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PREFACE

Tae following collection of ExERCISES IN ALGEBRA is intended
as a Supplement to the ALeEBRA of CHAMBERS’S EDUCATIONAL
Coursk, and is arranged in sections corresponding to those of
that work. The Answers to all the Questions are given, and also
such extensive hints for the solution of the more difficult Exercises,
a8 will render the work convenient to Teachers, and useful to
private Students. In arranging the Exercises, great care has
been taken to place them as much as possible in the order of
difficulty, so that the Student may be able to solve them by his
own efforts. It will not be necessary to take all the sections
in the exact order in which they are arranged ; and Teachers may
find it advantageous to direct the Pupil’s attention to the section
of Equations beginning on page 40, before he has gone through
all the previous sections.

J. PRYDE, F.E.LS. ,
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EXERCISES IN ALGEBRA,

WITH THE ANSWERS.

NUMERICAL EVALUATION OF ALGEBRAIC EXPRESSIONS.

Ifa=2 6=38,c=4,d=>5, ind the numerical value of the

following algebraic expressions :—
1u+b+c+!d,and8a+4b+2c d =
2. 2a 4 35 — c,and56+6c 44,
8. a® 4 ab + ¥ and a*— ab + B*,
4. 4a*+ 4ab + B*, and 40— 4ad + B°,
5.(d +5({d—-1b),and (d—a)d —q,.
6.#’+2ac+é’,anda’—2ac+c’,
7.(@+b+cXa+b—cXa—b+c),
8. a%® 4 2abc + ¢, and a®b*— 2gbc + ¢,
9. abe + be(d — b), and abe — ab(d — c),
10. a’bc+bc(a'—c),anda’bc+bc(a'-|—c),

29 and 21.
9 « 19,
19 » 7.
9 « 1.
16 ~« 18.
36 « 4.
27.
100 « 4,
48 « 18.
48 . 144.

Ifa=4,56=8 c=38, d=2 andz=35, find the numerical

valae of the followmg algebraic expressions :—
11. 8a + 8b + ¢ 4 2cdz — abd, « e .
12. 4ac — 8dx + Bacd — a(b — o),
13. aX(b— cd) + ¢z — ¢) — d*(z — a),
14. (a+b)(a—d)+(:c—c)’—d(b-c), .

2¢+3c ba—b—c

B Ve =T

16 {85-!- oz —d) + (a6 + cXa—)}( —a), ..

51.
118.
42,
18.

8.
80.



2 ; l . EXERCISES IN ALGEBRA.

17. {5(a -I- z) — 8c(a — d)c + d)}{a — (c = d)}, = —185.
18. adb¥(@ + d? + a* — 2*) + 4/ abd, .. = 24
]
19. wBbdz+ Y/25abdz — 3:T+abf’ .. .= s
20, {ab+ cd —az}{8atcz+bz—cl}, . . = 72.
21.8(; +b —¢c Bb+4c—2z_7a+4b—l2c= 1
2a + 2d b+c+d 2c+3d °’
ADDITION.
CASE L
Add together
1. 2aq, 8a, ba, 4a, and 7a, . . . . . = 2la.
2. 8ab, 5ab, ab, 6ab, and 11ab, . = 26ab.
8. 4abc, 8abe, 5abc, Tabe, and 12abe, . . . = 8labe.
4. — 2ac, — dac, — Tac, — 8ac, and — 8ae, . = — 24ac.
¥ R e s
6. IGacVz, 15ac~/:c, 12ach, 10acs/ z, and 20acy/ z, .
= 73ach.
7. 2~/a —2z,b4/a— 2z, ’ll,la — z, 104/a — z, and 84/a —
= 82~/a -z

. 8ac(a? @ — 2, daca® — =), 10ac(a® — 27,
R oo ¥ L B ST o A

9. 4z + 8y, Tz + 4y, bz + 2y, 8z + Ty, and 9z + 10y,

= 282 + 26y.

10. 10ab-2cd,5ab-.4cd, Bab—’lod, 8ab — 10cd, and 8ub

— 4cd, . = 84ab — 27cd.
11.5ac—d,3ac—’ld.8ac—4d,8ac—6d,and8ac—12d,

= 27ac — 80d.

12. 8a% — ab 4 Bb?, 40’—10ab+86’ 7a® — 2ab 4 5%, and

.'}a' bab 4 78, . . . . —17a’~18ab+166'

18.4a’+3az+73:’ aa’+7az+4z’ 18a® 4 22ar 4 7%, and
7a* 4+ 82% . . . e _27a'+82ax+158'.'



ADDITION, 3
;’:!:.eiyz'+5zy+7y', 6:'+5.ry+8y’, 2z'+8ry+9y', and

122% 4 24zy + 194
15. 4:’—8.ry+2y’ 5x'—7zy+sy' 72 — bzy + 9y, and
P+, . ’ .'—lz’—w.‘qiﬂy’
CASE 11
Add together
1. 8a, 7a, — 4a, — 8a, + 5a, = 8a.
2. 4ac, 7ac, bac, — 6ac, — 2ac, . . = 8ac.
8. 7abz, 8abx, — babz, — 6abr, — 2abx, . . = — 3abz.
4. 82(a —¢), 5z(a — ¢), — 8z(a — c), —10z(a — ¢), 4z{a —c),
= — z(a—c).
5. 7oz — ¥ 5a(x-y)' 8a(z —-.v)‘ z — yh
—8a(z —y), . ! 18ee — y)*
63m(a'—f)'—5ac(a'—- i7a’—:¢')i
— 2ac(a® — 2%, :z’) ac( 3ac(a—-a:')i
7. 10ab — 4cd, 8ab + 2cd, — 6ab + 7cd, and 12ab — 9cd,
= 19ab — 4cd.
8. 6ac — d, 4ac 4 3d, Bac — 7d, 4ac + 2d, and — 5ac + d,
= l4ac — 2d.
9. a® + ab 4 b3, 80'—5ab+4b’ 8a* + 12ab — 9b%, and
8a® — Tab + 205, . = 16a* + ab — 2%
10. 82* 4 2z + 4, 7:r‘+4x—9 82 — 12z — 4, and
33 —Tz -2, . . = 2127 — 18z — 11.
11. 7a®*— 4abx +2b’z’ 6a'+8ab.r— 4b%2% and — 8a? — 7Tabx
+ 8%, . . =5a’—8abz+b’:c’

12. a* — §a’z+§ar'—{¢’,mda‘+§a’z+}ax’+{x',
= 20 — }a% + yaz® + {2
13 x’—llz+7,5x’+x—94x’+3:+5,md 42 + 8z

+9, . . . . = 6z — 4z 4+ 12.
14, z‘+(a—b).t’+5: 14x'—8(a—b — 2z, snd — B2
+%a—b)t—z,. . . = 10z* 4 5(a — b)z* + 2z.

B R s e e B A o Al 13
4234 Baty = Tay? f;y',md-zz'-g-u y—lzsg-;-ay',y"
22 + 62y — 8xzy* + 4y
16. a*(z* — 2ax) 4+ 72, Sa’(z‘ - 2a.1:)‘ - 114, and
432 — Baz) — B, . . . = 8a%& — Zax) —



4 EXERCISES IN ALGEBRA.

CABE IIL
Add together
1. 8ab, — 7bc, 6ad, — 4c, — 2ab, + 3bc, 7c, and 2ab,
= 9ab — 4bc 4 Sc.
9. 4ac, bad, Tbe, — 2ad, 4be, — 2ac, and 8ad,
8. 8a% — 2bd, 4bd — 8bc, — 24, and 8bd — be, .
= a% 4 5bd — 4bc.
4, 8a 4+ z, 4a + 85 4 2¢, and 22 — 4b — ¢,
=98—b+%c+ 2.
5. 4s% 4 bz, — 8%y — 8z 4y, md d — 2o,
=2y+2+y+d—2e
6. 4a -+ 8b + 2¢, 4a — 185 4 4y, and — 8a + & + 3=,
= ba — 9b + 2¢ + 4y + 8z.
7. 8a* 4 Bac — 28, — 2a* — 4ab — ¥*, and 5a® — 4ac 3 Tab,
= 6a® + ac + 8ab — 35*.
8. @® 4 azr 4 % 8a® — dar 4 27% and a* + 2* + a + 7,
= ba® — 8ax + 42* +a + 2.
9. 8a® + 44/z, 5a — 24/7, ba® + 12, and b + 84/2 + 7,
= 8a® + 5a + 64/z 4 19 + b.
10. 4a 4 b — 8(a—-.1:),8¢+7b—3c,35+7(a—-x)+9c—8,
4a—2)—2a+T7,anda+2(a—2)+b+c—38,
=6a+126 + 10(a — x) + Tc — 4.
11. az? + bz — 8¢, 4ax® — cy + 2d, 8bx + 2¢y + Bc, 3¢y 4 Tc
—5d,tnd4u’+8bs+q+d—4°,
= 9az® + Tbz + B¢ + Bey — 2d.

12. 8xy + +5(p+q), 8z + 2(c — d) — 4(p + 9),
6zy — 7z + 7 (® + ¢), 8y — 2z — 5(p + ¢), and
71:'/+.v+(p+q,

= 16zy + 18(c — d) + 8(p +.¢) — 6z + 4y
B.zt+y+nzty—nr—y+zad—-s+y+s

=2z 42y + 25

4. z’+f+s’z’+2zy+y’+:'md 49— 2z + 2,

+ 22y + 8y* — 2yz 4-8<".

15. 2ab + 8b¢ — 2a + b, 8ac + 2b — a, and 4d + 6a — ab + be,

= 8ac + ab + 4bc + 8a + 3b + 4d.



SUBTRACTION.

1. From 2g + 80 — b, take a — 26 — 8¢, = a 4 86— 2¢.

2.

3.

4.

10.

1L

12.

18.

14

15.

L4

a — 8b + 4c — d, take 8a — 7b + 2¢ + 7d,
= %a 4 4b 4 %¢ — 8d.
8a*— 2ab 4 b* — 8¢*, take a®— 5ab + 86— 2¢°,
= 2a* 4 8ab — 2b* — c*,
5m—8n + p 4 8, take m + 4n — 8p + 12,
=4m—~Tn+4p—9.
4m*— 6mn 4 %* + 7, take 2m® + 4mn + 6n® 4 4,
= 2m* — 10mn — bn® 4 3.
7z — 8ay/cx — 5c + d, take 8z — Tay/cx — 4¢ + bd,
= 4z + dan/cx — c — 4d.
724 32* — 5z 4 4, take 52* + 62° — 22 — 6,
= 223 — 42® — 82 4+ 10.
5z° — 10xy + 5y® — 7, take 42° — 8zy + 4y* — 9,
=22y g2
82% — 8xy® + y* + 84, take 2%y + 2zy° + 8y* + 44,
= 2% — Bz — 2" — d.
12z — bd + 4b + 8a, take 2z — 8a 4 85 + 7¢,
= 10z + 6a — 4b — Tc — 5d.
82* 4 4a? — 5y* + 4y, take z* — 82* — 8y + 55,
=224+ 72+ 3% — 3%,
7a® — 7a% + 4ay* — 4c°, take a® — 2a% + Bay’,
= 6a® — Ba’y — ay* — 4c%
az* 4 2bz + ac®, take bz* — cx 4 2bc%
= (a — b)z* + (2b + )z + (a — 2b)c".
82* + 4ax + 74, take 2* — 8bx 4 55°,
= 22* + (4a + 8b)x + Ta® — 5B,

8(z + 3)* + 2a(z + y)* — 8a¥(z + y)* + 6a¥(x +yg

+ 3a!, take 2(z + y)'— 3a(z +y)* + 20z + 9)' + o'z +y

— 24

= (= +)* + bo(z + 3 — Ba¥(z + y)* + Ba'(z +y) + Ba"



EXERCISES IN ALGEBRA,

16. From ba(az? — b(z® — 4¢3 take 38a(z®
m Sals + ) = e 49 e Sa(z* +

— 8b(z* — . = + 1) + 2b(* — y*) + 4.
17. From Bacy/z® — y* + 8beyz* + 3°, take Bacyz® — 3
—dbeyE % . .. . = 2acy/2* — y* + They/2* + 3~
18. From 8a(a® — 2ax)t + 8c(z* + 2az)}, take a(a® — 2az)t
= be(z* + 2ax)t, . . . = 2a(a® — 2ax)t + 8¢(2? + 2ax)t.

- Express the following without brackets : —

1L
2.
8.

4.

10.
S

12

2a + 8b — 4c + (8a — 2b + 8¢c) — (2a + 8b),
=8 —2b—c
8ab + (8ac — 4bc) — (2ab — 2ac + 8bc — ¢), .
= 8ab + Bac — Tbc + e.
72* 4 3% — (bza? + 4a*) — (42° — 42%a + 3a¥),
= 82* 4 Tx’a — 5za® — 7a’.
8ac — (ab + d) + {4ac + d — (2ab — 4d)},
= Tac — 8ab + 4d.

. 28 — (2* + 82%a + 8za® 4 a®) — (2* — 4a*),

= z* — 22 — 8z%a — 8za® 4 8a’.

- 2t — (ay +y7) — {os" — Bay — (2" — @)},

= 2>+ 2ay + y* — az® — a’.

. 20 b 42 4 628 4 dr + 1 — {22 — 227 — (4 — 4)},

= 2% 4 22* 4 82* 4+ 8z — 8.

. 3a — (46 — 8¢ + 2d) — {a — (20 — 4c + 8d)} — 5q,

=—8a—20—c+d

. (6a® — 8az + 2*) — {4a®+ baz — (8a* — Tax + bz*)} — 72,

= 4q? — 1bax — 22

7a* — (8a’z + 8az® — 72*) — {8a® — 40’z — (Taz® — 82%)},
= — a® — a’z + da® 4 422,

102 — (dey — Tay* + 99°) — {62° + by — (85— 4y},
= 42* — 9% + 162y — 18y

3a? — 9az + 42* — (a* + 20z — 2°) — (— Tax + 32%),
= 2a* — dazx 4 22%



MULTIPLICATION.

CASES L II. AND IIL
1. Multiply 3ab by 2cz, 5ac by 3dy, and 4ad by 2c¢z,
= 6abczx, 15acdy, and 8acdz.
2. »  4abz by 3ad, Tbc by 3ad, and 7ac by bz,
= 12a%bdr, 21abcd, and Tabez.
8. . 7ab by — 6a, 4ac by — 2ac, and 8bc by — 2cz,
. = — 424%, — 8a’¢* and — 6bc’z.

4, ” — 6ab by 2ac, — Tax by bac, and — 8az by 4ad,
= — 12a%¢, — 8ba’cz, and — 12a%dr.
5. »  — 7a% by 3ab?, — 8a’c by c’z, and 8a’z* by — 24°,

= — 21a**, — 8a’c’z, and — 6a°2”.
6. »  bax* by — 3ac?, — 2pn by — 8cn, and 4ax by Tez?,
= — 1ba’c*s®, + 6en’p, and 28acz®.
[ #  4mn by — Tam®, 8acx by 4abd, and 8c*z® by 4a’c,
= — 28am’n, 12abcz, and 82a’c*z%.
8. »  Babez by — Ta’cz®, and — 18z% by — 12ay,
= — 85a%c’s*, and 216az%y.
9. »  — l4a’zy by — Taxy’, and — 24abd by 9abs?,
= 98a’r*’, and — 216a%H*ds*.
10. »  15a°% by — 6az’y, and — 4ac’z by — 7a%z?,
: .= — 90a’0*2%*, and 28a°bc’z®.

CASE IV,
1. Multiply a + & by q, and a + b by 5,
= a* 4 ab, and ab + b%.
2. »  2a+ z by 3a*, and 2a 4 4z by 8az,
= 6a® + 3a’z, and 6a’z 4 12a2?
8. " 4ac — 3az by 7az, and 5ab + 4c by — 3ac,
= 28a’r — 21a%z? and — 13a%bc — 12ac®.
4,. 8ab — 2cx by 4 be, and Ta’c — 4ac? by 7acz,
= 12al*c — 8bc’z, and 49a’c’z — 28a%c’r.



EXERCISES IN ALGEBRA.

5. Multiply ba®h — 7acz by 2abc, and 13a%y + 4by? by aby,

6. "
7. v
8. .
9. v
10. .
11 ”
12. »
18. »
14. »
16. v
16. "

= 10a®¥’c — 14a’bc’z, and 18a%by* + 4ab%’.
13azy — 4z by 8a’zy, and — 1llay + 4az by Tazy,
= 89a"2%* — 12a%2%, and — 77a’zy® + 28a%%.
150’z — bb%y by 9aby, and 2acxr — 3ay by — 4az,
= 185a%zy — 46ab%?, and — 8a’cz® + 12a%zy.
8ac + 4ab + Tbc + 6abe by 8abc,
= 9a®bc? + 12a%b% + 21ab?c® + 18a?b%c2.
14a% — 8a’c — 2b% 4 4b% by — 8abc?,
= — 112a%°¢* + 24a*bc® + 16ab*c*— 82abct.
13a 4 145 — 15¢ — 16d + e by 5 abe,
= 6ba%bc + T0ab’c — 75abc* — 80abed + babee.
15az — 14by + 18bz — 1lay by — 4abay,
= — 60a%2% + 56ab’zy® — 52ab’z’y + 44a’bzy’.
4a’bc — 8ab’d + Tbc’d — 8bed?® by 8abed,
= 12a*%*d — 9a?b%cd? + 21ab’c*d*— 24ab’cd?.
11a%*— 4b°c + 5a’y*— 8b% by — 4abaly,
= — 44a*bzy + 16a°b'z% — 20a*ba’y* + 12a%b*z%>.
— 6a’s%y + 4az’y’ — Ta’zy* by — 9a’xy,
= bda'z’y® — 86a’*y* 4 63a'z’y’.
bab — Tbc + 8cd — 12ad by 12abcd,
= 60a’%cd — 84ab’c*d + 96abc’d?—144a%bcd?.

42 — 32°2 + 6y°2* — Bxyz by Tayz,
= 282%%z — 2120y + 420" — BB

CASE V,

1. Multiply 2a + 25 by a + 2¢, = 2a* + 2ab + 4ac + 4be.

2. "
8. ”
4. .
5. v

8ax 4 6ay + 7az by 4a + 35,
= 12a%z + 240’y + 280’z + 9abz + 18aby + 21abz.
40’7 + 8azy + 4y by 2az 4 2y,

= 8a’z* + 24a%% + 24azy® + 8y°.
24’2 — 4azz + 22° by 8ax — 82,

= 6a*z® — 18a%27%z + 18axz® — 62,
8a?h* — 6abc 4 8¢* by bab — be, .

= 15a®® — 46a%% + 4babc® — 156¢°.
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6. Multiply 24 — 4aded + 2cd by 8ab — 8cd,

7. .

8 .
9
10.
I .
12 .
1B -
u .

18. »

16. 0

17. ”

18. ”

= 6a™* — 18a%%cd + 12abc’d? + 6abed — 6cd™,
52" + 10azy* + Byt by Tax + Ty,
= 85a%2* + 105a%s%* + 105azy* + 85y,
7a*s® — Mabzy + T8%* by ar — by,
= 7o’z — 21a'2by + 2lazby® — THY".
r'+2z‘+2z+1byz’+2z+l
=2 f 420+ 72 + T2 + bz + L.
82® 4 72* — bz + 1 by 22> — 8z + 2,
= 62® + bz — 252 + 3la® — 18z + 2.
8* — 3zy + 44" by 2* — Ty + 857,
= 8z — 28a%y + 272" — 84xy® + 12y
82* — 4az® + T’z + 9a® by 22° + 8az — 4a?,
= 162 + 16az* — 30a* + Bba’s* — a'z — 864,
2+ 2y + 2y + ¢ by 2 — 22y + 7,
=2~y -z +y.
Py 42y + P by P+ 22y + 5,
=2 + 82y + 42y + 42 + By o+ o
2 4 2y + 2y + ¢ by & — 2y + 7
=z + 2y +2Yy+ 5
@ 42y + 2y + 9 by 2 42y +
= 2 + 2z' + 8% + 82" + 2ny' + %
24 a®—dr—cbyr*—azx—0b,
= 25 — (@ + 2b)® — ez + (ac + Bz + be.
2 —ad+br—cbys —ax+ b,

= o8 — 2az* 4 (® + 2b)c — (2ab + )2 + (ac + Bz — be.
19. Multiply 2* — az*+ bz — c by 2* + az + &,

20. ”

21 »

22, -

=2 + (2b — oM — a4 (B* — ac)z — &e.

1+iz+3 +iby 1 + §o + 32,
=14z + 32" + 2 + 2 + A

144+ + e’ by 1 —dz + 3%,
=14} + 22’ + gheo”s

14 2z + 42* + 828 by 1 + 4z + 523,
= 1 + 6z 4 172 4 842® + 52z* + 402%
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28. Multiply 9 + 7z + 62z* 4 82* by 4 + bz — 62%,
= 86 + 73z + 2* — bz® — 162 — 182%
24, " a@d+¥+cFt—ab—ac—bcbya+b+ec .
= a* + b* 4 c* — 3abe.

2. » zty+IS-—gbyz—y++y,
=242+t -y + 2 — o

26. » a+2b48bya+b+ge
—a’+2b’+3c’+3ab+4ac+56c.

Find the product of
27. (@ + z) X (a + 22) X (& + 8z) X (a + 4z),
= a* + 10a’z + 35a%z* + b0az® 4 24.1".
28. (2a 4 z) X (8a + 2z) X (4a + 8x) X (ba + 4x),
= 120a* + 826a’z + 829a%2* 4 146az® 4 34x%.
29. (a® + ax + z*) X (a®* — ax + 7*) X (a + 2),
= & + a'z + @’2* + o’ + az' + 2%
. 80. (@® + az + 2%) X (a* — ax+x’) X (a — x),
= & — a'r + a’2* — a¥® 4 az* — 5,
81. (a™ 4 z™)(a™ — 2™)(a" — z")(a" + z"),
= q¥m*tn) __ gImyn __ g2n,%m + ZXmtmy,
8. (@+14+a?)a*—1+a%a+a),
=ad+ad+ataldat+a’
8. (B +22+ 2+ 4+ 1)z — 1)z + 1)(x+2),
=24+ 82+ 25— 2> —8r—2.
84. A +z '+ 2z — 2 4 271 — 227 + 279,
=1—=2r"1 4 2272 — 2273 4 2274 — 22”8 4 3~
. 85. (2z + 4y)(8z + by)(4x + 6y)(2z — 4y)(3z — by),
= 1442% + 2162% — 9762%* — 14642% + 1600zy* + 24004
386. (a)-'i-b+c—d)(a+b—c+d)(a—b +c+dX(—a+bd
4c+
={e+®)+C—-DH@+b) —(c—d}{lc+d)+ (-}
{c+d)—(a— 5}
={(a+ 8~ (c - dy}{(c +d)’ — (a — )"}
=(a+ b)(c + d) — (a* — &) — (¢ — d)' + (a — b)’(c — d)*
= —a' — b — ¢! — d* 4 2a°0* + 2a%* + 2a°d? + 2b%* + 26°d*
<+ 2¢%d* + 8abed.



DIVISION.

CASES I, I1. AND IIIL

1. Divide S8abc by 2zy, 6ac by 2bz, and 4azy by 2bc,

= Babe Bac g %0y
=y 0 ™M
2. #» 12acz by 7bd, 8azy by 2bc, and 3am by 4bn,
e _ 12acz 4azy d 8am
= T76d b ' M Ton
3. ¢ 44 by 2ac*, 5b'z* by 8%, and 4a’d” by 3a'd?,
8
= 2ac, gb, and 4d
4. « Ba'h’c by 8ab’c’, and 42%y'2® by Txy*Z,
_ ba% 4272
=35 and —3
5. » 7a%z* by bac’z, and 6az’y* b; 8abc,
] ¥ by 2 z’y‘
=T ma %Y.
6. » 3a’’c by 6az’y, and 8ax’y by 3a’zz,
y o y oy .: e o 8%y
= 22%’ 8a%z"
7. = 8abc by 12acz, and 4ac by — 8bzy,
T 8bzy’
8. = 18ac’z by — 6aca®, and — 12a%2® by — 2ac’,
8c 6az®
= - ad
9. ~ 14¢'02* by — 8aby’, and — 1bac’z* by 5a’czy’,
14a‘6’z‘ c'z
= - and — 8——.
oy ol
10. ~ 1Bax by 12cy, and 6402z by 16a’zy,
_ bax 4az
and —
Ty
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11. Divide }a*b2®y by — fabcz, and 8c2® by — Taz™%,
Baz’y , and — Scz“

[

12. » 4a™b~% by — $ab, and S8a™b by 4a’bc",
-1 -ppn=-1
a1t op 8 8am-pn

& , and yrome

CASE IV,
1. Divide a® + ac by a, and 4z3* — 8% by 4y,
=a +c¢,and y — §z.
2. » a* — 8a%® by 84’ and ba’s* — 10az by baz,
= }a’ — a2’ and azx — 2.
8. » 8ax — biay by 4ab, and @’ — ab® by — 2ab,
_ 8z 2Ty
=G~ 2b,and-§a+§b.

4. » 164°0°z — 8a’ca® — 24a’dx by 4a’z,

= 4b® — 2acz — 6d.
5. v B2’ — 20a°2%* + 8a'zy by — bzy,
= — 2% + da’zy — §a'.
6. » 12d’°7% — 184’z — 16azy® 4 244°2%* by 2azxy,

= 6a'z — 9az* — 8¢® + 12azy.

7. » 8a® — 24a’z 4 2lar* — 8az® + 8z* by 8ax,
=a2'~8a+4 Tr— 22+ a2

8. & 62— 62t 4 b2 — ba® + 4z — 4 by 22,
-1
e A L
9. »  Bawm —10a%*%m*?— 15amen + 20amsn* by — Ba's,
= — g*~ g™l 4 2gnr™*! - Ba™%n Tl — 4a™ 22",

10.  »  8ammc — 4an* 3™t + 10a%h'c! by 2a™ ¢,
= 4b — 2a%% + Ba*~"b* "™

CASE V.
1. Divide a® 4 4ab + 8)* by a + &, . . = a 4+ 8b
2. v 8a®+ l4ar 4 1522bya+ 3z, . = 8a 4 bz
3. 6a* + a’z — 152? by 24* — 38z, . . =8a*+4 bz.

4 v 6P +2mP—20y'by2r4 4y, . =38z —by
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5. Divide 22* — 9% — b by 22* 4+ 2%, . . =2 — b2

6. « 82+ 1lljxc — 2¢* by z 4 4¢, . =8z — }e.

7. » 24 62'y 4+ 1229° 4 8y by = + 2y,
=a,’+4zy+4y’.

8.

9.

10.

11

12.

18.

14.

15.

16.

17.

18.

19,

20.

21.

