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PEEFACE.

ri^HIS book, as is obvious from its size, is not intended

to be an exhaustive treatise on Pure Geometry. It

consists of a course of lessons on the subject, which are

adapted to the requirements of students who, after laying

the foundations of Geometry in Euclid or his equivalent,

have studied the properties of the Conic Sections as

derived from their focus and directrix definition.

It is assumed that the reader has had practice in the

working of examples, and that he is in a position to go on

to some of the more modern developments of Geometry.

The methods of Coordinate Geometry are excluded

from this work, but not so its ideas, with which it is

supposed that the reader is already acquainted.

The writer of this book has been led to put together

these chapters by the feeling, which is the result of some

experience in teaching the subject, that no book at

present exists which exactly meets the needs of the

particular class of students he has in mind. He hopes

however that the present course may serve to prepare

students who wish to specialise in Pure Geometry to

a 3
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VI PREFACE.

study some of the books on it already in existence.

Students of mathematics who do not seek to be specialists

in this particular .branch of the science will, it is hoped,

find in this course what is needed for their purpose. No

student of mathematics, however analytical his bent may

be, can afford to be ignorant of the modern methods of

Pure Geometry.

It is impossible to draw a hard and fast line between

Pure and Analytical Geometry. The distinction between

the two has become one of method rather than of idea,

when the ' principle of continuity,' whereby we pass from

real to imaginary points and lines, is admitted into Pure

Geometry. The notion of imaginary points and lines

would never have been arrived at at all but for the

methods of Coordinate Geometry. We take over this

notion into the field of Pure Geometry and thereby

greatly enlarge our view.

Detailed reference to other writers in regard to the

proofs given here of the various propositions is not

attempted. The present course of lessons is the result

of some years' experience on the part of the writer in

teaching the subject. In the course of this experience

he has adopted different ideas and methods from different

writers, with the result that he hardly knows what he

owes to each. But he is sure that he is specially indebted

to Casey, Lachlan and J. W. Russell, all of whose text-

books he has had occasion to use with his pupils. It will

however be seen by those who have knowledge of text-

books at present existing that the course here offered for
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the use of the student has a character of its own. Were

this not so its publication would not be justified.

The exercises at the end of each chapter are for the

most part taken from papers set in the mathematical

tripos or in the college examinations. Some are original

and a few have been borrowed from other writers. Several

of the propositions set as exercises at the end of Chapter

VI. are given as book-work in Dr Lachlan's Modern Pure

Geometry.

Without considerable practice in the exercises the

student cannot hope to make the contents of the different

chapters his own. Each set of exercises should be taken

in hand after the reading of the chapter to which it

belongs.

The thanks of the author are due to his former pupil,

Miss Julia Bell, of Girton College, for kindly revising the

proof-sheets and suggesting several improvements.

In conclusion acknowledgment should be made of the

efficiency of the University Press in the carrying out of

their part of this work.

Cambridge.

May 1903.





CONTENTS.

CHAPTER I.

SOME PROPERTIES OF THE TRIANGLE.
PAGE

Definitions 1

Orthocentre. Nine-points circle ...... 2

Pedal line 7

Medians 9

CHAPTER II.

SOME PROPERTIES OF CIRCLES.

Poles and polars 15

Radical axis 20

Coaxal circles . .
" 22

Common tangents 25

CHAPTER III.

THE USE OF SIGNS. CONCURRENCE AND COLLINEARITY.

Signs of lines, areas, angles 32

Menelaus' and Ceva's theorems 36

Isogonal conjugates. Symmedians 42



X CONTENTS.

CHAPTER lY.

PROJECTION.

General principles

Projection of conic into circle ....
Poles and polars

One range of three points projective with any other

CHAPTER V.

CROSS-RATIOS.

Definition

Twenty-four cross-ratios reducible to six

Projective property of cross-ratios

Equicross ranges and pencils mutually projective

CHAPTER VI.

PERSPECTIVE.

Definition

Ranges and pencils in perspective

nomographic ranges and pencils .

Triangles in perspective

CHAPTER VII.

HARMONIC SECTION.

Definition and properties of harmonic ranges

Harmonic property of pole and polar

Harmonic property of quadrilateral and quadrangle .

Self-polar triangle

Properties of parabola and hyperbola obtained by projection



CONTENTS. XI

CHAPTER YIII.

SOME PROPERTIES OF CONICS.
PAGE

Camot's theorem 106

Newton's theorem 108

Constant cross-ratio property of conies . . . .109
Pascal's and Brianchon's theorems 114

CHAPTER TX.

RECIPROCATION.

Principles 119

Keciprocation applied to conies 124

Case where auxiliary or base conic is a circle . . .127
Reciprocation of coaxal circles into confocal conies . . 131

Self-conjugate triangles. Reciprocal triangles . . .133

CHAPTER X.

INVOLUTION.

Definition and criterion of involution range . . .140
Projection and reciprocation of range in involution . . 144

Involution property of quadrangle and quadrilateral . . 145

Involution properties of conies 147

Orthogonal involution 149

Involution range on conic 152

CHAPTER XL

CIRCULAR POINTS. FOCI OF CONICS.

Definition of circular points 157

Analytical point of view 158

Properties of conies obtained by using circular points . 160

Extended definition of focus and directrix , . . .161
Properties 162

Two triangles whose sides touch the same conies . . 166

Generalisation by projection 167



Xll CONTENTS.

CHAPTER XII.

INVERSION.

PAGE

Inversion of circle and line 175

Inversion of sphere 178

Inversion of inverse points into inverse points . . .180
Feuerbach's theorem 182

CHAPTER XIII.

SIMILARITY OF FIGURES.

nomothetic figures 188

Figures directly similar 190

Figures inversely similar 193

Miscellaneous Examples 198



CHAPTER I.

SOME PROPERTIES OF THE TRIANGLE.

1. Definition of terms.

(a) By lines, unless otherwise stated, will be meant

straight lines.

(b) The lines joining the vertices of a triangle to the

middle points of the oppos-ite sides are called its medians.

(c) By the circumcircle of a triangle is meant the

circle passing through its vertices.

The centre of this circle will be called the circiim-

centre of the triangle.

The reader already knows that the circumcentre is

the point of intersection of the perpendiculars to the

sides of the triangle drawn through their middle points.

(d) The incircle of a triangle is the circle touching

the sides of the triangle and lying within the triangle.

The centre of this circle is the incentre of the triangle*

The incentre is the point of intersection of the lines

bisecting the angles of the triangle.

{e) An ecircle of a triangle is a circle touching one

side of a triangle and the other two sides produced.

There are three ecircles.

A. G. 1



"l SOME PROPERTIES OF THE TRIANGLE.

The centre of an ecircle is called an ecentre.

An ecentre is the point of intersection of the bisector

of one of the angles and of the bisectors of the other two

external angles.

(/) Two triangles which are such that the sides

and angles of the one are equal respectively to the sides

and angles of the other will be called congruent.

If ABC be congruent with A'B'C, we shall express

the fact by the notation: AABC= A A'B'C.

2. Proposition. The perpendiculars jrom the ver-

tices of a triangle on to the opposite sides meet in a point

{called the orthocentre) ; and the distance of each vertex

from the orthocentre is twice the perpendicidar distance

of the circumcentre from the side opposite to that vertex.

Through the vertices of the triangle ABC draw lines

parallel to the opposite sides. The triangle A'B'C thus
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formed will be similar to the triangle ABG, and of double
its linear dimensions.

Moreover A, B, G being the middle points of the sides

of A'B'G\ the perpendiculars from these points to the

sides on which they lie will meet in the circumcentre of

A'B'G'.

But these perpendiculars are also the perpendiculars

from A, B, (7 to the opposite sides of the triangle ABG.
Hence the first part of our proposition is proved.

Now let P be the orthocentre and the circumcentre

of ABG.

Draw OD perpendicular to BG.

Then since P is also the circumcentre of the triangle

A'B'G\ PA and OD are corresponding lines in the two

similar triangles A'B'G\ ABG.

Hence AP is twice OD.

3. Definition. It will be convenient to speak of

the perpendiculars from the vertices on to the opposite

sides of a triangle as the perpendiculars of the triangle

;

and of the perpendiculars from the circumcentre on to the

sides as the 'peiyendiculai^s from the circumcentre.

4. Prop. The circle through the middle points of the

sides of a triangle passes also through the feet of the

perpendiculars of the triangle and through the middle

points of the three lines joining the orthocentre to the

vey^tices of the triangle.

Let D, E, F be the middle points of the sides of the

triangle ABG, L, M, N the feet of its perpendiculars,

the circumcentre, P the orthocentre.

Join FD, DE, FL, LE.

1—2
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Then Ksince E is the circumcentre of ALC,

ZELA^ZEAL.

And for a like reason

,::FLA=zFAL
.-. z.FLE = Z.FAE

= Z FDE since AFDE is a parallelogram.

.'. X is on the circumcircle oi DEF.

Similarly M and N lie on this circle.
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Further the centre of this circle lies on each of the

three lines bisecting DL, EM, FN at right angles.

Therefore the centre of the circle is at U the middle

point of OP,

Now join DU and produce it to meet AP in X.

The two triangles OUI), PUX are easily seen to be

congruent, so that UD = UX and XP = O.D.

Hence X lies on the circle through D, E, F, L, M, K
And since XP= OB =^AP, X is the middle point of

AP.

Similarly the circle goes through Y and Z, the middle

points of BP and CP.

Thus our proposition is proved.

5. The circle thus defined is known as the nine-points

circle of the triangle. Its radius is half that of the

circumcircle, as is obvious from the fact that the nine-

points circle is the circumcircle of BEF, which is similar

to ABG and of half its linear dimensions. Or the same

may be seen from our figure wherein BX= OA, for OBXA
is a parallelogram.

It will be proved in the chapter on Inversion that the

nine-points circle touches the incircle and the three ecircles

of the triangle.
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6. Prop. If the 'perpendicular AL of a triangle

ABC he produced to meet the circumcircle in H, then

PL = LH, P being the orthocentre.

Join BH.

Then Z HBL — Z HAG in the same segment

= ZLBP since each is the complement

of Z^C^.

Thus the triangles PBL, HBL have their angles at B
equal, also their right angles at L equal, and the side BL
common.

.-. PL = LH.
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7. Prop. The feet of the perpendiculars from any

point Q on the circumchxle of a triangle ABC on to the

sides of the triangle are collinear.

Let R, S, T be the feet of the perpendiculars as in the

figure. Join QA, QB.

QTAS is a cyclic quadrilateral since T and S are right

angles.

.-. ZATS=ZAQS
= complement of Z QAS
= complement of Z QBG (since QAC, QBG

are supplementary)

= zBQR
= Z BTR (since QBRT is cyclic).

.*. RTS is 8i straight line.

This line RTS is called the pedal line of the point Q.

It is known also as the Simson line.
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8. Prop. The pedal line of Q bisects the line joining

Q to P, the orthocentre of the triangle.

Join QP cutting the pedal line of Q in K.

Let the perpendicular AL meet the circumcircle in H.

Join QH cutting the pedal line in M and BG in N.

Join PN and QB.

Then since QBRT is cyclic,

ZQRT^^^QBT
— Z QHA in same segment

= Z HQR since QR is parallel to AH.
.-. QM=MR.

.'. il/ is the middle point of QN.

But ZPNL = ZLNH since APNL=AHJSrL
= Z RNII
= zMRK
.'. Pi\^ is parallel to RT.
.-. QK:KP = QM: MN.

.-. QK = KP.
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9. Prop. The three medians of a triangle meet in a

point, and this point is a point of trisection of each median,

and also of the line joining the circumcentre and the

orthocentre P.

Let the. median AD of the triangle ABC cut OP in G.

Then from the similarity of the triangles GAP,
GDO, we deduce, since AP=20D, that AG = 2GD and

PG = 2G0.

Thus the median AD cuts OP in G which is a point

of trisection of both lines.

Similarly the other medians cut OP in the same point

G, which will be a point of trisection of them also.

This point G is called the median point of the triangle.

The reader is probably already familiar with this point as

the centroid of the triangle.
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10. Prop. IfAD he a median of the triangle ABC,
then

AB^--{'AC' = 2AD' + 2BD\

Draw AL perpendicular to BC.

Then AC' = AB' + BG' - 2BG.BL
and AD' = AB'^ + BD'' - 2BD . BL.

These equalities include the cases where both the

angles B and G are acute, and where one of them, B, is

obtuse, provided that BG and BL be considered to have

the same or opposite signs according as they are in the

same or opposite directions.

Multiply the second equation by 2 and subtract from

the first, then

AG'- 2AD" = BG' - AB' - 2BD\
.'. AB' + AG'=^2AD' + BG'-2BD'

= 2AD'~+ 2BD\ since BG = 2BD.

