or ae.

M.—How miny equal straight lines can be drawn
from the point a to the circumference ?

" P—Only two single lines; but as many pairs of
equal lines as you please.

M.—Let us suppose, then, that three lines, from a
certain point to the circumference, are equal to each
other,—where must that point be in the circle ?

P.—It must be the centre of the circle.

M.—Then, how many equal lines, at least, are re-
quired to determine whether a certain point is the
centre of a circle?

P.—At least, three equal straight lines to the cir-
cumference.

M.—Now, draw three straight lines, in all possible
ways, in a circle ; and find what results arise from the
investigation of each case.

P.—1. Three straight lines in a circle may all be
diameters, or all radii.

If they are diameters, no particular truth arises
from the circumstance.

If they are radii, the angles which they make at the
centre may be equal to each other, or they may not.

If the angles at the centre are equal, the arcs which
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subtend them must be equal, (since arcs are the mea-
sures of angles at the centre,) and the straight lines
which join the extremities of the radii are equal.

For, A cab evidently = A cbd;
and ~.ab=0bd.

M.—Hence, chords which cut-off equal arcs of a
circle must be ?

P.—Equal to each other.

M.—And, equal chords in a circle must cut-off——*

P.—Equal arcs.

But, if the angles at the céntre are not equal to each
other, the corresponding arcs are not equal to each
other; nor are the lines which join their extremities
equal to each other and the greater line is that which
subtends the greater angle.

2. Of three straight lines in a clrcle, two may be
radii, and the third a diameter.

U,
AN
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Iffacd= fdce= L ech
each of them = gs of art. £/ ;
s L8cad fcda=4rt. £.
But £ cad= yscda;
s.eachof zscad,cda=4%rt. £:
hence, A acd is equiangular,
and .-., also, equilateral,
and ca=cd=ad.
But Aacd= Adce= Aecb;
sad=de =eb.

3. Of three straight lines in a circle, two may be
diameters, and the third a radius.

No particular truth arises from this case.

4. They may be chords.

These, if equal to each other, are equi-distant from
the centre.

And, if equi-distant from the centre, they are equal
to each other. :

Two of them may be equal to each other; the
third, then, is not equi-distant, with them, from the
centre.

They may be all parallel, or two only may be pa-
rallel with each other.

No particular truth arises from this case, unless
a perpendicular be drawn, from the centre, upon one
of them; it is, likewise, perpendicular to each of
them, and bisects each of them.

5. Three straight lines in a circle may intersect
each other.

Their point of intersection may be within the circle
orin the circumference. '
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If it is within the circle, and the lines are equal to
each other, the point of intersection is the centre.
(This has already been shown.)

If the lines are not equal to each other, the rect-
angles contained by the segments of each are equal to

N
&

For, the rectangle ag, gb = rectangle cg, gd ;
also, rectangle a g, g b = rectangle eg, g f:
. rectangle a g, gb = rectangle cg, g d = rectangle
€9 9f

If they are in the circumference, and the angles
which they make are equal to each other, the arcs
which subtend them are, likewise, equal to each

other.
a

b e
d

e

For,let Lbad= L dae:
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cLbed= £ dce,—as /s at the centre ;
and .. arc bd = arc de.

6. They may intersect each other in two points.

Nothing determinate can be said of them, in this
case, unless more is known.

7. They may intersect in three points, and form a
triangle.

That triangle may be right-angled, obtuse-angled,
or acute-angled.

M—Where are the angular extremities of such a
triangle ?

P.—In the circumference.

M.—A triangle, or any other figure, of which all the
angles are in the circumference of a circle, is said to be
inscribed in the circle. Where is the centre of the
circle, when the inscribed triangle is right-angled ?

P.—In the intermediate or middle point of the side
which subtends the right angle; because every right
angle at the circumference is subtended by a semi-
circumference, and the line which joins the extremities
of a semi-circumference is a diameter.

M.—Endeavour to demonstrate this, by means of
auxiliary lines.
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P—Let Lbacbeart. £ ;
bisect bc in d:
the point d shall be the centre of the circle.

Draw de, dfatrt. 28 to a b, a c, respectively,
and join da : ' ‘
then *.* deisatrt. Zstoa b,

~nae=be

and de is common to Asdeb, dea;
sdb=da.

In the same way, it may be shown that
da=dc s

db=da=dec;

and ... dis the centre of the circle. '

M —But, when the inscribed triangle is obtuse or
acute, where is the centre ?

P.—When it is obtuse, the centre of the circle must
be without the triangle, beyond the side which sub-
tends the obtuse angle; because an obtuse angle is sub-
tended by an arc which is greater than a semi-cir-
cumference. _

If it is an acute-angled triangle, the centre of the
circle is within the triangle.

M. —Yes: and, when the inscribed triangle is equi-
lateral, where is the centre of the circle ?

P.—In the centre of the triangle; because, since
the sides are equal, they are equi-distant from the
centre.

The pupils may, now, be left to draw four straight
lines in a circle. The truths, arising from their vari-
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ous combinations, will afford the means of recapitulat-
ing most of those positions which have before been
established, and which need, here, no repetition.
Those which are of chief importance, however, are
the following. :

M—If four chords be drawn so as to join the ex-
tremities of two diameters, what may be said of
them.

P.—The opposite chords are equal to each other;
and, therefore, they form a parallelogfam_.

For, ca, c b = cd, ce, each to each,
and Lacb= gdce;
cab=de;
similarly, ad = be.
But, if the opposite sides of a quadrilateral figure are
equal to each other, the figure is a parallelogram ;
~.abed is a parallelogram.

M.—And, when will the inscribed quadrilateral
figure be a square?

P.—When the diameters cut each other at right
angles,
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VAN
N\

2

For, thena b = bd ;

and .. a bed is equilateral.

But £ badis art. £ [because it is subtended by the
semi-circumference bed] ;

. abde is rectangular,

and ... aebd is a square.

M.—Draw any four chords in a circle, so as to
form a quadrilateral figure, and determine what may
be said of the sum of the opposite angles.

P —The sum of the opposite angles of any qua-
drilateral figure, inscribed in a circle, is equal to two
right angles. '
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Join ac and bd:

then *» s cad, cbd are upon the same arc cd,
LZead= fcbd;

for a similar reason, £ bac= £ bdec;

s whole £ bad= /zsecbd+ bde.

To each of these equals add £ bed 5

o~ gsbad+bed= gscbd +bde + bed.

But £scbd + bde + bed=2rt. £s;

W gsbad+bed=2rt. £8;

and, - all the angles of the figure abcd = 4 rt. As,

. gzsabet+adc=2rt £s.

M.—Then, what are the only quadrilateral figures
which may be inscribed in a circle ?

P.—A square; a rectangle; and a trapezium,
whose opposite angles are together equal to two right
angles.

The pupils are, now, required to draw five, siz, seven,
&e. chords in a circle. These combinations, however,
offer no important results which can be adequately ap-
preciated by them, at this stage of their geometrical
knowledge. From this general remark may be ex-
cepted, however, the particular case of an inscribed
equilateral and equiangular hexagon,—each side of
which is equal to the radius of tlie circle; whence
. the truth, that, the radius of a circle may be applied siz
times, exactly, to the circumference—The demonstration
of this being easy, will be readily discovered by the
pupils.
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SUBSTANCE OF SECTION II.

1. If, from a point in a circle, there can be drawn
more than two equal straight lines to the circum-
ference, that point is the centre of the circle.

2. Of all straight lines that can be drawn from a
point in a circle to the circumference, the greatest is
that which passes through the centre.

8. And, of the others, that which is nearer to the
one in which the centre is, is greater than any one
more remote. :

4. And, from the same point, only pairs of equal
straight lines can be drawn to the circumference.

5. Chords which cut-off equal arcs are equal to
each other.

6. If chords are parallel, a perpendicular drawn from
the centre to one of them, when produced to their cir-
cumference, is perpendicular to each of them, .and it
bisects them.

7. When angles at the circumference are equal to
each other, the arcs upon which they stand are, like-
wise, equal to each other.

8. A figure is said to be énscribed in a circle, when
all its angular extremities are in the circumference of
the circle. _

9. If a right-angled triangle be inscribed in a circle,
the intermediate or middle point of the side which
subtends the right angle is the centre of the circle.

10. If an obtuse-angled triangle be inscribed in
a circle, the centre of the circle is without the
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triangle, beyond the side which subtends the obtuse
angle.

11. When an acute-angled triangle is inscribed in
a circle, the centre of the circle is within the tri-
angle. _

12. When an equilateral triangle is inscribed in a
circle, the centre of the circle is, likewise, the centre
of the triangle.

18. The four straight lines which join the extrem-
ities of two diameters, in a circle, form a rectangular
parallelogram.

14. If two diameters intersect each other at right
angles, the four straight lines joining their extrem-
ities form a square.

15. The opposite angles of any quadrilateral figure
inscribed in a circle are together equal to two right
- angles.

16. A square,—a rectangle,—and a trapezium of
which the opposite angles are together equal to two
 right angles,—are the only quadrilateral figures which
can be inscribed in a circle.

17. If an equilateral and equiangular hexagon is
inscribed in a circle, each of its sides is equal to the
radius of the circle.

18. Hence, the radius of any circle may be applied
siz times to the circumference.
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SECTION III.
LINES without A CIRCLE—TANGENTS.

The object of this section is the investigation of
such truths as arise from the relations of straight lines
without a circle. The method of proceeding is here,
likewise, closely similar to that which has been ob-
served in the preceding sections. ‘

A point is, first, assumed without the circle, from
which straight lines are drawn so as to intersect the
circle.

Next,—one tangent is drawn, and the angles, which
a diameter, drawn to the point of contact, makes with
it are investigated.

Two tangents, three tangents, &c. are, then, drawn
in succession, and the nature of the circumscribing
figures is investigated.

M.—When is a point without a circle ?

P.—When its distance from the centre is greater
than that measured by a radius.

M.—If, from a point without a circle, it be requir-
ed to draw a straight line to the circle,—find in how
many different ways this can be done.

P.—A straight line, so drawn, may cut the circle ;
or, it may only meet the circle ;
or, it may Zouch the circle ;
or, it may neither cut it, meet it, nor touch it.