22.

a'z® — 6a’z'y + 12azy® — 8y by ax — 2y,
= a%® — daxy 4 4y,
a* + 4a’x + 6a%2* + 4az® + z* by a + 2z,
= a® + 8a’z + 8az® + 7*.
a* — 8a%h + 24a%h* — 82ab® + 165* by a — 25,
= a® — 64’ + 12ab® — 80,
a*c® 4+ 9a’c’r + 26acx® 4 242* by ac + 4z,
= a’c* + Bacz + 62°
a’c® — a%’z — l4acz® + 242* by ac — 8z,
= a’c® + 2aczx — 8%
27a*5® — 54a*b’c + 36abc* — 8¢* by 8ab — 2c,
= 9a*0* — 12abc + 4c*
840 — 86a*b’c + b4abc* — 27¢* by 2ab — 8¢,
= 4a%b®> — 12abc + 9¢%
a2 + P by az + g,
= a'z* — a’z'y + a2’y — axy* + ¥,
a4+ +4+c—8abcbya+b+oc
=a*+ b+ *—ab — ac — be.
a® 4 2b* 4~ 8¢* + 8ab + 4ac + bbcby a + b + ¢,
=a+ 2b + 8ec.
a@® + a'z + a’7® + a’2*+ az* 4 2° by @* — az + 2,
= a® 4 2a%z + 2a2® 4 .
a® — a'z + a'z* — a*z* 4 az* — 7* by &® — ar 4 22,
=a— 7
ad+ad+at+ar+at+atbya—~14a73
=a*+ 22+ 2+ a2
1 4 14z + 712* 4 1642 4 120z* by 1 4- bz 4 62%,
=1+ 9z 4 20z*.
1 + 18z + 1172+ 330z*+ 803z* by 1 + 7Tz + 102%

102 4 824
=1+112+30$’+H—7:'|-—10—z"—.
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. 28, Divide 1 4 z* 4- 22° by 1 + 2z 4 427,

P L

1+ 2z 4 42*°
' 24. . 1by 1 — 2z 4 z* to five terms, 6 — 5t
=1+2x+8x’+41“+5:‘+i_-

2z + =°

2. o 1 by 1 4 2z 4 2* to five terms,
=1 22 4 8% — &g  Bat — 2 02
= - 1+ 2z 4 2%

26. ” 3t — 4t + WP — Pr’ — Pr + 27 by P~z + 8,
: =§*— B2+ x4+ 9.

Nore.—The above exercises, except 16 and 17, may be wrought
by Synthetic Division.

GREATEST COMMON MEASURE, OR G.CM.

CASE L
1. Find the G.C.M. of 12a%%2?% and 24a't%%®, = 12a°V%”

2. " " 63a*b%*2%%, and 42a%0%’zy’%,
= 91a%'c'ay”.
3. ” ” 144a%b*c*d%®, and 108a%bc’e?,
= 86a’bc’e’.
4. » " 12a%bex?, 20b%*<%, and 82a*b%%z,
= 4bex.
5. . ” 8az’y’, 12a’%7*, and 24a’zy's’,
= 8azy.
6. " . 5ab’c*d*, 12a*b%d, and 80ab'c'd®,
= ab’*d.
7 . ” Taber, 9a*b%*2?, and 21ab’c®z, = abex.
CASE IL
1. Find the G.C.M. of a* + ar, and a* + 2ax + 2*, =a +=.
2. ” v a®*—az,and a*— 2az 4+ 2°, =a-2z.

8. " . a® + ab, and a® + &7, . =a+b




5.

7.

8.

9.

10.

11

12

GREATEST COMMON MEASURE. 16
4. Find the G.C.M. of a® — ab, and a® — %, . =qa- b

o

a®+ 2ax 4 2% and a®* — 2%, =a -+ z.
— 2z 42 anda®— 2% =a-—a
2 + z — 42, and * + 10z + 21,

=z+4+T
z? + 8z — 40, and 2* 4 8z — 65,
=z - 5.
z* — 8z — 28, and z? 4- Bz 4 4,
=z+44.
2 — 6z — 91, and 2* — x — 156,
=z - 13.
z* 4+ 8z — 108, and z* 4 5z — 126,
=z-9.
2* 4 bxr — 24, and 2* 4 28z 4 120,
=z +8.

Nore.—The 7th to the 12th inclusive of the preceding exeroises,
may be very simply solved by resolving each of the expressions
into factors, as shewn in Art. 73, CHAMBERS'S ALGEBRA ; and then
observing what factor is common to both expresnons, that factor

is the G.C. M. required.

18. Find the G.C. M. of 6a* + b1z + 99, and 82* + 57z + 144,

14.

15.

16.

17.

18.

19.

=8z 49.
8% + b8z + 77, and 62% 4 65z + 176,
) = 2z 4 11.
1222 — 15z — 63, and 82* 4 T4z 4 105,
=4z 4+ 7.

122% — 108, and 152% — 86z — 27,
=8z —09.
862® + 96z — 36, and 28+ 100z 4- 48,
= 4z 4 12,
63274 114x — 45, and j42*— 63z 4 15,
= 9z — 8.
22422+ 1,and 2* 4 1, =zxz41

42% 4 12z + 9, and 82® + 27,

x 2r+4 8.
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21. Find the G.C.M. of 4z*— 25, and 82°4 602 4 150z + 125,

= 2z 4 b.
22, " ” 92% — 4, and 86z* — 21z* — 20z 4 12,
=8z — 2.
28. ” " 72* — 4z— 8, and 28z° — 223 — 47z —18,
= Tz + 8.
CASE IIL
1. Find the G.C.M. of 2* — a?, 2? — 2ax + 4’ and 4ax — 4a?,
=z—a.
2. v ” 22 — a% 2* 4 a° and 2? + 6ax + ba?,

=z 4+ a.
8. . " :c’+a' z’—-ax-l-a’, and z* — 2a2?

+ 2a’z — a%, . . . =2 —azr+4ad
4. Find the G.C.M. of 3a’ + Gab, 7a’ + 28ab + 28%% and
Bazx 4 10bz, . . = a 4+ 2b.
5. Find the G.C.M. of 3az 4 42° 9a° — 162% and 27a* + 6427,

= 8a + 4z.
” 7a* — 8az, 49a‘ — 9a’7% and 848a°

- 27a’.7z:s .. . = 7a* — 3ax.

N.B.—Since each of the proposed quantities is divisible by the
Greatest Common Measure, each of the exercises in the Greatest
Common Measure will supply two or more exercises in Division,
by dividing each of the given quantities by the G.C.M.

LEAST COMMON MULTIPLE.

CASE 1.
1. Find the L.C.M. of 4a? 12¢% and 16a%, . . = 60d".
2. ” ” 7d’z, 12a°z"y, and 21a'zy®, = 84a'2%’.
8. v Ba®Bi 6a%'c, and 30a%%c,
= 80a'b'c"
4 » v 8ab'2Yy, Tabiry, and 12a%'z%
T = 84a"biz%y,
5 v 907y, BaPr'y's, and 15a°2%y%",

= 4Ba’ryA,
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6. Find the L.C.M. of 16m’n%’, 12m‘n’p’, and 24m’np,

= 48m'n'p*.
7. " " 15atb’ch, 12atbic?, and 2045,
= 60a°b%".
8. » ” Baiylz?, 9ady’2A, and 36z8yd2?,
= 18024y,
CASES Il. AND IIL
1. Find the X.C.M. of 8a® — 4az, and 64® — 8a’z,
= 6a® — 8a’z.
2. » » 84— 16az, and o — daz + 423,
= 8a(a — 2z)%.
8. . » 8(a + b), 12(a — b), and 6(a* — b%),
= 12(a* — ).
L 0 e Sy, oy and s o)
= 86zy*(2* — ¥*).
5. » v 24 1, (z + 1)% and 2*— 22342z —1,
=(z— D@+ 1)z*—z + 1).
6. ” n a? — aa:+z’,a’+aa:+a.’a' 2,
anda®+42%, . . . . . =at -2t

7. Find the L.C.M. of 2*+4bz + 4, 2+-3z—8, and 2+ 7z +12,
= 2* + 62% + 82 — 26z — 24.

8. " .o (a + b))% (a — b)*, a® — b° and a® 4 B3,
ATl Sk by RS

9. v w a* — a’z 4 a’7®— ax® + 2%, and a* 4o’z
+ a*z* + az® + 3 . . =d+d?+a'rt a2+ 2

10. Find the L.C. M. of 2* — 1, 2* — 9, and 2* 4 22 — 15,
= 2 4 Bz* — 102* — 50z* + 9z + 45.

N.B—S8ince the Least Common Multiple is divisible without
remainder by each of its component quantities, each of the exercises
in the Least Common Multiple, with its answer, will supply two
or more exercises in Division.



FRACTIONS.

.

REDUCTION OF FRACTIONS TO THEIR SIMPLEST FORM.

Reduce to their simplest form
ab 10ab’ 14a%bc* — 12acz® — 824%z
bz’ TBab ’ Tabed' da'cm ' 0 = 64zy2?
2ac —8z

'—“2bc» a acsa-“d

1222 — 22y axr 4 2* ac—c’mda,’—‘.’z-i-l
162> ’ab* + 6%’ a* — @ 2—1 '

1.

2.

Gz—y x ¢ z—1

and

8z ''atc z41

g =~y &+2-3 I+ +3y+y
" P42y +y°a®+6a+6 24 8zy + 2y

_x—y a—1 (z4+y)?

T4y a+2"md x4+ 2y°

4 62’4 7z — 38 z’—zz-smdlox*+7z+1
‘68411248 2* — 4z 4 8 10z* 4+ 8z - 1
8z—la:+1md5.t+l

Tt rz-1 o1

5 ac + by + ay + be andz’+x‘y’+z’y+y’
* af + 2bx + 2ax + bf° 2 -yt ?

=Sty Bty
=rrer ™Mo
o 4a? — 12az + 92* a.ndt:t’+b’-|-c’+2ab+2ac+26¢:
: 8a® — 272 ’ — bt — & — 2bc ’
2a — 8x mda+b+c

= Ia7 + 6az + 927 a—b—c

. TO REDUCE A MIXED QUANTITY TO A FRACTIONAL FORM,
Reduce the following quantities to fractional forms :—

1. 2:-;,3:+ u__,mdsa+4,_£

— 2 -
’y 3zy+2 oz —8z . 6a’+ 8ar — §

8’y’5a’ 2a
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4 ab + b
2. , and 86 — 222,
_8r4822r—4 Bab — b?
=3 & ™Y
b 2ax — 2*
8. 1+ +b’5c+b+ +——, and 7z — 3a—z "
_ 2a 5bc+5c’+aand19aa:—-6z’
Ta4¥ [ " 8a—z
2ar — z* a® - b?
hoete- o mdett - ooy
_a'42¢ __ 8Ka+b)
- a-lv-:t:"md a+25°

‘ 2
5. 1—z+x’~mmdl+z+z’+l—~

-
1 1
=ryzmi—z
at 4 2 SRR
6. a4 a’x+ax*+ at:,anda’—a’x-l-‘;Iz,
_ 2zt 2a* — a’7® + z*
—-a_z,and a4z
T0 REDUCE IMPROPER FRACTIONS TO MIXED QUANTITIES.
Reduce to mixed quantities
1 bar 4 82* 8a’+7ax+3:’md9a'+6a’:+8ax
: 4z a? 8a?
_2.,_43, +.7_“”_"i"’md3¢+2z+-.
2 3a® 4 Baxr 8a®4 Ta'r md4a’—]0az+4z"
* "a+2z' a4z’ 2a +z ’
—=8q — % 2 _ =
=8a a+2x,8a ar + 2* a+:,and4a 3::+2a+
3 2a® 4 8ac 4+ 3¢+ a dea’:l.'—-5ax’+4:c'
) a+2 ’ 2a—z '
= +c’ 8z
2a = ¢+ _——-, and 8az — 2' + ——.
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Ly l=9242 gt

1+z at +z°° ?
_ 4z* _ 74a'+r‘
.—1—3:+4z'—1+z,a.nda‘-—:t‘ FE
14828422 o — b — c?— 2bc
. 1-2 » and a+b—c ?
=1+ 4* anda - b 4be
+1 :” a-bte-— atb—c
6 82’+10::'+133"+163"+15£’+5
’ z + 222 . gt
+5
=8 44"+ 52 4 6 4 2

REDUCTION OF FRACTIONS TO A COMMON DENOMINATOR.

Reduce the following fractions to equivalent ones having a
common denominator :—

8a ba _ 9ac  10ab 8¢

L e snd sb’ Co T Toge 1ok ™ o
P 70 11ab d5ac _ b56b% 22a%? and 16a%?
" 8@ T2 OB T 2dabe’ Zabe’ *"° 2dabe
* 4a’ 9¢’ 160 20ac’
_ 135bcx 140a% 48a’cx 45b%
™ 180abc’ 180abc’ 180abe’ 180abc’
3¢ b5b 8ab ba®
L T T oy ey
18ay’ 162 16abay . 36a’ly
=B B By " aa
2a¢ b5b 7c 14ab
5. 28 88 o pqliad
mx my ry
2ayz Bbzz Tezy mdl!abmz
= may2’ may? mayd mzyz
6 a® ab and 8a® — 2ab
‘a4 ba=0 a* -5’

a’(a-b) ab(a+b) —2ab
bi L4 m'd b’




FRACTIONS, 21

ax 2a%z? 2a? 4 «*

(el L prage U
_ &'z — &P+ ar® 24°2° 4 2a°2° md2a'+z’
- d+2 ' a4+ @S+

a+1a—1a +1 a*—1

& aTTarra—r™MaFr
(a+1)’(a’+ 1) (a—l)’(a’+ 1) a‘+2a'+1 and —2a’+1
ot — . at—1 -1’ at—1"

2 zxz+4+a 4a 8a 4=z

S. z+a 8a g Rl e
_ 6az(x — a) (z + a)(z—a) 12¢*(z + @) md9¢’ + 8ar
S = @) BaF—a) '8 = @) " Sa(@— )

10. E+22 a*—2 a’+azmdar+z’

(@ + 2)? (6 — z)? a* — z¥ 2az °’
_ 2ax(a’+ ¥ a—2) 2ax(a’— 2N a+2) 2ar(a’+ az)a'—27)
= T a@ —2F O 2a@ — 2y’ 2a6@ Py
g (N2

Zaz(a’ — D)

ADDITION OF FRACTIONS.
2z bz -1
L i+ +y+h dsa+5a+5a+’5a,

=8=+2am19::-—1

8’ ba

3a 2 3 5 7

2 p+s+i+ B man i
_la S
T 1007 122

2a 8z 822 + a? a4z 8a Tz
8. a+z+a—x+ z,,and 2az +a +a+z’

3a? + az 4 62 a’(6x+l)+(20a’-a)z’+a 'z—(14a+4-1)2*
=TFo—p W 2az(a® — *
9247 6x+58 6 92—8 4z —5 2z +6 4248
3t t g™ ——+——+7
_ 1772 4- 66 802z 4 471

== ™4 s

4,




2 EXERCISES IN ALGEBRA.
ab a® a" artt

. a+b+(a+b)'+(a+b)”““d(a+b)-ﬂ+(a+b)w’
__ 2a® 4 8a® + 2ab* and a™(1 + a)
@1 MG

6. a b

d a
@ DE+a T+ ™MGErie—o

(a + )b — z)
et verob . ab— (a4
~ (@ — b)Yz +a)(z +b) (@a+ b)a—=x)b— )

1 1 1 1
" = ety T = T @@y
_ 12a* 4 120%* + 7a® 4 2*
! 12a%(a* — z%) :
8 8 + 1 + z—1 _ 14z+42°
© 4(l—z) 8(1 x) 8(1+:r) 4A+2*) T 1—z—z'42>
SUBTRACTION OF FRACTIONS.
14z bz 8a 8a _4x 19a
1. —B——T,ud—7-—-5—, . . . —-§-or mdss
8a 6a 4a 38a 9a 18a
2. T—ﬁ,and—s—-—-7, . . . . -—E,'and—s—s—.
2z 8¢ by 4c __ 8z — 15¢c 85y*—24c*
3. E—z{—l,&nda—?j, . = 200 ,and 42¢y .
9z 47 6x4+4 6x—b 4r—38
4. T "% , and R
_21x+419 10z — 11
=2 , and e
2z+y_y-—2z :c+1_:t—1
5. y z ’andz-l z4+71 .
2::’+8:ry y’ 4::
=y 171
y—8 " a—38c
6. (50——— —(2a+ 3 and(7a+— -(3a——$—-
3a — 3c

=8a—3—— and 4a +



g 8

8.

1.

2.

3.

4.

5.

N

Tz +3 )—(8.7: ~37%) and

FRACTIONS, 23

b

(a+6)(x—-a) (a+b)(x -b)y

and Ha — b)
b(b - z) (a + b)(z — aYz—0b)
x+y_ 2z and 2m + 8n _2m — 8n

y z+y 2m — 81  2m + 8»’
z’+y’ 24mn
CE ) M~

=4,1:+

MULTIPLICATION OF FRACTIONS.

a bz 4x 8 2 1 2
3Xes X9 Wi X
LN W
- T 45’ 22 21a*
8z 4 8 8z ab _ 8d 3a 8a
EE TR PR i R Ul Sl 3
20 2438 95
27 85’ 4¢’ 26
a+xxo—d da’+as+z’ a—-=x
ct+d a+2 a+zx a? — azr + ¥
c—d a® - 23

- az’
a4z xz’—y’x(m-i-n)’ 6(m* — n%)
(m + ») 12 m—mn z+y ’
=4(a+2Xz - ).
¢'+z’x z’xa‘ -zt 4ax
@ -2 a+2 a’ z°
72X Gty AN
5 a’+ax+z’
a b a
(a+b+a—b)x(a+c-b+c)'
(@ + B

= @+b)a+cxXb+c)
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8. (1+z+x’+% x(1-x+x'—x'+-1-:i;
1
1=

Nore.—In the 8th exercise, reduce the factors to fractional
forms, and then multiply ; the first factor becomes l—i_z’ and the

1
second becomes s
DIVISION OF FRACTIONS,
8 &b

‘974" ¢ " a’ac 8 8a B’
_5 8% 185 .8z
T2 4 24’ 9a**
s a+z a+z da’-i-a."_._a’—-x’
c+d c—a 8azx ~ fTa ’

R R PRl e
3(a + 2) da’+a.z:+z’
. 4a a+z
5 a4z (m+n) md9a’+6ax+z’. 8a+zx
‘' m+nr a-z’ 2m + n " 4m*+ 4mn + n®
-2
=(—::+_")” and (3a+z)(2m+n).
z’—z.z‘—5zmd4a(a’—z’).a’—az

& T3 7=9’ 8 — 2°) " be+ b2
z—1 4a+2)

=:c—5’md8(c—:c)'

32 | = 27(a* - 2%) . _9a + 2)

7 a'+z"a+z"“‘d 5 - [
and — 8(a — 2).

=a’—az-i:”



8.

2.

8.

FRACTIONS. 25
24+bz4+ 4 24241 *—a  2P+ar

BTz +12 D2 +8z+2 d(:c-—-a)'—x-a’
—z+2 2+ a®
+3,and .

z’+7z+64.t’-86 g2 —8—4 216

P4 1224117 2F 121 F—7z—8 = — 64

:t—ll z+48
z—¢' z+4

MISCELLANEQUS EXERCISES IN FRACTIONS.

1 1 1 1
OroTla—ataasasy - ° “T—&
1 _ 1 _ 1
@E+2)(z+38) @+2)=+3)z+4) ~ (@+2)=+4)
1 1
C+DE+2)& + 8)—(z+l)(z+2)(x+3)(z+4)’
(x+l)(z+2)(x+4)
1
a.'-1+(z-1)(z—2) (x—l)(z—2)(x-—3)
22— 4z 42
(x — 1Xz — 2Xz — 8)’
1 1 1
z—l-(x—l)(x—2)+(:c-—l)(z—2)(x—3)’
2 —6r+10
T (@ —1Xz - 2Xz - 8)
1 1
=8 T GG —D GE-9G-DG_5
22— 8z + 14
(1—3)(::—4)(.2:—5)
1 z 2 1 =
T—z - ta=a " =A==
b ad—b a+bz a-—2> b—c¢c

cC—a
it T am cx&z T a T T =%

Nom.—Hmthemmoftheﬁntthreete:ms:O, and the sum
of the last three terms also = 0; hence the whole sum = 0.



9.

10.

11

12.

13.

14

15.

16.

17.

18.

EXERCISES IN ALGEBRA.

22 |z and 6y . %
d+2  a+2 5y — 10 °~ 15y — 80’
2z
S amy 2
*—a' 2+ ar z* + a* .x’—a:c
T—ay  z—a G@+af z—a’
@ +a)=+a)
2@ + oy

1

1
Ha—tYa—o THE=

z

1
aXb — ¢) + c(c — a)(c — b)'1

(— +ziy -y

y z+.'/’
z-i-y)(z — Y.
T2y + 2 — o

@—9
Taz xa’—z’ o' — ar _ Tx(a+2)
Gy ~ & — [y S § U C ¥
2~972+420 22— 13x+42 -7
T —6z F—bz  xz +5)
z’+x—20

2* 4 82415 2—xz—20 | z’—2z-l5

2 tzx—12 D+ 12z + 86 © 2 + 11z + 28'
_xz+44
T z—8

2—10z421 24122485  2*4 z—20

ZF11z+80  F— llz + 24 © 2 — 2z — 48
_ P—49
Tz — 20

1

{z+2+z+8+z+4}+{x+3+x+2+x+1’
_ (= +1)(62* + 84z + 46)
(= + 4)(82* + 12z + 11)

1 2 2
{:+5+z+4“z+s}*{z+4+:+s"=+2}'

_ 42 426z + 86
= 327+ 26z + 60°



INVOLUTION.

CASE 1.

4 k ]
1. Find the square of 5a, 8az, ;—:, %, and %,

2 4
= 25a’, 9a* 494° 162 and 8&.

' 422’ 9B Pd
2 ” cube of 3a, 7ab, 5a’x, and 8z

4d’
= 27d%, 343a%, 1250%*, and g .
4at

8. v fourth power of 2at, 8act, and 3=

2564
— 4
= 16a? 81a‘c? and TR

4 fifth 9, 8ac, and 5%
. ” 4 Ty 966, and -,

1024q"
=32.‘L", 248(1'6‘, and W.

5. « sixth s s aiblc, and %
6t
= a2, a0, and &,
8z
6. v seventh » 2acl, 3abc?, and %

218727

= 128a’d, 2187a’b"¢", and 12807

CASE IL
1. Find the square of @ + ¢, @ + 22, and az + b,
=a’+2ac+c’,a'+4ax+4z’,anda’.r’+2abz+b’.
2. Find the square of 2a + ¢, 3a + 2¢, and z + &y,
= 4a® + dac + ¢ 9a* + 12ac + 4¢7, and z* + 10zy + 2647
8.Findthesqnareofa—c,a—2b,mdac—b, -
=a'—2ac+c’,a’—c4ab+4b’,anda’c’-2twb+b’.
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4. Find the square of 2¢ — z, 3a — 4c, and 3z — 5y,
= 40’ — 4ax 4 7% 9a°— 24ac + 16¢%, and 92— 80zy + 25y°
5. Find the cube of m + n, @ 4- 2z, and 2a 4 35,
= m® + 3m’n 4 3ma® 4 7%, a® + 6a’r 4 12az® 4 82% and
8a® + 36a%b 4 b4ab® + 270°
6. Find the cube of m — n, a — 2z, and 3a — 25,
= m® — 8m’n 4 8mn® — 1%, a® — 6a’r 4 12ax® — 82% and
27a® — 54a%b 4 36ab® — 8b°.
7. Find the cube of a* 4 2¢% 2z — 37 and 2a* — 8¢%,
= a® + 6a'c* + 12a%"* 4- 8¢°, 82® — 122%* + 6zy* — 3% and
8a® — 36a'c* 4 bda’ct — 27c%.
8. Find the square of (@ + b + ¢), and (& + b — ¢),
= a? +b’+c’+2ab+2ac+2bc and a® 4 b* 4 ¢* + 2ab
— 2ac — 2bc
9. Find the square of (2a —b+c—d),
= 4a’+ b? 4 ®+ d*— 4ab 4 4ac — 4ad — 2bc + 2bd — 2cd.

CASE IIL

2a bac 4zy

8
5 1D Ber 3

?!,3—)
R
95" 16a%" 2oz ™ y‘

4a Bab 2d% d 8ax
3¢’ 6dz’ 5y ¢ Ty

_ B4a® 125a%  8ac® 27d%

= 27 216d%7 1256 2 By
2a +c¢c x4+ 2 2ac + z
a+3c’3x—-§’ andac— 3z
_A ot ¢ P hay 4y A0 4 dacs 2
T a® + 6ac + 9¢? 927 — 6zy + y© a*c* — Bacr + 92%°

1. Find the square of

2. » cube of

8. ” square of

. a+2c 2z — 2a 4 cz
4. Flndthecubeofsa++ T 2";,a.n aci'zx,
_ @+ 6d% + 12ac® + 8c* 82® — 122% 4 6zy® — °
= 27a® 4 27a% + 9ac® + & 2 + 62% + 12z + 8y*
andsa.+l2az“+6“’f+¢w
a’c® — 6a’’r + 12acz® — 82




EVOLUTION. 20

-z 2a 4+ b
5. Find the fourth power of 2 aiz , and a2

a* — 4a’zr + 6a%2* — 4az® 4 2*

a‘+4a‘:c+6a’z’—4a.t'+x"
160" + 824% o 2478 + 8ab + "
— 8a%b + 24a%h* — 82ab® 4 165

a.nd

EVOLUTION.
CASE I

1. Extract the square root of 16a% 495%7 and 81a'c?,
= + 4a, + Tbz, and + 9a’c.

2. ” cube »  82%% — 64a%p?, and 125a%2%°,
= 2zy, — 4a%, and baz’y’.
3. »  fourth » 16a%% 25627 and 6561a'c’,
= + 2a4% 1 4zy*2 and 7 9ac’.
4. " mth n  3m X 8Mmgmyim and Tmaimzim,

= (2 X 8%y* = 18ay®), and Ta'z’

CASE 1L

42" 36a’2* 144a*
1. Extractthesquarerootofga,c,, prn and ——- L

zy' 12a?
=50t a 7zy and + 5
8b%°  a®h® 125a°
2 0 awbe v o I M9 T olee
% b b
~ 4a%® 3xy’ an 6cz?
AP 6262ty
ez " 12962607

ab’c® Bay2®
= & Gomend & gl

3. » fourth ”
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CASE 111,

Extract the square root of the following quantities :—

1. (92 + 80zy + 25y®)}, and (162* — 82%cy + c**)3,
= 8z + By, and 42* — cy.