11. The proposition proved in the last article is only

a special case of the following general one

:

If D he a point iii the side BG of a triangle ABG such

that BD==-BG,then
n

{:n-l)AB' + AG' = n.AD'-\-{l-^BG\
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For proceeding as before, if we now multiply the

second of the equations by n and subtract from the first

we get

AG'-n.AD''={\-n)AB'- + BG''-n.BD\

.-. {n-l)AB' + AG' = n.AD^-\-BG'^-n{-BG

n.AD'-+ 1 - -^ BG\
nj

12. Prop. The distances of the points of contact of

the incircle of a triangle ABG with the sides from the

vertices A, B, G are s — a, s — b, s — c respectively; and

the distances of the points of contact of the ecircle opposite

to A are s, s — c, s — b respectively ; a, 6, c being the lengths

of the sides opposite to A, B, G and s half the sum of them.
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Let the points of contact of the in circle be L, M, N.

Then since AM = AN, CL = CM and BL = BN,
.'. AM + BC — half the sum of the sides = s,

.'. A3I = s-a.

Similarly BL = BN = s-h, and GL = CM=s- c.

Next let L\ M\ N' be the points of contact of the

ecircle opposite to A.

Then AN' = AB + BN' = AB + BL'

and AM' = AC -^ CM' = AC + CL'.

.-. since AM' = AN',

2AN' = AB -\- AC + BC = 2s.

.-. AN' = s,

and BL' = BN' = s - c, and CL' = CM' = s-h.

Cor. BL' = CL, and thus IjL' and BC have the same

middle point.

EXERCISES.

1. Defining the pedal triangle as that formed by joining

the feet of the perpendiculars of a triangle, shew that the

pedal triangle has for its incentre the orthocentre of the

original triangle, and that its angles are the supplements

of twice the angles of the triangle.

2. A straight line FQ is drawn parallel to AB to meet

the circumcircle of the triangle ABC in the points P and Q,

shew that the pedal lines of F and Q intersect on the perpen-

dicular from C on AB.

3. Shew that the pedal lines of three points on the

jumcircle of a triangle f(

formed by the three points.

circumcircle of a triangle form a triangle similar to that
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4. The pedal lines of the extremities of a chord of the

circumcircle of a triangle intersect at a constant angle. Find
the locus of the middle point of the chord.

5. Given the circumcircle of a triangle and two of its

vertices, prove that the loci of its orthocentre, centroid and
nine-points centre are circles.

6. The locus of a point which is such that the sum of the

squares of its distances from two given points is constant is a

sphere.

7. A', £', C are three points on the sides BC, CA^ AB oi

a triangle ABC. Prove that the circumcentres of the triangles

AB'C, BC'A\ CA'B' are the angular points of a triangle

which is similar to ABC.

8. A circle is described concentric with the circumcircle

of the triangle ABC, and it intercepts chords -^1^2? ^i^a
C1G2 on BC, CA, AB respectively; from A-^ perpendiculars

A-^b^, A-^c^ are drawn to CA, AB respectively, and from A.^, B^,

B.2, Ci, C2 similar perpendiculars are drawn. Shew that the

circumcentres of the six triangles, of which Ah-^^c^ is a typical

one, lie on a circle concentric with the nine-points circle, and

of radius one-half that of the original circle.

9. A plane quadrilateral is divided into four triangles by

its internal diagonals ; shew that the quadrilaterals having

for angular points (i) the orthocentres and (ii) the circum-

centres of the four triangles are similar parallelograms ; and

if their areas be A^ and A^, and A be that of the quadrilateral,

then 2A + Air=4A2.

10. Prove that the line joining the vertex of a triangle

to that point of the inscribed circle which is farthest from the

base passes through the point of contact of the escribed circle

with the base.

11. Given in magnitude and position the lines joining the

vertex of a triangle to the points in which the inscribed circle

and the circle escribed to the base touch the base, construct

the triangle.
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12. Prove that when four points A, B, C, D lie on a

circle, tlie orthocentres of the triangles BCD^ CDA, DAB,
ABC lie on an equal circle.

13. Prove that the pedal lines of the extremities of a

diameter of the circumcircle of a triangle intersect at right

angles on the nine-points circle.

14. If a parabola touch the three sides of a triangle, its

directrix passes through the orthocentre of the triangle.

15. ABC is a triangle, its circumcentre ; OD perpen-

dicular to BC meets the circumcircle in K. Prove that the

line through D perpendicular to AK will bisect KP, P being

the orthocentre.

16. ABC is a triangle circumscribing a parabola. If A
lie on the axis of the parabola, prove that the line joining the

centre of the circle circumscribing ABC to the focus of the

parabola is perpendicular to BC.

17. If a conic touch the three sides of a triangle and

have one focus at the orthocentre, determine the position of

the other focus.

18. Having given the circumcircle and one angular point

of a triangle and also the lengths of the lines joining this

point to the orthocentre and centre of gravity, construct the

triangle.

19. The base and area of a triangle being given, shew

that the locus of its orthocentre is a parabola.

20. If AB be divided at in such a manner that

l.AO^m.OB,
and if P be any point, prove

I . AP' + m . BP'^ = {l + m) OP'' + LAO^ + m . B0\

If a, b, c be the lengths of the sides of a triangle ABC,
find the locus of a point P such that a . PA^ + b . PB^ + c . PC^
is constant.



CHAPTER II.

SOME PROPERTIES OF CIRCLES.

13. Definition. When two points P and P' lie on

the same radius of a circle whose centre is and are on

the same side of and their distances from are such

that OP . OP' — square of the radius, they are called

inverse points with respect to the circle.

The reader can already prove for himself that if a pair

of tangents be drawn from an external point P to a circle,

centre 0, the chord joining the points of contact of these

tangents is at right angles to OP, and cuts OP in a point

which is the inverse of P.

14. The following proposition will give the definition

of the polar of a point with respect to a circle

:

Prop. The locus of the points of intersection of pairs

of tangents drawn at the extremities of chords of a circle,

which pass through a fixed point, is a straight line, called

the polar of that point, and the point is called the pole

of the line.
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Let ^ be a fixed point in the plane of a circle,

centre 0.

Draw any chord QR of the circle to pass through A.

Let the tangents at Q and R meet in P.

Draw PL perpendicular to OA.

Let OP cut QR at right angles in M.

Then PMLA is cyclic.

.-. OL .OA- OM . OP = square of radius.

.-. X is a fixed point, viz. the inverse of A.

Thus the locus of P is a straight line perpendicular to

Oil, and cutting it in the inverse point of A.

15. It is clear from the above that the polar of an

external point coincides with the chord of contact of the

tangents from that point. And if we introduce the notion

of imaginary lines, with which Analytical ^Geometry has

furnished us, we may say that the polar of a point
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coincides with the chord of contact of tangents real or

imaginary from that point.

We may remark here that the polar of a point on the

circle is the tangent at that point.

Some writers define the polar of a point as the chord

of contact of the tangents drawn, from that point; others

again define it by means of its harmonic property, which

will be given in a later chapter. It is unfortunate that

this difference of treatment prevails. The present writer

is of opinion that the method he has here adopted is

the best.

. 16. Prop. If the polar of A goes through B, then

the polar of B goes through A

.

Let BL be the polar of A cutting OA at right angles

in L.

Draw
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Then OM,OB = OL.OA = sq. of radius,

.'. AM is the polar of B,

that is, A lies on the polar of B.

Two points such that the polar of each goes through

the other are called conjugate points.

The reader will see for himself that inverse points

with respect to a circle are a special case of conjugate

points.

We leave it as an exercise for the student to prove

that if I, m be two lines such that the pole of I lies on m,

then the pole of m will lie on I.

Two such lines are called conjugate lines.

From the above property for conjugate points we see

that the polars of a number of collinear points all pass

through a common point, viz. the pole of the line on

which they lie. For if A, B, (7, D, &c., be points on

a line p whose pole is P; since the polar of P goes

through A, B, C, &c., .*. the polars of A, B, C\ &c., go

through P.

We observe that the intersection of the polars of two

points is the pole of the line joining them.

17. Prop. IfP and Q be any two points in the plane

of a ciixle whose centre is 0, the7i

OP : OQ = j^erp. from P on polar of Q : perp. from Q
on polar of P.

Let P' and Q' be the inverse points of P and Q,

through which the polars of P and Q pass.
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Let the perpendiculars on the polars be PM and QN
;

draw PT and QR perp. to OQ and OP respectively.

Then we have OP.OP' = OQ.OQ\

since each is the square of the radius, and

OR.OP=OT. OQ since PRQT is cyclic,

OQ' _OP_OT _ OQ' - OT^PM
•'*

OP' ~ 0Q~ 0R~ OP' - OR QN

'

Thus the proposition is proved.

This is known as Salmon's theorem.

2—2
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18. Prop. The locus of points from which the tan-

gents to two given coplanar circles are equal is a line

(called the radical axis of the circles) perpendicular to the

line of centres.

Let PK, PF be equal tangents to two circles, centres

A and B.

Draw PL perp. to AB. Join PA, PB, AK and BF.

Then PK'^ = AP^^-AK' = PL' + AL^ - AK\
and PF' = PB' - BF' = PL' + LB' - BF',

.\AL'-AK'=^LB'-BF',

..AL'-LB' = AK'-BF',
.-. (AL-LB)(AL-\-LB) = AK'-BF'.

Thus if be the middle point of AB, we have

20L . AB = difference of sqq. of the radii,

.'. 7y is a fixed point, and the locus of P is a line

perp. to AB.

Since points on the common chord produced of two

intersecting circles are such that tangents from them to
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the two circles are equal, we see that the radical axis

of two intersecting circles goes through their common
points. And introducing the notion of imaginary points,

we may say that the radical axis of two circles goes

through their common points, real or imaginary.

19. The difference of the squares of the tangents to tivo

coplanar circles, from any point P in their plane, varies as

the perpendicular from P on their radical axis.

Let PQ and PR be the tangents from P to the circles,

centres A and B.

Let PN be perp. to radical axis NL, and PM io AB\
let be the middle point of AB. Join PA, PB.

Then

PQ' - PR' = PA' -AQ"- {PB' - BR')

= PA'-PB'-AQ' + BR'
= AM'-MB'-AQ' + BR'
= 20M .AB-20L.AB (see § 18)

= 2AB.LM = 2AB.NP.
This proves the proposition.
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We may mention here that some writers use the term
" power of a point " with respect to a circle to mean the

square of the tangent from the point to the circle.

20. Prop. The radical axes of three coplanar circles

taken in pairs meet in a point.

Let the radical axis of the circles A and B meet that

of the circles A and in P.

Then the tangent from P to circle G
= tangent from P to circle A
= tangent from P to circle B.

.'. P is on the radical axis of B and G.

21. Coaxal circles. A system of coplanar circles

such that the radical axis for any pair of them is the

same is called coaxal.

Clearly such circles will all have their centres along

the same straight line.

Let the common radical axis of a system of coaxal

circles cut their line of centres in A.
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Then the tangents from A to all the circles will be

equal.

Let L, L' be two points on the line of centres on

opposite sides of ^, such that AL, AL' are equal in

length to the tangents from A to the circles ; L and L'

are called the limiting points of the system.

They are such that the distance of any point P on

the radical axis from either of them is equal to the length

of the tangent from P to the system of circles.

For if G be the centre of one of the circles which is

of radius r,

PL^=:PA^ + AL^ = PA^ + AC'-r' = PC'-r'
= square of tangent, from P to circle C.

The two points L and L' may be regarded as the

centres of circles of infinitely small radius, which belong

to the coaxal system. They are sometimes called the

point circles of the system.
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The student will have no difficulty in satisfying him-

self that of the two limiting points one is within and the

other without each circle of the system.

It must be observed that the limiting points are real

only in the case where the system of coaxal circles do

not intersect in real points. For if the circles intersect,

A will lie within them all and thus the tangents from A
will be imaginary.

Let it be noticed that if two circles of a coaxal system

intersect in points P and Q, then all the circles of the

system pass through F and Q.

22. Prop. The limiting points of a system of coaxal

circles are inverse points with respect to every ciyxle of the

system.

\L L N C

Let G be the centre of one of the circles of the

system. Let L and L be the limiting points of which

L' is without the circle G.

Draw tangent L'T to circle C; this will be bisected

by the radical axis in P.



SOME PROPERTIES OF CIRCLES. 25

Draw TN perpendicular to line of centres.

Then LA:AN = LT:PT,
.'.L'A=AN,

.'. N coincides with L.

Thus the chord of contact of tangents from L' cuts the

line of centres at right angles in L.

Therefore L and L' are inverse points.

23. The student will find it quite easy to establish

the two following propositions :

Evei^y circle passing through the limiting points cuts all

the circles of the system orthogonally.

A common tangent to tiuo circles of a coaxal systeiyi

subtends a right angle at either limiting point.