M.—If a straight line is drawn so as to cut a circle,
—determine in what manner it may cut it.
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P.—It may either pass through the centre, or not
pass through the centre.

M—If, from the same point, two lines be drawn
80 as to cut the circle, in what manner may they cut
it?

P—One of them may pass through the centre, and
the other may not pass through it; or, neither of
‘them may pass through it.

M.—Compare two such lines, in each case.

P.—If one of them passes through the centre,
it is greater than the one which does not pass
through the centre.

Let a b pass through the centre ¢, and ad cut the
circle ; ab shall be greater than ad.

Joinde;
sde+ca>ad:
butde=r¢cb;
cab>ad
And, if two straight lines be drawn from the point
a, they may be equal to each other, or they may not
be equal to each other;
a dis equal toae,
when £decb= s ech;
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‘o then, £ dca= gL eca,
and d¢, ca=cec, c a, each to each;
cad=ae.

M.—Hence, of all straight lines which can be
drawn from the point a so as to cut the circle, what
will be the greatest ?

P.—The one which passes through the centre ; and
of the others, that which is nearer to the one in which
is the centre, will be greater than one more remote.
Also, only two equal straight lines can be drawn
from the same point so as to cut the circle, one on
each side of the greatest line.

Obs.—The demonstration of these positions being
similar to the analogous cast in the preceding section,
it is unnecessary to repeat it here. The pupils, how-
ever, must demonstrate what they have stated above,
—and, indeed, should always be required to demon-
strate whatever admits of demonstration.

M.—When do you consider a straight line as meet-
ing, and when as touching, a circle ?

P.—A straight line fouches a circle when it meets
the circumference, and, being produced, does not cut
it

M.—Compare straight lines drawn, from the same
point, to meet the circle. ‘

_P—That is the least line which, when produced,
passes through the centre of the circle; and of the
others, that which is farther from the least line is
always greater than one more contiguous to it.

K
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77\

Of the straight lines a g, a ¢, let ag, produced, pass
through the centre ¢, and

joinecd, ed:

then rcd + da > ca, .
anded=cg,

<. remainderag < ad;

that is, the one which, when produced, passes through
the centre, is less than one which, when produced,
does not pass through the centre :

. a g is the least.

Again, ‘- dis a pointin A aec,
.ae+ec>ad+de;

but ec=de;

.ae>ad;

that is, a line which is farther from the least line is
greater than one nearer to it.

Also, if £ dea= 4 fca,

ad=af;

‘aade= Aafe.

Hence, only a pair of equal straight lines can be drawn
from the same point 8o as to meet the circle, one on
side of the least line.

a
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M.—When a straight line touches a circle, it is
called a tangent ; and the point in which it touches
the circumference is called the point of contact.

From the point of contact dsaw a straight line, so
as to cut the circle, and determine the angles it makes
with a tangent.

P.—A straight line from the point of contact either
passes through the centre of the circle, or it does not
pass through the centre. If it passes through the
centre, it is at right angles to the tangent.

a 3 4
For, if a is the point of contact, any straight lines,
¢b, ¢ d, from the centre are always greater than ca:
. ca is the least line which can be drawn from a point
to a straight line ;
~.caisatrt. Zstoabd.

M.—But, could not another point, b for instance, be
likewise in the circumference of the circle?

P.—No: for, then, a b would cut the circle, and,
therefore, not be a tangent.

M.—Can you show, that a straight line joining
any two points in the circumference of a circle is
within the circle ? .

K 2
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Let a, 5, be any two points in the circumference : the
straight line joining them is sithin the cirde.

From ¢, the centre,drawcd at rt. /s toa b, and
joinecd;
~.¢b> cd (because it subtendsa rt. / ),

_and .-. the point d is within the circle:

but the point d is in the straight line ad;

.. the points a, b, are in the same line with d,
and .. a b is within the circle.

M. —Hence, what may be said of a tangent ?

P—A tangent touches a circle in one point only ;
and the straight line from the centre to the point of
contact is at right angles to the tangent.

M—If, then, the angle which a straight line from
the centre makes with another line meeting the cir-
cle is not a right angle, what must be concluded 7

P.—That the straight line which meets the circle
is mot a tangent, and that, being produced, it must,
therefore, cut the circle.

M—Now, investigate the angles which a straight
line from the point of contact makes with the tangent,
when it does no¢ pass through the centre.
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(4

| “\ / J 3
d

Let a b be a tangent,

d the point of contact,

“and d e a straight line, not passing through the centre c-

2 edb = £ upon the arc dge,

and £ eda = / upon the arc d fe.

Draw dcf, and join fe;

in the arc d e take any point, g,

and joindg, ge;

e~ sfdbisart. £.

But £defisart. £, it being £ upon the semi-cir-

cuinference f'd ;

g fdb= gdef:

and gdef= ssefd + edf;

s Lfdb= gsefd + edf,

o gSfde + edb= gsefd + edf,

and . £ edb= g efd, upon the arcdge.

Again, -, opposite z8efd + dge =2 rt. £s,

‘oo gzseda +edb= ysefd+dge:

but, £ edb= sefd;

~ L eda= g dge, upon the arc dfe.
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M.—Express this truth in words.

P—If, from the point of contact, a straight line be
drawn so as to cut the circle, the angles which this line
makes with the tangent are equal to the angles upon
the adjacent arcs.

M.—You said that, a straight line from the point
of contact either passes through the centre or it does
not ; but, cannot a straight line be drawn between the
tangent and the circumference ?

P.—No.

For, L cabisart. £;

s szcecadisnotart. £;

and .». ad is not a tangent.

Hence, a d must cut the circumference.
M.—Consequently, how many tangents can be.

" drawn from the same point without a circle ? o
P.—Only two tangents, one upon each side of. the

straight line which passes, from the point, through the

centre.

M.—Draw these, and compare them.
P—They are equal to each other.
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/’,T |
a’ w |
d
Joincb, cd:
o gscba,cdaarert. /s,
andc.ca’*=¢cb +abt=cd® 4 ad’;
~ab’=adand ab=ad
M.—There is another interesting truth respecting

a tangent, connected with those you have already
ascertained. I will assist you in discovering it.

J»mc @
N -
Let a b be a tangent, and
a d a straight line cutting the circle in e;

join d b and eb.
Compare the aAs adb, a ed.
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P— adbis similar to A aeb.
For, * be cuts the circle,

e Labe= £ adb, upon the arc be;
and £ bad is common to the two As:
. sbea= sLabd;

s Aaebis similar to A abd.

M.—And, what are the homologous sides, in these
triangles ?

P.—ae, a b, and e b, are homologous to @ b, a d, and
d b, respectively.

M.—What proportion results from the first pair of
these homologous sides ?

P. ae:ab::ab:ad

M.—And what equality, therefore, exists between
the rectangles contained by the extremes and means
of their proportion ? '

P.—The rectangle a e, ad = rectangle a b, a d,—
that is, rectangle ae, ad = a b*

M.—Express this equality in words.

P.—If, from a point without a circle, two straight
lines be drawn, whereof one is a tangent and the other
cuts the circle, the rectangle contained by the line
which cuts the circle and by the part of it without the
circle is equal to the square of the tangent.

M.—If, then, from the same point without a circle,
several straight lines be drawn cutting the circle,
what may be said of the rectangles contained by each
of them and by its corresponding segment without the
circle? )

P.—They are equal to each other.



AN INTRODUCTION TO GEOMETRY. 201

Draw ae, a tangent :

<. rectangle a b, a f'=a ¢%;
and rectangle ac, ag = a€’;
and rectangle ad, ak = a ¢*:
.~ these rectangles are equal to each other.

- M.—If two tangents be drawn, not from the same
point without a circle, ascertain the manner in which
they may be drawn.

P.—They may be drawn either parallel to each
other, or not. »

If they are parallel, the straight line which joins
their points of contact passes through the centre of

the circle. 3
: 9
a
€
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Let a b be parallel to d f;

from ¢, the centre, draw ¢ g. to the point of contact ; and
produce g ¢ to %, a point in the tangent d f:

then, . £ ecgbisart. £,

and, . a b is parallel to d f,

s £ehfis likewise art. £ :
.and .. the point % is the point of contact of the tan-
gent d f.

When the tangents are not parallel, they meet if
produced, and the parts of them between the points of
contact and their common point of intersection are
equal to each other. (As before.)

M.—Now, determine the manner in which three
tangents, from three different points, may be drawn to
the circle; and ascertain the truths which result from
their different relations.

P.—Only two of them may be parallel, — the third
not being so.

In that case,
N a e
d 3
r
= -
ae+cf=af; f

‘cae=¢eb,and ¢ f=fb.
Also, £ abcisart. £ ;
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because a straight line joining the points, g, ¢, is a dia-
meter :

- the arc a ¢ is a semi-circumference ;

and .. £ abec is a right angle.

a [

c
. f

M.—But, if d is the centre of the circle, what kind
of angle is £ ed f?

P.—1t is a right angle.
Join acand db:
then, -+ a¢ and ¢f are tangents, and parallel to each
other;
.. @ ¢ passes through the centre d;
also *." ae =eb, and deiscommon to Asaed, bed,
thert. £ dae=rt. £ dbe;,
s aaed= Abed,and... Ledb= seda;
similarly, £ fdb= ¢ fde;
and, .. whole £ ed f= /s eda + fde:
~sedf=30of2rt. L8 =onert. £.

VIf they are not parallel to each other, they will

form a triangle, when produced.

M.—How would you distinguish, in words, a tri-
angle formed by tangents drawn to the circle, from a
triangle formed by chords in the circle.
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P.—I would say that, the former is circumseribed,
or, described, about the circle; that the latter is in-
scribed in the circle.

This paragraph, it is hoped, will suffice to show how
pupils may be induced to continue their investiga-
tions of the various mutual relations of three, four, &c.
tangents. The results of such inquiries are, at this
stage, important so far only as tbey'serve as means of
imprinting, permanently, on their memory those geo-
metrical truths which they have pre-established, with-
out encumbering it with an additional weight. The
investigation of the mutual relations of circumscribed
and inscribed figures is, for learners so young, frequent-
ly too prolix, and, therefore, not of a kind that may be
continued with sustained interest. Far more impor-
tant, moreover, are the truths resulting from a com-
bination of several circles,— the study of which is,
the method of constructing Rectilinear Figures.