2. (a’—2ab+b’+2ac—2bc+c’)i and (4a® + 4ar 4 z*

— 4ay — 2zy + )i, . o« =u—b+cand2a+z—y.
8. (4a —4a’b+b’+8¢’c—4bc+4c’ 4a®d® 4 2bd*® — 4cd?
dhi, . . =2a*—b+ 2 — d%

4a® 924\ } 25
(g0 + ), ana (B - e+ B0,
_§a+§x’,md§a’ $z.
. [47 9y*\ 16::’
o. 9_y;—2+4x’ and +5c+
% 8y Sa 4
3y E,and5—1+§.
9z b2* 2527 \# 8r 2 Bz
o (-c+F+a-vian) =n-Tte
CASE IV.

Extract the cube root of the following quantities : —

1. (2* + 62% + 12z9* 4 8y*)}, and (8a® — 120’z 4 6ax®— 2°)},
=x+2y,and2a~—-x.

M2 F Y, LY aa (T2 o
3z

=—+8x,ad7-}.
8. (a®+ 9a°z + 88a'z? + 63a%2* 4 66a’s* + 36az® + 8z°),

= a® 4 8ax + 2z*
4. (1 4 8z — 82*— 11z*+ 62*4 124°— 82°)}, =1+ x — 2z.

5. (2* — o)}, and (2* + a)},
a a? 10a*
=“*?'*?"*?'T@‘&°-
mdz"’}?"* +‘&t——‘l&z“+&,c
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Note.—These two expansions may be used for extracting the
cube root of numbers that are nearly exact cubes—as, for instance,
to find the cube root of 63 = (64 — 1) = (4®* — 1); hence, in the
first substitute 4 for z, and 1 for a, and the value of the cube root
of 63 will be obtained. Or, to find the cube root of 1006
= (1000 + 6) = 10* 4 6; hence, to find the cube root of 1006, in
the second series, make x =10, and @ = G; then find the value of
the several terms, and the cube root of 1006 will be found.

IRRATIONAL QUANTITIES.

CASE I
1. Reduce 7, 2a, 5ac’, and 3a’r, to the form of the square root,
= (49)}, (4a®)}, (25a%")}, and (9a'z*)i.
2. » 3,84 4a’, and 2ay’z, to the form of the cube root,
= (126)}, (272%)%, (64a°c*)}, and (8a’y®2*)h

3 » 8 2 i;-, and 5“;’, to the form of the fourth root,

81z* 625a*
= (81)%, (162, ( ) (l g
8ax a’c® ax®

4. 2z, — IR0 and -—l, to the form of the nth root,
8ngnz" ancin\n
= (2n_tn)n ( d ) ( (
CASE IL

Reduce to their simplest form the following expressions :—
1. 12, ¥20a% N T5a%2%, &/ 128a°2%, and 4/ 2002%%,
= 24/8, 2a/ Ba, Bazry/3z, 8ax*y/2ax, and 10xy*y/2z.
2. /82a%, ¥/8la’r, /500z%, and Y/ 24a'2?,
= 2a.Y/4a, 3ay/3z, by/4xy’, and 2azy/3az’.
8. w2(a* — a¥®), ¥ (a’z* — a’s?2?), and y/a*(a® + a’z%),
= azy/(a*c — zy?), ax s/ (2 — %), and a*V (@ + 2%).
4. Ya'(z + a), Va'z*(a* + a’z), and Y82a%(a* — %),
= a(z + a)Ja(z + a), a®z¥/(az + ), and 2a./4(a* — 2”).
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CASE IIL

5.: 2a

1. Rationalise the denominators of ——; "/31,, ~/8 m

_ 848z _ N8z bxa/2x _ 54/22 and 24/ 7a
TT8E T ' 4 &’ 7
‘ Ta 6ax

3 5
9, " the denominators of Vi J9as and /2566

_ by/2z Tay3az _ TY3ad’ Bk
=% " 8am = 8 SR
. . 2 8be
8. " the denominators of 3(’:_ y and N T
2z~/a(a —x) and 8bcy/ a(a® — 2%)

Fa—z) ° 3@ — oY

4. w the denominators of — . v ”,, j:g,,, and '%%,{Tu

__ 22" 3ayz" 4/ (a2 ")
= " , and pre .

x

CASE IV,
" 1. Reduce /3, ¢5 \/6, and Y7, to similar radicals,

= (s°)1= (5‘)1= (6‘)“ and(’l’)", or 312 5" 6“ and 7“;
or }/729, 1/625, 1/216, and /49.

2. n  ay(@®+ ), and 3b¥/(a® — ¢?), to similar radicals,

= o(* + ¢ and 8(e* — &y,
8.« ga— by, and /(@ + 2, o sl radicals,
= (a — by, and (d* + 2Ty

"4 »  ab b (ax)t, and (a — 2)}, to similar surds,
= o8, 388, (a8, and (o — 3,
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CASE V,

ADDITION OF IRRATIONAL QUANTITIES.

1. Add together 412, ',/27 448 and A/108; also /8, »/72,
/128, and /82, . . = 15,/3, and 204/2.

2. Add together 4/54a®, y/24a%, and 4/150a ; also 4/3az?, 4/27a%,
and 4/ 48a°z%, = (8a + 2a® + 5)4/6a, and (z + 3a + 4a’s%)y/8a.

8. Add together /56, ¢139 and Y448 ; also /24a*, ¥/3a'2,

and \/8laz", .= 917, and (2a +az + 81’)\/30
4. Add together »/(9z + 27, 34(4:: + 12), 54/(25z + 75), and
24/ (90’2 + 27a%), . = (84 + 6a)4/(z + 8).
5. Add together J(lﬁ:r.’ + 24), \/(54::’ + 81), and Y/(128a%z*
+192¢%), . . = (8 + 4a)y(22* + 3).
6. Add together \/(82a%4-96z), \/(a’+8a’z), and ¥/ (a*z*+4-82°),
= (2 + a + 2)¥(a* + 8z).
CASE VI

SUBTRACTION OF IRRATIONAL QUANTITIES.
Find the difference of the following quantities :—

1. (V108 — 4/27), (w320 — 4/ 80), and (/448 — 2,/63),
=848, 445, and 24 7.

2. (Wa'z — y/é5), (v 6ba's — y166%), and (B3 — w/3),
= (& — )N/ 1, (8a® — 4az)s/ z, and F#/3.

8. (93524 — Y1852%), (8Y/a® — Ya'h), and (W3 — /o)
= 6z.Y/52, (8a — a')."/b and Yr/18.
b (VFF = — y PP — @), and \] a'e

"= gz — Dyt — a¥), md%}—qubc.

B. (/a*c — g/a™c), and (&/a¥®cH — Ya?br+S),
= a¥(a — 1){/c, and a(ac® —b9)/b".

6. (:]a’b’+a‘c ':J d’b’+d'c) d(’\‘a’c—a'b "a‘c:‘a’b)

+ be), and X2 =D y(aet — bo)




84 EXRRCISES IN ALGEBRA.

CASE VIL
MULTIPLICATION OF IRRATIONAL QUANTITIES.

Y. Multiply 84/15 by 4/6, 54’3 by 44/8, and 24/27 by 84/6,
= 94/10, 404/6, and 54/ 2.

5.Y/6 by 8Y/4, 33715 by 5,¥18, and ¥/7a? by ¥ac?,
= 303, 510, and ay/7c"

8. v 92X A2z Naz X 64ac, and 4/ Ba X 4/1Bab,
= 8z, 6as/ac, and ba/ 3b.

4 0 6¥a X Y%, Ya'b X YTac, and Y2 X 8Ybe,
= 6/2ac, ay/Tbc, and 3¢c/25.

5. »  }¥18ad® X 3/6dzy, and $/Ta X $/4d’,
= dY/4azy, and %e/zs.
6. n zix b, bt X (ax)l, and ot X a¥ X — a'
= (B2}, (a®bz*), and — a o , or — a*¥a.

L4
=

7. v (b + zt)Yat — z3), and (at + W)(at — B),
=a—z and a? — 4L

8. v b X 2 X o, and (a®Wa + zy/ z)(@%Wa — x4/ Z),
18
= 213, and @® — 2
9. v (a+b)tx (a—b)and (2 + v2)(6 + ¥2)
= (a® + a'd — 2a%b* — 2a°0® + ab* + V*)}, and 12 4 8y/x + x.
10. Multiply ot + aibt 4 albh 4 Bby ot — 8, . =a—0b.

11. ” (a' + ai.rf+ xi)(ai ad), and (af — alat 4 a2f)
(@ + o), . . . =a—zanda+ 2

]
12. Multiply naz® + (n —1)a’s* 4+ (n— 2)a’z"! by a’zt(z—az"%),

28 13 1
=na'z'® —a’z 4 — %t —(n — 2’z 4.
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CASE ViII.
DIVISION OF IRRATIONAL QUANTITIES.
1. Divide 4/336 by /12, 84/300 by »/3, and /54 by 52,
=247, 6415, and 34/3.

2. »  3Wylsby 31 and §7/75 by 374
= /8, and £4¥/30.
8. » 6Y7a" by 8/2¢c’, and 2.%/19ax* by .Y/8a,
= 2/28¢, and /382"
4. »  84a%ic* by 12atbclz, and 64/ a*b by 3ab~#,
7::‘:‘, and 2ab.
5.+ (a'— &by (a+ ) and (a* — 2) by (a — 2},
= (@ — z)}, and (a® + az + )b

6. « 84124 .Y4Dby 42, and 24/32 4 84/2 4 4 byy8,
=2+ Y184+ 1,and 4 + §+ &2.

7. v a*—alzd — 2a¥zt 4 22t byat — 2}, . =al — 22

8. ~» al4 2abt + 2ailt + ? by at + B3,
=a + aibl + U,

9. * a'—z'byat—z% and a ®— 6427 by a! 4 244,
=al4aizrt4 1 and a® — 2a¢7 42t 4 4a7 2k

— 8a™ %z + 16a7'2t — 82/

Nore.—The above exercise may be reduced to the following
x—a_z*—ai z—a, alzd l z—a The
TTadd - ax P o —at

latter factor can now be divided by using posltwe exponents ; and

then each term of the quotient, being divided by aiz}, will give the
answer. In the same mnner, the second part of exercise 9 may

form

—-— 3. _

be reduwd to the form L Gfa < 1+ za*z% 1 ?a’r’
1— 64a®

l + 20‘.“‘ (1 =+ Said the latter factor of which may

again be divxd by using a?osmve exponents; and then the
quotient, being divided by /' ill give the answer. Both these
exercises may also be very sxmply done by using Synthetic
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Divigion. The coefficients of the quotient are found as

follows :—
1|1 4 0 4 0 — 1 = coefficients of the dividend.
1, { +1 +14141
14141 " ” quotient.

—2+4+4—-8+4+16—82464
1—2+4—8416—82 = » quotient.

{ 1|1+0+0+0+ 0+ 0— 64=coeff. of dividend,
od, { -2

GENERAL EXERCISES.
A 1 1 1
1. S'mthyz(l_z%)+2(1+xi)+1+a:’

=2
=

2 » { 1 al
. e @@= at (a,' = 2(a2 2
=F—

g R ltz4 @ -1} 14z—(@"— 1
: I+z—-F -1} 14z+@EE -1
= 2(a* — 1)
Norr.—Here multiply both numerator and denominator of each
fraction by its numerator, and then subtract; or, which comes to
the same thing, reduce them to a common denominator.
(@ + D= (= | (4 1 4 7 — 1
4. Simplly Co Iy T (o= 1>*+(z2+1>f—(x'— .

r4a i
5. ” TG =@ ——,orl+4 (!)
Nore.—The denominator may be redueed to t.he form a¥(at
— zdat 4 af). The numerator is then divisible by the latter
factor, and gives the quotient z¥ 4 ab.
6. Simplify a® + 4a~/az;i/-aﬁax-/{- 4z ax + z’
= at + 3azd 4 8aix + 2 = (Wa + N2)
a* + a’z and 24a*z* — 16a*2? — 8a’z?
at — 2’ 82a°2* — th:"z‘ — 24a's* 4 8a%
=a’—x’and4a’+ 2¢ — 1
. ra 1—${1—3(1—2)} z+4+ 2 z—2 oz
8. Simplify s =y ™G +1) D TE
2z

7. ”
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CASE IX.

INVOLUTION OF IRRATIONAL QUANTITIES.

1 Bun842 448, T¥/5, 54/7, and ay/8, to the second power,

4.

2.

= 18, 48, 245, 175, and 34%.

24/a, 84/ 8z, 5./ a’z, and 7 Y/(z*—y?), to the third power,
= 8as/a, 27az/ az, 1254z, and 843(z* — 3?).

V6, ;44(::*-:2), and ’%‘I%, to the fourth power,

JG a* — 2d°2* + 2%, andb(c+ D/ + d)

=z

=216 a t2d+d°
v adbich, 4z‘lylzi and 3/‘:,0,, to the fifth power,
i
= GBYahe, 10242 2y, and o

3

3zY/(z + y), and (¢ + d)¥(a + b)}, to the fourth power,
= 8lz(z + y)¥/(z + y), and (c + d)i(a + b).

o Nz — /y, and J/a — \¥/b, to the third power,

= (z+8yWz—(y+82) /¥, and a—b—38/ab(y/a —/b),
or = A— 3zyt 4 8zdy — 1A, and a — 3albt + 3atbi—b.

v A2 4 /5,4 + 4/8, and 8 — 24/2, to the second power,

=7+ 2410, 19 4 848, and 17 — 124/2.

"/—32_—1-, &23———1, and y + }/z, to the third power,
848 —5 2242 —25 .

= WE S BVE T andy? + gz +dey + drew/.

CASE X.

EVOLUTION OF IRRATIONAL QUANTITIES.

. Extract the square root of 9/3, 123, 49,4/5, and 3* x 22,

= 83, 24y/3, T/5, and 6,/6.

v+ cube v 27452 8 X b and 724/8,
= 85, 3372, 105, and 2./243.
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3. Extract the square root of 16a?, a”«/i‘, and 25a‘b’c,.
x
= 4av/q, g\‘/a:c:’ and 5a%h4/c.

4, ” ” 4(a — z)? d 3
e Y B WA A o 1o S

5. Extract the cube root of 44/ 3a, a’d}, and Jx/3z,
= 3.¥/8a, a®¥/a®h, and }4/ 2z or N/dx.
6. ” » » 8la‘(a + z)° and ﬁ-*xa’(aar‘ — %),
= 8a(a + 2)\¥3a(a + z,

7. " fourth root of }24y?, a'b™5, and ——

alcd  a*
Here a*73ct = =X b3, the fourth root of which is
evidently the answer given above. *

8. Extract the fourth root of 4/ a'z? 32w‘b§c, aud 48a’(a—=x)"",
= alxt, 2a¥b8y/2¢, and G ),\/3a’(a- z).
Fl (“"‘_‘”2:_“
3 ( x) 1
= 0%, Zy/m-t, and CE D (o opm

9. ” mth root of ai, EZ—,, an

Here (@t  a-z (a-l-:t)"‘(a-—x) the mth root
(@ =z " a— x (@ —x)™ .
of which is that given above.

CASE XI
TO EXTRACT THE SQUARE ROOT OF A BINOMIAL SURD.
1. Extract the square root of 3 + 24/2, and 4 — 248,
=42+1,and y8—1.

2. ” » " 9 4- 4405, and 4 4 24/3,
=40+2and /3 + 1.
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3. Extract the square root of 11 4 447, and 15 + 64/6,
= J/T+2, and /6 + 3.

4. » » ” 8 + 24/15,and 5 — 24/6,
= &/0 + #/8, and &8 — /2.
b. " ” ” 24 — 64/7, and 20 4 104/3,

= &21 — 4/3,and /15 4+ #/5;
or = 4/3(4/7 — 1), and 4/5(s/8 + 1).

6. ” ” " 413 — 3v10, and 14y% + 3346,
= 0 — &2, and §v2 + 34/8.

IMAGINARY QUANTITIES.

CASE I.
MULTIPLICATION OF QUADRATIC ‘IMAGINARIES,
1. Multiply 24/— 5 by 74/ — 2, and 44/~ 8 by 34/ — 2,
= — 144/10, and — 12/6.
2. » By—2by—8y—T,and — 44— 11 by 84/ — 5,
= 154/14, and 124/55.
3. » 248/—2byb—TV—3,
=10 4 164/ — 2 — 144/ — 3 + 2146.
4 v e+(@+DY—lbya+(r—1w—1,
=a’+42mny—1—nt+1.
a+b+tav—cbya+b—ay—g
= a* + 2ab + b + a’c.
6. Squarea +b+ay—canda+b—av—
=.a® + 2ab + b* + 2a(a + b)s/ — ¢ — a’, and a? + 2ab
+8 — 2a(a + by — ¢ — a%.
7. Square a + (m + n)y/— b, and a — (m + n)a/ — b,
= a® 4 2a(m 4 n) s/ — b — b(m + n)’, and a*— 2a(m + n)
N=b—bm+np
8. Find the product of 8a + 24/ — ¢, and 26 — 2¢c4/ — d,
= 6ab + 4by/ — ¢ — 6acy/ — d + 4cy/cd.

5.

T
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CASE IIL
DIVISION OF QUADRATIC IMAGINARY QUANTITIES.
1. Divide 64/ — 12 by 84/ — 3, and 54/ — 16 by Ta/— 3,
= 4, and %p.
2. » 18/—15by 74/ —5, and 124/— 7 by 84/ — 8,
= 3348, and }y/21.
8. » B548/—8by8+42/—2
= {16 + 94/ — 8 — 104/ — 2 + 64/6}.
Here multiply both dividend and divisor by 8 — 25/ — 2.

4. Divide 2ay/— ¢ by 8cy/ — a, and my/ — n by ny/—m,

2 1
EVac, and ;an.

5. » 3a+2y—8bya— 3zy—2,
3a2 + 2azy/— 8 + 9azn/— 2 — 6::"./6
a® 4 182%
Here multiply bathindend and divisor by a + 8zy/— 2.
6. Divide ba 4% & = 1, —1,by2a+w—1
10a® 4 2% — 3411",/-
= 4a* + 22

SIMPLE EQUATIONS.

I. EQUATIONS CONTAINING ONE UNKNOWN QUANTITY.

1. 84 6= 2x+ 8§, . . . . Scox= 8.
2. 4xr— 2= 2z4 6, . . . . cox= 4.
8. bz— 4= 2x+4 14, . . . . scox= 6.
4, 22— 1= b6z— 7, . . . . Coz= 2.
5. Tz— b= 4z + 16, . . . . cox= T.
6. 9z+4 4= bz 44, . . . . coz =10,
7. 18z — 20 = bz + 44, . . . . scox= 8.
8. 1llz+416= 9z + 26, . . . . cox= b
9. 142 —17= 9z + 13, . . . . Scox= 6.
10. 18z 4- 16 = 24z — 15, . . . . coz= b
11. 162 —24=13z— 8, . . . . cozx= T,



12.
13.
14.
15.
16.
17.
18.
19.
20.

21.

23.
24.

25.

26.

27.

28.

29,

80.

81.
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26z + 20 =30z + 5, . . . . L= 8.
19z — 11 =16z+19, . . . coz= 10
28 — 94 = 16z + 10, . . . coz= 18,
29z — 100 = bz 164, .. . . cox= 1L
8lr — 50=27z+2, . . . . cox= 18,
28r 4+ 16 = 20z + 52, . . . Sox= 4,
20z + 11 = 18z + 17, . I e . D
43z — 28 =17z + 16, . . . cozx= 14

59z — 104 = 422 4 17,
82+17 2z + 23
2 8 ’
_1lz—61
7
pers=222
fx—4=1x+38, .
z 416
E]
2z — 8
4

#
W

+1==x-— 14, . . . cox= 80,

.—_ss+%,.'. ... elz= 120

?—4'3"-+12=—2£-+14, . . . . Cox= 24,

s+s+ti=13 7 .o coz= 112

3::—5—1.—62:5—2—13, e e ez =69,
8 8

4 0z—4_ . coz= L



386.

87.

388.

89.

40.

41.

42.

43.

44.

46.

47.

EXERCISES IN ALGEBRA.

z4+5 z—-2_ zx+9

aaiaian-anteles vRR B SCoz =2
a é ¢ _ L ._a+dbtec
:c+:t+z_ . . . . ..x.fo-—.
1 1 1
;+§;+a—§, . . . ..$=*}-
ar + bz + cx _ . ._d
at b =z4d . . . ..x-;(a+b). ‘
e, b _c_, . g = 4P+ bmp — cmn
mz ' nx pzr corT T mnpr :
e __ S _ : =Y
d+ex a4+ b2 : YT e —¢of”
e __f_ be—tfe
dr—e  az—V 'x_“c_df:
Bxr—2 7Tx~7_66—bz
—_— = 3—3.

2 10 10 °°
4z 252 —bx _ 69—z

7T s 2 == 49
x+:£é—_—f=2l2_x, . . . . x=05
xr bzx+4 4x—9 .
2”78 - 38 ° T=1
8(2r — 2) + 8(8z — 8) = 7(2z — 4) + 82, z=4
204+3 z+4+1 =z 6z+2 4_:: .o
i vt "1 "3 @ z=4
8r—1 8—=x 2:—2‘:0—5_ o . _‘
3 +—-= +=5 =1, cezx=1.
8z—5 f7zx+3_8z+19 _
"1 - 8 o z=T
11z +12 19z +3 |, 172 — 17 _ bz — 25}

% t— 7t - 1 T

coz =38,
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. 5ab 2cz dac | 8ac 70ab—38ac
148, -—6—+6 —T—-2ab 5 +—4—,-.$— 820c .

36:—a’+(a_lb)z_6b:r—5a b‘t+4a

49. p %a

+ ab?,
4al® — 10a
4a — 8b "

b 4 6bx — Ba? 8bxr — a® '
xi— a xza a=ab’+bx—°za )

2a(25"— 5)
= Za—38b"

CeT =

50. az +

7”"'5.,_9’—1_”‘9.;_2’1;8:23, vz =19,

51.

23 10 5
50, 71';-9_9.?:-—4—-13_81';-1:91-1—4249’ z= 9
53. 3"]';‘3+7’;"'_)u—7"2'(')'1=3, .. ez= T
e, ZE1 B8 G-l o, coz=T8.
55. 10(z+§)-61(§—})=23, e e . euz= 20
56. x4+ Yz -8+ P =¥z+6), . . cox =12,

57. %9z +2) — K15z — 18) = (122 — 20), . ..z =1}
58. 4+ 3)—32z—3)—18%=0, . =

59. §(§z+4)+21_15_-(1 . e.z= 8.
60. 1§x{30—(§+2G)}=1-}x{2§-+g}, oz 4

WHEN THE UNKNOWN QUANTITY 1S UNDER A RADICAL SIGN.
L. vE4+4)=8. . ... . . ooz = 60,

2. W@z+H=5 . . . . . coz= T
8 wW@x+1)=7 . . . . . c.z=17
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4 54+ /(Tz4+8)=18 . . . . ..z= 8.
5. T+ wW@z+8)=12 . . . . coz= b,
6. 94+2y(Br+4)=238 . . . . .c.zx= 9
7. 834 54(zx+4) =28, .. oz =2l
8 3Y(4z+T=9 . . . . . .z= B
9. T4(3z—6) =14, e oz =15
10. 4¥(5z—9)=36 . . . . vz = U473
. Y@=b)=¢ . . . . . cz=——

b
12, a4 z— /(a®+2%) =1, . '.°I=§{2+E——b—-_b}'

18. v(da+z)=2y(b+2)— vz, - .'.x=(;a:b;2.

14. vz + Va— N(az+ 7)) = Va, . . .'.z=g—:.
16, 2y(a+2)+ v(a—2)= va—z F @ F ),

a

-.z’—'m.

Here square the equation as it stands; cancel from both sides
a — z; then divide both sides by 4/(a 4 z), and it will be reduced
to the following 4 4/ (@ 4 z)= 4/ z— 44/ (a—2z) ; which again square,
and the result will reduce to 81z = — 84/ (ax—2?), from which the
answer can easily be found.

16. J/(da+2)=24/(x—2a)— N(@a+2z) . .Tx=—7.
17. J(a + z) + &/ (a — z) = b/(a* — %),

G T =

e TA G
Squaring, we have a + z + a—z + 24/ (a*—2%) = b*/(a®—z%);
hence, & — 2)W(a* — 2°) = 2a.
. a*(b? — 2)% — 4a®
From which 2* = & (b,_)2), = G g® — ) from
which the answer is evident.
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- =az, ..z=A]@=D
18. ¥+ z+25)+4/(1—2z + 2°) = az, Cez=g @—1y
Squaring and collecting the terms, we obtain
2/(1 + 2* + 2%) = (a® — 2)2* — 2.
Again, squaring, &c.,,  a¥(a* —4)2’= 4(a® — 1);
_4a-1) | 2/a®— 1\}
hence, x’—a———,(a,_4),..x_; i)
n+z+ o2z +2°) .. _n
r—TC +z,)-m’, . ..z—ﬁ(m-—l)’.

For m*® write its equal mT’; then subtracting and adding the
denominators and numerators on both sides, we obtain
N(@rzts) _mt—1
n+zr mr4+1
Squaring, it becomes
2422 (M- 1)
2?4 2mx 4+ 22 (m* 4 1)?
n_ (m®—1)
Tty @+ 1)
. M+ 1Y —(m—1Y 4m?
IR A C ) B )
Inverting both sides, and extracting the square root, we have
z4+n m41 z_m—2m+1 _(m—1)
n - om " aT " om . om

or 1

".::=E’:;(m—1)’.
n — y(2nz — o) = ymy
20. 7 F v(@n = Gz =R Trm

After proceeding with this exercise in the same manner as the
last, we will obtain

=m, .

2z —2* _ (m— 1)

n? " (m 4 1)
Subtract both ’aides fromxl, and reduce them to the form of a
I 2*—2nz 42 4m s
fraction ; then - =mr P from which the answer

can easily be obtained.
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21, W{a%z* + by/(abr + 40’ + by/2abz + 9a°7%)} = az +‘b,

ot .1:=——

4a’

Squaring both sides, cancelling the common term a%? and then
dividing both sides by b, we have

N (abz + 4a%* + by/2ab + 9a%z%) = 2az + b.

Again, squaring both sides, cancelling the common term 4a%c®
transposing abz, and then dividing both sides by b, it becomes

~(2abx + 9a%2%) = 3az + b;

hence, 2abz + 9a%z* = 9a’2* + 6abz + b3,
b
.. 4abz = — b*; whence, z = — o

PROBLEMS PRODUCING SIMPLE EQUATIONS.
1. What number is that which being multxphed by 8, and

21 added to the product, the sum will be 93? . = 9.
2. Find the number to which 86 being added, the sum will be
5 times the number, and 14 more, . . . . =18
3. Divide 36 into two such paru that the greater shall exceed
the less by 10, . . . = 28and13.
4. What number is that which bemg increased by 6, and also
multiplied by 6, the product shall be 4 times the sum ? = 12.