24. Common tangents to two circles.

In general four common tangents can be drawn to two

coplanar circles.

Of these two will cut the line joining their centres

externally ; these are called direct common tangents.

And two will cut the line joining the centres internally;

these are called transverse common tangents.

We shall now prove that the common tangents of two

circles cut the line joining their centres in two points which

divide that line internally and externally in the ratio of

the radii.
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Let a direct common tangent PQ cut the line joining

the centres A and B in 0. Join AP, BQ.

Then since P and Q are right angles, the triangles

APO, BQO are similar,

.-. AO:BO = AP:BQ.

Similarly, if P'Q' be a transverse common tangent

cutting AB in 0', we can prove -4 0' :
0'^ = ratio of the

radii.

We thus have a simple construction for drawing the

common tangents, viz. to divide AB internally and ex-

ternally at 0' and in the ratio of the radii, and then

from and 0' to draw a tangent to either circle ; this

will be also a tangent to the other circle.

If the circles intersect in real points, the tangents

from 0' will be imaginary.

If one circle lie wholly within the other, the tangents

from both and 0' will be imaginary.

25. Through the point 0, as defined at the end of

the last paragraph, let a line be drawn cutting the circles

in RS and R'S' as in the figure.

Consider the triangles OAR, OBR'.

We have OA.OB^AR: BR\
also the angle at is common to both, and each of th(

remaining angles at R and R' is less than a right angle.
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Thus the triangles are similar, and

OR : OR = AR : BR',

the ratio of the radii.

In like manner, by considering the triangles OAS,
OBS\ in which each of the angles >Si and 8' is greater

than a right angle, we can prove that OS : OS' = ratio

of radii.

We thus see that the circle B could be constructed

from the circle A by means of the point by taking the

radii vectores from of all the points on the circle A and

dividing these in the ratio of the radii.

On account of this property is called a centre of

similitude of the two circles, and the point R' is said to

correspond to the point R.

The student can prove for himself in like manner that

0' is a centre of similitude.

26. In order to prove that the locus of a point

obeying some given law is a circle, it is often convenient

to make use of the ideas of the last paragraph.

If we can prove that our point P is such as to divide

the line joining a fixed point to a varying point Q,

which describes a circle, in a given ratio, then we know

that the locus of P must be a circle, which with the circle

on which Q lies has for a centre of similitude.

For example, suppose we have given the circumcircle

of a triangle and two of its vertices, and we require the

locus of the nine-points centre. It is quite easy to prove

that the locus of the orthocentre is a circle, and from this

it follows that the locus of the nine-points centre is a circle,

since, if be the circumcentre (which is given) and P the

orthocentre (which describes a circle) and U the nine-
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points centre, U lies on OP and OU = ^OP; therefore

the locus of t^ is a circle, having its centre in the line

joining to the centre of the circle on which P lies.

27. Prop. The locus of a point which moves in

a plane so that its distances from two fixed points in that

plane are in a constant ratio is a circle.

Let A and B be the two given points. Divide AB
internally and externally at G and B in the given ratio,

so that G and B are two points on the locus.

Let P be any other point on the locus.

Then since

AP : PB = AG : GB = AB : BB,

.
' . PG and PB are the internal and external bisectors

of the Z APB.
.'. GPB is a right angle.

.'. the locus of P is a circle on GB as diameter.

Cor. 1. If the point P be not confined to a plane, its

locus is the sphere on GB as diameter.

Cor. 2. If the line AB be divided internally and

externally at G and B in the same ratio, and P be any

point at which GB subtends a right angle, then PG and

PB are the internal and external bisectors of Z APB.
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28. If on the line 00' joining the two centres of

similitude of circles, centres A and B, as defined in § 25,

a circle be described, it follows from § 27 that if G be any

point on this circle,

CA : CB = radius of A circle : radius of B circle.

The circle on 00' as diameter is called the circle

of similitude. Its use will be explained in the last

chapter, when we treat of the similarity of figures.

EXERCISES.

1. If /* be any point on a given circle A, the square of

the tangent from F to another given circle B varies as the

perpendicular distance of F from the radical axis of A and £.

2. If A, B, C be three coaxal circles, the tangents drawn

from any point of (7 to -4 and B are in a given ratio.

3. If tangents drawn from a point F to two given circles

A and B are in a given ratio, the locus of P is a circle coaxal

with A and B.

4. li Aj B, C &c. be a system of coaxal circles and X be

any other circle, then the radical axes of A, X ; B, X ; C, X
&c. meet in a point.

5. The square of the line joining one of the limiting

points of a coaxal system of circles to a point F on any one of

the circles varies as the distance of F from the radical axis.

6. If two circles cut two others orthogonally, the radical

axis of either pair is the line joining the centres of the other

pair, and passes through their limiting points.
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7. If from any point on the circle of similitude (§ 28) of

two given circles, pairs of tangents be drawn to both circles,

the angle between one pair is equal to the angle between the

other pair.

8. The three circles of similitude of three given circles

taken in pairs are coaxal.

9. Find a pair of points on a given circle concyclic with

each of two given pairs of points.

10. If any line cut two given circles in P. Q and P', Q'

respectively, prove that the four points in which the tangents

at P and Q cut the tangents at P' and Q' lie on a circle coaxal

with the given circles.

11. A line PQ is drawn touching at /^ a circle of a

coaxal system of which the limiting points are K^ K', and Q is

a point on the line on the opposite side of the radical axis to

P. Shew that if T, T' be the lengths of the tangents drawn

from P to the two concentric circles of which the common

centre is Q^ and whose radii are respectively QK^ QK', then

T :T'^ PK : PK\

12. is a j&xed point on the circumference of a circle C,

P any other point on G ',
the inverse point ^ of P is taken

with respect to a fixed circle whose centre is at 0, prove that

the locus of ^ is a straight line.

13. Two circles have each double contact with an ellipse,

the one having its centre on the major axis, the other on the

minor axis ; the chords of contact with the ellipse intersect in

a point P. Shew that P is one of the limiting points of the

coaxal system to which the circles belong, and determine the

other.

14. Three circles Ci, Cg, C^ are such that the chord of

intersection of C^ and C^ passes through the centre of Cj, and

the chord of intersection of Cg and Ci through the centre of

C^; shew that the chord of intersection of C-^ and C^ passes

through the centre of Cg.
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15. Three circles A, B, C are touched externally by a

circle whose centre is P and internally by a circle whose

centre is Q. Shew that PQ passes through the point of con-

currence of the radical axes oi A, B, G taken in pairs.

16. AB is a diameter of a circle S, any point on AB or

AB produced, C a circle whose centre is at 0. A' and B' are

the inverse points of A and B with respect to C. Prove that

the pole with respect to C of the polar with respect to S of

the point is the middle point of A'B'.

17. If P and Q be two points on two circles *S'i and S^

belonging to a coaxal system of which L is one of the limiting

points, such that the angle PLQ is a right angle, prove that

the foot of the perpendicular from L on PQ lies on one of the

circles of the system, and thus shew that the envelope of PQ
is a conic having a focus at L.

18. A system of spheres touch a plane at the same point

Oj prove that any plane, not through 0, will cut them in a

system of coaxal circles.

19. A point and its polar with respect to a variable circle

being given, prove that the polar of any other point A passes

through a fixed point B.

20. ^ is a given point in the plane of a system of coaxal

circles
;
prove that the polars of A with respect to the circles

of the system all pass through a fixed point.



CHAPTER III.

THE USE OF SIGNS. CONCURRENCE AND
COLLINEARITY.

29. The reader is already familiar with the convention

of signs adopted in Trigonometry and Analytical Geometry

in the measurement of straight lines. According to this

convention lengths measured along a line from a point are

counted positive or negative according as they proceed in

the one or the other direction.

With this convention we see that, if A, B, C he three

points in a line, then, in whatever order the points occur in

the line,

AB^BG = AG.

B

AC B

If C lie between A and B, BC is of opposite sign to

AB, and in this case AB -\- BC does not give the actual

distance travelled in passing from A to B, and then from

B to C, but gives the final distance reached from A.
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From the above equation we get

BG = AC-AB.
This is an important identity. By means of it we can

reduce all our lengths to depend on lengths measured

from a fixed point in the lines. This process it will be

convenient to speak of as inserting an origin. Thus, if we

insert the origin 0,

AB = OB- OA.

30. Prop. If M he the middle point of the line AB,

and he any other point in the line, then

20M = 0A-^ OB.

6 A M B

For since AM = MB,

by inserting the origin we have

OM-OA = OB-OM,
.-. 20M=0A-\-0B.

31. A number of collinear points are said to form

a range.

Prop. If A, B, G, Bhe a range offour points, then

AB.CD + BG.AD + GA.BD = 0.

A~ '

i" a b

For, inserting the origin A, we see that the above

==AB{AD-'AG) + (AG-AB)AD--AG(AD-AB\
and this is zero.

This is an important identity, which we shall use

later on.

A. G. 3
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32. If A, B, C he a, range of points, and any point

outside their line, we know that the area of the triangle

OAB is to the area of the triangle OBG in the ratio of

the lengths of the bases AB, BG.

Now if we are taking account of the signs of our

lengths AB, BG and the ratio AB :BG occurs, we cannot

substitute for this ratio A OAB : A OBG unless we have

some convention respecting the signs of our areas, whereby

the proper sign of AB : BG will be retained when the

ratio of the areas is substituted for it.

The obvious convention is that the area of a triangle

PQR shall be accounted positive or negative according as

the triangle is to the one or the other side as the contour

FQR is described.

Thus if the triangle is to our left hand as we describe

the contour PQR, we shall consider APQR to be a posi-

tive magnitude, while APRQ will be a negative magnitude,

for in describing the contour PRQ the area is on our right

hand.

With this convention we see that in whatever order

the points A, B, G occur in the line on which they lie,

AB:BG = AOAB:AOBG,
or =AAOB:ABOG.
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It is further clear that with our convention we may

say

AOAB-{-AOBC = AOAC,

and A OAB -AOAC = A OCB,

remembering always that A, B, G are coUinear.

33. Again, we know that the magnitude of the area

of a triangle OAB is ^OA . OBsinAOB, and it is some-

times convenient to make use of this value. But if we

are comparing the areas OAB, OBC by means of a ratio

we cannot substitute

^OA.OBsmAOB and iOB.OCsinBOG

for them unless we have a further convention of signs

whereby the sign and not merely the magnitude of our

ratio will be retained.

The obvious convention here again will be to consider

angles positive if described in one sense and negative in

the opposite sense ; this being eifective for our purpose,

since sin (- ^) = — sin x.

ZBPA ^APB

In this case Z APB = - Z BPA. The angle APB is

to be regarded as obtained by the revolution of PB round

P from the position PA, and the angle BPA as the revo-

3—2
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lution of PA round P from the position PB ; these are in

opposite senses and so of opposite signs.

With this convention as to the signs of our angles we
may argue from the figures of § eS2,

AB^ AAOB _ iOA . OB sin^ AOB
BC~ ABOC~iOB.OGsmzBOC

(the lines OA, OB, 00 being all regarded as positive)

^OA sin Z AOB
~ 00 • sin Z BOG

'

AB
In this way the sign of the ratio -^^ is retained in

BO
the process of transformation, since

sin Z^05 and sin Z 500

are of the same or opposite sign according as AB and BC
are of the same or opposite sign.

The student will see that our convention would have

been useless had the area depended directly on the cosine

of the angle instead of on the sine, since

cos(— ^) = + cos(J).

34. Test for coUinearity of three points on the

sides of a triangle.

The following proposition, known as Menelaus' theorem,

is of great importance.

The necessary and sufficient condition that the points

D, E, F on the sides of a triangle ABO opposite to the

vertices A, B, C respectively should he collinear is

AF:BD.GE = AE.CD.BF,
regard being had to the signs of these lines.
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All these lines are along the sides of the triangle.

We shall consider any one of them to be positive or

negative according as the triangle is to our left or right

respectively as we travel along it.

We will first prove that the above condition is neces-

sary, if D, E, F are coUinear.

Let p, q, r be the perpendiculars from A^ B, C on to

the line DEF, and let these be accounted positive or

negative according as they are on the one or the other

side of the line DEF.

With this convention we have

AF p BD q GE
BF~q' CD r' AE'

r

Hence
AF.BD.GE
BF.CD . AE '

that is, AF.BD.CE = AE.GD. Bl
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Next let D, E, F be three points on the sides such that

AF.BD.CE = AE.GD.BF,

then shall D, E, F be collinear.

Let the line DE cut AB in F\

.-. AF\BD.GE = AE.GD.BF',
AF' ^AF

''BF'~BF'
.'.{AF^ FF')BF = AF (BF+ FF'),

..FF'{BF-AF) = 0,

.'.FF'=:0,

.'. F coincides with F\

Thus our proposition is completely proved.

35. Test for concurrency of lines through the

vertices of a triangle.