SUBSTANCE OF SECTION III.

1. If, from a point without a circle, straight lines be
drawn cutting the circle, the greatest is that which
passes through the centre; and of the others, that
which is nearer to the one in which is the centre, is
less than one more remote.

2. Also, a pair of equal straight lines may be drawn
to a circle from the same point without the circle, one
on each side of the greatest line.

8. If, from a point without a circle, straight lines be
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drawn to meet the circumference, the least is that
which, when produced, passes through the centre;
and of the others, that which s farther from the least
line is greater than one nearer to it.

4. The straight line joining the centre of a cir-
cle and the point of contact of a tangent is at right
angles to the tangent. .

5. The straight line joining any two points in
the circumference of a circle is within the circle.

6. A tangent touches a circle in one point only.

7. If, from the point of contact of a tangent, a
straight line be drawn cutting the circle, the angles
which it makes with the tangent are equal to the angles
upon the adjacent arcs.

8. From the point of contact of a tangent, no straight
line can be drawn between the tangent and the cir-
cumference which does not cut the circle.

9. Two -tangents from the same point, without a
circle, are equal to each other.

10. If, from a point without a circle, two straight
lines be drawn whereof one is a tangent and the other
cuts the circle, the rectangle contained by the line
which cuts the circle and by the part of it without
the circle is equal to the square of the tangent.

11. If; from the same point without a circle, several
straight lines are drawn cutting the circle, the rect-
angles contained by each of them and by its correspond-
ing part without the circle are equal to each other.

12, If two tangents are parallel to each other, the
straight line joining their points of contact passes
through the centre.
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SECTION 1V.

TWO CIRCLES.

The object of this paragraph is the investigation of

such truths as arise from the various combinations of
" two circles.

The order in which the branches of this subject
naturally present themselves to the contemplation of
the mind is the following : first—wo circles toucking
each other ; next, two circles as intersecting each other ;
and, thirdly, the results of these investigations as appli-
cable, in combination with those of the preceding
paragraphs, to the solution of problems.

M—What nray be said of the equality of two circles,
generally ?

P—Two circles may be either equal to each other,
or they may not be equal to each other.

M.—Ascertain the various ways in which two equal
circles may be applied to each other.

P.—The centre of the one may be put upon the cen-
tre of the other ; and then, because the circles are equal
to each other, their circumferences must coincide.

If the centre of one of the circles be not put upon
the centre of the other, their circumferences may cut
each other, or touch each other, or, neither cut nor
touch each other.

If two circles cut each other, they cannot cut each
other in more than two points.
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Let ¢ be the centre of the circles ad b, bea; and let
a, b, be two points of intersection :
.. ¢ca = ¢ b, and, from ¢, no other straight line equal to
caorcb can be drawn to the circumference of the
circle a e b, unless the point c is, likewise, the centre
of the circle aeb.

If two circles touch each other, they can have only
one point of contact.

Let 5 be a point of contact of the circles abc and
bed;
draw b f to the centre,
andbhatrt. Zsto b f,
and produce ' b:
~Lshbfand hbgarert. zs,
and .. b g passes through the centre of the circle b % e.
And, these cirgles cannot have another point of con-
tact besides the point b; because f% + kg is greater
than fg.

From this it follows, that, if two circles touch each *
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other externally, the straight line joining their cen-
tres passes through the point of contact.

If two unequal circles neither cut nor intersect each
other, they may be so placed that the centre of the
one shall be upon the centre of the other.*

A\
\,
M. Well,—such circles are called concentric circles.
P.—Or, they may be so placed that their centres are
not the one upon the other.
If two unequal circles touch each other internally,
they can have only one point of contact.

(]

k

(]
Let a be a point of contact;

* Here and in other places, copious answers or statements are
set-down as flowing, apparently, from one question, though actually,
perhaps, resulting from several queries, hints, and helps,—the inser-
tion of which would, to the discerning and competent instructor, be
both tedious and useless.
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draw ac to the centre of the circle ad f;
draw a b at right angles to ac,

and produce a ¢ :

then °.» £ bacisart. £,

.. ba touches the circles ¢ fd and ae g,
and .. a ¢, produced, passes, likewise, through the cen-
tre, &, of the circle aeg. )

Moreover, these circles cannot have another point of
contact besides the point a; for, a straight line drawn
from any other point &, in a b, through ¢, cannot like-
wise pass through the point m.

. Hence it follows, that, if two circles touch each
other internally, the straight line joining their centres
passes through the point of contact.

Obs.—Most of the preceding truths may be consi-
dered almost as axioms; and, like all axioms, they
may be clearly established, by assuming the contrary
to be true, and, then, showing the absurdity result-
ing from the supposition. In order to show, for in-
stance, that two circles, which cut each other, can-
not cut each other in more than two points, the con-
trary may be assumed,—namely,
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that the circumference abce cam cut the circur
ference abe f in more than two points,—in a, &, c.

Let d be the centre of the circle abcf,
and join da, db, dec ;
sda=db=de,
and .-. the point d is, likewise, the centre of the circle
abee:
but, two circles which cxt eack other cannot have the
same centre ;
therefore, the assumption (that two circles can cut
each other in more than two points,) is erroneous ;
and, since it is an error to assume any number of
points exeept two, it follows, that two circles can cut
each other in two points only.

It may be, here, remarked that, as an wseful exer-
cise, the master should require the pupils, to draw
lines, in certain directions, in circles which inter-
sect or touch each other, and, then, to discover such
truths as necessarily follow therefrom.

An exercise of greater importance, however, is the
application of the properties of the circle to the con-
struction of rectilineal figures. The best course of
proceeding, in this and every case, is that in which the
subject naturally presents itself, of which the follow-
ing outlines are offered for the guidance of the master.

1L.—STRAIGHT LINES.

It is required,

1. To draw a straight line equal to a given straight
line.

2. To draw two, three, four, &c. straight lines equal
to a given straight line.
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8. To bisect a given finite straight line.

4. To draw a straight line at right angles to a given
straight line. .

5. To draw a straight line at right angles to a given
straight line from a given point in the same.

6. To draw a straight line at right angles to a
straight line from a given point without it.

7. To draw a straight line parallel to a given straight
line.

8. From a given point, to draw a straight line parallel
to a given straight line.

I1I.—~ANGLES.

It is required,

1. To make a right angle.

2. To make an obtuse angle.

3. To make an acute angle.

4. To make an angle equal to a given angle.
5. To bisect a given angle.

III.—TRIANGLES.

It is required,

1. To describe a right-angled triangle. .

2. To describe an obtuse-angled triangle.

8. To describe an acute-angled triangle.

4. To make a given finite straight line the side
opposite to the right angle,* in a right-angled triangle.

5. To make a given finite straight line one of the
sides containing the right angle, in a right-angled tri-
angle. :

* Hypotenuse [Sworivevea, Gr.\.
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6. To describe an equilateral triangle.

7. Upon a given finite straight line, to describe an
equilateral triangle.

8. To describe an isosceles triangle.

9. To make a given finite straight line the base of
an isosceles triangle. .

10. What requisites must three straight lines have,
in order to become the sides of a triangle ?

11. With three given straight lines, (under the re-
striction- in question,) to construct a triangle.

IV.—QUADRILATERAL FIGURES.

It is required,

1. To describe a square.

2. To describe a rhomb.

8. To describe a rectangle.

4. To describe a parallelogram.

5. Upon a given finite straight line, to describe a
square.

6. To make a given finite straight line the diagonal
of a square.

7. To make a given straight line the diagonal of a
rhomb,—of a rectangle,—of a parallelogram.

V.—POLYGONS.
It is required,
1. To describe a pentagon [not an equilateral and
equiangular pentagon].*

* This problem is proposed, now, in order to stimulate inquiry :
it solution should be learnt from Euclid.
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2. To describe a regular hexagon.
3. Upon a given straight line, to describe a regular
hexagon.

VI—CIRCLES.

It is required, .

1. To find the centre of a given circle.

2. [What requisite must a given straight line have
in order to be a chord in a given circle?]

3. With the restriction in question, to place a giverr
straight line in a given circle.

4. To place a right angle in a given circle so
that its vertex may be in the circumference of the
circle. '

5. To describe a circle about a right-angled tri-
angle. '

6. To describe a circle about an obtuse-angled tri-
angle.

7. To describe a circle about an acute-angled tri-
angle. .

8. Atagiven point in the circumference of a circle,
to draw a tangent.

9. From a given point without a circle, to draw a
tangent.

10. In a right-angled, obtuse-angled, and acute-
angled triangle, to inscribe a circle.

11. In a given circle, to inscribe a square.

12. About a given circle, to describe a square.

13, In a given square, to inscribe a circle.

14. About a given square, to describe a circle.
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15. In a given circle, to inscribe a rectangle.
16. [Can a rectangle be described about a given
circle?] . '
17. [Can a rhomb be inscribed or described about

a given circle ?]

18. [Under what restrictions can a quadrilateral
figure be inscribed in a given circle 7]

19. To inscribe a circle in a given regular pentagon.

20. To describe a circle about a given regular pent-

vagon.

21. In a given circle, to inscribe a regular hexagon.

22. About a given circle, to describe a regular hexa-
gon.

23. In a given regular hexagon, to inscribe a circle.

24. About a given regular hexagon, to describe a
circle. - )

If care be taken to follow the order here adopted,.
the pupils will not experience many or great difficulties,
in finding-out the solutions of these problems. It is
obvious, that an almost endless variety of seasonable
exerci'ses may be devised; and, to stimulate inquiry
and beget a liking for mathematical pursuits, the
pupils should, frequently, be encouraged to challenge
each other to the solution of problems of their own
proposal or selection.