5. What number is that which being increased by its third and
fourth parts, the sum will be the excess of 62 above the number?
z+iz+3r=62—1z . . . . .= 24,

6. £1200 is to be divided between A, B, and C; A is to have
£60 more than B, and B £30 more than C; reqmred the share of
each, . e A = £450, B = £390, and C = £360.

7. A’s age is double of B’s, C’s is triple of B’s, and the sum of
all their ages is 160; find the age of each,
A’s age = 50, B’s = 25, and (’s = 75.

8. My watch and chain are together worth £35, and the watch
is worth six times the chain; find the value of each,
Watch worth £30, and chain £3.

9. There is a person whose age is now just double that of his
son ; but twenty years ago, his age was three times that of his son;
reqmred the age of each, . The father’s age =80 ; the son’s = 40.

=
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10. At an election, 2148 persons voted, and’the successful
candidate had a majority of 193 ; what number voted for each ?
For the successful, 1168 ; for the unsuccessful, 975.

11. From two towns, which are 187 miles apart, two travellers
set out at the same time with the intention of meeting. One of
them goes 8 miles, and the other 9 mxles a day, in how many
days will they meet ? . . . = 11 days,

12. A gentleman meeting 4 poor persons, distributed 5 shillings
amongst them: to the second he gave twice, to the third thrice,
and to the fourth four times as much as to the first; what
did he give toeach? . = 6, 12, 18, and 24 pence respectively.

18. A gentleman bequeathed a legacy of £140 to three servants.
A was to have twice as much as B, and B three times as much as
C; what were their respective shares ?

A’s share = £84, B’s = £42, and C's = £14.

14. Four merchants enter into a speculation, for which they
subscribed £4755, of which B paid three times as much as A,
C paid as much as A and B, and D paid as much as B and C;
what did each pay?

Let z = the pounds that A paid, then 3z = the pounds that
B paid, 4z = the pounds that C paid, and 7z = the pounds
that D paid; .*. z + 8z 4 4x + 7z = 4755; hence,
z = 817, 8z = 951, 4z = 1268, and 7r = 2219.

. 15. A draper bought three pieces of cloth, which together
measured 144 yards. The second piece was 15 yards longer than
the first, and the third 24 yards longer than the second ; what was

the length of each ?
The first = 80 yds., second = 45 yds., and third = 69 yds.

16. A person employed 4 workmen: to the first of which he
gave 2 shillings more than to the second ; to the second, 8 shillings
more than to the third ; and to the third, 4 shillings more than to
the fourth. Their wages amounted to 82 shillings; what did
each receive ?

They received 12, 10, 7, and 3 shillings respectively.

17. A sum of money was to be divided among 6 poor persons:
the second received 10d., the third 14d., the fourth 23d., the fifth
28d., and the sixth 33d. less than the first. Now, the whole sum
distributed was 10d. more than the treble of what the first
received ; what did each receive ?

They received 40, 30, 26, 15, 12, and 7 pence respectively,
and the sum distributed was 10 shillings and 10 pence.
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18. A farmer has two flocks of sheep, each containing the same
number. From one of these he sells 89, and from the other 98,
.and finds just twice as many remaining in the one as in the other;
how many did each flock originally contain ? . . = 147,

19. Bought 24 yards of cloth for £21, 8s. For part of it I paid
19 shillings a yard, and for. the rest 17 shillings a yard ; how
many yards of each were bought ?

Let x = the number of yards at 19 shillings, then 24 — =
= the yards at 17 shillings ; hence, 19z = the price of the
cloth at 19 shillings per yard, and (24 — z) X 17 = the
price of the cloth at 17 shillings per yard, both being
expressed in shillings; their sum will therefore be the
whole price in shillings = 428 ; hence,

192 + 17(24 — z) = 428;
whence, 22 =20, and r =10; .*. 24 —x = 14.

Therefore there were 10 yards at 19 shillings, and 14 yards

at 17 shillings.

20. Divide the number 197 into two such parts, that four times
the greater may exceed flve times the less by 50.
Let x = the greater, and 197 — z = the less, then
4z — 5(197 — 2) = 50; .. z = 115, and 197 — z = 82,

21. What number is that whose third part exceeds its fourth
part 16?
Let 12z = the number, then 4x = its third part, and 8x = its
fourth part; hence, 4z — 8z = 16, or z-= 16;
.*. the number 12z = 12 X 16 = 192,

22. Divide the number 68 into two such parts, that 84
diminished by the greater, may be equal to three times 40
diminished by the less.

Let x = the less, then 68 — x = the greater;
.*. 84 — (68 — z) = 3(40 — z); hence, 16 4 =120 — 38z,
and 4z = 104; .*. z = 26, and 68 — z = 42.

28. A courier, who travels 50 miles a day, had been despatched
5 days, when a second was sent to overtake him, in order to do
which he must go 75 miles a day; in what time will the second
overtake the first ?
Let z = the number of days the second courier travels, then
x 4 5 = the number the first travels; .. 756z = the miles
the second travels, and 50(x + 5) = the miles the first
travels.
But when the second overtakes the first, they will have
travelled over the same distance ;
"« T6z = B0(x + 5), and .*. 2 = 10 days.
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24. A gentloman bequeathed £210 to two 'servants: to ome he
left half as much as to the other; what did he leave to each?
Let 22z = what the first received, then x = what the second
received ;
22 4+ 2 = 8z = 210;
hence, z= 70, and 2x = 140.

25. A prize of £864 was divided between two persons, A and B,
whose shares therein were in the proportion of 5 to 7; what was
the share of each ?

Let 5z = A’s share, then 7z = B’s share; and

.*. bz + Tz = 864 ; hence, z = 72.
Therefore A’s share 5z = 360, and B’s share 7x = 504.

26. A sum of money is to be shared between A and B, in such
a manner that as often as A gets £10, B shall get £7: now, A
received £80 more than B; find the sum shared, and the share
of each.
Let 10z = A’s share, then 7z = B’s share; hence, by the
question, 10z — 7z = 8z = 80; .. x = 10.
Therefore A’s share = 10x = £100, B’s share = 7r = £70,
and the whole sum shared = 17z = £170.

27. A sum of money was divided between two persons, A and
B: A’s share exceeded flve-ninths of the whole by £50, and A’s
share was to B’s as b to 3; what was the share of each ?

Let 5z = A’s share, then 3z = B’s share, and the whole
sum = 8z ; hence, 5z = §8z 4 50,
or z=4§x +10; ...z =90.

And A’s share = Bx = £450, B’s share = 3r = £270.

28. A’s money is to B’s as 9 is to 5, and A’s money exceeds
B’s by £120 ; find the money of each.
If A’s money be represented by 9z, then B’s will be 5z, and
their difference will be 4z;
.*. 4z = 120 ; hence, z = £30.
Therefore A’s = 9z = £270, and B’s = Bz = £150.

29. A bankrupt owed to two creditors £560: the difference of
the debts was to the less a8 4 to 5 ; what were the debts ?
Let 4x = the difference of the debts, then 5x = the less, and
9z = the greater; .
% bz + 92 = 14z = 560 ; hence, x = £40.
Therefore the debts are £200 and £360.
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80. In a mixture of wine and brandy, half of the whole 4 15
gallons was wine, and one-third of the whole — 3 gallons was
brandy ; how many gallons were there of each ?

Let 6z = the number of gallons in all, then 8z 4- 15 = tbe
number of gallons of wine, and 2z — 8 = the number of
gallons of brandy H

*.6x=8x 415 +2a:—3'
hence, tranxpoamg, z =12,

Therefore 8z 4 15 = 51 gallons of wine, and 2r — 8 =21
gallons of brandy.

81. From each of 16 equal coins an artist filed the worth of
half-a~crown, and then offered them in payment for their original
value; but being detected, the pieces were found to be really
worth no more than 12 guineas in all; what was their original
value?

Let = the number of sixpences each was originally worth ;
.*. z—5 = the sixpences each was worth after filing;
*. 16(zx — 5) = 504, the sixpences in 12 guineas;
hence, z = 364 = 18 shillings and 3 pence.

82. A and B make a joint-stock of £870, which, after a
successful speculation, produced a clear gain of £174. Of this,
A received £36 more than B; what did each person contribute to
the stock ?

Let x = the sum A contributed to the stock,
then 870:x::174: A’s gain = }z;
*. B's gain = }x — 36,
and 3r 4+ 3z — 36 = 174,
From which z = A’s stock = £525,
and B’s stock = 870 — 525 = £345.

83. A has £800, and B £380; what sum must B give to A in
order that A may be twice as rich as B?
Let z = the sum sought, then
800 + z = 2(580 — ), or 3z = 3G0;
ooz = £120.

34, A has £600, and B £460; if A increase his capital by £4
per month, and B increase his by £1 per month, in how many
months will A be twice as rich as B?

Let z = the months sought, then A will increase his capital
by 4z pounds, and B will increase his by = pounds;
.*. 600 + 4z = 2(460 + ).
From which z = 160 months, the time sought.
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‘85. A gentleman gave in charity £46, a part of which he
distributed in equal portions to 5 poor men, and the rest in equal
portions to 7 poor women. Now, a man and a woman had between
them £8 ? what was given to & man, and what to a woman?

Let z = the sum given to each woman, then 8 — z = the
sum given to each man;

.*« 7x 4 5(8 — z) = 46 by the question.

Therefore z = £3, a woman’s share; and 8 — z = £5, a
man’s share.

36. Divide the number 49 into two such parts, that the greater
increased by 6 may be to the less diminished by 5 as 7 to 3.
Let z = the. less, then 49 — 2 = the greater; hence, the
greater increased by 6 = 55 — z, and the less diminished
bys==z—25;

B —zix—b5::7:3;
hence, 7z — 35 = 165 — 3z, or 10z = 200.
Therefore z = 20, the less; and 49 — x = 29, the greater.

37. A, B, and C make a joint-stock: A puts in £60 less than
B, and £68 more than C; and the sum of the shares of A and B
is to the sum of the shares of B and C as 5 to 4; what did each
putin?

Let r = what A put in, then z 4 60 = what B put in, and
z — 68 =what C put in; then 22 4- 60:2z — 8:: 5: 4, by
the question, from which z = 140.

Therefore they put in £140, £200, and £72 respectively.

38. The hold of a ship contained 442 gallons of water. This
was emptied by two buckets, the greater of which, holding twice
as much as the other, was emptied twice in three minutes, and
the less three times in two minutes, and the whole time of
eraptying was 12 minutes ; required the size of each.

Let z = the gallons the less held, then 2z = the gallons the
greater held ; then, since the less was emptied three times
in 2 minutes, it would be emptied 18 times in 12 minutes,
.*. 18z = the gallons emptied by the less; and the greater
being emptied twice in 3 minutes, would be emptied 8 times
in 12 minutes, .*. 8 X 2z = 16z = the gallons emptied by
the greater; hence, by the question,

(18x 4 16x) = 84x = 442; .*. z = 13.
Hence, the less held 13 gallons, and the greater 26 gallons.

89. A besieged garrison bad such a quantity of bread as would,
if distributed to each man at 10 ounces a day, last 6 weeks; but
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having lost 1200 men in a sally, the governor was enabled to
increase the allowance to 12 ounces per day for 8 weeks ; required
the number of men at first in the garrison.

Let z = the number of men at first in the garrison, then
7 X 6 X 10z = the ounces of bread ; also z—1200 = the men
remaining after the sally, and 7 X 8 X 12(z — 1200) = the
ounces of bread. But the quantity of bread was the same

in both cases;

.*. 96(z — 1200) = 60z,
or 8z — 9600 = bz;

.. 8z = 9600, and z = 8200.

40. Divide the number 198 into 5 such parts, that the first
increased by 1, the second increased by 2, the third diminished
by 8, the fourth multiplied by 4, and the fifth divided by 5, may
be all equal.

Suppose that z = the common result obtained by performing
the operations mentioned in the question, then the first will
evidently = z — 1, the second z — 2, the third = 4 8, the

fourth ;, and the fifth 5z ;

.‘.x—l+z—2+x+8+;+5x=198,

or 81z =198; ...z = 24.

Therefore the numbers are 23, 22, 27, 6, and 120.

’

II. SIMPLE EQUATIONS CONTAINING TWO UNKNOWN QUANTITIES,

L
2.
8.
4.
5.
6.
7

©

10.

z4+8y= 9, 8z+4+ 2y= 18,
8r+ y= 24, dz+ by= 65
z+4+ y= 10, 2z — 8y= &,
8z +Ty= 99,11z — by= 87,
8z —by= 0, 2r4 Ty=124,
4z + 9y = 46, 8z — 18y = 30,
9z —4y= 8,18z + 7Ty =101,
4bx — 8y = 500, 18z + 21y = 261,
Btly=18 - f=-1,
FHiy= 26 o+ = 25

cx= 8,y= 2.

coz= By= 9.

vx= Tyy= 8.
cx= 12,y= 9.
oz = 20,y=12,

Cox= Ty= 2.

cez= 4y= T,

cox= 12,y= b.

Sorx= 24,y=18.

Cox =144,y =172
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z4+11 y-—-4 z4+5 y-—-1T

I S+t = —h =T =3% g
z=9,y=4.
12. ",*['2+3’4’—2z—s,2”;3‘+2 =8z 44,
z=05,y=9
_Z_Y 4Ty % _%y—=z
18. 10—5=34+4— +3="3—+1,
z=8,y=6
14, 3";'4y+;+2=126’”2” 14-9
vx=8,y=
5. ax=by,z+y= p=® g=%
. =bpz+y=c¢c . . "z—a+b’y_a+b

16. ax+ by =m, a'z + b'y=m’,

ST —va Y T W —ab
IV g ¥
17. m"'n—a,n'l'm—b)
mn(bm — an) mn(am — bn)
Tw—w Y= Sy
18. ax—by=a? br —ay = ¥?
’ y.,,_’a’+ab+b'ml __ab
o e = a+b ] ,'/—a+b.
2 Ty + 6z 4 11 bz — 17
19. z+y+ y+18+ ?_,—.6 M5z 85+ 2}
=§{9.'/+6}: . . . . . . crz=T,y=4

20. c(bzx + ay) = axy (1),
find z and y.

olaz — by) = bay (z),} y
Divide each of the equations by cxy, then they become

b a a a b _b
;+;—E...(l),and;—;_;...(2).
Again, multiply (1) by a, and (2) by b, a.nd they become
ab b
iy (l)ﬁnd——';—-"; (22
¢+ a8 = da+¥
Snbtracting, -—r———;—,.-:—m.&

In the same manner, by multlplymg (1) by b, and (2) by a, and
adding, we find that y = ¥

«Ce

2ab
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111, SIMPLE EQUATIONS CONTAINING THREE OR MORE UNKNOWN
QUANTITIES.
L z4y42=12)x—y+z=6zr—y-2= -2
cor=38,y=28andz=4.

o
.

2z+3y+4z=61,3x+2y+z=54,5z—2y+32=§8,
cor=12,y="T,andz = 4.

3. 4r—3y+2:=28,8x+42y—562=16,2r 4+ y—382=10,
c.z=10,y=8,and z = 6.

4. 2r4 Ty—112=10, 5r—10y+43z=—15, —6z + 12y—=z=381l,
coz=8y="Tandz=3.
5. x+y+z=29,x+2y+3z=62,§+'§+§=10,
cox=8y=9andz=12.
T ¥,z
6. x+2y+3:=52,x+3y+4z=70,§+‘z+g=6,
oz =0,y=28,and z = 10.
4:c+3y+::__ y+22z2—z+1 r—z—2>5

T 10 16 =b+—7
9z + by — 2z_2x+_v/—3z_7y+z+3+
12 4 - 11 L
by+38: 2r48—2 , 8z 42947
Y —_— 12 +.m—y—1+———6———.

Here multiply the first equation by 30, the least common
multiple of the denominators 5, 10, and 15; then

Multiply the second by 132, the least common multiple of the
denominators 12, 4, 11, and 6 ; and lastly,

Multiply the third by 12, the least common multiple of the
denominators 4, 12, and 6.

Having performed these multiplications, transpose the resulting
equations, and they will be reduced to the following three :—

8z + 5y -+ b: =122, zr=29,
33z — 62y + 652 = 58, » From which { y=T1
and 8z + 4y—3£z=—2.j z=3.
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8. zmyt=aYz=0syf=c

To find z, divide the cube of the third equation by the second,
and the square of the third by the first, which gives

LA SR

Again, divide the fifth power of the latter result by the former,
and we have

E ol b c’b
TESE X =
7
hence, x=’\']%

To find y, divide the square of the second equation by the
third, and then the cube of the second by the first, which gives

Bzt N
© T Pyt oy, and 2 Y’

Again, raising the first of these results to the fifth power, and
dividing it by the second, ngea

/ 't'y” .yll-ib_-
Py c‘ X it

4 18| aqb?
hence, y= \]?-

To find z, divide the cube of the first by the third, and the
square of the first by the second, which will give

=z

—.--y’z and—— ¥

Again, divide the fifth power of the latter result by the former,
and we have

y'® _a® % = a’e
yaz1 - b @ = b 1
18/a’c

w_ a’c h
.t 2" = —=; hence, z = A==
[ ? [

Y/
Thereforcx—\Ja,,y ,and.._.»\Jic—.
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9. axyz = 281, zyv =420, yzv = 1540, xzv = 660.

To solve this exercise, multiply the four equations together,
which will give BELIET)
2%y = 2% X 8° X B® X T X 118,

Extracting the cube root,
zyzv =4 X 8 X b X 7 X 11 = 4620,
which, being divided successively by the third, fourth, first, and
second equations, gives
z=8,y="Tv=20,and z=11.

QUESTIONS PRODUCING EQUATIONS WITH TWO OR MORE UNKNOWN
QUANTITIES.

1. Find two numbers whose sum is 50, and whose difference
is 16, . . . . . . . . . = 33 and 17.

2. Find two numbers such that the greater is to the less as
their sum is to 10, and as their difference is to 2, = 9 and 6.

8. Find a fraction such that if its numerator be increased
by 8, the value will be 4; and if its denominator be diminished
by 8, the value will be }.

Herex+3=§, and—x-—=%; .*. the fraction is = }.

y y—3

4. There are two numbers such that if twice the less be added

to the greater, the sum will be 18; and if three times the greater

be diminished by the less, the remainder will be 19; find the
numbers.

Herex + 2y =18,and 8z —y = 19; .-.2 =8,and y = 5.

5. Find the fraction, to the numerator of which if one be added
it shall = }; but if one be added to the denominator, it shall

= Yo-

z+41 x
= }, and
P

6. Two pieces of cloth, measuring together 57 yards, were sold
for £36 ; the first was valued at 15s. per yard, the second at 10s. ;
what were the number of yards in each piece ?

Here z + y = 57, and 15z + 10y = 720 shillings;
..z =80, and y = 27.

7. The ages of two persons are such, that if to the sum of their

ages 22 be added, the sum will be double the age of the elder; and

Here = 4&; .- the fraction = }g.
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if 1 be taken from the difference of their ages, the remainder will
be the age of the younger; what are their ages?
Let z = the age of the elder, and y = the age of the younger;
thenz 4+ y+ 22 =2z,andz —y—1=y;

hence, z =48,y =21

8. The sum of two numbers = 12, and the difference of their
squares = 72; what are those numbers ?
Here r + y = 12, and z* — 3* = 72; divide the second
equation by the first, and the quotient is z — y = 6;

c.z=9andy=38.

9. Find two numbers whose sum is to their difference as 3 is
to 2, and whose difference is to their product as 1 is to 5.
Let z = the greater, shd y = the less; thenz 4+ y:z—y::8:2,
and x — y:zy:: 1:5; from which z = 20, and y = 4.

10. There are two kinds of gunpowder, one worth 1s. per lb.,
the other worth 1s. 3d. per 1b.; how many pounds of each must
be taken, so that a hundredweight of the mixture may be worth
£6, 10s.?

" Let z = the number of pounds at 1s. per 1b., and y = the

pounds at 1s. 3d. ; then z + y = 112, and = + 1}y = 180;

c.z=40,and y = 72.

11. A purse holds 19 crowns and 6 guineas. Now 4 crowns
and b guineas fill 1} of it ; how many will it hold of each ?
Let z = the number of crowns it will hold, and y=the guineas;

then z: 4 :: 1: the space occupied by 4 crowns =

L

and y:5::1: » " » b guineas =

H

QI

4 5 . 24 30 :
hence, — +§=%i,or mulhplymgby(i,;+7=‘&’.

19 6 95 30
and ?-'-;— 1, ” ” 5,?+7—W.

From the latter equations, we easily find = 21, and y = 63.

12. There is a number expressed by two figures, the sum of
whose digits is = 13; and if 27 be subtracted from the number,
the digits will be inverted ; what is that number ?

Let x = the digit in the place of tens, and y = the unit’s
digit; then 2 + y = 13, and 10z + y — 27 =10y + z;

.*. the number = 85.
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18. Divide £200 among three persons, A, B, and C, #o that
twice A’s share 4 £80, three times B’s share 4 £30, and fouy¥
times C's share + £40, may be all equal to one another. R

Let z = A’s share, y = B’s share, and z = C’s share; then
z+ y+ z2=200, and 2z + 80 = 3y + 30 = 4z  40;
ooz = £80, y = £70, and z = £50.

14. A’s money, together with twice that of B and C, amounts
to £1050 ; B’s, together with thrice that of A and C, amounts to
£1400; and C’s, together with four times that of A and B,
amounts to £1650 ; how much money had each ?

The equations are x + 2y + 2z =1060, 8z + y + 8z = 1400,
and 4z + 4y 4+ z = 1650;
..z = 150, y = 200, z = 250.

15. Find three numbers such that the sum of the first and
second shall = a, the sum of the first and third shall = 3, and the
sum of the second and third shall = c.

Let z = the first, y = the second, and z = the third; then
z4+y=a,z+2=2> and y + 2z = c, and half their sum
gives z + y + 2 = #(a + b + ¢), from which, subtracting
each of the original equations, we obtain x = #(a 4+ b—c),
y=%Ha+c—b),and z=3(b+c—a)

16. Find three quantities such that the product of the first and
second, divided by the third, shall =e; the product of the second
and third, divided by the first, shall = 4; and the product of the
third and first, divided by the second, shall = c.

Here zyz"' = a (1), z”'z = b (2), and zy™'2 = ¢ (8);

(1) x (2), gives > =ab; .'.y = 4/ ab;
@)x@), » 2=0bc;..2=bc;
and (@)X (1), » 2P=ac;..z= ac

17. Find three numbers such that the product of the first and
second, divided by their sum, shall = 32; the product of the second
ahd third, divided by their sum, shall =%#; and the product of the
first and third, divided by their sum, shall = 3§.

Here since the product of the first and second, divided by their
sum, = 3?; their sum, divided by their product, = yir = }4; and
performing the division on the first side, we obtain

1,1
z 'y
Similarly, Tiloyg
y z
from which z=4,y=6,andz=09.
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1 18.. A farmer mixes barley at 2s. 4d. a bushel, with rye at 8s. a
bushel, and wheat at 4s. a bushel, so that the whole is 100 bushels,
and worth 3s. 4d. a bushel. . Had he added as much rye as before,
and 10 bushels of wheat to the former quantity, the whole would
have been worth exactly the same per bushel as before ; how much
of each kind of grain was there ?

Let z = the bushels of barley, y = those of rye, and z = those
of wheat ; then express the price of each in fourpences, and

15.
16.
17.
18.

we have the following equations :—

z 4y + 2z =100, 7z 4 9y + 12z = 1000,
9y + 12 X 10 = 10(y + 10);
whence, . x=28,y=20,z=052

QUADRATIC EQUATIONS

24+7=8, . .

2 —15 = 10,

2249 =258, .« .

2-90=31, . .

24+ Tr=17=x+3)+4,

z(z 4 4) = 4= + 16,

92 +4x=4(=+13}), -

42* 4 62 = 2(3z + 8),
22 4 6z = 40,
-8z =84, .

822 — 122 =96, . .

B2* = 20z 4 25,
72 + 28z = 224, .
2+ Tz =123,
2 —84+12=0,
2 — 20z 4+ 96 = 0,

2 -2 —-120=0, .

248 —54=0, .

x

.

. Scx=+4+ 9.
cox=+4 5.
7.

z= %
r= 4+ 11.
cox= 14 5.
z= 4 4.
z=+ &
cr=4% 2.
c.x= 4,0r—10.
c.z=14,0or— 6.
cox= 8,0r— 4.
Scox= bor— 1.
coxz=— 8,or 4.
‘.z =1}, or — 84.
.'.x=.2,or6.
c.oz =12, 0r8.
ooz =12, or — 10.
cx= 9,or— 6.



19.
20.
21.

28.
24.

25.

26.

27.
28.

29.

80.

81

82.

86.

87.

38.
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2 —14r —120=0, .

..Q:

"f»ﬁ

2 — 8z =180,

x(z—5)=204,'.4
oz + 8) = 180, ¥ ‘."‘
z(z + 4) = 192,
oa—B)=800, . i .

Az —5) _
1 -%

P-Tr+ =13 e
2 4z —40 =170, .

o . te
PR AR

6z +85—3:c_44" . .
w+x 1=3x—4, . .
80, _80

py == - . . -
z+2 4—=x_

z—1 2z =% *
4_{+x—5_4z+7

9 "z4+3 19 ’° ' :
8 4

z+4+56 = 3+‘1‘—0’ :
z z4+1 _
rit s =%
:::+1_:t—1_1

z—1 z41 7

1 1

z—1 z43° : : -
12 8 32
5—z+4—x z+2 )

X i""f oz =12, or — 15.

o s
! K}

‘1" Cog g e

c.x=20,0or— 6.

&z =18, or — 10.

oz =17, 0r 12

o2 =12, or — 16.
.tz = 25, or — 20.

c.x= T,or—13.

coxz=13,or— 8.
vcoz= 6,orl
.oz = 14, or — 16.

cozx= T,org.

sx= B,or— 2.
..z = 16, or — 20.
cox= 8,or— %
cox= 8 or—87.
sc.x =81 4601
Sox= 2,0or - 3,
coz= 24 A0

ooz =11, 0r —18.

oz = 2,0rdd
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bz+4  Bz—4 L
39. 52_4-'-3-:?—-2-}, . . ..x—;t4.
18 12 bt -
40. -5:+4—_—1.:—m, ..z=4,or_.4}.
6
41. x+2—m=l, . « . .'.:c=l,or— 4.
8 Phril=o wz=30r— 8
P SCex =2, .

Nore.—In 41, for z + 2 write.z, and the equations become,
after clearing from fractions and transposing,

2* — z = 6, from which 2 =3, or —~ 2;
x4+ 2=38,0or—2,andz=1,0r — 4,

In42,1eta:"'+z=z,andtheequationbecomesz+1=4—’2';

hence, 2* + z = 42, from which z = 6,
-therefore, also, 2+ z=6; ..z = 2, or — 8.

. Js.x=8,0r}

~

2 .
=44 . . . . oz =0b,or}.