The following proposition, known as Ceva's theorem,

is fundamental.
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The necessary and sufficient condition that the lines

AD, BE, OF drawn through the vertices of a triangle

ABC to meet the opposite sides in D, E, F shoidd he

concurrent is

AF.BD.GE = -AE.CD.BF,
the same convention of signs being adopted as in the last

proposition.

First let the lines AD, BE, OF meet in P.

Then, regard being had to the signs of the areas,

AF _ A AFC _ A AFP _ A AFC-AAFP ^ AAPC
BF ~ ABFC ~ ABFP ~ ABFG-ABFP ~ aBPC
BD _ ABDA _ ABDP ^ ABDA - ABDP _ ABPA
CD ~ ACDA ~ ACDP ~ AGDA - ACDP~ AGFA '

GE^ _ AGEB ^ AGEP ^ AGEB -AGEP ^ AGPB
AE~ AAEB~ AAEP~ AAEB-AAEP~ AAPB'

AF.BD.GE AAPG ABPA AGPB
AE.GD.BF AGFA ' AAPB' ABPG

= (-l)(-l)(-l) = -l.
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Next let D, E, F be points on the sides of a triangle

ABC such that

AF. BD. CE^-AE. GD.BF,

then will AD, BE, OF be concurrent.

Let AD, BE meet in Q, and let CQ meet AB in F\

.-. AF\BD,GE=-AE. GD.BF'.

AF' _AF
•*• BF'~BF'

.'. (AF+FF')BF={BF-\-FF')AF.

.-. FF'(BF-AF) = 0.

.-. FF' = 0.

.'. F' and i^ coincide.

Hence our proposition is completely proved.
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36. Prop. If D, E, F he three 'points on the sides of

a triangle ABC opposite to A, B, G respectively,

AF. BD. CE _ sin ACF sin BAD sin CBE
AE.CD.BF~ sinABE sin GAD sin BGF'

For

BD _ ABAD _ ^AB . AD sin BAD _ AB sin BAD
GD~ A GAD ~

IAG. AD sin GAD ~ AG ' sin GAD '

with our convention as to sign, and AB,AG being counted

positive.

and

c,. ., ,
AF AG sin AGF

Similarly bf'-BG'^^BCF

CE^W sin GBE
AE" AB' sin ABE'

AF.BD, GE sin A GF sinBAD sin GBE
' ' AE.GD.BF sin ABE sin GAD sin BGF



42 THE USE OF SIGNS.

Cor. The necessary and sufficient condition that AD,
BE, CF should be concurrent is

sin ACF sin BAD sin CBE
' sinABE sin GAD sin BGF~

If be the point of concurrence this relation can be

written in the form

sin ABO sin BGO sin CAP _
sin AGO sin GBO sin BAO~ '

this being easy to remember.

37. Isogonal conjugates. Two lines AD, AD'
through the vertex A of a triangle which are such that

Z BAD = ^D'AG (not z GAD')

are called isogonal conjugates.

Prop. // AD, BE, GF he three concurrent lines

ihrougli the vertices of a triangle ABG, their isogonal

conjugates AD', BE', GF' luill also he concurrent.

sin BAD sin D'AG sin GAD'
For

sin GAD sin D'AB sin BAD'
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sin CBE _ sin ABE '

sinABE ~
sin CBE'

sin AGF sin BCF'

43

sin BCF sm ACF'

BOD
sin CAD' sin ABE' sin BCF '

sin BAD' sih<IBE' sin AGF'

_^sin BAD sin GBE sin AG

F

~
sin GAB sin ^i^ii^ sin i^Ci^

.-. AD\ BE', GF' are"concurrent.

= -1.

38. The isogonal conjugates of the medians of a

triangle are called its syminedians. Since the medians

are concurrent, the symmediaiis are concurrent also. The

point where the symmedians intersect is called the sym-

median point of the triangle.

The student will see that the concurrence of the

medians and perpendiculars of a triangle follows at once
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by the tests of this chapter (§§ 35 and 36). It was

thought better to prove them by independent methods

in the first chapter in order to bring out other properties

of the orthocentre and the median point.

39. We will conclude this chapter by introducing the

student to certain lines in the plane of a triangle which

are called by some writers antiparallel to the sides.

Let ABC be a triangle, D and E points in the sides

AB and AC such that zADE=zBCA and therefore

also Z AED — Z CBA. The line DE is said to be anti-

parallel to BG.

It will be seen at once that DBGE is cyclic, and that

all lines antiparallel to BG are parallel to one another.

It may be left as an exercise to the student to prove

that the symmedian line through A of the triangle ABG
bisects all lines antiparallel to BG.
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EXERCISES.

1. The lines joining the vertices of a triangle to its

circumcentre are isogonal conjugates with the perpendiculars

of the triangle.

2. The lines joining the vertices of a triangle to the

points of contact with the opposite sides of the incircle and

ecircles are respectively concurrent.

3. ABC is a triangle ; AD, BE, CF the perpendiculars

on the opposite sides. If AG, BR and CK be drawn perpen-

dicular to EF, FD, DE respectively, then AG, BH and CK
will be concurrent.

4. The midpoints of the sides BG and CA of the triangle

ABC are D and E : the trisecting points nearest B of the

sides BC and BA respectively are H and K. CK intersects

AD in L, and BL intersects -4^ in M, and CM intersects BE
in N. Prove that N is a trisecting point of BE.

5. If perpendiculars are drawn from the orthocentre of a

triangle ABC on the bisectors of the angle A, shew that their

feet are collinear with the middle point of BC.

6. The points of contact of the ecircles with the sides

BC, CA, AB of a triangle are respectively denoted by the

letters D, E, F with suffixes 1, 2, 3 according as they belong

to the ecircle opposite A, B, or C. BE.2, CF.^ intersect at P

;

BE^, CF^ at Q', E^F., and BC at A"; F.,D^ and CA at T;

D^E^ and AB at Z. Prove that the groups of points A, P,

Z>i , ^ ; and X, Y, Z are respectively collinear.

7. Parallel tangents to a circle at A and B are cut in the

points G and D respectively by a tangent to the circle at E,

Prove that AD, BC and the line joining the middle points of

AE and BE are concurrent.
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8. From the angular points of any triangle ABC lines

A Z>, BE^ CF are drawn cutting the opposite sides in Z>, E^ F^

and making equal angles with the opposite sides measured

round the triangle in the same direction. The lines AD, BE,
GF form a triangle A'B'C Prove that

A'B. B'C.G'A _ A'C . B'A . C'B _ BC.CA.AB
IeTBF. CD' ~ 'AFTBDTCE ~ AD. BETCF'

9. Through the symmedian point of a triangle lines are

drawn antiparallel to each of the sides, cutting the other two

sides. Prove that the six points so obtained are equidistant

from the symmedian point.

[The circle through these six points has been called the

cosine circlej from the property, which the student can verify,

that the intercepts it makes on the sides are proportional to

the cosines of the opposite angles,]

10. Through the symmedian point of a triangle lines are

drawn parallel to each of the sides, cutting the other sides.

Prove that the six points so obtained are equidistant from the

middle point of the line joining the symmedian point to the

circumcentre.

[The circle through these six points is called the Lemoi7ie

circle. See Lachlan's Modern Pure Geometry, § 131.]

11. AD, BE, GF are three concurrent lines through the

vertices of a triangle ABG, meeting the opposite sides in

D, E, F. The circle circumscribing DEF intersects the sides

of ABG again in D', E' , F' . Prove that AD', BE', GF' are

concurrent.

12. Prove that the tangents to the circumcircle at the

vertices of a triangle meet the opposite sides in three points

which are collinear.

13. If AD, BE, GF through the vertices of a triangle

ABG meeting the opposite sides in D, E, F are concurrent,

and points D' , E', F' be taken in the sides opposite to A, B, G
so that DD' and BG, EE' and GA, FF' and AB have respec-
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tively the same middle point, then AD', BE', CF' are con-

current.

14. I£ from the symmedian point ^S' of a triangle ABC,
perpendiculars SD, SE, SF be drawn to the sides of the

triangle, then JS will be the median point of the triangle

BEF.

15. Prove that the triangles formed by joining the

symmedian point to the vertices of a triangle are in the

duplicate ratio of the sides of the triangle.

16. The sides BC, CA, AB of a triangle ABC are divided

internally by points A', B', C so that

BA' : A'C = CB' : B'A = AC : C'B.

Also B'C produced cuts BC externally in A". Prove that

BA" : CA" = CA" : A'B^.

17. The tangent at P to an ellipse meets the equi-

conjugates in Q and Q'; shew that CF is a symmedian of

the triangle QCQ'.

18. If a conic touch the sides of a triangle at the feet of

the perpendiculars from the vertices on the opposite sides, the

centre of the conic must be at the symmedian point of the

triangle.
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PEOJECTION.

40. If V be any point in space, and A any other

point, then if VA, produced if necessary, meet a given

plane tt in A', A' is called the projection of A on the

plane tt by means of the vertex V.

It is clear at once that the projection of a straight

line on a plane tt is a straight line, namely the inter-

section of the plane tt with the plane containing V and

the line.

If the plane through V and a certain line be parallel

to the TT plane, then that line will be projected to infinity

on the TT plane. The line thus obtained on the tt plane

is called the line at infinity in that plane.

41. Suppose now we are projecting points in a plane p
by means of a vertex V on to another plane tt.

Let a plane through V parallel to the plane tt cut the

plane p in the line AB.

This line AB will project to infinity on the plane tt,

and for this reason AB is called the vanishing line on the

plane p.

The vanishing line is clearly parallel to the line of

intersection of the planes p and tt, which is called the

aods of projection.
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)F be an angle in the plane p and let

its lmes~XWancl DF cut the vanishing line AB in E and

F, then the angle EDF will project on to the ir plane

into an angle of magnitude EVF.

For let the plane VDE intersect the plane it in the

line de.

Then since the plane VEF is parallel to the plane it,

the intersections of these planes with the plane VDE are

parallel ; that is, de is parallel to VE.

Similarly df is parallel to VF.

Therefore Z edf= Z. EVF.

Hence we see that any angle in the plane p projects

on to the ir plane into an angle of magnitude equal to

that subtended at V by the portion of the vanishing line

intercepted by the lines containing the angle.

A. G. 4
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43. Prop. By a proper choice of the vertex V of
projection, any given line on a plane p can he projected

to infinity, while two given angles in the plane p are pro-

jected into angles of given magnitude on to a plane ir

properly chosen.

Let AB be the given line. Through AB draw any-

plane p'.

Let the plane ir be taken parallel to the plane p\

Let EDF, E'D'F' be the angles in the plane p which

are to be projected into angles of magnitude a and /9

respectively.

Let E, F, E', F' be ox^ AB.

On EF, E'F' in the plane p' describe segments of

circles containing angles equal to a and /3 respectively.

Let these segments intersect in Y.
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Then if V be taken as the vertex of projection, AB
mil project to infinity, and EDF, E'D'F' into angles of

magnitude a and /9 respectively (§ 42).

Cor. 1. Any triangle can be projected into an equi-

lateral triangle.

For if we project two of its angles into angles of 60''

the third angle will project into 60° also, since the sum of

the three angles of the triangle in projection is equal to

two right angles.

Cor. 2. A quadrilateral can be projected into a

square.

Let ABGD be the quadrilateral. Let EF be its third

diagonal, that is the line joining the intersection of oppo-

site pairs of sides.

Let J. (7 and BD intersect in Q.

Now if we project EF to infinity and at the same

time project Zs BAD and BQA into right angles, the

quadrilateral will be projected into a square.

4—2
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For the projection of EF to infinity, secures that the

projection shall be a parallelogram ; the projection of

Z BAD into a right angle makes this parallelogram rect-

angular; and the projection of /.AQB into a right angle

makes the rectangle a square.

44. It may happen that one of the lines DE, D'E' in

the preceding paragraph is parallel to the line AB which

is to be projected to infinity. Suppose that BE is parallel

to AB. In this case we must draw a line W in the

plane p' so that the angle EFV is the supplement of a.

The vertex of projection Y will be the intersection of the

line FY with the segment of the circle on E'F'

,

If D'E is also parallel to AB, then the vertex Y will

be the intersection of the line FY just now obtained and

another line i'^'F so drawn that the angle E'F'Y is the

supplement of /3.

45. Again the segments of circles described on EF,

E'F' in the proposition of § 43 may not intersect in any

real point. In this case Y is an imaginary point, that

is to say it is a point algebraically significant, but not

capable of being presented to the eye in the figure.

The notion of imaginary points and lines which we take

over from Analytical Geometry into our present subject

will be of considerable use.