Having proceeded through this rudimental course,
the pupils of Cheam-school commence the study of
Euclid’s Elements. The definitions, axioms, and pos-




AN INTRODUCTION TO GEOMETRY. 215

tulates of Book I. which have been already fully discuss-
ed in the course of these preparatory lessons, are now
dictated, seriatim, to the pupils, and committed to
memory. The first problem is next submitted to the
class, to be worked out by them, and the pupil who
first succeeds in finding the demonstration, is desired
to advance to the school-slate, and pronounce it aloud
to his class-fellows. These, again, each in his turn,
‘give an oral demonstration,—which they then write
out,’ at length, on their own slates,—the master cor-
recting the errors and supplying the defects. After
having proceeded, in this manner, through Book I.
IL IIT. IV. V. V1. XI., each pupil is provided with a
copy of the Elements of Fuclid, that he may repeat
the course, and become thoroughly familiar with the
elements of the science. For this purpose a certain
-portion of time is set apart; buthe still carries forward
his Mathematical studies in the departments of Alge-
bra, Trigonometry, Conic Sections, &c.—To these
studies he brings & mind thoroughly versed in all the
preceding steps, trained to Mathematical inquiry,
and habituated to the processes of Mathematical de-
monstration.

THE END.
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Extracrs rrou Cxsar’s Garric War ; connected by a brief Nar-
rative in English. 12mo. 2s. 6d. bound.
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Breck Language.

L
Herovotus, from the best edition by Schweighseuser; to which is pre-
fixed a Collation with the text of Professor Gaisford. Edited by Grorce
Lona, Esq., A.M. Complete in one vol. 8vo, 10s. 6d. cloth lettered.

1.
A Summary or Heropnotus, with Tables of the Travels of Herodotus,
of Commercial Products mentioned by him, Chronological Events, &c. By
Georce Lowe, Esq., A.M. 1 vol. 12mo, 4s. 8vo, 5s. 6d. cloth.

nr. .

Tre Anamasis o XrNopsoN. Edited by Georce Lone, Esq., A.M.,

late Fellow of Trinity College, Cambridge. The text is founded en an

Examination of the MS. Readings; and the Variations of Dindorff, Borne-

mann, and Poppo, are given at the bottom of the page. One vol. 12mo, 5s.
—in 8vo, with a large margin for Notes, 8s.

.
Grrex For BeGINNERs, or Progressive Exercises in the Greek Language.
By Alexander Allen. 12mo. (Preparing).
v.
Exercisrs oN THE ANaBasis oF XENOPHON, to be rendered into Xeno-
phontic Greek, By Hexry H. Davis. 12mo, 2s. 6d. cloth.

“This is & Greek exercise book,
upon a plan which is new, and, as
we believe, much better adapted to
teach the pupil the writing of Greek
than any other that has yet been
proposed.” — Journal of Education,
No. VII.

“ The work consists of a few short
exercises drawn from the earlier
books, but chiefly the first book of the
Anabasis; and they are intended to
be practised in conjunction with an
accurate study of the Greck model,
the text of X h The sent

are formed on the Greek of that au-
thor, and the student can only satis-
factorily ascertain the accuracy of
his imitation by comparing his Greek
with the original. This plan he should
follow throughout these exercises, and
indeed at all other legitimate oppor-
tunities; for he cannot be too often
reminded that his composition will be
correct and elegant, only as far as
it agrees in style and diction with
that of classical writers of the best
age.””—Preface.

vI.
Ax Inpex To Herovorus, by Henrv H, Davis. 12mo, 4s.; 8vo,

5s. 6d. cloth,

vir.
XenopHON FoR BeGinners. The Battle of Cunaxa, and the Death and
Character of Cyrus, from Xeuophon's Anabasis. 12mo, 3s. 6d. cloth.

#*4* Each section or smaller portion is broken up or pored ) wnd W
separate clanses are successively presented to the leaxner u\n&m&m\\m‘:
tences; after which they are exhibited in connexion ss they were Wik Ny

Xenophon. A Literal Translation is given on the oppoite o he Sredt,
and a Lexicon of the words contained in the book 18 subioined.
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VIII.

Tue Prowetnrus oF /EscuyLus, from the text of Wellauer. Foolscap
8vo, 1s. 6d. sewed.

IX.

Tue Perse oF Escuyirus, from the text of Wellauner. Foolscap 8vo,
1s. 6d. sewed.

TasLe or THE ForMs or THE Greex LaNcuace. On cloth, folded
into foolscap 8vo, 6d.
XI.

THe LonpoN GreER GRamMAR; designed to exhibit in small compas
the Elements of the Greek Language. Edited by a Graduate of the
University of Oxford. Fourth Edition. 12mo, 3s. 6d. cloth.

“ In this third edition various alterations have been made, though the bulk
of the book is not thereby increased. It has been the object in this edition
to simplify still further theel s of Greek g and, with this view,to
lead the pupil to a consideration of the etymological principles laid dmmil
Mr. Long’s ‘Observations on the study of the Latin and Greek
This, however, has only been done s0 far as would harmonise with the genall
plan of the book, without making it differ materially from the preceding
editions.”—Preface to Third Edition.

21N,

A Greex TesTaMENT, from Griesbach’s Text, with the various Readings
of Mill and others, Marginal References, and Chronological Arrangements.
In one small volume, foolscap 8vo. (Just ready.)

* XIIIL.

Tre Four GospeLs IN Greek, for the Use of Schools. Griesbach’s
Text, with the various Readings of Mill and others, Marginal Refer-
ences, &c. Beautifully printed in foolscap 8vo, price 3s. 6d. cloth.

Instructors have often expressed a desire to see an edition of the Four
Gospels printed separately for the use of students beginning to learn the
Greek Language. Such a work is now presented to their notice. The
text chosen is that of Griesbach, as being the one most critically correct.
The variations, however, between it and Mill's are particularly marked, so
that no difficulty is likely to arise in the use of it from a difference of edi-
tions. References to parallel passages are placed at the side of each page to
assist the student in a theological view of the subject : and an improvement
has been madein the mode of reference, by observing a distinction between
parallels of single passages or words, and those which furnish an harmonious
narration of the same events.

On the whole, it is hoped that usefulness, cheapness, and beauty of

execution will be found united in this edition of that portion of the Gireek
Scriptures generally used in Schools,

xIv.
GReek AuTHORs, selected for the Use of Schools, containing Portions

of Lucian's Dialogues, Anacreon, Homer’s Iliad, Xenophon’s Memorabilia,
and Herodotus. 12mo, 3s. 6d. cloth.

Xv.

Excerpra EX Bastii CoMMENTATIONE PALEOGRAPHICA, cum Tabulis
Lithographicis XX. A JouaNne HopGrIN transcriptis. 8vo. 6s.

Extract from a Letter of the Bishop of Salisbury to Sir Henry Ellis.

¢ ] should have been most glad to have possessed Mr. Hodgkin’s Ixm
ex Bastii Commentatione Paleeographica, w\\en\wu wwuhg °new

of Dawes’s Miscellanea Critica. To young Stod reck L

must be an inestimable acquisition.”
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XVI.

Trr TricrorT EvanNcerists, INTERLINEAR. Consisting of the original
Greex from the TexT of GriesBack; the LATIN taken from MoxTanus,
Beza, and the Vureate, and the Encrisa of the AuTHorisep VEmsion,
accommodated to the Greex Ipiom. With Grammaticar and HisToricar

Nores.
New Testament, 17, 11s. 6d.

1 vol. 8vo, 1l. 8s. cloth lettered; or, with a Grammar of the

Either Gospel may be had separately :

St. MATTHEW . . .

St. Marx . . . . bs.

9s. cloth.

Str.Luge . . . .
Sr.JouN . . . .

9s. cloth,
6s.

Greeg GraMMaR oF THE New TesTAMENT, 43. 6d., cloth,

4 We cannot but hope that this very
interesting translation of the New
Testament will meet with general

t. It bespeaks sound
:'cittngmmi p in ﬂéﬁu translator ; nv!:ﬂi

ts gramma! apparatus, wi

be found an invaluable assistant in
the critical and devotional study of
the Evangelists. It professes to give
a literal and faithful copy, in English,
of the Greek original, as far as idiom
will permit, in the corresponding
parts of speech, so that the version
produced may be regarded as the
grammatical, no less than the lesico-
graphical, exponent of each word in
the original. :

“ To those who are attempting to

acquire the power of reading the
Greek Testament without the aid of
a teacher, this ingenious work will be
of great value; and even to others,
who may be more favourably circum-
stanced, it will present many advan-
tages. The notes at the foot of the
page embrace almost all the difficul-
ties of a strictly grammatical order,
and, in doing so, extend to many of
the questions involved in the useful
criticism of the New Testament. They
will often supply the advantages of
Greek concordance, and will alwa;
be found elucidatory of the Hebrew
idioms of the gos; ?

Evangelical Mag., Nov. 1838.

fatin Language.

Ax ErvmorocicaL ANaLysis of Latin Verss. For the Use of Schools

and Colleges.

By ALEXANDER ALLEN,

Foolscap 8vo. 7s. 6d,

¢ It is manifestly the production of an acute mind working on very exten-
of Latin stud who

sive stores of information; and the higher

neglect the attentive study of this volume, will pass over the most complete

t of the principl

P

dev of the Latin
an English form.”—Athen@um, June 11, 1836.

1L
Tae First Six Books or Vimeir's ZEnem, with an In

Language that has yet appeared in

Trans-

lation, line for line, and numerous Notes. 12mo, 6s. 6d. cloth.

Exercisrs oN Cxzsar’s Herveric War.

12mo, 1s. 6d. bound.

v,
ExTracts FrRoM Cxsar’s Garric War. Connected by a brief Narrative

in English, For the use of the Cheam School.

Ve

12mo. 2s. 6d. bound.

Cxsar's Hewveric War, in Latin and English, Interlinear, with tho

Original Text at the end.

12mo, 2s. cloth.

L
Cxzsar. Brirum Britannicum. The sentences without points, 12mo, 2s.
v,

Crzan LatiN Grauman, taken principally from Zumpt. For the wae

of the Younger Classes at Cheam School. 12mo,2s. 6d.wood.
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VIIL

Larme Autrors, selected for the Use of Schools, containing Portions of
Pheedrus, Ovid’s Metamorphoses, Virgil’s /Eneid, Cesar, and Tacitus.
12mo, 3s. 6d. cloth.

Ix.

Tue Loxpon Latin Grammar ; including the Eton Syntax and Prosody
in English, accompanicd with Notes. Edited by a Graduate of the Univer-
sity of Oxford. Seventh Edition. 12mo, 2s. 6d. cloth.