In 438, divide the numerator and denominator of the first side

. 142z + 2

by 14 z, and it becomes m—
fractions and reducing, it can be solved in the common way.

Also, in 44, divide the numerator and denominator of the first

= }#; then clearing from

side by x — 1, and there }esnlts_ the equation
which being cleared from fractions can be solved as before.
45, 2® —192*=216, . . . . ..z=80r—2.
46, 82°+42:°=3321, . . . ..z=38ory—4L
In 45 and 46, observe that the given equations are quadratics,
in which z? is the unknown quantity ; bence, solve the equations

for 2% and then extract the cube root of each of the resulting
values for the values of z.
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47. V(@ +12)+Y(=+12)=6, . . .z=40r69.

Let the Y/(z 4+ 12) = 4 2, then 4/ (z+412) =23 and z 412 = 2¢,
and the equation becomes z? + z = 6, from which the values of
x given above can easily be found.

48. 2 4 11 + (2 + 11) = 42, ~.z=+5,0r + /38,

Let &/ (2* 4 11) = + z, then 2> 4 11 = 2%; hence the equation
becomes 2* + z = 42; whence, 2 = 6, or — 7, and therefore
2° 4 11 = 36, or 49.

T 4 é P12
—4) T x—4
Multiplied by (z — 4), becomes z* — 16 4 (2 — 16)t = 12;

and the 50, by subtracting 9 from both sides, and transposing,

becomes
(@ —9) — (2 — 9 =12,
B0. #=214 (-9, . . ..zx=+450r+342

49, x4 44 cox =t 5,0r 1 442

QUADRATIC EQUATIONS WITH TWO UNKNOWN QUANTITIES.
L 24 y=12,22 4 y* =74, cex=Torby=05bor7
2. z— y= 42+ 3y =106,

coz=90r—5,y=5or—9.

8. r—3y=22"— by =76,
cozx=1llor— 16,y =8 or — 6.

4. 8z + 2y =19, 92 + by® = 245,
ez =2g0rb,y=6%or2

5. z—-y:lS,%y:y’, v.z =193 or 14}, y = 4§ or — 1.
6 z4+2=172"48zy — 3y =28,
c.z=8o0r154, y=2o0r — 4}

7. 2z —38y=1, 22+ zy — by* = 20,
c.z=5or—9%y=238or— 6}

8 2+ 8xy=88,z+y=6, ..z=4o0r2,y=20r4
9. Z+y'=13,z+y=5, c.z=8o0r2 y=2o0r3

10 2+y=a,s2+y =09,
oz = Ha t V(@ — D}y = HaT V2 — )}
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(111, 2® 4 a2y = 66, 2y — 3 = 5, .
. cox=F6or+ W2, y= 1 5or+ bv2.

12. 2% — 2y — y* = 293, 2° + y* = 870,
coz=%190r+ T/5,y= £ 8or 1 b5,

In the 11th and 12th exercises, for y put vz; then divide the
first equation by the second, and 2* will divide out of numerator
and denominator ; from the resulting equation find the value of z.
Substitute this value of v in the equation which is least involved,
and find the value of z, then y = vz will give y.

Inll,v=3o0r y; andin 12, v = For 4.

13, 22+ 3y =384,2° —zy =10,
corx=Fbort /2, y=+ 3orF4y2.

14, 92° = 437, 3zy + 22 + y = 483,
.oz =10} or — 108, y = 15} or — 16}.

Yy

15. ?—‘Z=§,41+5y=17,
-y ~.z=8o0r— 10}, y = 1 or 1134,
16. ZFY a2 42— 05, _
r-y cox=90r— ldd, y=4or — 6}

17. 22+ y* =58, 2y = 21, e . =Ty =38.
18. x’—y’=135,§=4,. .. z=12,y=38.

19. 2*4+3*=97,2+y=5 . ..z=30r2,y=20r3.

Let 2=u 4 v, and y = u — v; then the second equation
gives u = £, and the first becomes

2ut 4 120 + 20 = 97,
Again, substituting the value of u, and reducing their results,
(4v*? +150(4v*) = 151; ..o = & &
2. z*—3=869,2*—y*=9, . . c.z=5y=4

Dividing the first equation by the second,
24y =41
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21. 2 +yt=1+42zy+82%, 2 — P =327 —8ap* +1,
cx=2,y=1.
Here, in the first, transpose 2z%7 and it becomes
222y +y =" -yl = (y + 1)
and the second, by transposing, becomes
2 -8y 8ryf ~yP=(—y)l=1;.z—y=1
2. (= 2y + ¥+ ) =221, (P — 2y + ¥ + 2y + )
=218, . . . cr=ih4Eli4/—T i 4=l
y=i1s i4’ + /-1, i*&l—l'
Here the second equation, minus the first, gives
(@ — zy + yOzy = 52;
which, being subtracted from the first, we have
(# — 2y + §*F = 169;
whence, 2—zy+ ¥ =+ 18

Dividing each of the given equations, and also their difference
by this root, the quotients are

Z4y=417,7 42y +y*=+ 2L, andzy= 1 4,
from which the values given above can easily be found.
28, *—y*=68,z—y=8, .c.xz=4or—l,y=1lor—4.
The cube of the second minus the first, gives

8zy(z — y) = 86;
whence, zy = 4, then (z — y)° + 4zy = (z + y)* = 26;
cox+y==%5.
24, 4 yt=4, 44yt =28, c.oz=9o0rlL,y=1lor9.

The cube of the first minus the second, gives
Bzdyl(ad 4 o) = 86;
whence, 2y = 8; then (z# + yi)? — dodyh = (2 — i)' = 4;
ozt —yh= 42,
2. z+8@+yt=18—y, 22 —y*=9,
c.z=borl8}L y=4orl7;.
2. 24y —(z+y=18z+y=19 —ay,
sc.x=4o0r8,or—4+4—11;
y=8or4,or—4Fy—11.
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In 26, add twice the second equation to the first, then by
transposition the result may easily be reduced to the form
(z + ¥)*+ (z + y) = 56, from which z +y =7, or — 8;
whence, y=({—1x),0r— (8 + z).

Substituting successively these values of y in the second
equation, the values of z will be obtained.

QUESTIONS PRODUCING QUADRATIC EQUATIONS.

1. What is that number, from the square of which, if we take
seven times the number, the remainder will be 44 ?

22— Tr=44; ~.z=1l,0r — 4.
2. Find a number such that if its third part increased by one be
multiplied by its half, the product will be 80.

(§-+l)x;=30;.'.z=12,or-—l5.

8. The difference of two numbers is 13, and their product
exceeds 7 times the less by 135; find the numbers.

2(z + 18) = Tz 4 185, or 2* + 6z = 135 ;
coz =9, 0or — 15.
The numbers aye therefore 9 and 22.
4. In a court there are two square grass-plots, a side of one of

which is 10 yards longer than the side of the other, and their
areas are as 25 to 9 ; what is the lengths of their sides?

(z +10)%: 2% :: 25: 9, or 42* — 4bz = 225;
..z =15, or — 8.
5. A merchant sold a quantity of brandy for £39, and gained as
much per cent. as the brandy cost him ; what was the price of the

brandy ?
Let z = the price of the brandy;

then 100::::z:i=thegain=£39—z,

2 100
and .'.m=89—z,or:c’+100:c=8900;
whence, x = £30.

6. Tt is required to find two numbers, the first of which may be
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to the second as the second is to 16; and the sum of the squares
of thq numbers may be equal to 225
Let z = the first, then the second will be /16z; and by the
second condition,
2% + 16z = 225;
whence, z=09,and /16z = 12.
7. A draper bought some pieces of cloth for 180 crowns; had
he for the same sum received three pieces more, each piece would

have cost 3 crowns less; how many pieces did he buy, and what
was the price of a pxece?

Let z = the number of picces, then 180 _ the price of a

piece in crowns; x
180, 180

x x4+ 8

or z? 4 8z = 180;
whence, x =12, and TO = 15 crowns.

8. A gentleman bought a horse for a certain number of pounds ;
and having sold it for £119, gained as much per cent. as the horse
cost him; what was paid for the horse? See question 5 for the
notation.

22
W = 119 — z, or z? + 100z = 11900;

whence, z = £70, the price paid.

9. The sum of two numbers is 16, and the quotient of the
greater divided by the less, is to the quotient of the less divided
by the greater as 25 is to 9; find the-numbers.

Let z = the less, then 16 — x = the greater; and

16 — = z .q. _ .
— '1_(5_——1-"20'9’ whence, 2% 4 18z = 144;
hence, z =6, and 16 — z = 10.

10. Two flocks of sheep, one containing 5 sheep more than the
other, were sold for £106, 5s. Each sheep cost as many shillings
as there were sheep in the flock ; required the number of sheep in
each flock.

Let x = the sheep in the least flock, then x + 5 = the sheep in
the other ; also, 2* = the shillings the least flock cost, and
(z 4+ 5)° = 2* + 10z + 25 = the shillings the other cost;

cox? 42?4 10z 4 25 = 2125
hence, r =30, and x + 5 = 385.

11. A tailor bought a piece of cloth for £78, 10s., from which he
cut off 12 yards, and sold the remainder for £64, 15s., gaining
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bs: per yard ; how many yards were there in the piece, and what
did he pay for a yard ?
1470

Let z = the number of yards in the piece, then —— = the
shillings he paid for a yard; also,
he received for a yard;

. 1470 H0 5 12932, or & + 23z = 3528 ;

) the shillings

L= 49 yards, and the price = 80s. per yard.

12. What number is that which being added to its square root,
the sum will be 552 ?

Let z = the number sought, then z 4+ 5z = 532;
whence, z = 529.

13. A grazier bought as many sheep as cost him £50, out of
which he reserved 15, and sold the remainder for £54, by which
he gained 2s. a head on those sold ; how many sheep did he buy,
and what did he pay for each?

Let z = the number of sheep bought, then z — 15 = the

number sold, and % = the price of each in pounds;

60
(@ = 18Y = + o) = 54

whence, x = 75, the sheep bought,
and @- = §3 = £4 = 16s.

14. There is a field in the form of a rectangular parallelogram,
whose length exceeds its breadth by 20 yards, and its area is
6300 yards; required its length and breadth.

Let z = the breadth, and x 4 20 = the length;
then z(z + 20) = 6300;
..z = 70, and z 4 20 = 90 yards.

15. A person being asked his age, answered, if to half my age
you add the square root of my age, and from the sum subtract 12,
the remainder will be the third part of my age; required lns age.

Let z = the age sought; then

§+ 41—12=§,orx+6~/.r=72; .oz = 36.

16. What number is that, the sum of whose third and fourth
parts is less by 2 than the square of its sixth part?

2
Here g +'£ +2= (g-) ; whence, 27 — 21z = 72,
and cox =24
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17. The base of a right-angled triangle is less than the
perpendicular by 3, and less than the hypotenuse by 6; required
the sides.

Here (z 4 6)*= 2* 4+ (z 4 8)?; whence the sides are 9, 12,
and 15.

18. What two numbers are those whose difference is 3, and
whose sum multiplied by the greater = 405 ?
Let z = the less, then x 4+ 8 = the greater, and their sum
= 2z 4+ 3; whence, (2z + 38Xz + 3) =405, or 22+ 9z + 9
=405; and .*. z = 12, and z 4+ 3 = 15.

19. There are two square courts paved with stones, each a foot
square. The side of one court exceeds that of the other by 10 feet,
and the two pavements together required 8092 stones; find the
length of the sides of the courts.

Let x = the length of the less, then z 4 10 = that of the
greater; and 2* + (z + 10)* = 8092 ; and
oz =384, and z + 10 = 44.

20. A detachment from an army was marching in regular
column, with 5 men more in depth than in front; but on the
enemy coming in sight, the front was increased by 845 men, and
the whole was thus drawn up in 5 lines; find the number of men.

Let z = the number in front at first, then z 4 5 = the
depth, and the whole = 2(x 4 5).

Again, in the second position, the men in front = z'4 845,
and the men in the depth = B, and the whole
= 6(;:5+ 845) ; therefore z(z + 5)=5(z 4- 845) ; whence,
z = 66.

‘Whence the whole men = 2(z 4 5) = 66 X 70 = 4550 men.

21. A farmer purchased a number of oxen for £112, and
observed that if he had had one more for the same money,
each of them would have cost him £2 less ; required the number
he purchased, and the price of each.

Let z = the number of oxen purchased ;
lxﬁ = the price of each in pounds.

112 _ 112

z+4+1 z i
.0 1122 = 1122 4 112 — 222 — 22, or 2%+ z = 56.

Also, by the second condition,

Hence, z =17, and % = £16, the price of each.

22, A farmer purchased a number of oxen for £112, and
observed that if he had purchased one fewer for the same money,
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each of them would have cost him £2 more ; required the number
he purchased, and the price of each.
Let x = the number of oxen purchased ; then, reasoning as in
the last question, we obtain

112 112
z_l_-z—+2,orx’-—x-56,

hence, r = 8, and ]712- = £14, the price of each.

23. A person buys 18 ells of cloth, part blue and part green;
for each lot he gave 40s., and he pays for every yard of the blue
cloth 1s. per ell more than for the green; how many ells of each
kind were there ?

Let z = the ells of blue, then 18 — z = the ells of green;
40 40

also, ?_ﬁ—_—x-i-l,orz*—%x: — 720.

Therefore z = 8, and 18 — z = 10 ells.

24. Find a number, to the quadruple of which, if 80 be added,
the sum-will be to the square of the number as 2 to 9.
Here 4z 4 80:2%:: 2:9, or 2 — 18z = 860; and
.z = 380.

25. The length of a rectangle exceeds its breadth by 12, and the
sum of the squares of the length and breadth is 20880; what are
the sides of the rectangle, and what is its area ?

Let z = the breadth, then z 4 12 = the length ; and by the
question,

22 + (z + 12)% = 20880, or 2? 4 12z = 10368.
oz =96, z + 12 = 108, and z(z + 12) = 10368 area.

26. Two travellers set out to meet each other from two towns,
A and B, which are 120 miles distant from each other; the first
goes 6 miles a day, and the other 1 mile a day more than the
numb?er of days in which they meet ; in how many days will they
meet

Let 2 = the days sought, then z 4- 1 = the miles the second
walked per day ;

. 6z + z(z + 1) = 120, or 2% 4 Tz = 120;
.*. z = 8, the number of days sought.

27. A had 40 yards of silk, and B 90, which they sold together
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for £42. Now, A sold for £1 a third of a yard more than B dfd;
how many yards did each sell for £17? -

Let z = the yards B sold for £1, then z 4+ } = what A sold
for £1.
90 . 40
Also, = the pounds B received, and TF1 = what A
received ; but the sum received was £42.

90 | 40
R

= 42, or 212* — 582z = 15; and
cox =3,
Therefore B sold 8 yards, and A 8} for £1.

28. Two detachments of foot are ordered to a station distant
89 miles: they begin their march at the same time ; but one party,
by travelling one-fourth of a mile an hour more than the other,
arrives one hour sooner: required the rates of marching.

Let x = the slower rate, then z 4 } = the quicker;
89 39 .
—_—— = 39,
hence, > z+%+1,orx’+}x L
Therefore their rates of walking were 3 and 3} miles per hour. -

29. Divide each of the numbers 21 and 30 into two parts, so
that the first part of 21 may be three times as great as the first
part of 30, and that the sum of the squares of the remaining parts
may be 585.

Let z = the first part of 30, then 3z = the first part of 21;
hence, by the question,
(21 — 8xz)*+ (80 — z)*= 585, or 52° — 93z = — 878.
Whence the parts are = 18 and 3, 6 and 24.

380. It is required to divide each of the numbers 11 and 17 into
two parts, so that the product of the first parts of each may be 45, -
and the product of the second parts 48.

Let x = the first part of 11, and y = the first part of 17;
then their second parts will be 11 — z, and 17 — y; hence,
by the question,

) zy = 45, and (11 — z)(17 — y) = 48.
The difference of these equations is 187 — 11y — 17z = 3,
184 — 17z
TR
This value of y, being substituted in the first equation, gives
172% — 184x = — 495.

+*« z=5, and hence y =9 ; and the numbers are 5, 6, and 9, 8.

from which y =
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.81. There are two numbers whose product is 45, and the
difference of their squares is to the square of their difference as
7 is to 2; what are the numbers ?

Let z = the greater, and y = the less; then 2* — *: (z — y)?
::7:2, and zy = 45 ; from which is found z =09, and y=35.

82. A and B engage in partnership with a capital of £100:
A leaves his money in the partnership for 3 months, and B for
2 months, and each takes out £99 of capital and profit ; determine
the original contribution of each.

Let z = A’s capital, then 100 — z = B’s; also, let y = the
rate of gain per pound per month; then, by the question,
z + 8zy = 100 — z + 2y(100 — z),
. 100 — 2z
from which y= m.
Again, by the question, x 4 3zy = 99, in which, substituting
the above value of y, and reducing, we obtain,
2 4 895z = 19800; and .*. z = 45.
Hence, A's capital = £45, and B's = £55.

33. There are two numbers such that if the first be increased
by 2, and the second diminished by 3, their product will be 110 ;
but if the first be diminished by 8, and the second increased by 2,
their product will be 80; what are these two numbers ?

Let z = the first, and y = the second ; then, by the question,
(z + 2)(y — 8) =110, and (z — 3)(y + 2) = 80.
From the difference of these equations is found y = = + 6,
which value, being substituted in either equation, gives
2* 4 br = 104 ; whence, x = 8, and y = 14.

84. Two retailers jointly invest £500 in business, to which each
contributes a certain sum : the one let his money remain 5 months,
the other only 2, and each received £450 capital and profit; how
much did each advance at first ?

Let x = the sum contributed by the one whose money
was in for 5 months, then £500 — z = the sum the other
contributed ; also, let y = the gain per pound per month;
then z + 5xy = 450, and 500 — x 4 2y(500 — z) = 450 ;

4505: Z from the first equation ;

And substituting this value of y in the second equation, it
becomes, after reduction,
a* 4 550z = 150000; and .*. z = 200,
and 500 — x = 300,
Hence the sums contributed were £200 and £300.

whenee, y=
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85. A regiment of foot was ordered to send 160 men on garrison
duty, each company to furnish a like number; but before the
detachment marched, three of the companies were sent on another
service, when it was found that each company which remained was
obliged to furnish 12 additional men, in order to make up the
number 160 ; required the number of companies in the regiment.

Let x = the number of companies in the regiment,

then 1—22 = the men each company would require to send,

and Eo—a- = the men the remaining companies sent ;

hence, Lm+12—-ﬂ)—,orz’—3z_40

scoz =8, the number of companies.

86. A charitable person distributed a certain sum amongst
some poor men and women, the number of the former were to
the latter in the ratio of 4 to 5. Each man received one-third as
many shillings as there were persons.relieved, and each woman
received twice as many shillings as there were women more than
men. Now, the men received altogether 18 shillings more than
the women ; how many were there of each ?

Let 4z = the number of men, and 5z = the women; then
8r = the shillings each man received, and 2x = the
shillings each woman received; then, by the question,
4 X 8z = bx X 2z 418, or 122 -—10.7.’+ 18;and .*. z=38.

Hence there were 12 men, and 15 women.

87. There is a number consxstmg of two digits, whxch, when
divided by the sum of its digits, gives a quotient greater by 2 than
the left-hand digit ; but if the digits be reversed, and the number
so formed be divided by a number greater by 1 than the sum of
the digits, the quotient will be greater than the preceding quotient
by 2; required the number.

Let z = the dlgxt in the place of tens, and y = the digit in
the place of units of the number sought; then 10z + y is
the number sought, and 10y 4 = = the number when ‘the
digits are reversed ; hence, by the question, we have

10z 4 10z +y _ 0y +=z _
=47 z 4+ 2, and — Tty 1 z 4 4.

Clearing from fractions, and subtracting the first from the

second, we find
Ty— 12z =4; and .. y = }(12z + 4).

Substituting this value for y in the first equation, and
reducing, we obtain
1922 — 40r= —4; and .*. 2=2,andy = }(12z + 4) = 4.

Therefore the number sought is 24.
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88. A cask, whose content is 30 gallons, is filled with brandy,
a certain quantity of which is then drawn off into another cask of
equal size; this last cask is then filled with water, and then the
first cask filled with the mixture ; and it appears, that if 10 gallons
be now drawn off from the first into the second cask, there will be
equal quantities of brandy in each; required the quantity of
brandy first drawn offt
Let = = the gallons first drawn off; then, after the second
cask is filled with water, = = the brandy in each gallon of
the mixture; and since it would take x gallons of this
mixture to fill the first cask, —
put back. 80
Again, 10 gallons being taken out from 30 gallons, § of the
whole is left, one-half of which is brandy ;

2
. .§(30—x+%)=15;

whence, 22 — 80z = — 225,
and .*. z = 15, the brandy drawn off.

= the quantity of brandy

89. There is a number expressed by two digits, such that the
product of the number by the sum of its digits 1s 1012 ; and if
63 be subtracted from the number, its digits will be inverted;
what is the number?

Let x = the digit in the place of tens, and y that in the place
of units; then, by the first condition of the question,
10z + y)(= + y) = 102 + 11zy + 3* = 1012;
and, by the second, 10z + y — 63 = 10y + z, from which
y=z—1T.
Substituting this value for y in the first equation, and reducing,

it becomes
2227 — 91z = 963; ..z =9.
Also, y =z — 7= 9 — 7 = 2; hence the number is 92.
40. Find two numbers such that their product increased by
their sum may be 79, and their sum taken from the sum of their

squares may leave a remainder of 114.
Let x and y represent the two numbers sought; then, by the

question,
y+az+y=179,
and 2?4y —(z+y)=114;
adding twice the first to the second, gives
@+ + (@ +3)=212; .z +y =16
From this result, and the first equation, z = 9, and y = 7.



RATIOS AND PROPORTION.

1. Which is greater, 3:7,0r 5:18? . . . The former.

2. Arrange the following ratios in their order of magnitude :—
m:n, mx : mx + ¢, and mx : mzr — c,
= mx:mz + ¢, m:n, and mz: mx — c.

8. Find the ratio compounded of a:m, m:n, and n: b, =a:b.

4. Of the ratios 5:7, 3: 4, and 4:9, which is the greatest, and
which is the least? = 3:4 is the greatest, and 4 : 9 is the least,*

5. What quantity must be added to each of the terms of the

ratio m : n, that it may become the ratio ofa: 3? = éz — Z—n-.
cdx

6. Find a fourth proportional to ab, cd, and az, . - =

7. What is the proportxon deduclble from the equation
ab = m* — n?? . =a:m4n::m—n:b.

8. What are the proportions deducible from the equation
P=4mz? =dm:y:iy:z,2m:y:iy:2r,m:y::y:4x &e.

9. Find a fourth proportional to 6, 4, 3, and to 5, 10 6
2 and 12.

10. Find the number to which if 2 and 5 be suocessnvely added,
the resulting sums are in the ratio of 5: 11, . = §

ll.Ifa:b::c:d,thenma+nb°a"mc+nd:c.

€. . 8 _C agnalma_me,

d"'ub_nd’ nb  nd’
ma +nb _ me 4 nd

hence, = "ad -

And multiplying the two latter by the equals "—b and ﬁ‘!

we have ma:-ub - nc-{c-ﬂ.

Hence, ma+4nb:a::mc+ad:c.
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12. If four quantities of the same kind be proportional, prove
that the sum of the greatest and least is greater than the sum of
the other two.

Let the four proportional quantities be a:5 :: c: d, of which
a is the greatest, and consequently d the least; then, by
conversion,

a:a—b::c:c—d;
and, by alternation,
a:c::a—b:c—d;

but, by hypothesis,
azc;..a—b>c—d
Adding b 4 d to each, wehavea+d > b + c.

: la.éfx:y::a‘:b‘, and a: b:: Y(c+2):4Y(d+y), shew that

cy = dz.

s Here raise the terms of the second propomon to the fourth
power, then it is evident that x:y::¢c +x:d + y; and
taking the product of the extremes equal to the product
of the means, and subtracting zy from both sides, there
remains cy = dx.

14. If a:b::c:d shew that alc + d —a — ) = (a + D)

Herea+4b:a::c+d:c; hence, a(c + d)=c(a + b); from
each of these equals take a(a + 1), and we have

ac+d—a—b)=(a+d)c—a)

( 15.;[)(' a:b::c:d shew that a(a + b+ c+ d) = (a + ¢)
a + b).
Here proceed as in the last, only add a(a + b).

16. leen(a+b+c+d)(a-—b-c+d\—(a—b+c-d)
(¢ +b—c—d), to prove that a: b :

Here convert the two equal products mto & proportion ; then
mixing the terms, and taking half of the results, and again
mixing, and taking half the result, gives the proportion
required.

17. Ifa:b::b:c,thena®* — 0% :a:: b* — c*: c.
Here squaring the terms of the given proporhon, we have
then by division,
a® —b*:a?:: 02— c?:b%; buta®:b%::a:c;
whence, by alternation and substitution, we have
at—b:a:: b — e

18. A pergon in a railway-carriage observes that another train,
running on a parallel line in the opposite direction, occupies
¥
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2 seconds in passing his train; but if the two trains had been

proceeding in the same direction, they would have taken 30

seconds to pass each other; compare the speeds of the two trains.
Let z:y = the ratio of the rates ; then

r—y:x+y::2:80;
hence, z:y::82:28::8:7.
19. If a:b::c:d, then a*4 ab 4 b%:a* —ab + b*:: c* 4 cd
+d?: ¢* — cd 4 d*
Fora®:B::c*:d% ...a® —B:ab+ B::cP— d: + d°%;
and sincea:b::c:d, .c.a+b:a—b::c4+d:c—d.
Compounding these latter proportions, and omitting the
common factor (@ 4 b)(@ — b) from the first and second

terms, and the common factor (¢ + d)(c — d) from the
third and fourth, we obtain

a*+ab+b%:a*—ab+b%:: *+ cd 4+ d?: F—cd+ 4.

20. Ifa: b :: c : d, shew that (4‘__"_9‘)}“_“‘_9 = (a+d)—(b+c);

wan =0 (5 (3.)

For sincea:b::c:d, ..a—b:b::c—d:d;
and a:c::b:d) .c.a—cic::b—d:d.
By compounding (a — )@ — ¢): be:: (¢ — dXb — d): d*;

but bc = ad; hence, substituting and dividing & out of the
second and fourth terms,

(a—b@—c):a::(c—d)b—d):d;
'..(a—bl(a—c) (c—d)(b—d) ( 10 — )

%-b-cw)=<a+é)—(b+c>,sincea=%°-

Again, dividing both sides by bc, we obtain the second
equation.



EQUIDIFFERENT PROGRESSION, OR ARITHMETICAL
PROGRESSION.
N.B.—Let a = the first term of an Equidifferent Progression,

d = the common difference, » = the number of terms, / = the last
term, and s = the sum of the series ; then / = a 4 (» — 1)d, and

s={2a+(n— l)d};; and from these two equations, when any‘

three of the five elements are given, the other two can be deter-
mined. The contraction E.P, stands for Equidifferent Progression,
and E. D. for Equidifferent.