46. A further notion which we get from coordinate

Geometry and which we shall now make use of is that of

the order of a curve. A conic is a curve of the second

order, by which we mean that its equation referred to

axes in its plane is of the second degree. From this it

follows that every straight line in the plane of the conic
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cuts it in two points, real or imaginary. As then the

projection of a straight line is a straight line, it is clear

that the projection of a conic is a curve of the second

order, that is to say is a conic ; for the points of inter-

section of the line and conic will project into points of

intersection of the projection of the line and the projection

of the conic.

47. Since a tangent to a conic, or any curve, may
be regarded as a line through two infinitely near points

on the curve, and since such a line projects into a line

through two near points on the projection of the curve,

we see that tangents project into tangents.

A pair of tangents from a point P to a conic will

project into a pair of tangents from the projection of P
to the projection of the conic.

The chord of contact of tangents from a point P will

project into the chord of contact of tangents from the

projection of P.

It may be well to state here that the centre and foci

of a conic will not in general project into the centre and

foci of its projection, nor will its axes project into the axes

of its projection.

48. We come now to a proposition which is of the

greatest importance to our subject.

Prop. Any conic can he projected into a circle, and

any point in the plane of the conic into the centre of the

circle.

Let PAQ, P'AQ' be two chords of the conic V which

pass through A.
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Let the tangents at P and Q meet in T, and those at

P' and Q' in T.

Join TT\ and let PQ, FQ meet this line in R and E'

respectively.

Now project TT' to infinity and at the same time

project the angles TAR and T'AR' into right angles.

Let corresponding small letters be used to denote the

projections of the different points.

Then since the tangents at /) and q meet at infinity,

pq is a diameter of the projection of F. Similarly p'q' is

a diameter.
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Therefore a is the centre.

Moreover, since the tangents at p and q meet on at,

at is the direction of the diameter conjugate to ap.

t cUco

i^eUco

Similarly at! is the direction of the diameter conjugate

to ap' .

Hence we have two pairs of perpendicular conjugate

diameters.

The conic 7 is therefore a circle.

The projection is seen to be real if A be within F.

49. Prop. The locus of the points of intersection

of tangents drawn at the extremities of chords of a conic

which pass through a fixed point in its plane is a straight

line, called the polar of that point with respect to the conic.

This is seen to follow from the corresponding property

of the circle (§ 14) by projecting the conic into a circle.
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We see also that the polar of a point is coincident

with the chord of contact of tangents drawn from that

point.

The polar of the centre of a conic is the line at

infinity in the plane of the conic.

50. Prop. If the 'polar of A with respect to a conic

passes through B, then the polar ofB passes through A.

This follows at once by projection from § 16.

Two such points are called conjugate points with

respect to the conic.

From the corresponding property of the circle we can

deduce by projection that if the pole of a line a lies on

a line 6, then the pole of h lies on a.

Two such lines are called conjugate lines.

The student will realise that conjugate diameters are

only a special case of conjugate lines. The pole of each

of two conjugate diameters lies at infinity along the other

diameter.

51. We have seen that a conic can be projected into

a circle, with any point in its plane projected into the

centre of the circle.

It is clear then that a conic can he projected into a

circle, while any line in its plane is prvjected to infinity.

For we project so that the pole of the line becomes

the centre of the circle.

The projection is real if the vanishing line does not

cut the conic in real points.
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52. Prop. A range of three points is projective with

any other range of three points in space.

V

Let A, B, G he three collinear points, and A', B\ C
three others not necessarily in the same plane with the

first three.

Join AA'.

Take any point F in -4^'.

Join VB, VC and let them meet a line A'BE drawn

through A' in the plane VAC in D and E.

Join DB', EC. These are in one plane, viz. the plane

containing the lines A'C and A'E.

Let DB\ EC meet in V. Join V'A'.

Then by means of the vertex V, A, B, G can be pro-

jected into A', D, E; and these by means of the vertex V
can be projected into A', B\ G\

Thus our proposition is proved.
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53. The student must understand that when we

speak of one range being projective with another, we do

not mean necessarily that the one can be projected into

the other by a single projection, but that we can pass

from one range to the other by successive projections.

A range of four points is not in general projective

with any other range of four points in space. We shall

in the next chapter set forth the condition that must be

satisfied to render the one projective with the other.

EXERCISES.

1. Prove that a system of parallel lines in a plane /? will

project on to another plane into a system of lines through the

same point.

2. Two angles such that the lines containing them meet

the vanishing line in the same points are projected into angles

which are equal to one another.

3. Shew that in general three angles can be projected

into angles of the same magnitude a.

4. Shew that a triangle can be so projected that any line

in its plane is projected to infinity while three given con-

current lines through its vertices become the perpendiculars

of the triangle in the projection.

5. Prove that any triangle can be projected into an

equilateral triangle by a real projection.

6. Examine the reality of the projection of a quadrilateral

into a square.
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7. Any three points A-^, B^, C^ are taken respectively in

the sides BO, CA, AB of the triangle ABC; B^C^ and BC
intersect in F; Cj-ij and CA in G ; and A^^B^ and AB in H.

Also FB and BB^ intersect in M, and FG and CC^ in iV.

Prove that MG, NH and BG are concurrent.

8. If AA\ BB\ CC be chords of a conic concurrent at

0, and P any point on the conic, then the points of inter-

section of the straight lines BG, PA', of GA, PB', and of AB,

PG' lie on a straight line through 0.

[Project to infinity the line joining to the point of

intersection of AB, PG' and the conic into a circle.]

9. A, B, G, D are four points on a conic ; AB, GD meet

in E ] AG and BD in F ; and the tangents at A and D in G ',

prove that E, F, G are collinear.

[Project AD and BG into parallel lines and the conic into

a circle.]

10. Prove that a triangle can be so projected that three

given concurrent lines through its vertices become the medians

of the triangle in the projection.

11. If AA^, BB^, GGi be three concurrent lines drawn

through the vertices of a triangle ABG to meet the opposite

sides in A^B^Gi ; and if B^Gi meet BG in A 2, Ci^i meet GA in

B2, and A^Bj^ meet AB in G^ ; then A^, B^, G^ will be collinear.

[Project the concurrent lines into medians.]

12. If a conic be inscribed in a quadrilateral, the line

joining two of the points of contact will pass through one of

the angular points of the triangle formed by the diagonals of

the quadrilateral.

13. Prove Pascal's theorem, that if a hexagon be inscribed

in a conic the pairs of opposite sides meet in three collinear

points.

[Project the conic into a circle so that the line joining the

points of intersection of two pairs of opposite sides is projected

to infinity.]
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14. ^ is a fixed point in the plane of a conic, and P any

point on the polar of A. The tangents from P to the conic

meet a given line in Q and R, Shew that AR^ PQ, and AQ,
PR intersect on a fixed line.

[Project the conic into a circle having the projection of A
for its centre.]

15. If a triangle be projected from one plane on to

another the three points of intersection of corresponding sides

are collinear.

16. Pairs of conjugate lines through a focus of a conic

are at right angles.

17. PQ and P'Q' are two chords of a conic intersecting

in 0, prove that the polar of is the line joining the points

of intersection of PP\ QQ' and of PQ' and P'Q.

18. A system of conies having a common focus and

directrix can be projected into concentric circles.



CHAPTEE V.

CROSS-RATIOS.

54. Definition. If A, B, G, Dhe a, range of points,

the ratio . y^' ^„ is called a cross-ratio of the four points,AB.GB ^

and is conveniently represented by (ABGD), in which the

order of the letters is the same as their order in the

numerator of the cross-ratio.

Some writers call cross-ratios 'anharmonic ratios.'

This is however not a fortunate term to use, and it

will be best to avoid it. For the term 'anharmonic'

means not harmonic, so that an anharmonic ratio should

be one that is not harmonic, whereas a cross-ratio may be

harmonic, that is to say may be the cross- ratio of what

is called a harmonic range. The student will better

appreciate this point when he comes to Chapter VII.

55. The essentials of a cross-ratio of a range of four

points are: (1) that each letter occurs once in both

numerator and denominator; (2) that the elements of

the denominator are obtained by associating the first and

last letters of the numerator together, and the third and

second, and in this particular order.
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AB CD
. j' p^ is not a cross-ratio but the negative of one,

BA.GD ,, , , • , K
^y^

—

jrji} though not appearing to be a cross-ratio as

^y><- it stands, becomes one on rearrangement, for it = tTt^
' ^ a ,

^^ thsitis (BACI)).

t ^\ Since there are twenty-four permutations of four

letters taken all together, we see that there are twenty-

four cross-ratios which can be formed with a range of

four points.

56. Prop. The twenty-four cross-ratios of a range

of four points are equivalent to six, all of which can he

expressed in terms of any one of them.

Let (ABCD) = \.

First we observe that if the letters of a cross-ratio be

interchanged in pairs simultaneously, the cross-ratio is

unchanged.

For

r «.4 Dn - ^^ •
^^' - 4^^^ - (ABOD)(BADC) - ^g^T^ - XdTOB - (^^^^)'

(GDAB)-
^^-^^ - ^^-^^ - (ABCD)

/ r\/-irt A \ J^^ • BA AB . 01) , . 7-,/^T^\
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Hence we get

(ABCD) = (BADG) = (CDAB) = (DCBA) = \ . . . (1).

Secondly we observe that a cross-ratio is inverted if

we interchange either the first and third letters, or the

second and fourth.

.-. (ADGB) = (BCBA) = (CBAD) = (DABC) = i
. . . (2).

, A,

These we have obtained from (1) by interchange of

second and fourth letters ; the same result is obtained by

interchanging the first and third.

Thirdly, since by § 31

AB.CD + BG.AD + GA.BD = 0,

AB.GD GA.BD _
' ' AD.GB '^ AD.GB~ .

, ^ GA.BD AG.BD , ,^j,j..
•'•

^'^"^^-adTcb^adTbg^^^^^^^'

Thus the interchange of the second and third letters

changes X into 1 — X. We may remark that the same

result is obtained by interchanging the first and fourth.

Thus from (1)

{AGBD) = {BDAC)^{GADB) = {DBGA) = \-\...{^),

and from this again by interchange of second and fourth

letters,

{ADBG) = {BGAD) = (GBDA) = (DA GB) =-^ . . . (4).
1 — A.

In these we interchange the second and third letters,

and get

(ABDG) = (BAGD) = (GDBA) = (DGAB)
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And now interchanging the second and fourth we get

(AGDB) = (BDCA) = (GABD) = (DBAC) = ^^—^ ...(6).
A.

We have thus expressed all the cross-ratios in terms

of X. And we see that if one cross-ratio of four collinear

points be equal to one cross-ratio of four other collinear

points, then each of the cross-ratios of the first range is

equal to the corresponding cross-ratio of the second.

Two such ranges may be called equi-cross.

57. Prop. If A, B, C be three separate collinear

points, and D, E other points in their line such that

(ABCD) = (ABGE),

then D must coincide with E.

^ . AB.GD AB.GE
Forsmce 2^705 = 2^705-

.-. AE.GD = AD.GE.

.-. {AD + DE)GD = AD{GD-^J)E).

.-. DE(AD-GD) = 0.

.-. DE.AG=^0.

.'. DE=0 for AG^O,

that is, D and E coincide.

58. Prop. A range of four points is equi-cross with

its projection on any plane.

Let the range ABGD be projected by means of the

vertex V into A'B'G'D'.
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Then

AB.CD AAVB ACVD ,, . , , , ,,

ADTCB = AAVD ' ACVB '
''^^'^ ^"^^^ ^^^ *" *^"

signs of the areas,

JVA. VB sin AVB JVC. VD sin CVD
~iVA. VDsinAVD' ^VG . VB sin CVB '

regard being had to the signs of the angles,

_ sin ^7^ sin CFi)

"sin^rasinCF^-

Similarly

A'B'.G'D'

Fig. 1.

sin ^'F^' sin O'Fi)'

A'B' . G'B'
~

sin A'VB' sin G'VB'

'

A. G.
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Now in all the cases that arise

sin A' VB' sin G'VD' _ sin AVB sin GVD
sin A'VD' sin G'VB' ~ sin A VD sin CVB

'

This is obvious in fig. 1.

Fig. 2. Fig. 3.

In fig. 2

sin A 'YB'— sin 5'YA , these angles being suppl ementary,

= -- sin AYB,

and sin A'YD' ^ sin UYA=- sin A YD.
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Further sin C'VD' = sin CVD,

and sin C'VB'=^sinGVB.

In fig. 3

sin^'F^' = sin A VB,

sin C"Fi)' ===sinGVD,

sinA'VD':= sinD'F^=-sin AVD,

sin C'VB' = sin5FC' =-sin GVB.

Thusiin each case

{A'B'C'I)') = (ABGD).

67

59. A number of lines in a plane which meet in a

point F are said to form a pencil, and each constituent

line of the pencil is called a ray. V is called the vertex

of the pencil.

Any straight line in the plane cutting the rays of the

pencil is called a transversal of the pencil.