X.

MyTHOLOGY FOR VERSIFICATION : or, & brief Sketch of the Fables of the
Ancients, prepared to be rendercd into Latin Verse. By the Rev. F.
HopcsoN, M.A. Third Edition. 12mo, 3s. bound.

“ The Author here offers to those who are engaged in classical education, s
further help to the composition of Latin verse, combined with a brief Intro-
duction to an essential part of the study of the classics. He has, in some of
the exercises, interspersed a few occasional remarks on the extravagance of
the Pagan fictions; hoping that such observations may not be found alto-
gether unprofitable to pupils of the early age at which it is now usual to
eater upon these subjects.

*¢ Intending the little book to be entirely elementary, the Author has made
it as easy as he could, without too largely superseding the use of the dictionary
and gradus. By the facilities here afforded, it will be possible, in many cases,
for a boy to get rapidly through these preparatory exercises ; and thus, having
thastered the first difficulties, he may advance with better hopes of imm
meat to subjects of higher character, and verses of more difficult composition.'

XI.

Myrrorocia VERsiBus LaTiNis Accommopata. A Key to the above.
8vo, 7s. cloth.

XxII.

Sacrep History. Conveyed in Sense for Latin Verses, intended chiefly
for the Use of Schools, By the Rev. F. H ,M.A. S d Edition,

12mo, 3s. 6d. bound.

“ The Author of this little work had the following design in view : —~Having
obeerved that many objections were made to the useful practice of composing
in Latin verse, without admitting the force of these objections, he has endea-
voured to preclude or diminish the reasons on which they are founded. They
appear chiefly to arise from the time and labour bestowed upon the exerciee
itself, or upon the Heathen Mythology, and other comparatively unprofitable
studies, necessary for the young Latin versifier. The Author, therefore, in
the prosecution of his purpose, has attempted to combine, with fresh
in the technical part of the exercise, an Introduction to the knowledge of
Sacred History. The Bible confessedly abounds in subjects well adapted to
poetry ; and perhaps affords examples of such phraseology as may sometimes
Icss unsuitably be imitated in Latin than in English versification.”— Preface.

XII1.

Excgrpra E TesTamento VETERLI. A Key to the above. Royal 8vo,
10s. 6d. cloth.

xIv,

Ciceno’s Oration Pro Lecr Mawinia. 12mo. 1s. 6d. sewed.

xv.

Tue PrincipaL Roots oF THE LaTIN Lancuack, simplified by a Dis-
play of their Incorporation into the English Tongue. By H. Hacr. Third
Edition. 12mo, 4s. 6d. cloth.

VI

A Tasrr oF Rererexces To Cicero’s LETTERS, including those to Atticus
and Quintus, as well as those to his other Friends, arranged in ome
Chronological Series. 12mo, 6d.

XVI.

Tasigs or Tre INPLEXIONS OF THE LATIX Lancuace. 12we, Ao, 84,
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fhebrety Language.’

\ I
A Grammar or THE Hesrrw LaNcuacr, in two parts:—Part 1. The
Orthography, &c.—Part 2. The Etymology and Syntax. By Hyman '

Hurwirz, Professor of Hebrew in University College, London. Second
Edition, revised, and enlarged. 8vo, 17s. cloth. Either Part may be had
separately, Part I. 5s. 6d. PartII. 12s.

‘¢ Mr. Hurwitz’s Grammar is the best elementary work of its kind extant
in the English language.”—Journal of Education, No. IX.

¢ Mr. Hurwitz has given to the world & Grammar which; for lucid arrange-
ment, has been rarely equalled. Itis a work which may be understood by a
child, and yet the most advanced proficient may consult it with advantage.””—
Atheneum, June 18, 1831.

“ There is a philosophical tone throughout the work. Its observations are
addressed to the understanding, and the memory is considered only as an
accessory faculty.”—A¢las, June 12, 1831.

Tue Book or Gengsts, in English Hebrew, accompanied by an Inter-
linear Translation, substantially the same as the authorised English Version,
Philological Notes, and a Grammatical Introduction, By the late WritLiam
Greenriep, M.R.A.S. Third Edition. 8vo, price 8s., or with the
Original Text in Hebrew Characters, 10s. 6d.

¢ 1 take this opportunity of acknowledging my obligations to an Elemen=
tary work, which should be in the hands of all self-tanght Students—¢ The
Book of Geuesis in English Hebrew, by William Greenfield.” The great
obstacle to the solitary beginner is the reading and pronunciation. In
learning a strange written language, teaches us to employ three
instruments—the eye, the ear, and the mouth ; the eye for the appearance
of the word, the ear for its sound, and the mouth for the mechanical forma-
tion of the syllables. Each “of these operations contributes to support the
memory. If either of them is absent, one channel of memory is closed.
Inmy first attempts at Hebrew, the ear and the tongue were idle, because I
had no test of pronunciation. I was guidedby the look of the word alone; and
it frequently happened that I consulted the Lexicon for the same word of
which I had ascertained the meaning in the preceding verse. Could I have
pronounced the word, I should bave been certain as to its identity. Mr.
Greenfield has invented a simple method of approximation in English
letters to the received method of pronouncing the original.’’

From * S, tions respecting the Ne of the Hebrew LangoRe B
a Qunllﬂmﬁog B;':: Holy Orders. SB‘;“R:HSA‘::: WILLIAM JELY, BD., PTetsfior |
to His Royal Highness Prince George of Cumberland, and Cenon ot ©

church, late Fellow and Tutor of Oriel College.”
T
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.

Hesrew Tares, Selected and Translated from the Writings of the
ancient Sages. To which is prefixed an Essay on.the uninspired Lite-
rature of the Hebrows. By Hvamax Hurwirz, Esq. Professor of Hebrew
in University College, London. 12mo, 7s. 6d.

“Ap tion has d under the name of ‘Hebrew Tales,’ selected
and tnmlated from the wrttinga of the Hebrew Sages, by Hyman Hurwits,
which possesses considerable claims on attention, as presenting a curiows

picture of the studies and morality of the Hebrem, and of the wuninspired
portion of their literature.”—Times, January 4, 1826.

v,

Vinoicie Hesrarcx ; A Defence of the Hebrew Scriptures as a vehicle
of Revealed Religion ; occasioned by the recent Strictures and Innovation
of Mr. J. Bellamy, and in Confutation of his Attacks on all preceding
Translations, and on the Established Version in particular. 8vo. boards, 7s

¢ To come to their own times and country, he could not help ldmirlng,
few years agd, a Work written by a Hebrew G in B
which abounded in Biblical lore and sound criticism of no cc order;
and he had still later read a pamphlet * by the same gentleman, vindicating
his persuasion from the calumnies that had been thrown out against it, written
in that tone of calm dignity which was so expressive of conscious innocence.”

Speech of the Archbishop of Canterbury on the Jewish Civil Disabilities’ Bill.
(From the Times, Aug. 3, 1833.)

* Letter to J. L. Goldsmid, Esq., against Cobbett’s Calumnies.
: v.
A Lecrure oN THE Prrvosorry oF THE JEws. Delivered at the London
Tavern, before the Society for the Cultivation of Hebrew Literature,
December 23, 1830, By the late ArTaur Lumrey Davips. 8vo, 2s. 6d.

Sanskerit and Curkish Languages.
I
Rig-Vepx Specimen. Edidit Fripericus Rosen.  4te, 5. cloth.

m.

A Grammar or THE Turxisn LaNcuack, with a Preliminary Discourse
on the Language and Literature of the Turkish Nations, a copious Voca-
bulary, Dialogues, a Collection of Extracts in Prose and Verse, and
Lithographed Specimens of various ancient and modern Manuscripts. By
the late ArTBUR Lumiey Davips. 4to, 1/ 8s. cloth.

“In conclusion, we most cordially recommend the work to the notice of
every lover of Turkish literature,”—Asiatic Journal, Dec. 1832.

A Translation of this Work into French, by the mother of the Author, is
just published in 1 vol. 4to, price 17, 5s.

¥talian Ranguage.
’ I
Extracts FROM ITALIAN Prost WriTERs. By Professor Panizzi, LL.D.
One thick vol. post 12mo, 10s. 6d. boards.
¢ This is a most useful little volume, the compilation of Senor Panizzi, containing
choice extracts from the best writers in the Italian language. We can safely
recommend it, not only as a text book for students in the London University, but for
all who apply themselves to the Italian language, as well suited to the object it
professes to have in view.”’— NewMonthly Magazine.
m.

AN EremeNtary ITatan Grammar. By Professor Pawizzi, LL.D-
Second Edition, corrected. 12mo, 3s. cloth.




UPPER GOWER-STREET.

German IHanguage.
I

GerMAN FOR BecINNERs, or Progressive. Exercises in the German Lan-
guage. By W. Wirricn, Teacher of German in University College School.
12mo, 3s. 6d. cloth.

1.

A Maxuat or GerMAN Prose. Containing Classical Specimens, sys-
tematically arranged. By Lupwic Von MiinLenrers, LL.D. Foolscap
8vo, 5s. cloth,

.

A ManNuar o GermanN Prose. Containing Classical Specimens, syste-
matically arranged. By Lupwic Von Milmiexsers, LL.D. Foolscap 8vo,
5s. cloth,

.

INTRODUCTION TO A CoUrsE oF GErMaN LiTeratume. In Lectures to
the Students of University College, London. By Lupwie Von MiinLaxn-
rers, LL.D. One vol. 8vo,7s. .

. v.
Lissine’s Fapern, v Drer Bucaern, 12mo, 2s. 6d. cloth.
Vi
Yeurine’s GerMaN Lessons.

1. D1z Rosr, in German, with a free and literal Interlinear Translation
from the German into English. 16mo, 2s.

2. Tre Ros, in English, with a free and literal Interlinear Translation
from English into German. 16mo, 2s.

3. Smow axp Usg, in English, with a free and literal Interlinear
Translation from English into German. 16mo, 2s.

4. Die Scaav uNp pErR NutzEN, in German, with a free and literal
Interlinear Translation from the German into English. 16mo, 2s.

FFrench Language.
1 - :

A Grammar or THE Frencn Lancuace. With an Appendix or Dic-
tionary of Difficulties. By Professor MerLeT. 12mo, 10s. 6d. bound.