1. Find the 6th term of the E.P. 2, 5, 8,&c, =17.

2. 9th " 3, 7, 11,&., = 35.
8. «» 1lth v 10, 113,13, &, = 25.
4 »  15th  » p 7, 12, 17, &, =1T.
5. ~»  18th w 3, 7, 12,&, =87
6. »  2th p 2, 5 8&., =7
7. e 8lst w12, 184,15, &e, =BT.
8 Tth v 24, 22, 20,&c, =12
9. o+ 1lth P 5, 4§, 4, &, = O.
0. » 17th  » » 100, 96, 92, &c, = 36.
1.« 284 . 25 28, 21, é&c, "
122+  80th v 25, 22 19,&0.,— 62.
1.« Alst  » » 92, 89, 86, &cn,- .

= — 28,
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14. Find the 81st term of the E.P. 7,10, 13,&ec, .

15.
16.
17.

18.

19.
20.

21.
22.
23.
24.
25.
26.
27.
28.

29,

30.

31.

"

90th "
365th "
181st "
53d "

”

=

*

= 247.
12, 111, 103, &c.,

1, 8, 5, T, &,
= T729.

7, T4 T4 &,

24, 223, 213, &c.,

I= e

Sum the E.P.8 + 5 + 7 + &, to 10terms, = vl_:Z.O,
1 +5 4+ 9 +&,t018 » ,= 825
5 + 8 411
1+ 34+ $+&c,tols ,_11241r
1+ 3§+ P+é&e,tol2 » ,= 114,
20+ 25+ 3} +&c, 1060 » ,= 740,
40 437 434 + &c,t080 » ,=-—103.
—8 — 1 + 1 +&,t020 » ,= 320.

»

L3

”

n terms, .

82. Sum the E.P.

L4

L4

”

—-17 —12

+&c,t019 # ,= eos.

— 7 —&c,t0ll » ,= 88

2+ 8 + 8%+ &c., to n terms,

n(n+9)
' 1
142 4 3 + &, to n terms, =M.
1+2:_l
n+1

(a— 2+ (@ +

a+ 25

.

3a+4b

2
) + (@ + 2 + e, to
=a{a" 4 2 + (n — Bz}

a+b + a+bd +a+

3 + &c., ton terms,

2mz—(n—-5)b><~
a+b 2°
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33. Insert 2 E.D. means between 5 and 17, =9 and 13.

34 » 3 ” " 20 » 48,
= 27, 34, and 41.

35 » 4 " ” 100 » 40,
) = 88, 76, 64, and 52.

86 ” 7 » ” —1% » 4*,

=—% +3+1+13+2}+ 33 and + 4.
87. Find the common difference by which 12 E.D. means may

be inserted between 7and 72, . . . . = 2 1; LA

38 Find the common difference by which n E.D. means may be
_b=

mserted between a and b, =0T 1

39, Insert #» E.D. means between 1 and 37, so that the 5th may
be to the (n — 1)th as 1 is to 3; find x and the 5th term.

Hered=1—1— 36 . pe 5th mean = 1 4 2238, ana
ntl ~atl (n—1)x 36 »+1
— 1)th =
the (n — 1)tb mean = 1 4 ~——= TRl
Therefore, by the question,
180 = (n—1)Xx36
1+”+1.1+ P el R R
or n+4181:37Tn—85::1:8; and..n=17.
86 36
Hence, d = _——_2 and the 5th mean =145 X2 .

=1 "t
40. The first term of an E.P. is 5, the number of terms 30, and
their sum 1455 ; find the common diﬁ‘erence, and the last term.

Since s = {2a + (n — 1)d} X 2, .. 14585={10 + 29d} x15;
and hence,d=8,and l=a + (»n — 1)d = 92.

41. The sum of an E.P. is 72, the first term is 17, and the com-
mon difference is — 2; find the number of terms, and explain
the double answer, . . . . =6,0r12,

Note.—The reason of the double answer is, that the terms after
the 6th up to the 12th inclusive, are — 5, — 3, — 1, + 1, + 8,
and 4 5 ; the sum of which is evidently 0. Therefore the sum of
G terms is equal to the sum nf 12 terms.
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42. How far does a person travel in gathering up 120 stones
placed ip a straight line, at intervals of 4 feet from each other,
supposing that he fetches each stone singly and deposits it in a
basket which is in the same straight line produced, and 20 yards
distant from the nearest stone, and that he starts from the
basket ?

Here since all the distances are travelled twice, the first
term is 40 yards, and the common difference is 2§ yards;
also the number of terms is 120 ;

.. 8= {2 X 40 + 119 X 23}13° = 23840 yards = 13,5 miles.

EQUIRATIONAL OR GEOMETRICAL PROGRESSION.

N.B.—Let a = the first term of an Equirational Progression,
r = the common ratio, n = the number of terms, ! = the last
term, and s = the sum of the terms; then I = ar*~!, and

s=ar"—l)-,whenr71; ands:au,whenrz.l; and
r—1 l—7r
§=7 2 ) when » is infinite. From these equations, when any

three of the five quantities a, r, n, /, and s are given, the other two
-can be found. The contraction E.R. stands for Equirational, and
E.R.P. for Equirational Progression.

1. Find the 7th term of the E.R.P. 8, 6,12, &., = 192.
2. " 6th " ” 5, 15,45, &., = 405.
8. " 6th ” " 2413 L &y, =

4. » 8th ” " todh H&, = 8

. » Tth ” n 2, —6,18, — &e,
= 1458.
6. ” 9th »” ” -3, 6, —12, &c.,
= — 768.
7. »  10th " " 27, 9, 8, &c., = vy

8. » 12th ” ” 13, 8}, 8% &c.,
= 88378333}
9. 4 11th »” » 64, — 82, 16, — &c.,



11.
12.
18.
14,
15.
16.
17.

18.

19.

20.

21.

22.

28.
24.
25.

26.

than §,

EQUIRATIONAL PROGRESSION.
10. Sum 14 34 9427 4-&c., to 8 terms, s = 8280.

v 24 4+ 84164 &, to 10
v 96 448 4 24 + 12 + &c., to 9
» 84 64124244 &, to 8
* 3+ 3+ 2+ Y +ée,to 7
v 4+ 14 24 448, to n
v 44+ 14 24 44 & t020

12, — 6,4+ 38— 3+ &, to12

* 3+ 8+ 3+ 3+ &c,t0 2

» 3+ 14+ 3+ 3+&to n

3 3 ]
4 i—z—.+§—2—1+&0~:t0 n

»

X

3

" 44 2+ 14 }+ &, to infinity,

3,8 38
Todmgtm gt v
v 44 84 $433+&e, »
n 2402 + 002 4 &c., "
» 3740027 + 000027 + &c.,

v 142 4424+ 822 4 &,

’

27. Sum a* + Ba*! 4 pan2 4 &c., to infinity,

than b,

. . . .

, s = 2046.
s s = 1914
, s= 765.
, s = 278},
’ 3=2”-1_*'
» &= 524287},
’ 8 = T84
, 4n— g
s=4$. yr
‘_3"—2"
P T T e x o
L amg
3=*‘ 22n

s= %

s =4

z being less
1

R =7

a being greater
c.#-l

. 8=

a—0b
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— — n)2® - “ e
2. Sum%—- (m - n):c+ (m nxn) _(m n'u)z" + % to
infinity, n being greater than z. o

In this exercise, the first term does not form a part of the
E.R.P., therefore find the sum of the series after the first
term, and subtract it from the first term, and the result

will be the sum required ;

(m— n)e
sg=M__» _m (m — )z
" z n  n+=zx

l-l-;;

__ mn 4 mx — maz + 'z

- n(n + ) :

b! b’
29.Suma+b+-;-+—;,—+&c.,toinﬁnity,abeinggr?’tet
than b, . . . . . . . . . 8=
80. Insert an E.R. mean between 3 and 48, .. . =12.

Nore.—Any number of E.R. means may. be inserted between
two numbers, a and b, as follows: let n = the number of means
to be inserted, and r = the common ratio; then

r =“\l]§, then the means are ar, %, ar®, &e.

31. Insert 2 E.R. means between 5and 185, =15 and 43.

32, » 2 ” " 7 » 448, =28 and 112.

33. » 3 " ” 8 » 48,
= 6, 12, and 24.

34 » 3 ” ” 9 » 2304,
= 36, 144, and 576.

8. » 4 » " 11 » 352,
= 22, 44, 88, and 176.

8. ~» 4 v » 5 » 1215,
: = 15, 45, 135, and 405.

37. ~ b " " 7 n 448,

= 14, 28, 56, 112, and 224.
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, 88. In an equirational progression, consisting of an odd number
of terms, the sum of the squares of the terms is equal to the sum
of all the terms multiplied by the difference of the odd and even
terms ; required a proof.

Let the progression be a + ar + ar? + &c., then the sum of
the squares of the terms will form the progression .

a? 4 a%? 4 a** + &e.,
in which the first term is a? and the common ratio r*;
a(r”' - 1)
rP—1

Also, let &’ = the sum of the given series, then s'= a(rr":ll);
and s” = the difference of the odd and even terms, which
will evidently be the sum of the E.R.P. a — ar + ar®—

+ &c., in which r is negative;

a(— —-1) _a(™+1)

—7r -1 r+4+1°
in which »” is negative, because by the question = is odd.

‘We have now to prove that s = §’s”, which is manifest, since

orr—1) oar+1) G- 1)
r—1 r4+1 -1

39, If there be =» equirational progressions, each having the
same ratio r, whose first terms are a, 2a, 8a, &c., na, and sums
Sy 8p 83 &c. s, where each is summed to n terms; prove that

a(n4+1)m -1
8 + s, + 55 + &e. + 5 ,.—--2— r—-l)a'
N.B.—Since the common ratio in each of the progressions
is r, the sum of any one of them will evidently be the first

term X ) hence, the sum of all the equirational
progresslons wnll be
(a+2a+3a+4a+&c.+na)(1::11).

But the coefficients a, 2a, 84, &c., na is evidently an equi-
different progression, whose first term is a, and common
difference also @, and the number of terms is n; hence

their sum is ”(L;"L)a;

1 -1
and sttt ke o, = NEED(T L

40. The sum of an equirational progression carried to infinity
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is 6, and the sum of its first and second terms is 4}; what is the
aeneii;t z = the first term, and » = the common ratio ; then the
sum to inflnity = ;—— = 6, and the sum of the first and
second terms is z + rz = 44.
Divide the latter equation by the former, and we obtain
1-®=3;. .2=4Landr=+34;
hence, z = 3 or 9, and the series is 8 + § + § + § + &oc.,
or 9-f+5—%+ 1% &

.

HARMONIC PROGRESSION.

1. Continue to two terms each way the harmonic series 8, 4, 6,
=2,2%8,4,6,12 cc.

2. " " ” » harmonic series 4, 5,63,
= 2§, 8}, 4, b, 6%, 10, 20.
3. Insert 2 harmonic means between 5 and 10, = 6 and 7}.
4. » 3 v " " 2 » 8§
5. ” 4 ” " 6 « 36,
=174 9, 12, 18,
6. » 5 » " " 6 » 42,
=1, 8%, 104, 14, 21.
7 » 8 » ” v 7 » 170,

= 73, 83, 10, 113, 14, 17}, 23}, 85.

8. The sum of three numbers in harmonic progression is 11,
the excess of the third above the second is 8, and the sum of their
squares is 49 ; find the numbers, . . . =2, 8,and 6.

9. Insert 6 harmonic means between 1 and 2,
=% b Yhand L

10 » 7 " " ” 1 and 2,
=itbHiH $H i Hand ¥
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11. The sum of three numbers in harmonic progression is 11,
and the sum of their squares is 49 ; find the numbers.

Let z = the less extreme, and y = the greater; then, since
the sum of the three numbers = 11, the mean may be
represented by 11 — y — .

Again, by the properties of harmonic progressionals, the
mean is

2%y ond.. 2 _ 1 .
z—+§,&'1d Ytz =(y+2);
multiplying by y + z, and transposing,
Uy+n)—y—F=4y . (2

Also, 2%+ y* + (11 — y — z)* = 49 by the question,
or 24y 4121 + 2%+ y* — 22(y + z) + 2zy = 49.

Transposing, and dividing by 2,

Y+2+zy—1ly+2)=—-36 .. (B);
(@) + (b) gives yz = 4yx — 36,

coyz =12 w (©);
B+O g+ - N+ =2
!/ +z = .ee vee (d)

From (c) and (d) the valnes of z and y are easily found to be
2and 6,and 11 — 2 — 6 = 3.
Therefore the numbers are = 2, 8, and 6.

12. The sum of three numbers in harmonic progression is 37,
and the sum of their squares is 469 ; find the numbers,
= 10, 12, and 15.

13. The sum of three numbers in harmonic progression is 23,
and the sum of their squares is 259 ; find the numbers,
=3, b, and 15.

PROBLEMS IN EQUIDIFFERENT, EQUIRATIONAL, AND
HARMONIC PROGRESSION.

1. Find three numbers in equidifferent progression such that
their sum may be 21, and the third with double the first may
bel9, . . . . =5,T,and9.

2. Find three numbers in eqmdiﬂ‘erent progression such that
theu' sum may be 15, and the third vmh double of the second may
be 18, . . . . . . =2,5,and8.
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3. Find three numbers in equidifferent progression such tl;at
their sum may be 27, and that twice the third together with the,
second may be 85, . . . =5, 9, and 18.

4. Find three numbers in eqmdlﬁ‘erent progression such that
their sum may be 24, and that twice the first with twice the
second may be 40, . . . . . . =12, 8, and 4.

5. A person bought 5 books, whose price in shillings were in
equidifferent progression. The price of the second was 21s., and
that of the dearest 27s.; what did he give for each, and how much
for the whole?

Nore.—This question admits of two solutions, for the dearest
book might either be the first or the fifth: if the dearest was the
first, then the common difference was three; but if the dearest
was the fifth, then the common difference was two.

. 27, 21,15, 9, and 38, sum, £3, 15s.;
©* Qer 19, 21, 28,25, » 27, =« , £5, 15s.

6. Find the series in equidifferent progression, consisting of
(n + 7) terms, of which the sum of the first n terms is 40, the sum °
of the next 4 is 86, and that of the last 3 is 96.

From the terms of the question, the three following equations
are easily obtained :—

{2a+ (@ — l)d}g = 40, or 2a'+ (n-1)d= % (@;

{2a + (2n + 8)d} X2 =86, or 2z + (2n+ 3)d=43(});
{2a 4+ (2a 4 10)d} X § = 96, or 2a + (2n + 10)d=64(c);
(c) — (b) gives 7d = 21,
and cod=38;

(6) — (a) gives (n + 4)d = 48 — 8;?;

or substituting the value of d, and reducing, we have
3n® — 31n = — 80,
and Scon=25.
The value of @ is now easily found from either of the

equations to be 2;
.. series = 2, 5, 8, 11, 14, 17, 20, 23, 26, 29, 82, and 35.

7. There are three numbers in equidifferent progression whose
sum is 18, and the sum of the first and second is to the sum of the
second and third as five to seven; required the numbers,

= 4, 6, and 8.
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, & The sum of four numbers in equidifferent progression is 26,
and four times the product of the ﬁrst and last is 88 ; what are
the numbers ? . . =2, 5, 8, and 11.

9. Divide £35 among three persons, so that their shares may be
in équirational progression, and that the last may have £15 more
than the first.

Let z = the share of the first, and »r = the common ratio;
then the equations are

z 4 rx + r’xr = 85 (a), andr’;c —x=15();
’ then (0) = (a) gives ,+—r+—1- =3;

whence, 47 —3r =10, ... r =2;

and from (a), z + 2z + 42 =35, ...z = §
= £5, £10, and £20.

10. There are four numbers in equirational progression: the
sum of the first and second is 28, and the sum of the third and
fourth is 252 ; what are the numbers? . =17, 21, 63, and 189.

11. There are four numbers in equirational progression, and the
sum of the first and fourth is to the sum of the second and third
as 7 is to 8; also, the sum of the first, second, and third is 65;
find the numbers, . . . . =25, 15, 45, and 135

12. The sum of three numbers in eqmratlonal progremon is 62,
and the sum of the first and second is to the third as 6 is to 25;
what are the numbers? . . . =2,10, and 50

13. A traveller set out from a place, and went 1 mile the first
day, but increased his speed afterwards by 2 miles every day.
After he had gone 3 days, a second set out from the same
place and travelled 12 miles the first day, 13 the second, and so
on. In how many days will the first be overtaken by the second ?
And if they both continue their travelling at the same rate, in
what time will the first overtake the second, and how far will they
have travelled between the places of meeting ?

Let n = the days the second travelled, then » 4 3 = the days
the first travelled ;

hence, {2 + (n +2) x 2}”_‘*—3 = {2 40— 1)) . (@)
whence, —1ln= — 18,
and con=20r9;

and the difference of the values of either side of equation
(a), for n = 9 and n = 2 is the distance between the
places of meeting, . . =2 and 9 days, and 119 miles.
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14. The equidifferent mean between two numbers exceeds the
equirational mean by 13, and the equirational exceeds the harmonic
mean by 12; what are the numbers ?

Let z = the greater number, and y = the less; then, by the

question,
“_‘;'_Z =Ny +13 .. .. (a)
2zy
—2_ 412 = e (D).
and Tty + vy @)

Multiplying the corresponding sides of (a) and (5) gives
zy + 6(z + y) = 2y + 18~ 2y, or 6(z +3) = 18/zy ... ().
Squaring,  362% + 72zy + 86y = 169zy;
subtract 144y, .-. 3627 — 72zy + 86y° = 26ay,
6z —y) =5bNzy .. e (@)

Multiplying (¢) by 8, and (d) by 13, and subtracting the
results, we find y = $x; which value, being substituted
in (a) or (b), gives the answer,

z = 234, and y = 104.

15. The equidifferent mean between two numbers exceeds the
equirational mean by 153, and the equirational mean exceeds the
harmonic by 72; what are the numbers? . . = 84 and 544.

16. The equidifferent mean between two numbers exceeds the
equirational mean by 459, and the equirational mean exceeds the
harmonic by 216; what are the numbers? . = 102 and 1632.

17. £700 was divided among four people, whose shares were in
equirational progression ; the difference between the greatest and
least shares was to the difference between the mean shares as
87 to 12; what were their several shares ?

= £108, £144, £192, and £256.

18. The sum of four numbers in equirational progression is 200,
and the sum of the first and second is to the sum of the third and
fourth as 2 is to 18 ; what are the numbers?

= B, 15, 45, and 135.

"19. A debt can be discharged in a year of 52 wecks by paying
8 shillings the first week, 5 the second, 7 the third, and so on;
required the amount of the debt, and of the last payment,

= £140, 8s., and £5, &s.

20. Determine the relations that must exist between q, b, and c;
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#, ¢, &nd r; so that a, b, and ¢ may be the ptB, gth, and sth terms of
an equidifferent progression.

Let f'= the first term, and d = the common difference; then

F+@—-Dd=a)f+@-Dd=b .. (2,

and S+ @Gc—-—Dd=c 3.

Multiplying the first by (¢ — r), the second by (r — p), and
the third by g: — ¢); and then adding the three results
(CuaMBERS’s Algebra, Art. 272), the terms on the first side
become zero, and the second

(g—r)a+(r—p)b + (p — ¢)¢, which therefore = 0;
and dividing by abe, we have
q—7r

r—pP P—9_
o T e tta =

21. There are four numbers in equidifferent progression such
that if 1 be added to the first and second terms, 3 to the third,
and 9 to the fourth, the sums will then be in equirational
progression ; required the numbers.

Let the numbers be represented by a, a + d, a + 2d, and
a 4 3d; then we have

a+l:a4+d+1::a+d+1:a4+2d+8 ... (@),
anda+d+1:a42d+3::a+2d+8:a+8d+9... (D).

From (@), d* = 2a 4 2; and from (8), d* = 4a; whence,
a =1, and d = 2; and the numbers are 1, 3, 5, and 7.

22. There are two series—one equidifferent, the other equira-
tional—each consisting of three terms. The 1st, 2d, and 3d terms
of the equidifferent series are severally contained twice, thrice,
and six times in the corresponding terms of the equirational
series ; and the sum of the first and third terms of the equidifferent
series is 20 ; what are the series ?

Equidifferent = 5, 10, 15; equirational = 10, 30, 90.
28, There are four numbers in equidifferent progression such

that the product of the extremes is 8700, and the product of the
means is 3828 ; find the numbers.
Assame the series t0 be z — 8y, z — y,  + ¥, and z 4 3y;
then 2* — 9y = 38700, and z* — y* = 8828, from which
y=4 and r = 62.

Hence the ;mmberl are 50, 58, 66, and 74.
24. In an equidifferent progression consisting of ten terms, the
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excess of the last fodr terras above the first four is 48, and the
sum of the second and fifth terms is 20 ; find the series,

=85,17,9, 11, 18, 15, 17, 19, 21, and 23.

25. In an equirational progression consisting of seven terms,
the sum of the first three terms is to the sum of the last three as
18 is to 1058, and the sum of the first and third terms is 20 ; find
the series, . . . = 2, 6, 18, 54, 162, 486, and 1458.

PROPERTIES OF NUMBERS.

1. What is the least number by which 12 can be multiplied,
so that the product may be an exact cube?

Since 12 =4 x 3 = 2? X 8, and no number composed of
different factors can be an exact cube, except each of the
different factors be cubes; 2 and 3 must both be made
cubes, therefore 22 x 8° + 22 X3 =2X8"=2 X9=18,
is the multiplier required.

2. By what number must 54 be multiplied, that the product
may be a complete fourth power ?
Here 54 = 2 X 27 = 2 x 3; thence the multiplier sought
is 20 X 3 +-2x 83 =2"x3=24

8. If n be any whole number, either odd or even, prove that
n(n 4+ 1)(n 4 2), and n(n — 1)(n — 2), are each divisible by 6
‘without a remainder.

Since n or » + 1 is divisible by 2 without a remainder, and
norn+ 1, or n 4+ 2 is divisible by 8 without a remainder,
there is at least one factor divisible by 2, and one of the
factors is divisible by 3; therefore the whole is divisible
by 2 X 83 =6.

4, If n be any whole number, either odd or even, prove that

n(nt 1)%(n + 2)*(n + 8)* is divisible by 576 without a remainder.

In the same manner, as was shewn in Ex. 3, one of the simple

factors is divisible by 2, another by 3, and another by 4;

and as they are all squares in the given expression, their
product will be divisible by 22 x 8% X 4® = B76.

5. If m be any whole number, odd or even, then m® 4 bm is

divisible by 6 without a remainder ; required a proof.

Since every whole number is either of the form 8r or 82 + 1,
m® -+ bm is either of the form 27a% 4 152 = 8a(92* 4 b), in
which, if n be even, 8n is divisible by 6; but if n be odd,
9n* 4- 5 is even, and therefore divisible by 2, and 8n is
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divisible by 8, and therefore the whole is divisible by 6 ; or
8m® 4 5m is of the form (8n £ 1)® + 5(8n + 1) = 27n*
+27* 4 9n +1 4+ 15n 4+ 6 = 27n® £ 270 4 24n + 6
= 3n§fn(9n + 9) + 8} £ 6, which is evidently divisible
by 6, if 3n{n(9n + 9) + 8} be divisible by 6. Now, if n be
even, 8n is divisible by 6 ; but if n be odd, then n(92+9) + 8
= 9n(n + 1) 4 8; where, if n be odd, n 4 1 is therefore
even; and n(9n + 9) + 8 is divisible by 2, and therefore
the whole by 6.

6. Decompose 277200 into its prime factors, and find the
maultiplier that will make it a perfect cube.
Its prime factors are 11, 7, 8% 5% and 2¢; hence the factor
by which it must be multiplied, that the product may be a
perfect cube, is
11 X 7 X 8 X 5 X 2% = 355740,

7. If » be any whole number, either »* or n? + 1 is divisible by
5 without & remainder ; required a proof.
Since every square number ends in one of the six digits,
0, 1, 4, b, 6, or 9, and that every number that has its right-
hand digit either 5 or 0 is divisible by 5, the truth of the
theorem is obvious.

8. S8hew that the difference of the squares of any two odd
numbers is divisible by 8.
Since every odd number is of the form of 2n - 1, let the one
be 2a + 1, and the other 2»’4 1; we have
@n +1° —(20' + 1)’ =2(n + »’' + 1)X 2(n — n)
=4(n + n'+ 1)(n — n’);
now n —n’ is even, and is therefore divisible by 2, and
hence the whole is divisible by 8.

9. If two numbers differ by 1, prove that the difference of their
squares is equal to the sum of the numbers.

Let the less = n, then the greater = n + 1, and the difference
of their squares is
(41 —n'=@+142)n+1—n)
= 2n + 1 = their sum.

10. If two numbers differ by any number a, prove that the
difference of their squares is equal the sum of the two numbers
multiplied by a. )

Let n = the less, then n 4 a = the greater, and the difference
of their squares is

(nta)f—n*=(n+a+n)(n+a—n)=2n+a)
[
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11. If the sum of two fractions = 1, prove that their difference
is equal to the difference of their squares.

Let the fractions be represented by§ and ¥ ;,z, then their

2z —

sum is evidently = 1, and their difference y, also the

difference of their squares is

() (y—-z) x+y—1‘ 2&"y—y__2-“;'1

12. Prove tlmt the product of two odd numbers is odd; and
that the product of two even numbers, or of an even and an odd
number, is even.

Let the two odd numbers be repre@ented by 2n41 and 274 1,
their product is

4’4 2(n + w') + 1 = 2(mn’'+ n 4 n") + 1,

which is evidently odd; again, let the two even numbers
be represented by 2n and 2#’, their product 4an’ is evidently
even; lastly, if one be even, and the other odd, they may
be represented by 2n and 2n'4- 1, and their product is
2n(2n’4 1), an even number.

18. The product of the sum of two squares, by the sum of other
two squares, is the sum of twe squares ; required a proof.
Let the ﬁft two squares be represented by «® and %%, and the

second by m® and »?; then
(a® + B*)(m® 4 n*) = a®m? + b*m® + a*n® 4 bfn*
= a'm? + b + o’n? + b'm?

= a’m® 4 2ambn + b%® 4 a’n* — 2ambn + b*m®
= (am + bn)® + (an — dm)>
14. Prove that twice the sum of two squares is equal to the sum

of two squares.
Let o? and 4 be any two squares ; then

2(a® 4 b)) = a® 4 2ab + ¥ + a® — 2ab 4 ¥*
= (a + b + (a— b
15. Prove that three times the sum of three squares is equal
to the sum of four squares.
Let the three squares be represented by o?, 5% and ¢?; then
3(a’+b’+c’) (@+b+c)+ (a—b)
+(@ =+ BN
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For (a + b + ¢)* = a*+ b*+ ¢+ 2ab + 2ac + 2be,
(a — b)* = a®+ b*—2ad,
(8 — ¢)* = a®+ *+ 2ac,
(b — ¢)* = b+ *— 3bc; ..
and adding, we have *
@+b+cy¥+@—8)'+(@—cf+@G—c)
= 8(a’+ b*+ ¢¥).