From the last article we see that if VP^, VP^, VPs,

FP4 form a pencil and any transversal cut the rays of the

pencil in A, B, G, D, then (ABGD) is constant for that

particular pencil ; that is to say it is independent of the

particular transversal.

It will be convenient to express this constant cross-

ratio by the notation V {P^P,,P^P^.

We easily see that a cross-ratio of the projection of

a pencil on to another plane is equal to the cross-ratio of

the original pencil.

For let F(Pi, P^, P^, P4) be the pencil, the vertex

of projection.

5—2
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Let the line of intersection of the p and ir planes cut

the rays of the pencil in A, B, G, D, and let V be the

projection of F, VP^, of FPj, and so on.

p,'"'

pt

..^'^^

Then ABCD is a transversal also of

.: r(P,P,P,P,) = (ABGD) = V (P,'P,'P,'P:).

60. We are now in a position to set forth the con-

dition that two ranges of four points should be mutually

projective.
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Prop. If ABCD be a range, and A'BCD' another

range such that {A'B'C'D') = {ABCD), then the two ranges

are projective.

B/
>-6

/ ,'

^-

Join AA' and take any point Fupon it.

Join VB, VC, VD and let these lines meet a line

through A' in the plane VAD in P, Q, R respectively.

Join PB', QC and let these meet in V\ Join V'A\

and V'R, the latter cutting A'D' in X.

Then (ABCD) = (A'PQR) = (A'BV'X).

' But (ABCD) = {A'BCD') by hypothesis.

.-. {A'EC'X)=^{A'B'C'D').

.'. X coincides with D' (§ 57).
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Thus, by means of the vertex V, ABCD can be pro-

jected into A'PQR, and these again by the vertex V into

A'B'G'U.

Thus our proposition is proved.

61. Def. Two ranges ABODE. . . and A'B'G'D'E'.

.

.

are said to be homographic when a cross-ratio of any four

points of the one is equal to the corresponding cross-ratio-

of the four corresponding points of the other. This is

conveniently expressed by the notation

{ABODE. . .) = {A'B'0'D'E\ ..).

The student will have no difficulty in proving by

means of § 60 that two homographic ranges are mutually

projective.

Two pencils

V(P,Q,E,S,T...) and V\P\ Q', E, S\ T ...)

are said to be homographic when a cross-ratio of the

pencil formed by any four lines or rays of the one is

equal to the corresponding cross-ratio of the pencil formed

by the four corresponding lines or rays of the other.

62. Prop. Two homographic pencils are mutually

projective.

For let PQRS..., P'Q'R'S'... be any two transversals

of the two pencils, V and V the vertices of the pencils.

Let PQ'R'S" ... be the common range into which

these can be projected by vertices and 0'.

Then by means of a vertex iT on OF the pencil

V{P, Q, R,S.. .) can be projected into (P, Q", R", S"

.

. .)

;
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and this last pencil can, by a vertex L on 00', be projected

into 0' (P, q\ R'\ S". . .), that is, 0' {F, Q\ R, S\..); and

"""fc: J? ._

p

'^^x'^ \ ' / /

_ Nttn^

V'
TO

this again by means of a vertex M on O'F' can be pro-

jected into V\F\ Q', E, S'...).

63. We will conclude this chapter with a construction

for drawing through a given point in the plane of two

given parallel lines a line parallel to them, the construction

being effected by means of the ruler only.

Let Act), A^co' be the two given lines, co and a)' being

the point at infinity upon them, at which they meet.

Let P be the given point in the plane of these lines.
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Draw any line AG to cut the given lines in A and G,

and take any point B upon it.

Join PA cutting A^co' in ^i.

Join PB cutting Aj^w in B^ and A co in B2.

Join PC.

Let AyA and B^G meet in Q.

Let Q5 meet GP in 0.

Let AiO and J. (7 meet in D.

PD shall be the line required.

For

{A.BficD') = B (A,B,Gco') = {A.B^Aay) = A, {A,B,Aay)

= (BB.PB,) = G (BB.PB,) = (AQPA,) = (AQPA,)
= (ABGD).

.-. P(A,B,Gcd') = P(ABGD).

.'. PD and Po)' are in the same line,

that is, PD is parallel to the given lines.
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EXERCISES.

1. If (ABCD) = — ^ and B be the point of trisection of

AD towards A, then C is the other point of trisection of AD.

2. Given a range of three points A, B, C, find a fourth

point D on their line such that (ABOD) shall have a given

value.

3. If the transversal ABC be parallel to OD, one of the

rays of a pencil {A, B, C, D), then

0(ABCD) = '^.

4. If (ABCD) = {ABC'D'), then (ABCC) = (ABDD').

5. If ^, B, C, /) be a range of four separate points and

(ABCD) = (ADCB),

then each of these ratios = — 1

.

6. Of the cross-ratios of the range formed by the circum-

centre, median point, nine-points centre and orthocentre of a

triangle, eight are equal to - 1, eight to 2, and eight to |-.

7. Any plane will cut four given planes all of which

meet in a common line in four lines which are concurrent,

and the cross-ratio of the pencil formed by these lines is

constant.

8. If chords PQ of a conic S pass through a fixed point

0, and a point Ji be taken in FQ such that (OPRQ) is

constant, the locus of ^ is a conic having double contact

with >S'.

9. Taking a, b, c, d to be the distances from to the

points A, B, C, D all in a line with 0, and

X = (a-d)(b — c), fi = (b - d) (c — a), v = (c — d) (a - b),

shew that the six possible cross-ratios of the ranges that can

be made up of the points A, B, C, D are

/X V V X X fX

, , —

,

, , — T-.

V fji K V fx A.
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PERSPECTIVE.

64. Def. A figure consisting of an assemblage of

points P, Q, R, S, &c. is said to be in perspective with

another figure consisting of an assemblage of points P\

Q\ R', 8', &c., if the lines joining corresponding points,

viz. PP\ QQ\ RR', &c. are concurrent in a point 0. The

point is called the centre of perspective.

It is clear from this definition that a figure when

projected on to a plane or surface is in perspective with

its projection, the vertex of projection being the centre of

perspective.

It seems perhaps at first sight that in introducing the

notion of perspective we have arrived at nothing further

than what we already had in projection. So it may be

well to compare the two things, with a view to making

this point clear.

Let it then be noticed that two figures which are in

the same plane may be in perspective, whereas we should

not in this case speak of one figure as the projection of

the other.

In projection we have a figure on one plane or surface

and project it by means of a vertex of projection on to

another plane or surface, whereas in perspective the
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thought of the planes or surfaces on which the two

figures lie is absent, and all that is necessary is that

the lines joining corresponding points should be con-

current.

So then while two figures each of which is the

projection of the other are in perspective, it is not

necessarily the case that of two figures in perspective

each is the projection of the other.

65. It is clear from our definition of perspective that

if two ranges of points be in perspective, then' the two

lines of the ranges must be cbplang^r.

For it A,B, G, &c. are in perspective with A\ E, C\ &c.,

and be the centre of perspective, A'B' a,nd AB are in

the same plane, viz. the plane containing the lines OA,

OB.

It is also clear that ranges in perspective are homo-

graphic.

But it is not necessarily the case that two homographic

ranges in the same plane are in perspective. The following

proposition will shew under what condition this is the

case.
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66. Prop. If two homographic ranges in the same

plane be such that the point of intersection of their lines is

a point corresponding to itself in the ttuo ranges, then the

ranges are in perspective.

For let {ABODE. ..) = {AB'G'D'E'. ..).

Let BE', CC meet in 0.

Join OD to cut AB' in D".

Then {AB'G'U) = {ABGD)

= {AEG'D").

.'. D' and D" coincide.

Thus the line joining any two corresponding points in

the two homographic ranges passes through ; therefore

they are in perspective.

67. Two pencils V{A, B,G,D...) and V\A\ B\ G\ D\..)

will according to our definition be in perspective when V
and V are in perspective, points in VA in perspective

with points in V'A\ points in VB in perspective with

points in VB' and so on.
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We can at once prove the following proposition

:

If two pencils in different planes he in perspective they

have a common transversal and are homographic.

.-->y

Let the pencils be V{A,B,G,D.

.

.) and V'{A\ B\ G\ U).

Let the point of intersection of YA and V'A', which

are coplanar (§ 65), be P ; let that of VB, VF be Q ; and

so on.

The points P, Q, R, S, &c. each lie in both of the

planes of the pencils, that is, they lie in the line of

intersection of these planes.

Thus the points are collinear, and since

V{ABCD. . .) = (PQRS. ..) = r {A'B'G'D'. . .),

the two pencils are homographic.

The line PQRS. . . containing the points of intersection

of corresponding rays is called the axis of perspective.
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68. According to the definition of perspective given

at the beginning of this chapter, two pencils in the same

plane are always in perspective, with any point on the

line joining their vertices as centre.

Let the points of intersection of corresponding rays

be, as in the last paragraph, P, Q, R, S, &c.

We cannot now prove P, Q, R, S... to be collinear, for

indeed they are not so necessarily.

But if the points P, Q, &c. are collinear, then we say

that the pencils are coaxal.

If the pencils are coaxal they are at once seen to be

homographic.

69. It is usual with writers on this subject to define

two pencils as in perspective if their corresponding rays

intersect in collinear points.

The objection to this method is that you have a

different definition of perspective for different purposes.

We shall find it conducive to clearness to keep rigidly

to the definition we have already given, and we shall

speak of two pencils as coaxally in perspective if the

intersections of their corresponding rays are collinear.

As we have seen, two non-coplanar pencils in perspec-

tive are always coaxal ; but not so two coplanar pencils.

Writers, when they speak of two pencils as in perspec-

tive, mean what we here call ' coaxally in perspective.'

70. Prop. If two homographic pencils in the same

plane have a corresponding ray the same in both, they are

coaxally in perspective.

Let the pencils be

V{A,B,C,D,^c.) and V {A, B', C, D\ kc.)

with the common ray VV'A.
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Let VB and V'B' intersect in jS, VG and V'C in 7,

VD and V'D' in S, and so on.

Let 7/S meet V'VA in a, and let it cut the rays^FD

and VD' in 81 and 82 respectively.

Then since the pencils are homographic,

V(ABGD)=V'(AB'C'D').

.-. (a/3780 = («^7^2).

Therefore Bi and 83 coincide with S.

Thus the intersection of the corresponding rays VD
and VD' lies on the line ^y.

Similarly the intersection of any two other correspond-

ing rays lies on this same line.

Therefore the pencils are coaxally in perspective.
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71. Prop. If ABC..., A'RG'..., he two coplanar

homographic ranges not having a common corresponding

point, then if two pairs of corresponding points he cross-

joined (e.g. AB' and A'B) all the points of intersection so

obtained are coUinear.

Let the lines of the ranges intersect in P.

Now according to our hypothesis P is not a corre-

sponding point in the two ranges.

It will be convenient to denote P by two different

letters, X and Y\ according as we consider it to belong to

the ABG... or to the A'B'C... range.

Let X'he the point of the A'B'C... range correspond-

ing to X in the other, and let Y be the point of the

ABG... range corresponding to Y' in the other.

Then {ABGXY...) = {A'EG'X'Y'...).

.'. A'(ABGXY...) = A(A'B'G'X'Y\..).
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These two pencils have a common ray, viz. AA\
therefore by the last proposition the intersections of

their corresponding rays are collinear, viz.

A'B, AB'; A'G, AC; A'X, AX'; A'Y, AY';

and so on.

From this it will be seen that the locus of the inter-

sections of the cross-joins of A and A' with B and B\
G and C and so on is the line X' Y.

Similarly the cross-joins of any two pairs of corre-

sponding points will lie on X'Y.

This line X'Y is called the homographic axis of the

two ranges.

72. The student may obtain practice in the methods

of this chapter by proving that if

V(A, B, C..,) and V {A\ E, G',..)

be two homographic coplanar pencils not having a

common corresponding ray, then if we take the inter-

sections of VP and V'Q\ and of VQ and V'P' {VP, VP'
;

and VQ, VQ being any two pairs of corresponding

lines) and join these, all the lines thus obtained are

concurrent.

It will be seen when we come to Reciprocation that

this proposition follows at once from that of § 71.

A. G.
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TRIANGLES IN PERSPECTIVE.

73. Prop. If the vertices of two triangles are in

perspective, the intersections of their corresponding sides

are collinear, and conversely.

(1) Let the triangles be in different planes.

Let be the centre of perspective of the triangles

ABC, A'B'C.

Since EC, B'C are in a plane, viz. the plane containing

OB and 00, they will meet. Let X be their point of

intersection.

Similarly CA and G'A' will meet (in Y) and AB and

A'B' (in Z).

Now X, Y, Z are in the planes of both the triangles

ABC, A'B'C.

Therefore they lie on the line of intersection of these

planes.