1L
Lr Trabucteur; selections from the best French Writers. By Pao-
ressorR Merier. 12mo, 5s. 6d. bound.

.

PrriT TaBLEau LiTTeRAIRE DE 1o Frawce. Containing an Essay on
French Lit, re, with Speci of the best Authors from the earliest
period to the present time, comprising the higher Departments of Literature.
By Professor MerLET. 12mo, 7s. 6d. bound.

.
Tue priNcIPAL RooTs or TrE Frenci LaNcuack, simplified by a Display
of ‘their Incorporation into the English Tongue. By H. Harn. Royal
8vo, 6s. cloth.
v.
Yennine's Frenca Lzssons.
1. Tae Roex, in English, with a free and literal Interlinear Translation
from English into French, 16mo, 2s.
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2. La Rosx, in French, with a free and literal Interlinear Translation
from French into English. 16mo, 2s.

Voice or Nature, a Theoretical and Practical System of Promun.
ciation for the Continental Languages. 16mo, 2s.

VL

A Formative FreExca GRamMar, containing Rules for forming all the
Inflexions of the Language. By Georce KNox GILLespIE, late of Trinity
College, Dublin, 12mo, 1s. sewed.

‘“‘ The Author justly lays claim to originality for his systematising the
anomalies of the French Verbs. Though brief, this Grammar has much merit,
and seems especially well adapted for the use of adult students.”—A thenews.

“ A little book of four-and-twenty pages, conhﬂnlng a capital analytial
elucidation of the inflexions of the French Language.” —Lilerary Guardias.

VIL

A Kev To THE FreEnxca GENDERS; containing an Analysis of the Ter-
minations of all the Substantives in the Language, exhibited in a Tabalar
Arrangement, by which the Gender of any French Noun may be instantly
ascertained. By Georce KNox GiLLEsPIE, late of Trinity College, Dublin
12mo, price 9d. sewed.

‘¢ We bestowed our.meed of praise on the Formative French Grammar, pub-
lshed by Mr. Gillespie (See Athenzum, No. 258). The present work is equally

creditable to his skill in sunplifying grammatical difficulties.””—A4¢Aeneum,
April 26, 1834.

Botany.

Driep Specimens oF Britise Prants. Arranged according to the
Natural Orders. Containing from sixty to sixty-five orders, in a case.
Price of the larger size, 10s, 6d. the set ; of the smaller, 8s.

Entroductory Lectures.
DELIVERED IN THE UNIVERSITY OF LONDON. SessioN 1828, 1829.

1. DR. CONOLLY on the NATURE and TREATMENT of DISEASES.
Fourth Edition. 1s.

2. PROFESSOR GRANT, M.D.,, on COMPARATIVE ANATOMY AND
ZOOLOGY. Second Edition 1s.

8. PROFESSOR LONG on the GREEK LANGUAGE, LITERATURE, snd
ANTIQUITIES. Second Edition. 1s.

4. PROFESSOR MUHLENFELS, LL.D. on the GERMAN and NORTHERN
LANGUAGES and LITERATURE. Second Edition. 1ls.

5. PROFESSOR GALIANO on the SPANISH LANGUAGE AND LITE-
RATURE. Second Edition. 1s.

6. PROFESSOR SMITH, M.D., on MEDICAL JURISPRUDENCE. 1s.

SESsIONS 1829, 1830.

7. PROFESSOR AMOS on ENGLISH LAW. ls.
8. PROFESSOR MALKIN, LL.D., on HISTORY. 1s.

SESSIONS 1830—1834
9. PROFESSOR BENNET on ANATOMY.
ﬁ“;‘ PROFESSOR DE MORGAN on ELEMENTARY EDUCATION in
[ENCE. 1s.
11. PROFESSOR HOPPUS on the PHILOSOPHY of the HUMAN MIND, 1s.
12, PROFESSOR AMOS on ENGLISH LAW. 1s.
18. DR. A. T. THOMSON on MEDICAL JURISPRUDENCE. 1s.
14. PROFESSOR MALDEN on the GREEK and LATIN LANGUAGES. 1s.
15. DR. QUAIN on ANATOMY and PHYSIOLOGY. 1ls.
16. PROFESSOR VAUGHAN on GENERAL HISTORY. 1s. 6d.
17. DR. GRANT on the STUDY of MEDICINE. 1ls.

SESsSIONS 1829, 1839, 1831,

18. EIGHT LECTURES delivered in the UNIVERSITY, by PRO¥FRERROMA
AMOS, MALKIN, BENNET, DE MORGAN, LONG, “0??\1‘, W TROW-
SON. 8vo. gs. cloth. N
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fathematical IWorks.

Tre ELEMENTS OF ARITHMETIC.

of Mathematics in University College, London.

12mo, 4s. cloth.

¢ Since the publication of the first
edition of this work, though its sale
has sufficiently convinced me that
there exists a disposition to intro-

duce the principles of arithmetic into"

schools, as well as the practice, I
have often heard it remarked that it
was a hard book for children. Inever
dared to suppose it would be other-
wise. All who have been engaged
in the education of youth are aware
that it is a hard thing to make them

; 80 hard, indeed, that masters
had, within the last few years, almost
universally abandoned the attempt,
and taught them rules instead of

I,

By Aucustus DE Moraan, Professor
Third Edition, royal

fit to encounter any question unless
he sees the head of the book under
which it falls. On a very moderate
computation of the time thus be-
stowed, the pupil would be in no
respect worse off, though he spent
five hours on every page of this work.
The method of proceeding which I
should recommend, would be as fol.
lows:—Let the pupils be taught in
classes, the master explaining the
article as it stands in the work. Let
the former, then, try the demonstra-
tion on some other numbers proposed
bly tl'le master, which should be as

ration is now
passing away ; and many preceptors
may be found who are of opinion that,
whatever may be the additional trouble
to themselves, their pupils should
always be induced to reflect upon, and
know the reason of, what they are
doing. Such I would advise not to
be discouraged by the failure of a first
attempt to make the learner under-
stand the principle of a rule, It is no
exaggeration to say, that, under the
present system, five years of a boy’s
life are partially spent in merely
learning the rules contained in this
treatise, and those, for the most part,
in se imperfect a way, that he is not

principles 3 by authority, instead of
Y

Tar Ereuents or Arcesra, preliminary to the Differentisd Cdlodhus,
and fit for the higher classes of Schoolsin which the Principles of AdtNnwede
are taught, By Prorrssorn De MoraGax.

as possible. The very words
of the book may be used, the figures
being changed, and it will rarely be
found that a learner is capable of
making the proper alterations, with-
out understanding the reason. The
experience of the master will suggest
to him various methods of trying
this point. When the principle has
been thus discussed, let the rule be
distinctly stated by the master, or
some of the more intelligent of the
pupils ; and let some very simple
example be worked at length. The
pupils may then be dismissed, to try
the more complicated exercises with
which the work will furnish them, or
any others which may be proposed.”
—Preface.

‘

1.

Royal 12mo.  9s. Ash.
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1.

Erenents o TR1IGONOMETRY AND TRIGONOMETRICAL ANaLvVsrs, prelimi.
nary to the Differential Calculus: fit for those who have studied the Prin-
ciples of Arithmetic and Algebra, and Six Books of Euclid. By Profeser
De MorGaN. Royal 12mo. 9s. cloth.

Iv.

Tue ConNexioN or NumsEr aAND MagNITUDE: an attempt to exphin
the Fifth Book of Euclid. By Professor De Morean. Royal 12me
4s. cloth,

*4* This Work is included in the Elements of Trigonometry.

v.

. LessoNs oNn Numser, as given at a Pestalozzian School at Cheam,
Surrey. By Cuarres Reiner. Second Edition.
Tue Master's Manvar.  12mo. 4s. 6d. cloth.
Tue SceoLar’s Praxis.  12mo. 2s. bound. $(Sold separately.)
vI.

A TreaTise on ARITHMETIC, theoretical and Practical. By the Rev.
Diownvsius Laroner, LL.D.  Foolscap 8vo, 6s. cloth,

VIL

CoONVERSATIONS ON AwitryeTic, adapted for the Use” of Pre
Schools and for Domestic Instruction. Part I.  Foolscap 8vo, 3s. cloth.

VI,

Lessons on Forw, as given at a Pestalozzian School at Cheam, Surrey.
By Cuarres Rzingr.  With numerous Diagrams. 12mo. (In the Press.)

IX.

Princieres or GeomeTry, familiarly illustrated, and applied to a variety
of useful purposes. Designed for the Instruction of young Persons. By
the Rev. Professor Rircuie, LL.D., F.R.8. Second Edition, revised and
enlarged. 12mo, with 150 Wood Cuts. 3s. 6d. cloth.

“ The practical applications which are added, must render the study very
delightful to the young, since the Exercises on the Principles will be found as
amusing as the ordicary sports of childhood.””—Athenzum, Sept. 28, 1833,

““ Dr. Ritchie’s little el y work is llently well adapted to its object.
It is brief, plain, and full of all that is necessary; curious and useful in its
application, and beyond any other of the kind now existent in its familiar and
distinct explanation of some of the instruments required in the practical appli-
cation of the principles laid down and demonstrated.”—Spectator, Sept. 7, 1833,

AN INSTRUMENT POR TEACHING (GEOMETRY, convertible into a Theodo-
lite, Spirit Level, Hadley's Sextant, and Wollaston’s' Goniometer, has been
prepared, and may be had of the publisher. Price 2/. 12s. 6d.

X.

Principres oF Tue DirrerentiaL aND INTEGRAL CarcuLus, familiarly
Tllustrated, and applied to a variety of Useful Purposes. Designed for the
Instruction of Young Persons. By the Rev. Professor Rircaie, LL.D.,
F.R.8. With Wood Cuts. 12mo, 4s. 6d. cloth,

XL

ConversaTioNs oN GeoMeTRY, adapted for the Use of Preparatory
Schools and Domestic Instruction. Foolscap 8vo, 3s. cloth,

XII.
Tue Erements or Evucuip, with a Commentary snd Geomeirical Rxer.
cisee, By the Rev. Dionysius Laroxer, LLD. TFifth Edition, Rwe,
7s. boards. ) N
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X111,

An Anatvricar TREATISE oX PLaNe anp Seericar TRIGONOMETRY.
By the Rev. Dionysius Laroner, LL.D, Second Edition. Corrected and
improved. 8vo. 12s. cloth.