16. Prove that four times the sum of four squares is equal top
the sum of seven squares.

Let the squares be represented by a? %% c* and d?; then
4@+ b0+ +d)=(@+b+c+di+(a—b)
+(@—of + (a—dy
+ b= + (b — dY+ (c — d).
This may now be proved by expanding and adding, as in the
last exercise.

17. Prove that five times the sum of five squares is equal to the
sum of eleven squares.

For, as in the last two exercises, it may easily be shewn that
o'+ b+ df+ )= (a+b+c+d+c)’
+(a— B +(a— o
+(a—dP+(@— e+ (b —F+ (G —dy
+ G-+ —dlt+ (c—ef

+ (d — ¢)* = the sum of eleven squares.
Nore.—Combining the above three exercises with the principles
of combinations, it may easily be shewn that n times the sum of
n squares is equal to the sum of (—)- + 1 squares; so that
12 times the sum of 12 squares may eauly be shewn to be equal

12 x 11
t0 ———— Tx3 + 1 = 67 squares.

18. In what scale of notation is the number 187 equal to 247 in
the common denary scale?

Let » = the base of the scale, then we have the following

equation :— .
P4 8r 4 7 =247;
hence, r = 12, the duodenary.
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19. In what scale of notation is the number 473 equal to 189 in
the common denary scale ? T
Here 4r* 4 Tr 4+ 8 = 189;

.. hence, r = 6, the senary scale.

tr
S8l 1 ,hat scale of notation is the number 10404 equal to 729
. ’i’fi the pamion denary scale ?
i3 ;% SE b4 4= 729

) h;anoé, r = b, the quinary scale.

21. In what scale of notation is the number 50407 equal to
20748 in the common denary scale ?

Here 5t 4 4r* 4 T = 20743;
hence, r = 8, the octary scale.

PERMUTATIONS AND COMBINATIONS.

1. How many days can 6 persons be placed in different positions
about a table at dinner ?

Here the number of days =6 X 5 X 4 X8 X 2 X 1 =720
days.

2. How many permutations can be formed from the letters of
the word Edinburgh ?

Here the permutations sought are
IXB8XTX6X5X4X3X2x1=362880.

8. The number of combinations of (» 4 1) things, taken (2 —1)
together, is 78 ; shew that the number of permutations of n things,
taken four together, is 11880.

The combinations of (» + 1) things, taken (n — 1) together,

is the same as the number of combinations of (n 4 1) things,
taken two together;

hence, (11121—)1‘=78, or n* + n = 156;
comtn )= a8,
or n4id=%;.c.n=12

Hence, n(n — 1)(n — 2)(n —8) =12 X 11 X 10 X 9
= 11880.
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-, 4.- The number of permutations of (n 4 1) things, taken two
together, i8 240 ; shew that the number of combinations of » things,
taken five together, is 3003.

The permutations of (n 4 1) things, taken two and two
together, is (7 + 1)n ; and therefore (n 4 1)n = 246 >

a™™
Hence, n4+nt}=241; . .n=15.
The combinations, taken five together, are {f..‘ wr_ v 'A" :..f'.' v
n(n—l)(n—2)(n—3)(n—4) LR -
1.2.8.4.5 R .
or 15x14x13x12x11=8003. R :

1X 2X 83X 4X 5

5. The number of combinations of (m 4 n) things, taken two
together, is 78 ; and the number of permutations of (m—n) things,
taken two together, is 6 ; find the number of permutations and of
combinations of m things, taken n together.

The combinations of (m + n), two together, is
(m+n)(m+n—- 1) .
I T I
andhenee, (m + n)* — (m + n) 4+ } = £38;
cem+n=18 .. (a)

Again, .the permutations of (m — n) things, taken two
together, is

(m—n)Ym—-n—1)=(m—n)?—(m—n) =6,
or (m—n—(m—n)+%=1%;
com—n=38 .. (b).
From (a) + (), 2m = 16, and .". m = 8;
and from (a) — (b), 2n = 10, and .*. n = 5.
Hcnce the permutations are 8 X 7 X 6 X 5 X 4 = 6720,
8X7TX6X5x4

and the combinations are m = b56.

6. The number of permutations of n things, taken five together,
= 7 times the number, taken four together; find n.

Here a(n — 1)Xn — 2)(n — 8)}(n — 4)
= Tn(n — 1)(n — 2)(n — 8);
con—4=17,

by dividing both sides by (s — 1)(n — 2)(r — 8),
and con=11,
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7. Of the permutations formed with the nine letters of the
word Edinburgh, taken all together, how many begin with Ed #—
how many with Edi >—how many with Edin ?

The number of permutations beginning with Ed is ev:dently
the number of permutations formed with the other seven
'letters, and is therefore

L TX6XBX4X8x%x2X1=5040.

%4, ’ﬂ!oae beginning with Edi are the number of permutations
of the remaining six letters, and is therefore

6XBXxX4x8x2x1=7T20.

8d, Those beginning with Edin is the number of permutations
of the remaining five letters, and is therefore

bX4X8xX2x1=120.

8. How many different sums may be formed with a guinea,
a half-guines, a crown, a half-crown, a shilling, and a sixpence?
Since there are 6 different coins, and they may be taken in
any number to form a sum, we have as follows :—

The combinations, 1 at a time . . .« .+ . =6

" v, 2 ﬁxg, . = 15.
. v .8 w ix:ﬁ; . = 20.
v e b . =%%§%§ . =
v e B =¥%%§%% . =6
) . 6 _BxBx4x8x2x1 _

1.2.3.4.5.6°

Therefore the total number of different sums that can be paid
with these six coins = 6 416 +20 4156464+ 1 =63

9. Of the different combinations of the nine letters of the word
Edinburgh, taken five together, in how many will the letter
e occur, and in how many will it not occur?

The number of combinations in which e occurs, will eudently
be the number of combinations of the remaining eight
letters, taken four together, which is 8%}%—)1—5 = 70.

And the number of combinations in which the letter e does
not occur, will be the number of combinations of the
remaining eight letters, taken five together, which is

8XTXEXEX4E o
1.2.8.4.6 . ~
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10. Out of 19 consonants and 6 vowels, how many different
words can be formed, having 2 consonants and 1 vowel in each ?

The number of different permutations that can be formed of
19 consonants, taken 2 together, is 19 x 18.

And since the vowel may either be placed before the 2 con-
sonants, between them, or after them, 19 X 18 X 38 is the
number of words that can be formed with 1 vowel ; but as
there are 6 vowels, and the same number of words can be
formed with each, the whole number of words will be

19 X 18 X 8 X 6 = 6156.

METHOD OF UNDETERMINED COEFFICIENTS.

1. Develop slTx into a series.
: 1
842z
and multiply both sides by 8 4 z, which gives

1=38A +(8B 4 A)z 4 (8C + B)z’+ (8D + C)*+ &c.

Then equating the coefficients of the like powers of x on
both gides, we have

8A=1,38B+A=0,3C+B=0,8D+4+C=0;
from which A =},B=—},C=4,and D= — #;
hence the series i8 = } — }z + Py2* — J2* + &e.

]

;Assnme

1 . .
2. Convert m into a series.

Assume, as in the last example, the series to be
A + Bz 4 Cz* + D2® 4 &e.;

then multiply both sides by 1 4 2z + 2% and equate the
coefficients of the like powers of 2 on both sides,
observing that those on the first side are all zero, and
we have the following equations :—

A=1,B+2A=0,C+2B+A=0,
and D+2C+B=0;
whence, A=1,B=—2,C=38,and D = — 4;

. 1 -1 .
"1+2z+z’_l 2z + 8z%— 42*4 bz*— &e.
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8. Develop 4/(a*— z*) into a series.
Here, if we assume the series to be
A + Bz 4 Cz* + Dz* 4 &,

it will be found that the coeflicients of the odd powers
of z are all zero; therefore let

V(a*— 2*) = a 4 Bz*+ Cz*+4 Dz2*+4- &c.;
and square both sides, which will give, by equating the

coeficients,
A?’=ad%2AB=—1,2AC 4 B*=
2AD + 2BC = 0;
1 1
..A=a,B=—2—-a,C=—8?,
1
and D——T(?a—"
z3 x4 z*
2 R - ————— —
Hence, (¢~ ) =6 — o2 — 55 ~ Tea — &

4. Find three fractions whose sum ia
Since z'— a* = (2* + a¥)(z + a)(x — a), assume the
fractions to be
A C 1
P + +

x+a T—a D—a’
hence, A(z*— a?) + B(z*+ a’¥(z - a)
+ O+ &) + @) =1;
1

1 1
.'.A=—E,B=—-&;,C=4—,-.

Hence the fractions are

) 1 1 1
T 2d%(a* + 2%)  4a¥z + a) + 4a¥(zx — a)
z—1

P+ 87 + 21z + 18
Since #* 4- 82* 4 21z 4 18 = (x 4 8)*(x + 2), assume the

fractions to be

A B c _ z—1 .
sretzrstGrer T Ay A2z 1180

hence, A(z + 8)* + B(z + 2Xz + 8) + C(z + 2)

=z-1

5. Find three fractions whose sum is
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Assume x=—8,'C—4
assume z=—2 ... A= -8;
substituting these values of A and C, we find B = 3;
. z—1 _ 8 3 4
P YeRrorr18. z+2tz8 T GroF
82 —-Tx 4+ 6

(z—1) °
82— Tr+6 B (o]
(z—1)® z‘—l+(.1: )’+(x—1)’
and let z=2z-1;

82 —Txr+6 82°—z+42 ]

z

.. 6. Find three fractions whose sum is

Let

then G=1y = pe =

v A=8B=—1adC=2;
82Tz 46 3 1 2
and hence, = T =i I G T

. . . 2Z4pz+gq
7. Find three fractions whose sum is G '1 Y — ]’3’)(‘ -— c%;

Auumethethreeﬁ'acﬁonstobe a+z_b+——-
then since the relation sought is independent of the
value of z, we may assume any value we please for x in
the equation

P24 pr+g= Az — b)Yz —c)
+ B(z — a)(z — ¢) + C(z — a)(x — b),
without destroying the equality.
Now, if x = a, it reduces to
@ +pa+q=Ada—b)a—c);
A= T tpatg
(a—b)a—c)
Similarly, by assuming z = 5, and = = ¢, we find
B PAPEG o Samtg
G—a)t-c (c—a)c —b)’
and therefore
+pr+qg a’+patgq
(x—a¥z—bXz—c) (a—0b)a—c)Yz—a)
P+pbtg gy Ctpety
(b—a)(b—c)(z—b) (¢ — aYc — b)Yz —¢)
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. . . 8x 4 b
8. Find three fractions whose sum is eI ) CEY )

Proceeding exactly as in the last exercise, and assuming
x =2,z = 8, and x = 4 in succession, we find
A=y3,B=—14,andC=¥;
. 8z 45 .1 14 17
CE—DE-8)E—D Zz—3) z—3 7 a1y

9. Find four fractions whose sum is G- 2)2:: fg(’;t :)(z— 8y
Assuming the fractions to be
A B C D
r—atz—atr—etz—w
we have 248z + 4
= A(z — 4)(x — 6)(z — 8) + B(x — 2)(z — 6}z — 8)
+ Clz — 2)(z — 4)(x — 8) + D(z — 2)(z — 4Xz — 6),
in which let =z = 2, then A = — 73
4 x=4 v B=4 2}
z=6 » C=—1%;
z=8, » D=4 33;

. 248z 4
T (@ — 2)(x — 4Xz — 6)(x — 8)
7 2 29 28

=TNHE— T r—1 8G 612G _8

10. Find the sum of the series 1.2 + 2.3 4 8.4 + &c., to
n terms.

Here the general term is »(n 4 1), and such series can all be
summed as follows :—

Assume the series = An® 4- Bn®+ Cn, in which the -highest
power of n is one greater than the number of factors in
each term of the series; then if for » we put n 4 1, this
will be carrying the series one term further, and the
difference of the two series will plainly just be the additional

term ; thus
Ar® 4 Ba® 4 Cn
=1.24+2.34+8.44...0(a4+1) .. (a);
hence, A(n + 1)’ 4+ B(n + 1)*+4 C(n + 1)
=1.242.83+8.44..n(r+1)
+@HEDE+2)  w oen (B);
v.8An 4+ (8A + 2B)n + (A + B +C)
v =n'+81+2 e () —(a.
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Equating the coefficients of the like powers of n on both
sides, gives
8A=1,8A+2B=3,and A+B+4+C=2;
whence, A=}B=1and C=34};
and the series is therefore
1.242.84+8.4...0(n+1)

=}n‘+n’+§n=§(‘n+l){n+2).

11. Find the sum of the series 1% 4 2% 4- 8% 4 4% 4 &c., to
12 terms.

Here the general term is n?; and proeeedmg, a8 in last exercise,
we find the sum of » terms

n(n n(n + 1)(2n + 1)
- 6

12. Find the sum of the series 3. 5+6 8+4+9.114+12.14
+ &c., to 9 terms.
Here the general term is 8n(3n + 2), and proceeding, as in
the 10th exercise,

3An*+ (BA+2Bn+A+B+C
=9n® 4 24n 4 15;
<. A=38,B=1%,and C = §;

hence the sum of » terms is = %"(n + 1)(2n + 8),
which, for 2 = 9, becomes %’ X 10 X 21 = 2836.

13. Find the sum of n terms of the series 1.2% 4 2.8?
+ 3.4 4 &ec.
Let An* 4- Bn® 4 Cn* 4 Dn

=1,2"4+2.8%+...2(n 4+ 1)*;
then A(n + 1)+ B+ 1+ C(rn+1)*+D(n +1)
=1.2242.8"+ ...n(n + 17 + (n + 1)(n + 2)%
Subtracting the first equation from the second, we have
4An® + (6A + 3B)n* + (4A + 8B 4 20)n
+A4+B+CH+D=n*+5n'+8n+44;
hence, 4A =1, 6A 4- 3B = 5, 4A -8B 4 2C =8,
and A+B4+CH+D=4;
e A=4B=%C=%andD =4

*. the sum of 12 = 650.
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. 3 3 .
Themmistberefore%+7—g—+-7£—+%” o
=%(3n+5)(n+2)(n+l).

let;:. Fi:xd the sum of n terms of the series 1® + 2! 4- 383
+ A,n:n.ming the series, as in the 13th exercise, we find, after
subtracting,
4An® 4 (6A + 3B)n* 4 (4A 4 8B 4 2C)n
+A+B4+C+D=n*+4+82"4+8n41;
hence, 4A = 1, 6A + 8B = 38, 4A + 8B + 2C = 8,
and A4+B4+C+D=1;
s A=4,B=3}C=%4andD=0.

4 3 3
The eum is therefore "T-{-%-{-"T:fﬁ:'—l)' = the

square of the sum of the numbers.

15. Sum the series 1.2.8 4 2.8.4 + 8.4.5 + &c,, to
u terms.

Here the general or nth term is n(» 4 1)(»n + 2); and
assuming the same series, and operating, as in the 18th
exercise, we find

A=}3B=¢C=%3,and D = §;
.1.2.842.8.4 4+ ..a(a+1)n+2)
nt  6n* 112  6n

rt ot tT
= 2(u+l)(n+2)(n+3).
16. Sum the series 1.3.5 + 2.4.6 4 8.5.7 + &c., to
n terms, and find the sum when n = 20.

Here the general or nth term is a(n 4 2)(n + 4); and
assuming the same, as in the 13th exercise, we

A=}B=w,C=%,andD=12%9;
.1.8.54+2.4.64...2(n+2)Yn+4)

nt  10n* 292 @ 20n
=Tttt +t7
= ;(n + 1)(n + 4Xn + b).

And making n = 20, in the above result, we have the sum of
20 terms
=B X 21 X 24 X 25 = 68000.
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17. Find the sum of 16 terms of the series whose general term

of n

is (2n 4- 1)(8n — 1); and find the general expression for the sum
terms.

Since each term of this series contains only two factors,
assume the same series as in exercue 10, and it will be
found that

A=2B=}C=4;

and therefore the sum of » terms
= 2n‘+§n’+§n=§(4n+3)(n+])—n.
For n = 16, the sum i8 4® X 67 X 17 — 16 = 9096.

BINOMIAL THEOREM

. ‘Expand by the Binomial Theorem
1. (@ + 2. . . . . =a'+4 2ar 4 2%
2. (@ — 2), . . .. =d—2%a+
8. (A 4220 . . . . . =1 +4x 4422
4 Q1 -2 . . . . =1— 8z + 82% — 2°
5. (1 +22), . .. =146z 412224822
6. (a + 8z), . «  =a*+ 9%’ + 27az® + 272°
7. (2a—3z)%, = (2a)*— 8(2a)*(8z) + 3(2a)(3z)* — (8z)*
= 8a® — 86a’z + Bdax® — 272
8. (1 + 2),. . . =1+ 4z 4 62* 4 4% + 2.
9. (1 —22), . . =1 — 8z 4 242* — 322* 4 162",
10. (1 +82)%. . =1+ 122+ 54z° 4 1082 + 81z
1. (a + 2)% = a* 4 ba'r + 10a°2* + 10a’2* + Baz* + 2.
12. (1 4220, . =110z + 402% 4 80z* + 80z* + 322,
18. (1 —8x)%, =1 — 16z + 90z* — 3702 + 4052* — 2432°,
U (@ +42), =d' + fa'z + §a2* + 362 + fpaa* + gy’
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15.

- 16.

17.

18.

19,

20.

21.

22.

EXERCISES IN ALGEBRA.

(Za - 33)‘1
= (2a)* — 5(2a)'(8z) + 10(2a)*(8x)* — 10(2a)*(8z)*
+ 5(2a)(8z)* — (8z)*
= 82a" — 240a*z + 720a%* — 1080a°z* + 810az*

— 2432%,
1 +32),
=1+ 18z + 1852° + 5402 + 1215z* + 14582°
+ 7292%
(2a — =),
= 64a® — 192a°z + 240a'2® — 1606’ + 60az*
— 12ax® 4 28
‘(l - 43).’
=1 — 24z + 240z% — 1280z 4 3840z* — 614425
-+ 40962%.
(2= 4 8y),
= (20)° + 5(22)'(8y) + 10(2r)*(3y)* + 10(2z)(3y)*
+ 5(2x)(8y)* + (8y)*
= 822" + 240z'y + T202%* + 1080z%" + 810zy*
+ 248y".
(82 — 2y)%,
= (8z)* — 5(3z)%(2y) + 10(8z)*(2y)" — 10(8z)*(2y)*
+ 5(8z)(2y)* — (2y)°
= 24025 — 810z%y + 1080z%* — 7202%" + 240xy*
— 324
a + =% 72* 4 62"
=1 --2::-;-332 42 4 B2t — 628 f T o
a - 2, T2® — 67
=1} 22 4 822 4 42° + Bz* + 628 + = =
A +22),
=1 — 6z + 242% — 80z* + 240z* — 6722% +&c.
. -3
a+ 3, '
—( z )'—:a 824 + 628 — 102% + 1527
=G/ =7 - %+ +
— 212% 4 &ec.
15 21
—(x+l)=1 + z""F‘?"'&c

The former expansion will give a converging series, if z is very
small ; and the latter, if x is very great.




25.

217.

29.

8L

32.

385.

(1 —*z)",

C Sl4r i B A A+ e
A+ 2 . =ldje—i+ A2 — rhet + b
@ = 2 . =lode— e — e — phet— b
(@ + =, o]

, =a{1+i§—%—}+ﬁ§—rh§+&m},
T R 2
orat ¥ — 5 + A — heor + &
(@ — M, ]
S~ 45— b - A — ey — &),
4
I
(@ + 2} .
g T B LA Sy Ea gy vS |
(@ — 2} P z*
=d{1—}:—}?—ﬁ?—§£,?—&c.}.
(1 - x)-’:
=14+ 8 + A2 + A + oo
1.8.5.8c.(2r—1),
t 3 i6&@n T
a’_ -‘s ]
¢ = 4 Jat? 4 Jas et + A I e
1.4.7.8.(3r—2) _u,
+=56.9. 8@ ° et
a - 1’)-': '
=14+ Yo' + 8+ 1 e
8.5.7.80.(2r + 1)
+ 31680 ° T
@ -2 47y,

BINOMIAL THEOREM.

=(1—2=1— 6z + 152 — 202* 4 1824

— 6z + 2%
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36. (1 + z+ 2%,

{45 + P = (1 + 2P+ B+ et
+10(1 4 z)*z* + 10(1 4 x)*2°+(1 + z)2° 4 2.
Again, expanding each of the terms within parentheses,
and collecting the same powers of x into one term, the

expansion becomes

1 4 bz 4 152% 4 802* 4 45z 4 512 4- 452°
+ 8027 4 152% 4 b62° 4 2™,

. A=z -+,
—{(l—x + 2P =0 — 2 4+ 51 — :t)‘::’
+ 10(1 — 2Y%2* + 10(1 — z)2* 4 B(1 — z)2 4 %
=1— bx + 152 — 302° + 452* — 512° 4 45s°
— 80z 4 152°— 52® + .

38. Find an appronmate value to the cube root of 81 by the

Binomial Theore!
B} = (27 + b = 81 + A
Hence, in 30th exercise, for a substitute 27, and for = substi-
tute 4, and then find the numerical value of each of the
terms, and the result will be the value sought, which is

81414 ; or, more nearly, 3-14138.

39. Find an approximate value to the \/120.
Since 17 = 1, and 27 = 128; .*. \/120 is less than 2;

but /120 = /(128 — 8) = 2/(1 — 18s) = 2(1 — g\t

and 2(1-i" 2(1——*
=21-%. ?“‘* -4 (2') —+4 3x7 2‘) &e.
1 3 39
=21 - 115 ~ To541 — f21a78L — &)
1
§ip = 0089286
3
TR = 10002892
39
Tigrgi = 10000090
Sum = 0091768
Subtract from 1
Remainder, 9908282
. 2

ot a/120 = 1'9816464



BINOMIAL THEOREM, 107

40. Find the term wlnch involves a™)" in the expansion of
(a%4- ab)".

- Here the power of « in the first term of the expansion is the
27th, and its powers will diminish by 2 in each successive
term, (27 — 18) + 2 = 14 = 2 = 7, the number of term
before that sought; it is therefore the 8th, which is also
evident from the power of b.

.7.6.5.4.3
Thereforetheterm:s 1567

1327 — 1327
3. ~a'b’ = 86a'*b’.

41, Find the 5th term in the expansion of (a + 5)%,
o 8XTX6X5

Ly J— d74
1.2.3.4 20 =70l
42, »  6th " expansion of (@ — )",
n(n—l)(n—2)(n—3)(n—4) an-5g8
1.2.8.4.5 ’

) 12
43. ” 8th term in the expansion (1 — E y
Z.

o _12x11X10x9X8XTX6-1 _ .00 1
= 1.2.8.4.56.6.7 "o G

44. »  bBth term in the expansion of (a* — z?)i,

¥
(a® — 2 = a*(1 —f—,—); and hence the 5th term
. gx*x-—;x—-g(_i‘_ 2
=e X 2.3.4 a’)_d’a"

45. Find the (22 + 1)th term in the expansion of (a 4 )"
Here » must be even, and the term sought is the middle
term, which is

an — D —2).&c.(Gn+ 1) 22
1.2.8.4.&c in '




SERIES

1. Find the first term of the second order of differences of the
series 1.2,4+2.8 4 8.4 4 &c,

d,=a—ub+’-t(L2:]—)c=2—2.6+l2=2.

2. Find the first term of the third order of differences of the
series 1.24+2.34+8.4+4+4.5 + &c,

n(n — 1) n(n — 1)(n — 2) i

dy=—a+nb— ¢+ 153
=—-2+3. 6—3 12 420 =0.

3. Find the 7th term of the series 2 4 6 4 12 4 20 4 &c., in
terms of its several orders of differences.
The general formula for finding any term of a series in terms
of its differences is, the nth term =
-1
ot (n— g+ =02y
(n — 1)(n — 2)(n — 3)’,
1.2.8 s + &,
where a = the first term of the given series, n = the num-
ber of the term sought; and d,, d, (é &c., the first term of
the first, second, third, &c. orders of dlﬂ‘erenoes H
6x5

+. the term sought =2 4 6 x4+—-——x2._56

4. Find the first term of the third order of differences in the
series 1.2.342.8.443.4.564+4.5.6+ &c., . . =6.

5. Find the 12th term of the series whose first term is 6, first

difference d, = 18, second difference d, = 18, third difference
dy; = 6, and fourth difference = 0;
11 X 10 11 x10x9

12th term = 6 4 11 X18 4 x18 + X6=2184;

1.2.38

or, from the first term and the differences the series itself
may be found, which is that given in the 4th exercise;
hence the term sought is evidently

12 X 13 X 14 = 2184.
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6. Find the sum of 18 terms of the series 8 +'11'-l:31 + 69
+ 131 4 &c. ) .
Herea=8,d,=8,d,=12,d,=6,d,= 0, dnd n = 185

18x17 18x17x16
.8 =18X3 4 12 X8+‘ 1.2.3 x12
18X17x16x15
—1.2.5.4  <8=720480.

The general term of this series is {n* + (n 4 1)}.

7. Find the sum of 20 terms of the series 4 4 10 4 18 4 28
+ 40 4 &c.
Herea=4,d,=6,d,=2,d, =0, and n = 20;
20x19 20X19x18
1.2 X6+ 1.2.8

The general term of this series is n* 4 3n.
8. Find the sum of 30 terms of the series 8 4+ 7 4+ 13 + 21

+ 31 + &e.
Herea=38,d,=4,d,=2,d; = 0,and n = 30;
30x29 30%x29x28
»c.8=80X3+ 13 X4+ 12,8 X2 =9950.
The general term of this series is n* 4 n + 1.
9. Find the 100th term of the series 2 4 7 + 14 + 28
+ 84 + &c.
Herca=2,d =5,d,=2,d;=0, and » = 100;
.- the 100th term = a + (n—1)d; + BN =Dy

9 ; 98 2 = 10199.

The general term of this series is #* + 2n — 1.

i 10. Find the 40th term of the series 2 4 11 4 82 4 71
+ 184 + &ec.
Herea=2,d,=9,d,=12,d;,= 6,d,= 0, and n = 40;

(r—1)(n —2)
.'.the40thterm=a+(n-—l)d,+——ﬁ—-d,

+ (n— 1)(n — 2)(n — 8)

o8 =20X4 4 X2=28500.