Thus the first part of our proposition is proved.
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Next let the triangles ABC, A'B'C be such that the

intersections of corresponding sides {X, Y, Z) are collinear.

Since EG and B'C meet they are coplanar, and

similarly for the other pairs of sides.

Thus we have three planes BCG'B\ GAA'C, ABBA',
of which AA', BB\ GG' are the lines of intersection.

But three planes meet in a point.

Therefore AA\ BB', GG' are concurrent, that is, the

triangles are in perspective.

(2) Let the triangles be in the same plane.

First let them be in perspective, centre 0.

Let X, Y, Z be the intersections of the corresponding

sides as before.

Project the figure so that XF is projected to infinity.

Denote the projections of, the different points by

corresponding small letters.

We have now

oh : oh' — oc : oc' since he is parallel to h'c'

= oa : oa since ca is parallel to cV.

.*. ah is parallel to a'h'.

.'. 2^ is at infinity also,

that is, X, y, z are collinear.

.*. X,Y, Z are collinear.

6—2
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Next let X, Y, Z be collinear ; we will prove that the

triangles are in perspective.

Let A A' and BB' meet in 0.

Join OC and let it meet A'C in 0".

Then ABC and A'B'C" are in perspective.

.*. the intersection of BG and B'G'' lies on the line YZ.

But BG and B'G' meet the line YZ in X by hypo-

thesis.

.•. BV and 5'0' are in the same line,

i.e. C coincides with (7'.

Thus ABG and A'B'C are in perspective.

74. Prop. TAe necessary and sufficient condition that

the coplanar triangles ABG, A'B'G' should he in perspective

is

AB, . AB^\ GA, . GA, . BG, . BG,

= AG,.AG,.BA,.BA,.GB,.GB„

Ai, A2 being the points in which A'B' and A'G' meet the

non-corresponding side BG,

Bi, B2 being the points in which B'G' and B'A' meet the

non-corresponding side GA,
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6\, Ca being the points in which G'A' and G'B' meet the

non-co7'responding side AB.

First let the triangles be in perspective ; let X YZ be

the axis of perspective.
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Then since X, ^i, C2 are collinear,

AB,.GX.BC,
' ' AC\.BX.CB,

Since F, G^, A 2 are collinear,

AY.CA2.BC,
' AG,.BA,.GY

Since Z, Ai, B^ are collinear,

AB,.GA,.BZ

^=1.

= 1.

= 1,

" AZ.BA^.GB.,'^'

Taking the product of these we have

AB,.AB,.GA,.GA2.BG,.BG,.AY.GX.BZ
AG^.AG^.BA^.BA^.GB^.GB^.AZ.BX.GY

But X, F, Z are collinear,

AY.GX.BZ
' ' AZ.BX.GY~

.'. AB,.AB2.GA,.GA2.BG,.BG2

= AG^.AG2.BA^.BA2.GB,.GB2.

Next we can shew that this condition is sufficient.

For it renders necessary that

AY.GX.BZ
AZ.BX.GY~

.'. X, F, Z are collinear and the triangles are in

perspective.

Cor. If the triangle ABG be in perspective with

A'B'G\ and the points A^, A^, B^, B^, G^, Og be as defined

in the above proposition, it is clear that the three following

triangles must also be in perspective with ABG, viz.

(1) the triangle formed by the lines A^B^, B^G^, G^A^,

(2) „ „ „ „ AiBi, B^G^^GiAz,

(3) » » }) » -4iZ>i, ^2^1> C^2^2«
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EXERCISES.

1. ABC, A'B'C are two ranges of three points in the

same plane ; BC and B'C intersect in J^, CA' and C'A in B^,

and AB' and A'B in C^
;
prove that A^, B^, Cj are collinear.

2. ABC and A'B'C are two coplanar triangles in per-

spective, centre 0, through any line is drawn not in the

plane of the triangle ; *S' and *S" are any two points on this

line. Prove that the triangle ABC by means of the centre aS',

and the triangle A'B'C by means of the centre S', are in

perspective with a common triangle.

3. Assuming that two non-coplanar triangles in perspec-

tive are coaxal, prove by means of Ex. 2 that two coplanar

triangles in perspective are coaxal also.

4. If ABC, A'B'C be two triangles in perspective, and if

BC and B'C intersect in A-^, CA' and CA in B^, AB' and

A'B in Ci, then the triangle A^B^Cj will be in perspective

with each of the given triangles, and the three triangles will

have a common axis of perspective.

5. When three triangles are in perspective two by two

and have the same axis of perspective, their three centres of

perspective are collinear.

6. The points Q and B lie on the straight line AC, and

the point V on the straight line AD ; VQ meets the straight

line ^^ in ^, and VB meets AB in Y ; X is another point on

AB', XQ meets ^Z> in U, and XR meets AD in W, prove

that YU, ZW, AC are concurrent.

7. The necessary and sufficient condition that the co-

planar triangles ABC, A'B'C should be in perspective is

Ah' . Be . Ca = Ac' . Ba . Ch',

where a', h', c denote the sides of the triangle A'B'C opposite

to A', B', C respectively, and Ah' denotes the perpendicular

from A on to h'.

[Let B'C and BC meet in X
',
CA' and CA in Y ; A'B'
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and AB in Z. The condition given ensures that X, Y, Z are

collinear.]

8. Prove that the necessary and sufficient condition that

the coplanar triangles ABC^ A'B'C should be in perspective is

sin ABC sin ^^^' sin BCA' sin BCB' sin CAB' sin CAC _
sin ACB' sin ACA' sin CBA' sin CBC sin BAG' sin BAB' " '

[This is proved in Lachlan's Modern Pure Geometry. The

student has enough resources at his command to establish the

test for himself. Let him turn to § 36 Cor., and take in turn

at A\ B', C and at the centre of perspective. The result is

easily obtained. Nor is it difficult to remember if the student

grasps the principle, by which all these formulae relating to

points on the sides of a triangle are best kept in mind—the

principle, that is, of travelling round the triangle in the two

opposite directions, (1) AB, BC, CA, (2) AC, CB, BA.]

9. If a conic be described cutting the sides of a triangle

ABC in .4i, A^', B^, B^\ C-^, C^', the triangle formed by the

lines -SjCo, C-^^A^, A^B^ is in perspective with ABC.

[Project into a circle and use § 74.]

10. Two triangles in plane perspective can be projected

into equilateral triangles.

11. ABC is a triangle, /j, /g, /g its ecentres opposite to

A, B, C respectively, /g/g meets BC in A^, I^li meets CA in

B^ and I^/^ meets AB in C^, prove that A^, B^, C^ are collinear.

12. If AD, BE, CF and AD', BE', CF' be two sets of

concurrent lines drawn through the vertices of a triangle

A BC and meeting the opposite sides in D, E, F and D' , E', F'

,

and if EF and E'F' intersect in X, FD and F'U in Y, and-

DE and D'E' in Z, then the triangle XYZ is in perspective

with each of the triangles ABC, DEF, D'E'F'.

[Project the triangle so that AD, BE, CF become the

perpendiculars in the projection and AD', BE', CF' the

medians, and then use Ex. 7.]



CHAPTER VII.

HARMONIC SECTION.

75. Def. Four collinear points A, B, G, D are said

to form a harmonic range if

{ABCD) = -l.

y I n •

A b"' c b

We have in this case

AB.cn = -1.
AD.GB

AB ^ AB-AG _ AB-AG
•'• AD AD-AG~AG-AD'

thus ^(7 is a harmonic mean between AB and AD.

Now reverting to the table of the twenty-four cross-

ratios of a range of four points (§ bQ)j we see that if

(ABGD) = — 1, then all the following cross-ratios = — 1

:

(ABGDJ, {BADG\ (GDAB), {DGBA)]

iADGB), \BGDA), \GBAD), {DABG)!

Hence not only is J.C a harmonic mean between AB
and AD, but also

BD is a harmonic mean between BA and BG,

DB „ „ „ DC and i)^,

GA „ „ „ GBsii^dGD.
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We shall then speak of A and C as harmonic con-

jugates to B and D, and express the fact symbolically

thus

:

(AC,BD)=~1.

By this we mean that all the eight cross-ratios given

above, and in which, it will be observed, A and G are

alternate members, and B and D alternate, are equal

to -1.

When (AG, BD) = — 1 we sometimes speak of D as

the fourth harmonic of A, B and G ; or again we say that

AG is divided harmonically at B and D, and that BD is

so divided at A and G. Or again we may say that G is

harmonically conjugate with A with respect to B and D.

A pencil P(A, B, G, D) of four rays is called harmonic

when the points of intersection of its rays with a trans-

versal form a harmonic range.

The, student can easily prove for himself that the

internal and external bisectors of any angle form with

the lines containing it a harmonic pencil.

76. Prop. If (AG, BD) = - 1, and he the middle

point of AG, then

OB.OD = OG'=OA'.

A O i C D

For since (ABGD) = -l,

.-. AB.GD = -AD.GB.

Insert the origin 0.

,-. {OB - OA){OD -0G) = - (OD - OA)(OB - OG).

But OA = -OG.

,'. {OB + OG) {OD -0G) = - {OD + OG) {OB - OG).
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.-. OB.OD + OC.OD-OB.OG-OC'
^-OD.OB + OG.OD-OB.OC-hOC.

.'. 20B.OD = 20C'.

.-. OB.OD = OG' = AO''=OA\

Similarly if 0' be the middle point of BD,

0'C.O'A = 0'B^ = 0'D\

Cor. The converse of the above proposition is true,

viz. that if ABCD be a range and the middle point of

AG and OG' = OB . OD, then (AG, BD) = - 1.

This follows by working the algebra backwards.

77. Propt. // {AG, BD) = -l,the circle on AG as

diameter will cut orthogonally every circle through B
and D.

Let be the middle point o{ AG and therefore the

centre of the circle on AG.

Let this circle cut any circle through B and 2) in P

;

then

OB.OD = OG'=OP\
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Therefore OP is a tangent to the circle BPD ; thus

the circles cut orthogonally.

Similarly, of course, the circle on BD will cut ortho-

gonally every circle through A and C.

Cor. 1. If ABOB he a range, and if the ch'cle on

AG as diameter cut orthogonally some one circle passing

through B and D, then (AC, BD) = — 1.

For using the same figure as before, we have

OB.OD=^OP^=OC\
.-. {AG,BD) = -\.

Cor. 2. If two circles cut orthogonally, any diameter

of one is divided harmonically hy the other.

78. Prop. If on a chord PQ of a circle two con-

jugate points A, A' with respect to the circle be taken, then

(PQ,AA') = -1.

Draw the diameter OB through A to cut the polar of

A, on which A' lies, in L.
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Let be the centre.

Then by the property of the polar,

OL.OA = 0G\

.'. {GD,LA) = -1.

Therefore the circle on CD as diameter (i.e. the given

circle) will cut orthogonally every circle through A and L.

But the circle on AA' as diameter passes through A
and L.

Therefore the given circle cuts orthogonally the circle

on J.^' as diameter.

But the given circle passes through P and Q.

.-. (PQ,AA') = -1.

Cor. The above property holds for any conic, for the

conic can be projected into a circle, and points forming a

harmonic range in the one figure will correspond to points

forming a harmonic range in the other, since cross-ratios

are unaltered by projection.

This harmonic property of conies is of great import-

ance and usefulness. It may be otherwise stated thus

:

•^ Chords of a conic through a point A are harmonically

divided at A and at the point of intersection of the chord

with the polar of A.

The reader will easily see that the well-known

property of the ellipse or hyperbola, viz. GV .GT—GP^
(see figure), is a particular case of the above proposition.

For QQ' is the polar of T.

.'. (Pp, Fr) = -i.

.-. GV.GT=GP\
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This property can be proved for the ellipse by ortho-

gonal projection, but not so for the hyperbola.

Note that if TPp does not pass through the centre of

the conic, the above relation holds good, provided G be

the middle point of Pp.

79. Prop. Each of the three diagonals of a plane

quadrilateral is divided harmonically hy the other two.

Let AB, BG, GD, DA be the four lines of the quadri-

lateral; A, B, G, D, E, F its six vertices, that is, the

intersections of its lines taken in pairs.

Then AG, BD, EF are its diagonals.

Let FQR be the triangle formed by its diagonals.

Project EF to infinity. Denote the points in the

projection by corresponding small letters.

Then
bp . dq bp

{BPDQ) = {bpdq)^
bq . dp dp

(since -^ = 1, q being at oo
jhq

-1.
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Similarly (APCR)=^-1.

Also (FQER) = B (FQER) = (A PGR)

Thus we have proved

{AG,PR)==-l, (BD,PQ) = -1, (EF,QR) = -1.

Cor. The circumcircle of PQR will cut orthogonally

the three circles described on the three diagonals as

diameters.

Note. It has been incidentally shewn in the above

proof that if M be the middle point of AB, and co the

point at infinity on the line, (AB, Mco) = — 1.