XIV.

Ax EirMentarY TREATISE ON THE DIFFERENTIAL AND INTEGRAL Cai-
ourus. By the Rev. DioNysius Larbner, LL.D. 8vo, 21s.

XV.

DARLEY'S SCIENTIFIC LIBRARY,
FOR THF USE OF SCHOOLS, PRIVATE STUDENTS, ARTISTS, AND MECHANICS.

1t is the purpose of this Work to furnish a Series of Elementary Treatises
on Math ical Sci , adapted to the wants of the public at large. To
youth of either sex at public and private schools ; to persons whose education
has been neglected, or whose attention bas not been directed in early life to
such studies; and to Artists and Mechanics, these little works will be found
particularly suited. The principles of the various Sciences are rendered as
familiar and brought as near to our commonest ideas as possible; the
demonstrations of propositions are made plain for the mind, and brief for
the memory; and the El ts of each Sci are reduced not only to
their simplest but to their shortest form. .

1. A Svstem or PopuLar Geomerry. Containing in a few Lessons
80 much of the Elements of Enclid as is necessary and sufficient for a right
understanding of every Art and Science in its leading Truths and genesal
Principles. By Georce Darrey, A.B. Fourth Edition. 4s. 6d. cloth.

2. Companion To THE PorurLar GroMeTryY. In which the Elements
of Abstract Science are familiarised, illustrated, and rendered practically
useful to the various purposes of Life, with numerous Cuts. 4s. 6d. cloth.’

. 8. A Svstex or PopuLar ALGEBRA, with a Section on Proportions and
Progressions. Third Edition. 4s. 6d. cloth.

4. A SvsteEM oF PoruLar TricoNoMrTRY, both Plane and Spherical ;
with Popular Treatises on Logarithms, and the Application of Algebra
to Geometry, Second Edition. 3s. 6d. cloth.

“ For Students who only seek this limited knowledge of these Sciences,
there are perhaps no Treatises which can be read with more advantage than
Darley’s Popular Geometry and Algebra.”—Library of Useful Knowledge,
Article ** Mechanics.” '

'

Natural Bhilosophy.
I
" Tae Steam Encing, familiarly Explained and Illustrated; with its
application to the Arts and Manufactures, to Steam Navigation, and Rail
Roads ; with Plain Maxims for the Guidance of Railway Speculators, By
the Rev. Dionvsius Laroner, LL.D. Sixth Edition. Oue vol. 12mo.
Illustrated with Engravings and Wood Cuts. 7s. 6d. cloth.

1.

FamiLisr AstrRoNoMy. By Georee Dariey, A.B., Author of a System
of Popular Geometry, &c. 12mo, with Engravings, 5s. cloth lettered.
“ There is a vast deal of astronomical information conveyed in a Mok wWn-

ning and unassuming manner in this delightful little volume, vm\.nﬁ‘-\t‘-‘:g

for the novelty of its plan, than the extent of its intelligence, refiecta
credit on the taste and talents of its projector smd editor, Mx. DY
Sun, April 5, 1830, . . .

N
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BPistory.
I
Ox THE ORriGIN oF UwnrversiTizs anp AcapEmicat Droness. By
Hexry Marben, M. A, late Fellow of Trinity College, Cambridge; Pro-
fessor of Greek in University College, London. Foolscap 8vo, 3s. 6d. cloth
.

Nrepunr's History or Roue. Vol I.  Translated by Jurros C. Haxs,
M.A., and CoNnop TrirwarL, M.A., Fellows of Trinity College, Cam-

bridge. Third Edition, revised. (In the Press).

Niesuar’s History or Romz. Vol. II. Translated by Jorrus C. Hass,
M.A,, and ConvNop TamrLwarr, M.A., Fellows of Trinity College, Cam-

bridge. 8vo, 16s.

“ Niebuhr undertook to write the
History of Rome from the earliestages
of the city to the establishment of the
empire of Augustus. Of this great
work he accomplished only a por-
tion ; and his History will remain to
succeeding ages as a fragment, but it
is a fragment which may be compared
to the unfinished col 1 that
are found lying in the granite quarries
of Syene, conceived with all the vast.
ness and precision of Egyptian art,
which, had they been finished, might
have overtopped the gigantic Mem-
non, but which, when they were relin-
quished by the hand that first fashioned
them, were destined to remain for
ever imperfect. We should as soon
expect an artist to arise, who should

Rameses, a8 &

temples, a half hewn
holar who should the Ro-

man History of Niebuhr,””—

‘““Here we close our remarks upon
this memorable work ; & work which,
of all that have appeared in our age,
is the best fitted to excite men of
learning to intellectual activity ; from
which the most accomplished scholar
may gather fresh stores of knowledge,
to which the most experienced poli-
tician may resort for theoretical and
practical instraction, and which no
person can read as it ought to be
read, without feeling the better and
more generous sentiments of his com-
mon human nature enlivened and
strengthened.” — Edindurgh Review,
Jan, 1833,

elaborate, and erect amid the Theban

A VinpicatioN oF Nigsusr's History or Roxe, from the C
of the Quarterly Review. By Jurius Craries Hare, M.A., Fellow of
Trinity College, Cambridge. 8vo, 2s. Gd.

Geography.
I

Brier OutLiNes or DescripTive GROGRAPRY ; to which is subjoined a
Table of Latitudes and Loungitudes. By Henry H. Davis. Foolscap 8vo,
with Maps, 2s. 6d. cloth.

m.

GEOGRAPHY SIMPLIFIED ; beinga brief Summary of the principal Features
of the Four Great Divisions of the Earth, with a more detailed Account of
the British Empire. Also, a familiar Explanation of the Use of the
Globes, and an Appendix. By an Exeeriencep TeacaEr. 12mo, 4s.
bound.

1L

OutLINE Maps.—MercaTOR.—Eurore.—Britisn Istes. Three Maps, .

folio, stitched in cover, 1s. Single Maps, 4d. each.

GeocrapricAL ProsecTions.—MErrcaTorR.—EurorE.—BriTish Ispzs.
Three Maps, folio, stitched in cover, 1s. Single Maps, 4d. each.
w.
Tracurne Mars; England, Wales, and Part of Seotland.  L—Riwer,
Mountains, &. Price 6d. 1l.—Towus. Price 8d.
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MISCELLANEQUS WORKS,
PRINTED FOR TAYLOR AND WALTON,

BOOKSELLERS AND PUBLISHERS TO THE UNIVERSITY OF LONDON.

LOCKE'S R
Spstem of Claggical Engtruction,
RESTORING THE METHOD OF TEACHING FORMEKLY PRACTISED IN
ALL PUBLIC SCHOOLS.
¢ We do amiss tospend seven or eight years in scraping together so much
miserable Latin and Greek, as may be learned otherwise easily and delightfully
in one year.”—Milton.
¢ Wherefore, well-beloved masters and teachers of grammar, after the
parts of speech sufficiently known in our schools, read and expound plainly
unto your scholars good authors.”—Dean Colet.

THE FIRST COURSE CONSISTS OF THE FOLLOWING

INTERLINEAR TRANSLATIONS;

With the Original Text, in which the Quantity of the Doubtful Vowels is
denoted, Critical and Explanatory Notes, &c. &c.

Each Volume 2s, 6d. cloth.
LATIN,
1. Pumprus’s FABLES or Zsor.
2, Ovip’s METAMORPHOSES, Book I.
3. Viroiv's £ENgIp, Book I.
4. PARSING LBSSONS TO VIRGIL.

GREEK,

1. LuciAN’s D1aLoGuzs. Selections.
2. THE ODES OF ANACREON.
3. HousRr's InL1ap, Book I.
4. PARSING LssoNs To Houar.
5. CxSAR’S INVASION OF BRITAIN, 5. XENOPHON’SMBMORABILIA,Book I.
6. TACITUS’S LIFE OF AGRICOLA, 6. HeropoTus’s HisTORIES. Selec-
art I. tions.
ITALIAN. FRENCH. .
STORIES FROM ITALIAN WRITERS,AL- | S1sMONDI: THE BATTLES OF CRESSY
. P1ERI, BARETTI, CASTIGLIONB, &c. AND POICTIERS.
GERMAN.,—STORIES FROM GERMAN WRITERS.

HEBREW BIBLE, GREEK GOSPELS.
Tux Boox or GknEsis IN ENorisu | Tae TRicLoTT EVANGELISTS, Greek,

HEBREW, accompanied by an Inter-
linear Traunslation, substantially the
same as the Authorised English Ver-
sion, Philological Notes, and a Gram-
matical Introduction. By William
Greenfield, M.R.A.S. 2nd Edition,
corrected. 8vo. Price 8s.; or with the
original Text in Hebrew

10s. 6d.

Latin and English, Interlinear, con-
sisting of the original Greek from the
Text of Griesbach ; the Latin taken
from Montanus, Beza, and the Val-
gate, and the English of the Autho-
rised Version, accommodated to the
Greek Idiom—With Grammatical
and Historical Notes.—1 vol. 8vo.,
cloth, 11. 8s. ; or with a Grammar of
the New Testament, 1/. 11s. 6d.

Either Gospel may be had separately :

St. MaTTHEW . .

St.Mark . . . . b5s —

9s. cloth, |St. Luoke . . . .

Sr.Jory . . . .

9s. cloth.
68 —

Greek GramMAR oF THE Nrw TEsTAMENT, 43. 6d. cloth.
ALSO, TO ACCOMPANY THE LATIN AND GREEK SERIES,
THE, LONDON LATIN GRAMMAR, 2s. 6d. cloth,
THE LONDON GREEK GRAMMAR, 3s. 6d. cioth.

The Esamples of Syntax in these Grammars are taken from the above books
of Virgil and Cesar, Homer and Xenophon.

The Connexion the

as well as the general Princdife 20d

Parts,
Authority of the whole Series, is exhibited st \argein
. AN ESSAY, EXPLANATORY OF THE SYSTEW.
Price 3s. 6d. Boards.
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LOCKE’S SYSTEM.
fAethod of Stuly.