=2 4+ 99X5 +

A
1.2.3 hd
=2 +39x9+six§8x12+39f3:>;37x6

= 2 + 851 + 8892 + 54884 = 64079.
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11. Find the sum of 30 terms of the series 2 + 11 + 83 4 71
+ 184 4 &c.
Herea=2,d,=9,d,=12,d;=6,d,=0,and n = 30;
a(n — 1)(n —2),
1.2.3 ¢

a(n—1)(n - 2)(n—8),
+ 352 d, = 217126.

The general term is #* + 2n — 1.
12. Find the series of whicha =38,d, =6,d,=2,and d; = 0;
and find its nth term, and the sum of 12 terms.
The series is 8 + 9 4 17 4 27 4 39 4 &ec.
Its nth term is n® 4 8a — 1.
The sum of 12 terms is s = 872.

13. Find the series of whicha = 2, d, = 7, d, = 12, d, = 6, and
d, = 0; and find its general term, and the sum of 20 terms.

The series is 2 + 9 4 28 4 65 4 126 + &c.
Its general term is n* + 1.
The sum of 20 terms is s = 44120.

14. Find the series of whicha=5,d, = 6,d,=2,and d; =0
find also the general term, and the sum of n terms.

The series is 5 + 11 4 19 4 29 + 41 4 &e.

Its general term is n* 4- 8n 4 1.

The sumn of n terms is

n(n—l)x6+n(n— 1)(1:—2))(2

S8 =na+ "(t;.—Zl)d'-'-

8=bn+

1.2 1.2.8
_80n 182 —18n  2n' — 6n’ 4 4n
=% t— % +t %

_ 20% 41207 + 16n

- = g(n + 2)(n + 4).

15. The general term of a series n* — n* 4~ 1; find the series,
the first term of the several orders of differences, and the sum of
20 terms.

The series is 1 4- 9 4- 55 4 198 +- 501 4 &ec.
The differences are d, = 8, d, = 38, d, = 54, d,= 24, d; = 0.
The sum of 20 terms = 678586.
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16. Find, by the method of subtraction, the sum of the series
1 1 -1 1
ists st 7t @ oD@ P " terms; and
also to infinity. .

1 1 1 1
Let I+§+’5+7+--—2n_1—3 (@,

1
M1 Sn+1 +1 O

) 2 2 2 2 _ o
S @-O 13t stE gt @) — el

1 11 1 n
hence, 73+ 35+ 5.7t @amD@TD — BT

1.1 1 1

Thergggre the sum of » terms is 2n’_'*_1; and if n become
infinite,
n 1
2n4+1" 1

1
=3

17. Find, by the method of subtraction, the sum of the series

1 1 1 1
sttt Go DTy
also to infinity.

to n terms; and
n PSP
The sum to » terms = erEank and to infinity = .

. . 1
18. Find the sum of the series 11 + 73 + ﬁ
a (n + 3y , by the method of subtraction to » terms, and to mﬁmty

Let i+§+§+z+...;=
1 1 1 1 1
then Z+—5-+§+7+...W§

8% 4 122 + 11 .
(n+l)(n+2)(n+8)—¥’
. 3 . 8 3 8
subtracting, T2 + 25 + 6 + e D)
=y - 8n? 4+ 122 4 11
- (n+1)(n + 2)(n + 8)’

=8+
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1 1 1 1
17+2.5+3.6+“‘n(n+3)
— 1 8n% 4 12n 411
=H 8(n + 1)(n+2)(n + 8)’
which is the sum to n terms.
If n be infinite, this sum reduces simply to 4.

Hence,

. . 1 1 1
20. Find the sum of the series 1.2.$+2.3‘4‘.|.3.4.5
+ &c., to » terms ; and also to infinity.
__ n(n+3) o
n terms = 4("+1xn+2),tomﬁmty._}.
. . 2 + 8
21. Find the sum of the series 1.3.5.*-3.5.7.{.5.7.9
+ &c., to n terms ; and also to.infinity.
vorms — __MAED
" = 20@n + D)@n F 5y 1o infnity =
: . 5 7
22. Find the sum of the series 133 .4:4-2.3.4.5
+3—4—5—7+&c.,tonterms;andalsotoinﬂnity.
n terms = n(nt4)

S+ D F 9 Ay =4

3 1 7 9
28.1‘;:11(1 the sum of the series y—a— 6+2 1.5.7

m——-—-+&c to n terms ; andalsotomﬁmty.
The general term of this series is

*.(n+3)(n+5)—n(n+2).

7(n + 2)(n + 8) + 6)

n(Tn® 4 84n® 4 303n 4 806)
20(n + 1n + 2)(n + 4Xn + B)
and the sum to infinity = 7.
Let }+ 4+ 3+ %+ &, tonterms = s, i
” 14+3+34+1+ &, » v =S,
v t+i+E+r+ & v r= Sy
and} + 4+ 3+ 4+ &y "= 8y

then the series may be formed, and its sum found to
n terms, by performing the following operation :—

Hils, — 52) — 3(5 — 80} :

+

The sum of » terms =
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. . 2 3
24, Find the sum of the series 1.3.5.7+8.5.7.9

+ &c., to n terms, and to infinity.
n(n + 3)

10(2n + 1)(2n + 5)

and the sum to infinity = ;.

tEre.
. The sum of n terms =

HIGHER EQUATIONS HAVING NUMERICAL COEFFICIENTS.

1. Form the equation whose roots are 3, 7, and — 9,
= 2* — 2 — 69z 4 189 = 0.

2. 3 ” " » are 10, 6, and — 1,
=2 —152% + 442z — 60 = 0.
8. " o ” » are b, — 6, and — 4,
= 2* + ba® — 26z — 120 = 0.
4. " " " » are 2, 4, and 8,
=2 — 142 4 56z — 64 = 0.
5. ” " ” » are2, — 8, b, and — 6,
= z* 4 22° — 862 — 86z 4 180 = 0.
6. " " whose roots are 2, — 2, 5, and 1,
=z' — 6z2® 4+ 522 4 24x — 20 = 0.
7. " ” whose roots are 3, 4, 5, and 6,
= z* — 182* 4 1192% — 342z - 860.
8. " " whose roots are 12, — 1, — 8, and 4,
= 1* — 122° — 182% 4 144z + 144 = 0.
9. " v whose roots are 1, — 1, 2, 8, and 5,
= 2% — 102* 4 802* — 202° — 81z + 80 = 0.
10. ” " whose roots are 8, 7, — 4, — 6, and 1,
| = 2% — 2* — b62® + 252° + 534z — 504 = 0.
‘ 11. " " whose roots are 2, 8, 2 4 4/ — 8, and

12. Form the equation whose roots are 8 4 »/— 2, 3—4/—2, 5,
and 7, . . . =gz'— 18s® 4 1182° — 342z 4 885 = 0.
18. Change the, equation z* — 6z* 4 21x — 80 = 0, into
another wanting the second term, . . =y —9—4=0.

14. Change the equation z*® 4 122> — 72r 4 86 = 0, into
another wanting the second term, . =3 — 120y 4 462 = 0.

) 2—/—8, . . . =z'—9248322—59z+42=0.
|
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15. Change the equation z* — 122° — 132? 4 144z 4- 204 :d o,
into another wanting the second term, '
=y' — 67y° —l50y+276_0

16. Change the equation 2*—10z*4-302*—202—81x 4 80=: 0,

into another wanting the second term, =y — 10+ 9y = 0.
17. Change the equation z* + 62— 21z + 80 = 0, into another
wanting the second term, . . =y*—88y+88=0.

18. Given the equation 2® — 5::’ — 2z 424 =0, to find the
equation whose roots are the double of the roots of the given
equation; and also the equation whose roots shall be half the
roots of the given equation,

_{ —lOy’—8y+192‘-0
~ Tand 8y° — 20y* — 4y + 24 = 0.

19. Given the equation z* + z* — 822? + 12z + 144 = 0; write
the equations whose roots are respectively double, and one'ha.lf the
roots of the given eq\mtion,

‘+2y'-— 128y’+96 + 2304 = 0,
and 16y* + 8y* — 128y° + 24y + 144 = 0.

20. Find the equatxon whose roots are three times as great as

the roots of the equation 2* — 4z* — 72* + 22z 4 24 = 0,
= y'— 12® — 634" + 594y + 1944 = 0.
21. Find the equatlon whose roots are one-thn'd part of the
roots of the equation z* — 42® — 72 4 22z 4 24 =
= 81y* — 108y* — 63y + 66y +24=0.
' 22, Change the equation z* — 6z° 4 z* 4 24z — 20 = 0, into
another whose roots shall be the reciprocals of its roots,
c =20y —24* — y* + 6y —1=0.

28. Change the equation z* — 42® — 7z* 4 22z 4 24 = 0, into

another whose roots shall be the reciprocals of its roots,
=24 + 22— Ty'— 4y 4+ 1=0.

24. Find the equation whose roots are greater than the roots of

the equation 2* — 2 — 69z + 189 = 0, by 2,
—y‘—7y’—53y+315—0

25. Fmd the equation whose roots are less than the roots of the

equation z* + 22° — 852® — 362 + 180 =0, by 1,
= y* + 65° — 233* — 96y + 112 = 0.

26. Find the equation whose roots are less by 2 than the roots

of the equation z2* — 182° 4 1192% — 342z + 360 = 0,
=y* — 10y® + 35y* — 50y + 24 = 0.

27. Find the equation whose roots are less by 5 than the roots

of the equation z* — 122° — 13:::2 + 144xr + 144 =0,
= y + 8y° — 43y’ 386y 336 = 0.

28. Diminish the roots of z* — 62 + 2® + 24xr — 20 =0, by a

quantity greater than the greatest positive root,
= y* + 184* + 109y* + 252y + 160 = 0.
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" Find the roots of the following nine equations l;y the method
of divisors :—

29, 2 — 422 — 17z 4+ 60 =0, =38, b5,and— 4.
30. 2* — a?— 44z + 84 =0, =6-1 » 2.
3l. 2 — 1022+ 8lz — 80 =0, =5 8 » 2.
32. 2 — 92— 10z + 168 = 0, =7 6 » — 4
83. z* — 2022 + 111z — 180 = 0, =8 &5 » 12
34, 2* — 182 + 16z + 84 =0, =2 17, » — 1.
85, z*— 1122 — 17z + 195 = 0, =7 9, » — B
86. 2 — 79z +210 =0, . . =3 7, » —10.
87 41622+ 2z —812=0, =4, —6, » —13.

38. The equation z* 4 7z + 9a% — 27z — 54 = 0, has three
equal roots ; find all its roots.
The three equal roots are each = — 8, and the other root
= 4+ 2.
39. The equation z* — 42® — 182% 4 28z 4 60 = 0, has two
equal roots; find all its roots.
The two equal roots are each = — 2, and the other roots
are = 8 and 5.

40. The equation 2* — 19z* 4- 1142® — 2882% 4 205z — 68 = 0,
has three equal roots ; find all its roots.
The three equal roots are each =1, and the other roots
are = 7 and 9.

41. The equation zf— 12z* 4 392* 4- 442* — 432z +4 576 = 0,
has three equal roots; find all its roots.
The three equal roots are each = 4, and the other roots
= 8 and — 3.

4" Find a root of the equation z* — 7z* — 45z + 96 =
=1 7694192

43. Prove by Sturm’s Theorem that the equation z*— 7z*— 45z
+ 96 = 0, given in last exercise, has other two real roots, one
between 10 and 11, and the other between — 5 and — 6; and find
these roots, . . . = 104316089, and — 5-2010281.

44. Prove that the equation z* 4 2z% — 512* + 44z 4 252 = 0,
has two positive and two negative roots; analyse it by Sturm’s
Theorem, and find its four roots.

The roots are  3:8284272, 4-3245554,

— 18284272, and — 8'32455564.
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45. Find one positive and one negative root of the equation
z* + 82® 4 72% 4 28z — 100 = 0 ; and prove by Budan’s or
Sturm’s Theorems that the other two roots are imaginary.

z = 17897628, and — 4-2305476.

46. Prove by Budan’s Theorem that the roots of the equation
7* + 22* — 892 4 80x — 45 = 0, are all real; and find the four
roots.

The roots are 1-1097722, 1-381966,

8618034, and — 8-1097722.

47. Prove by Budan’s Theorem that the equation 2*-- 62— 42*
+ 7z — 9 = 0, has two imaginary roots, and find its two real
roots.

The real roots are ‘950065, and — 6:7833089.

48. Find the four roots of the equation z* — 80z* 4 1998z*
— 14937z 4 5000 = 0.
The roots are 32:060291, 12:756442, ‘350987, and 84-882280.

49. Find the four roots of the equation z* 4 812z° 4 2833727
— 14874z + 2360 = 0.
The roots are °816664473, — 126:316664473, 316665178,
and — 186-316665178.

50. Find the negative root of the equation a® — 82z® 4 72z
— 1852 4 860 = 0, which lies between 6 and 7, and prove that
the equation has two imaginary roots.

The root sought is = 6:88855 nearly.

CONTINUED FRACTIONS.

1. Reduce 3%2— to a continued fraction, and find the agproxima.te

convergent fractions.
Quotients =2,1,8,1, 2,2, 8.

Conv: ’ nt'_lliiﬁf’ﬁadﬂﬁ

ergents =2 3 I 19’ 39 92 "V 315"

2. Reduce %% to a continued fraction, and find the approximate
convergent fractions. ’ '

Quotients =1,4,1,1,1,2,8,1,8.

Convergents =5 61117 45 152 197 and ;_:%
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3. Reduce 861 to a continued fraction, and find the approximate

965
convergent fractions.
Quotients =212,1,87.
. 1138 4 351
Convergenta = §, '5, §, ﬁ’ an m-

4. Reduce 251 to a continued fraction, and find the approximate

764
convergent fractions.
Quotients =3,22 1,4 2.
: 1 22 28 114 251
Convergents =357 70’ 347 and 7oL
1769 . . .
5. Reduce 5587 to a continued fraction, and find the approxi-

mate convergent fractions.
Quotients =38,7,1,2,4,5,1,2.

Convergents —1 I 828 1_0_0 ———523 623 and ———-1769
Tge 3 22’ 25’ 72’ 818’ 1637° 1950’ 5537

6. Reduce 158) 5; 1 to a continued fraction, and find the approxi-

mate convergent fractions.
Quotients =20,2,7,5,2,1,8.
1 2 15 77 169 246 907

Convergents = o 11" 307 1576 3459' 5085 “™* 18561°

7. Reduce 193473 to a continued fraction, and find the approxi-

mate convergent fractions.
Quotients =3,8,4,2,3,1,1,2.
Convergents =13 1329 100 129 229 and 587
ge 3’ 10 43’ 96’ 331’ 427 758’ *° 1948
1947
8. Reduce 3359 to a continued fractmn, and find the approxi-
mate convergent fractions.

Quotients =1,1,2,1,1,1,8,2,1,1,2, 8.

1134 7 11 40 91 131222575
Convergents = =, =, =, =, ==, = = sy omy —or,

1947

and m-
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13957
9. Reduce —— 59476

mate convergent fractions.
Quotients =4,8,1,4,1,2,1,11,2,6.

to a continued fraction, and find the approxi-

Convergents —1 5 4 19 23 65 88 1033 2154

CBENB =D 13 17 81’ 98 277 375’ 4402 9179
ang 13957
59476

10. Find the successive converging fractions of the moon’s
gidereal period, which is 27:3216612 days.

. 10000000

Quouentsofm—a 9, 5, 2,1,1,1, 16,1, 11, 1 8.

Convergents = 1, 0. 46 100 147 248 895 G55 "y,

and adding 27 days to each, give the approximate lunar
period in days
82 765 3907 8579 12486

&e.;

that is, the moon revolves 8 times in 82 days nearly;
28 times in 765 days, more nearly ; 143 times in 3907, still
more nearly ; and so on. The third and fourth fractions

differ by 1 4;02 of a day, and hence each of them dxﬂ‘en

from the true period by a fraction of a day less than—— ’y 49 03

11. Find the successive converging fractions which express the
approximate ratio of the years of Mercury and the earth, the
year of Mercury being 87:969255 days, and that of the earth
365°256884 days.

Quotients =4,6,1, 1,2, 1, 5,181, 1, 12, 1, 5, 10.
Convergents = 1 i _7_ E is_ iﬁ_ .—-263 -——3*499
3 4728; T4 25 29 54 137 191 1092’ 143248

144335’

12. Find the successive converging fractions which express the.
approximate ratio of the years of Venus and the earth, the year of
Venus being 224:700817 days, and that of the earth 865:256384
days. . .
Quotients =1,1,1,1,2,29,2,27,1,1,2,2,4,7,8,1,3.
Convergents __1 l g § 8 23 4_7§ 13141 13619
LoonvereenS =1, 2 ¥ B 18 382 777 21860 22188

26760 &
43499’



CONTINUED FRACTIONS. 119

13. Find the converging fractions of the /3.

The continued fraction =2 — > 1
4 — i_ _1_
4 — &ec.
Convergents 72697 862 1851 .

14. Find the converging ftactlons to the /5.

The continued fraction = 2 + Z +
4 + 7 &
9 38 161 682 2889

Convergenta Z, ﬁ, E 3—05-, im, &e.

15. Find the converging fractions to the 4/19.

The continued fraction = 4 + 2—: TF 357 I 24
1 1

5F 34
4 9 13 48 61 170 1421 3012
Convergents =3, 3 3 17 12 59° 526" &1
16. Find the converging fractions \‘.o the 4/81.
- 1 1 1 1

The continued fraction = 5 + T—F 17 5+ 55 8%

1 1
T+ 1+ 10 +’ &e.
Convergents = § g H .3_? ?26. ﬂ %‘?’. ___1520 16063 &e.
Tge TT1 27 87’118 155 273" 2885

17. Find the converging frwctnons to the // 45,

The continued fraction = 6 + ™ 1

RIS
+ 2+ 2+ 3+

1 1
ire®
Convergenu ._.§ Z 2_0 g I_M. E 2_049_6. &e.

18. Find the converging fractions to the 4/28.

The continued fraction = 5 + — 1 1 -l— —-1——, &e.

3+ 2+ 8+ 104

Convergents = 4 l‘f i’{ 127 13077, &e.



INDETERMINATE EQUATIONS.

1. Divide 142 into two éuch parts that one part may be divisible
by 9, and the other by 14.

Here 9z 4 14y = 142;
c.z=8,andy=>5;
.*. the parts required are 9z = 72, and 14y = 70.

2. Find the least integral values of z and y that fulfil the
conditions of the equation 192 — 117y =11, . x=156,y=09.

8. Find all the integral values of x and y that the equation
18z 4 14y = 200 admitsof, . . . . z=10,y=25.

4. Find all the integral values of z and y that fulfll the
conditions of the equation 7x — 18y =6, . . x=12,y=6.

5. Find a number between 100 and 200, which, when divided
by 12, leaves a remainder of 10; and when divided by 15, leaves
a remainder of 4.

Equation 12z + 10 = 15y + 4; number = 154,
6. A boy has between 100 and 400 marbles, and finds that when

he counts them by 13’s, there are 9 over ; and when he counts them
by 17’s, there are 14 over: how many had he?

Equation 18z + 9 = 17y + 14 ; number = 269,
7. Find the integral values of z and y in the equation 9x + 18y
= 2000;
z = 218, 202, 189, 176, 163, 150, 187, 124, &c. .
y= & 14, 23, 82, 41, 50, B9, 68, &c} 17 solutions.
8. Find the integral values of z and y, and the number of
solutions in the equation 11x + 18y = 290;

r=24o0rll,

y= 2o0r 13} Only two solutions.

9. Find two integers such that if the first be multiplied by 17,
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and the second by 26, the first product shall be greater than the
second by 7.

The equation is 17z = 26y + 7; and the numbers sought are
z = b, 81, 57,
y =8, 20, 37,
10. Divide 1591 into two such parts, that one may be divisible
by 23, and the other by 34.
Here 23z 4 34y = 15691;

.z =4Tor18,y = 15 or 88.
The parts sought are 1081 and 510, or 299 and 1292.

} &c., number of solutions infinite.

11. Find two fractions having 7 and 11 for denominators, whose
sum is equal to #3.

z 43
Here7+1 77,01'11:;:+7y 43;

= 2,y—3
and the fractionsare;, and .

12. Find three fractions having prime numbers for their
denominators, and whose sum shallbe 383, . . =44 &

13. A person buys 124 head of cattle—namely, pigs, sheep, and
lambs—for £400. The pigs cost £4, 10s. a head; the sheep,

£3, 3s. 4d. ; and the lambs, £1, bs. ; how many did he buy of each
kind ?

Here 4dz + 8hy + 13z = 400, @ = 17, 40, 63,
s+ y+ z=124;"" y = 99, 60, 21,
i z= 8,24, 40.

14. Find three integers such that if the first be multiplied
by 5, the second by 13, and the third by 18, the sum of the
products shall be 997; but if the first be multiplied by 11, the
%econd by 20, and the third by 37, thie sum of the products shall

e 1866.

_ z = 16,

Here bz + 18y + 18z = 997, | y = 29,

= 80.

15. Find the number of integral solutions of the equation
8z + Ty + 17z = 100.

Since z cannot be less than one, and must be an integer,

take z = 1, 2, 3, &c., and we have the following equations
in z and y.

11z + 20y + 87z = 1866; ° °



122 EXERCISES IN ALGEBRA.
8z 4+ Ty = 88, in which r = 23, 16, 9, 2,y = 2, §, 8, 11;
8x+Ty=66, =~ =zx=15 8,1, y=38,6,9;
8z Ty=49, »+ 2x=14, 7T, y=14;
8z + Ty = 82, ” r= 6, y=2;
8z + Ty = 15, no solution:
.*. the total number of solutions is
=4+84+2+4+1=10

16. Divide 80 into three such parts, that if the first be multi-
plied by 7, the second by 19, and the third by 38, the sum of
the products shall be 745.

Here 7z + 19y + 38z = 745,
z+ y+ z= 80;
<.z =6y=11],and z = 18.

THE END.

Edinburgh:
Printed by W. and R. Chambers.
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Wiscelluneons Pablications.

Chambers’s Journal of Popular Literature, Science, and Arts.

Issued in Weekly Numbers, at 1id.; in Monthly Parts, at 7d. and 8}d.; and in
Half-yearly Volumes, cloth, at 4s. 6d.—Volume IIL completed.

Chambers’s Edinburgh Journal.
SECOND SERIES.
This series forms a complete work, in Twenty handsome Volumes, well adapted for

Popular aswell as Private Libraries, for Emigrants, and for Presents ; price L.3, 7s.
in sheets, or L.4, 10s. bound in cloth. Each volume separately, in cloth, 4s. 6d.

The Pictorial Bible;

Being Tue OLp and Nrew TrSTAMENTS, according to the Authorised Version;
with Nores by Dr Kitto. A New and IMmproveDp Issur. In Four Volumes,
8plendidly illustrated with Steel Engravings, Wood-engravings, and Maps. In
‘Weckly Numbers, price 6d., and in Monthly Parts, price 2. .

The Pictorial History of England,
Brought up to the RussiaAN War. A New and ImprovekDp Issve. In Ten
Volumes, illustrated with upwards of 1600 Wood-engravings. In Weckly Numbers,
price 6d., and in Monthly Parts, price 2s.

Chambers’s Repository of Instructive and Amusing Traets.

In Twelve Volumes, fancy boards, at 1s. each; or in Six Volumes, cloth, at 2s.
each. Each Volume is illustrated with Wood-engravings, has a neatly engraved
Title-] , and i8 complete in itself.

Also done up in cloth gilt, at 2s. 6d. each.

Chambers’s Pocket Miscellany.

Illustrated with F P in 12 Vol cloth, price 1. 6d. each; or in 24
‘Volumes, price 6d. each, paper covers.

Also done up in cloth gilt, at 2s. each.

Chambers’s Papers for the People.
In Twelve Volumes, at 1s. 6d. each, fancy boards ; and 96 Numbers, at 14d. each.

Chambers’s Miscellany of Useful and Entertaining Tracts.

In Twenty Volumes, at 1s. each, fancy boards; or in Ten Volumes, cloth,
2s. each. Illustrated with Wood-engravings.

Chambers’s Library for Young People.
This series, which embraces Moral and Religious Tales, History, and Poetry, is
comhlflem in Twenty Vol cloth, illustrated with F P , price ls.
eac

Chambers’s Instructive and Entertaining Library.

A series of Original and Selected Works in different departments of Literature,
suitable for popular Entertainment and Instruction. These Books For THx
PgopLx are published in Volumes, cloth.—~Twenty-three Volumes issued.

Chambers’s Idformation for the People.

A New and Improved Edition, complete in Two Volumes, price 16s. cloth;
in 24 Parts, at 7d. ; or 100 Numbers, at 1}d. each.
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\ Chambers’s Cyclopsdia of English Literature.

I A Critical and B:ogra.phieal History of English ‘Writers in all departments of

- 3 ill d by sp of their Writings.

\ Two Volumes, 14s. cloth. \
Chambers’s People’s Editions.

‘ A series of Original, Translated, and Selected Works, printed in double columns,

8vo, and, from their cheapness, adapted for the use of the less opulent classes of
the community.

Chambers’s New and Improved Atlas for the People.

EDITED BY W. AND R. CHAMBERS,
‘ Publishing in Monthly Numbers, each containing Three Maps and a sheet of

Letter-press, in a printed wrapper. The Work will be completed in Twelve
Numbers. Price of each Number, 1s. 2d.

; -
e .Chambers’s Atlas for the People.
AV First Edition.
| Consisting of Thirty-four quarto Maps, coloured in outline, illustrative of Modern
and Ancient Geography. Price 12s. 6d. cloth,
Tales for Travellers.
A SELECTED FROM CHAMBERS'S PAPERS FOR THE PEOPLE.
}(§ )2 § In Two Volumes, cloth, illustrated with Frontispieces, price 2s. 6d. each.
Ig/()()( | Selections from Chambers’s Repository and Miscellany.
KAEX TALES for ROAD and RAIL. 5 vols,
AHAF | SELECT POETRY. 1 vol.
KERY | HISTORY and ADVENTURE. 2 vols.
KEKE | TRAVELS and SKETCHES of SCENERY. 1 vol.
- ENTERTAINING BIOGRAPHY. 38 vols.
Each volume complete in itself, price 2s. cloth, or 2s. 6d. extra cloth gilt.
. Commercial Tables; '
Consgisting of Reckoning, Interest, A ity, Money, Weights, Measures, and
other Tables; and forming a convenient Manual for the Warehouse and Counting-
| room. Price 3s. strongly half-bound.
Things as They are in America;
Being the NARRATIVE of & Tour in BRriTisn AMERICA and the UNITED STATES.
By WiLLiAM CHAMBERS., Price 6s. post 8vo, cloth lettered.
Improved Dwelling-Houses for the Humbler and other Classes
in Cities.
Based on the Scottish Dwelling-House Syseem. With Plans. By W, CHAMBERS.
Price 1s. 6d.
‘Works of Rob
. In seven post 8vo volumes, embellished
: Cookery and Domestic Econ
A0 In One Volume, neatly
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