Tuz course of Study to be pursued in the use of these Books, is fully deve-
loped in the Preface to each volume : but the principal directions there detailed
may be thus briefly presented at one view.

1. Let the student of the Latin language commence with the FasLzs o7
Paxnrus; and by the aid of the Interlinear Translation and Notes, nﬂﬁ
himself thoroughly master of the sense of each Fable in the single Letia
Text ; 80 thoroughly, as to be able, not only to render the original, word for
word into English sentences, but also, when examined without the Book,
to glvethe English for eu:h Latin word, and again, the Latin for each Engilish,

d by the of the story.

2. Having acquired from Pheedrus a considerable number of common Latis
words, without attempting their grammatical analysis, let him proceed, in
exactly the same manner, with the First Book of Ovip’s METAMORPHOSES,
which will make a large addition to his vocabulary in words of less commoa
use. The reading of this Book should be accompanied with the study of the
Accidence, as given in the London Latin Grammar. Taking small portions at
a time, as, for insta the first declension of Nouns with the first Jessom of
Ovid, the student should remark what words in the lesson ap; to corre
spond in form to any of those cases,—and so on, till the dis of the
Parts of Speech is clearly understood, and the Tables of Declension are
learned by heart.

8. The regular inflections of the language being thus acquired from the
examples in the Grammar,—let him take up the First Book of Vimoun's
ZENEID, and after construing the Latin text, as in Phsedrus and Ovid,
to the Interlinear Translation,—let him learn to analyse each lentmoe from
the supplementary volume of PARsiNG LEssoNs ; which will enable him, not
only to assign every word in each Lesson to | in proper put of speech, but
to give a full description of its peculi tion, from it
simple form. In this stage of his course he will derive grett benefit from fro-
quently altering the signs and forms of nouns and verbs in the Single English
¥ersion, 80 as to require the use of different cases, tenses, &c. of the same Latin
word—an exercise which will give him complete power over the Inflections of
the language.

4. Let him now proceed with Cxsar’s INvAsION OF BRITAIN; and accom-
pany elch relding- with a small portion of the Latin Synfas, in the same

jed Ovid with the Accidence of the Grammar. This
will grudunlly render him familiar with the Consiruction of the
The style of the Commentaries is remnrkably easy of Construction, and there-
fore peculiarly adapted for this exercise; which is further flcﬂltnted by the
Rules of Syntax, in the London Latin Gr being pri
from this _part of Ceesar, and the Book of Vlrg'll's Zneid llrudy -n.ly-d.
After fini Ceesar, he should recur to the Virgil, which he before used only
as a praxis of inflection, and make himself master of the construction by the
rales of Syntax, and also of the scanning of each line by the rules of Prosody.

5. In reading the LirE oF AGrIicoLA by Tacitus, he should endeavour to
combine in each lesson the exercises of inflection’ and construction which
hitherto he has taken separafely; descrlblng single words according to their
uevecli'a.l declensi and P p g to their several depes-
dencies.

In learning the Greek language, precisely the same method may be followed
in the correspondent Parts of the Series.
ll. LuciAN's DiALocuEs furnish a coplous Pocabulary as the elementary
volume.
2. ANACREON’S ODES present a variety of simple sentences, from which
to distinguish the Parts of Speech, as given in the London Greek Grammar,
3. HoMER's IL1AD, accompanied by the supplementary volums of Parsiye
ImssoNs, involves a complete Praxis in the Iny
4. XENOPHON'’S MEMORABILIA glve an introdneﬂon m Sntn whiehwm
be farther familiarised by recurring to the lliad.
5. HERODOTUS'S Hu-ronn uupply an interelﬂng mhlecbmlﬂ:u. on which
to &ncﬂu n the in the
previous volumes.
After thus going through the Latin or Gre<k series, the Suadent \a worungy
recommended to recur to the earller volumes, in the same order wa et
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and to exercise the whole of his grammatical knowledge in each of those parts,
as well as in the last, using the Interlinear Translation as little as possible,
and giving more attention to the Nofes than in his first reading.

By the pletion of this El y Course, he will not only be perfectly
competent to enter on the reading of other Classic Authors, without the aid of
& translation, but will be prepared with a valuable store of words and phrases
for Greek and Latin Composition. The practice of writing in each language
according to these models, will ensure a critical acquaintance with their pecu.
liar delicacies: and although, in commencing a new Author, the young
learner must require some ist: from judici commentators, yet, as far
as the Language is concerned, he may rest “assured he is already in possession

- of its leading properties and powers.

Poetry.
L

Cary’s Dante. The Vision ; or, Hell, Purgatory, and Paradise of Dante
Alighieri; translated by the Rev. H. F. Cary, A.M. Third Edition. In
3 vols. foolscap 8vo, 18s. cloth.

¢ —— Mr. Cary’s translation—the best we ever read of any work.”’—
Quarterly Review, July, 1828.

.

Tue Birps or Amistopranes. Translated into English Verse, with
Notes. By the Rev. H. F. Carv, A.M. Author of the Translation of
Dante. 8vo, 9s. 6d.

nr.

Tue AcamemNoN oF /Escmvius, translated, with Notes, Critical and

Explanatory. By JonN Symmons, A.M., of Christ Church, Oxford. 8vo, 8s.

v,

Poeus, descriptive of Rural Life and Scenery, By John Clare, a
Northamptonshire Peasant. Foolscap 8vo. Fourth edition, 5s. 6d.

¢ Examples of minds highly gifted by nature, struggling with, and breaking
through the bondage of adversity, are not rare in this country ; bntprlvution is
not destitution ; and the instance before us is, perhaps, one of the most strik-
ing, of patient and persevering talent existing and enduring in the most forlorn
and seemingly hopeless condition, that literature has at any time exhibited.”
—Quarterly Review, May, 1820.

v.

Tre Viivace MinsTreL, and other Poems. By Joun Crare, with a
fine Portrait of the Author, from a Painting by W. Hu.'rox, R.A. 2 vols.
foolscap 8vo. Second Edition, 12s.

VI

Tre Suepaerp’s CaLENDar ; with Village Storiesand other Poems. By
Jouy Crare. With a beautiful frontispiece, by Dewint. Foolscap 8vo, 6s.

Thealogy.
1.

Seauons oN THE First Lrssons or THE Sunpay. MorNiNGg SEmvick.
Taken from the Mosaic Scriptures. Being for the Sundays from. Septua-
gesima to Trinity Sunday. By the Very Reverend RosxrT Bumrrowss,
D.D. Dean of Cork. 8vo. 12s.

* In these excellent Sermons, sound doctrine, earnest exhortation, closerea-
son!ng depth of pnt.hos, n.nd foreible nppllcatlon. are severally exhibited. The
yet ; and the style nervous, chasta,
and dignified. ‘Ina word, the volume is calculated to instrack the \gnotesk,
reform the evil-doer, to confirm the Christian, to sllence the geineayet,
':g vindicate the ways of God to man.’ »— Christian Rewmembrancer, Jusoaxys




WORKS PUBLISHED BY TAYLOR AND WALTON.

I

Ax Exrosrtion or Tas Pamasies or Our Lonp, showing their Cos-
nection with his Ministry, their Prophetic Character, and their gradul
Development of the Gospel Dispensation. With a Preliminary Dissc-
tation on the Parable. By the Rev. B. Banzey, M,A. 8vo, 14s.

L.

A Crimnicat Essay ox THE GosreL oF St. Luke. By Dr. Frromx
ScurerMacrEr.  With an Introduction by the Translator ; containing &
Account of the Controversy respecting the Origin of the First Thres
Gospels, since Bishop Marsh’s Dissertation. 8vo, 13s.

1v.
Tre Prncipes of TRE Doctring or Carist. Being an attempt to

teach such as are willing to learn “ what it is to be a Christian.™ 12mo,
sewed, price 7d., or twenty-five for 12s.

Political Eeonomy,
I

A Vizw or THE Mongy Sveren or Exeranp, from the Conquest : with
Proposals for establishing a secure and equable Credit Currency. By Jaum
Tavior (of Bakewell). 8vo, 6s.

Waar 1s Monzy ? Price 6d.
1.
AN Essav oN MonEY, 118 OR1GIN AND Use. By Jonw Taviow, Auther
of * Junius Identified.” Second Edition. 8vo. 3s. 6d. sewed.

4 We are not ashamed to acknowledge that we are late converts to the im-
portance of the currency question ; but the evidence of successive years has
demonstrated to us, that here lies the root of all the suffering, and all the dan-
gers by which the nation is afflicted. In the pamphlet before us, we see all
that experience has proved, demonstrated as inevitable, by a complete process
of a priori reasoning ; and we could scarcely conceive a greater benefit to the
country than that the Essay should be thoroughly read, considered, and un-
derstood by all public men.”—S¢andard, Jan. 8, 1831.

AN Eseay oN THE STANDARD AND MEASURE oF VaLur. By Jomn Tav-
Lor. 8vo, 2s. 6d.
v.
CarecuisMs o THE CurrEncy aND Excumanees. A New Edition,
" enlarged. To which is prefixed, The Case of the Industrious Classes briefly
Stated. By Joun Tavror, Author of * Junius Identified.” Foolscap 8vo,
4s. cloth.
Cateckism of the Currency.

“Whoever studies or merely reads this Catechism once will rise from its
perusal with clearer notions on the subjectof currency than when he sat down
to it, whatever may have been his previ quai with the 5
whilst every one who finds himself to be in the dark on its various bearings,
cannot but be so enlightened by the short inspection spoken of, that few in
the community will equal him for knowledge on the subject, so clear, compre-
hensive, and convincing are its questions and answers.”—Monthly Review,

March, 1835.
Catechism. of the Eschang s
“ In a commercial country like ours, this book ought to be in every body’s
hands. The landholder should study it most particularly, as in it his interests
dre most ably advocated, and his position most lucidly explained. The mer-
chant will always take care of himself; self-preservation is the constant les-
son of his life—himself and his capital are always transferable, but the land-
lord is & fixture. He must sit down pessively and endure oll reverses, for he
has yet to learn that the amount of his rents depends almost whally on e
1 trade ; and this learning he will find in the meritorious wnd wodek
little work before us.”—Metropolitan Mag., Ock. 183%.
