80. The harmonic property of the quadrilateral,

proved in the last article, is of very great importance.

It is important too that at this stage of the subject the

student should learn to take the * descriptive ' view of the

quadrilateral ; for in ' descriptive geometry,' the quadri-

lateral is not thought of as a closed figure containing an

area ; but as an assemblage of four lines in a plane, which

meet in paiiS-ULsix points called the vertices; and the

V^

[(university
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three lines joining such of the vertices as are not already

joined by the lines of the quadrilateral are called diagonals.

By opposite vertices we mean two that are not joined by a

line of the quadrilateral.

81. A quadrilateral is to be distinguished from a

quadrangle. A quadrangle is to be thought of as an

assemblage of four points in a plane which can be joined

in pairs by six straight lines, called its sides or lines ; two

of these sides which do not meet in a point of the quad-

rangle are called opposite sides. And the intersection of

two opposite sides is called a diagonal point. This name
is not altogether a good one, but it is suggested by the

analogy of the quadrilateral.

Let us illustrate the leading features of a quadrangle

by the accompanying figure.

ABCD is the quadrangle. Its sides are AB, EG, CD,

DA, AC and BR
AB and CD, AG and BB, AD and BG are pairs of

opposite sides and the points P, Q, R where these intersect

are the diagonal points.

The triangle PQR may be called the diagonal triangle.
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The harmonic property of the quadrangle is that the

two sides of the diagonal triangle at each diagonal point

are harmonic conjugates with respect to the two sides of the

quadrangle meeting in that point.

The student will have no difficulty in seeing that this

can be deduced from the harmonic property of the quadri-

lateral proved in § 79.

On account of the harmonic property, the diagonal

triangle associated with a quadrangle has been called the

harmonic triangle.

82. Prop. If a conic pass through the four points of

a quadrangle, the diagonal or harmonic triangle is self-

polar with regard to the conic—that is, each vertex is the

pole of the opposite side.

Let ABCD be the quadrangle ; PQR the diagonal or

harmonic triangle.

Let FQ cut AD and BC in X and Y.

Then (AD,XR) = -1,

.'. the polar of R goes through X (§ 78),

A. G.
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and (BG,YR) = -1,

.'. the polar of M goes through F.

.*. PQ is the polar of R.

Similarly QR is the polar of P, and PR of Q.

Thus the proposition is proved.

Another way of stating this proposition would be to

say that the diagonal points when taken in pairs are

conjugate for the conic.

The triangle PQR is also called self-conjugate with

regard to the conic.

83. We might also prove that if a conic touch the

four lines of a quadrilateral, the triangle formed by the

diagonals of the quadrilateral isself-polar or self-conjugate

with regard to the conic.

The student will see when he comes to the chapter on

Reciprocation how this proposition may be at once inferred

from that proved in § 82.

84. We have seen that any conic can be projected

into a circle, therefore we may consider every conic to be

the projection of some circle.

Now the nature of the conic into which a circle is

projected will depend on the position of the vanishing

line in the plane of the circle.

If the vanishing line does not meet the circle in any

real points, then the projection of the circle has no real

points at infinity, that is, the projection will be an ellipse.

If the vanishing line cut the circle in two real points,

th^ projection of the circle will have two real points at

infinity and the tangents at these points will not be

wholly at infinity, that is, the curve will be a hyperbola,
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whose asymptotes are the projections of the tangents to

the circle at the points where the vanishing line cuts it.

If the vanishing line touch the circle the projection of

the circle will have one real point at infinity and will

touch the line at infinity at that point, that is, the curve

will be a parabola.

85. We will now set forth some of the properties of

the parabola, already well known by the ordinary methods

of elementary Geometry, by regarding it as the projection

of a circle, the vanishing line in the plane of the circle

being a tangent to it.

Let R be any point on the vanishing line, which is a

tangent to the circle at I).

Through R draw RQQ' to cut the circle in Q and Q\

and let the tangents at Q and Q' meet in T.

Join TD to cut QQ' in V and the circle in P.

Now R lies on the polar of T, therefore the polar of R
goes through T.

But the polar of R goes through D.

7—2
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Therefore DT is the polar of K
.-. {VR,QQ') = -1.

And we have also

{VT,PD) = -l,

and farther PR is the tangent at P.

Now project, and let corresponding small letters be

used in the projection ; r and d are at infinity and we
have

(1) The tangent at p is parallel to qq'.

(2) {vt,pd) = — l, .•.tp=pv.^

(3) (vr, qq') = — 1, .'. q'v = vq.

(4) The locus of the middle points of a system of

parallel chords is a straight line meeting the curve in the

point at infinity, that is, a straight line parallel to the axis.

These the reader will recognise as well-known pro-

perties of the parabola.

86. Next we will consider the hyperbola as the

projection of a circle, the vanishing line in the plane

of the circle cutting the circle in two real and non-

coincident points.

Let DE be the vanishing line cutting the circle in D
and E.

Let the tangents at D and E meet in G.

Let the chord QQ' meet the vanishing line in R and
the tangents at D and E in L and L'.

Since R lies on the polar of C, the polar of R goes

through G.

Let this polar be GPP' cutting QQ' in F, DE in K,
and the circle in P and P'.
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Let RP, which will be tangent at P, cut CD, GE in

T and T.

Y~il

Then we have

(FE, QQ0 = -1,

{GK,PF) = -1,

(RK, DE) = -\,

and from this last {RP, TT) = - 1.

Now CD and GE project into cd and ce, the asymptotes

of the hyperbola.

We have then the following properties, which the

reader will recognise as already familiar:

qq' being parallel to the tangent at p, and cutting the

diameter through p in v,

(vr, qq') = — l.
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.*. qv = vq\ since r is at oc

dat^

e at)<

Hence

tp=pt'

.

Iv = vr.

lq=q'l'.

EXERCISES.

1. If if and N be points in two coplanar lines AB, CD,
shew that it is possible to project so that M and N project

into the middle points of the projections oi AB and CD.

2. AA^, BB^j CG-^ are concurrent lines through the

vertices of a triangle meeting the opposite sides in Jj, B^, C^.

B^Ci meets BC in A^; C^Aj meets CA in B^; Aj^B^ meets AB
in Ca ;

prove that

{BC,A,A,) = -l, {CA,BA) = -l, {AB,C,C,) = -l.
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3. Prove that the circles described on the lines ^^i-^g,

B^Bi^i Gfi^ (as defined in Ex. 2) as diameters are coaxal.

[Take P a point of intersection of circles on A-^A^, B^B^y

and shew that CjCg subtends a right angle at F. Use Ex. 2

and § 27.]

4. The collinear points A, D, C are given : GE is any-

other fixed line through C, E is a, fixed point, and B is any

moving point on CE. The lines AE and BD intersect in Qj

the lines CQ and BE in B, and the lines BR and AC in P.

Prove that P is a fixed point as B moves along CE.

5. From any point M in the side BC of a triangle ABC
lines MB' and MC are drawn parallel to AC and AB respec-

tively, and meeting AB and AC in B' and C. The lines ^C"
and CB' intersect in P, and AP intersects B'C in M'. Prove

that M'B' : M'C = MB : .IfC.

6. Pairs of harmonic conjugates [DD'), (EE'), {FF') are

respectively taken on the sides BC, CA, AB oi a triangle ABC
with respect to the pairs of points {BC), (CA), (AB). Prove

that the corresponding sides of the triangles DEF and D'E'F'

intersect on the sides of the triangle ABC, namely EF and

E'F' on BC, and so on.

7. The lines VA', VB', VC bisect the internal angles

formed by the lines joining any point V to the angular points

of the triangle ABC ; and A' lies on BC, B' on CA, C on AB.

Also A", B", C" are harmonic conjugates of A', B', C with

respect to B and 6', C and A, A and B. Prove that A!', B'\

C" are collinear.

8. Prove that all conies with respect to which a given

triangle is self-conjugate and which pass through a fixed point

A
,
pass also through three other fixed points.

9. AA^, BB^, CCi are the perpendiculars of a triangle

ABC; AjB^ meets AB in C^', X is the middle point of line

joining A to the orthocentre ; C^K and BB^ meet in T.

Prove that C^T is perpendicular to BC.
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10. A system of conies touch AB and AC at B and C.

D is a. fixed point, and BD, CD meet one of the conies in

P, Q. Shew that FQ meets BC in a fixed point.

11. If ^, ^ be given points on a circle, and if CD be a

given diameter, shew how to find a point F on the circle such

that FA and FB shall cut CD in points equidistant from the

centre.

12. A line is drawn cutting two non-intersecting circles;

find a construction determining two points on this line such

that each is the point of intersection of the polars of the other

point with respect to the two circles.

13. A^, B^, Ci are points on the sides of a triangle ABC
opposite to A, B, C. A.^, B^, Cg are points on the sides such

that Ai, A2 are harmonic conjugates with B and C : B^, B^, with

C and A', C-^, C2 with A and B. If A^, B.2, C^ are collinear,

then must AA-^, BB^, CC^ be concurrent.

14. -4^1, BB^, CCi are concurrent lines through the

vertices of a triangle ABC. B^Ci meets BC in A^, C-^A^ meets

CA in B^, A^B^ meets AB in C^. Prove that the circles on

A-^A^, B^B^, C1C2 as diameters all cut the circumcircle of ABC
orthogonally, and have their centres in the same straight line.

[Compare Ex. 3.]

15. When a triangle is self-conjugate for a conic, two and

only two of its sides cut the curve in real points.

16. Prove that of two conjugate diameters of a hyperbola,

one and only one can cut the curve in real points.

[Two conjugate diameters and the line at infinity form a

self-conjugate triangle.]

17. If ^ and B be conjugate points of a circle and M the

middle point of AB, the tangents from M to the circle are of

length MA.

18. If a system of circles have the same pair of points

conjugate for each circle of the system, then the radical axes

of the circles, taken in pairs, are concurrent.
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19. If a system of circles have a common pair of inverse

points the system must be a coaxal one.

20. Prove that if a rectangular hyperbola circumscribe a

triangle the pedal triangle is a self-conjugate one.

21. and 0' are the limiting points of a system of coaxal

circles, and A is any point in their plane ; shew that the chord

of contact of tangents drawn from A to any one of the circles

will pass through the other extremity of the diameter through

A of the circle AOO'.

22. Through a fixed point D inside a given ellipse another

ellipse is drawn touching the given ellipse at two points

;

prove that their common chord intersects the tangent at D to

the second ellipse in a point whose locus is a straight line.

23. ^ is a fixed point without a given circle and P a

variable point on the circumference. The line ^i^ at right

angles to AP meets in F the tangent at P. If the rectangle

FAPQ be completed the locus of ^ is a straight line.



CHAPTER VIII.

SOME PEOPERTIES OF CONICS.

87. Prop. If a conic cut the sides of a triangle

ABC in A-^, A^; A, ^2; 0^, G^; then

AB, . AB^ . CA, . CA, . BO, . BO,

= AG,.AG,. BA, . BA, . GB, . GB,.

Project the conic into a circle ; and denote the points

in the projection by corresponding small letters.

Then since abi . ah^ = aci . ac^,

cdi . ca, = cbi . ch^y

bci.bc2 = bai.ba2,

.'. abi. ab, . ca^ . ca, . bci . bc^ = ac^ . ac^ . bai . ba,2 . cb^ . cb,.
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.*. the triangle formed by the lines aA, ^A, c^a.^ is in

perspective with the triangle ahc (§ 74).

.'. the triangle formed by the lines A^B^, Bfi^, G^A^

is in perspective with the triangle ABC.

.-.by §74

AB, . AB, . GA, . CA, . BC, . BC,

= AC,.AG,. BA, . BA, . GB, . GB,.

This is known as Carnot's theorem.

CoR. If a conic cut the sides of a triangle ABG in

Ai, A^; Bi, B^\ (7i, G^\ then the triangle ABG is in

perspective with the four following triangles

:

(1) that formed by the lines A^B^, Bfi^, G1A2,

(2) „ „ „ „ A1B2, BiGi, C2A2,

(3) „ „ „ „ ^1^1, B.2G2, G1A2,

(4) „ „ „ „ A,B,,B2G„'G^2r-'^^^.

We thus have that
^^^^ ^' ^'" ^ ^''

the intersections of AB, A^B^; BG, B1G2', GA, GiA^

are collinear,

the intersections of AB, A^B2\ BG, Bfi^; GA, G2A2

are collinear,

the intersections of AB, AjB^; BG, B2G2; CA, G-^A^

are collinear,

the intersections of AB, A^By^\ BG, ^a^^i ; CA, Oa^la^- «

are collinear. 4^; ^^/3^ fbi b,^i C^ C,^

It will be seen further on (§ 93) that all these lines

of collinearity are included in the Pascal lines of the

hexagons formed with A^, A^, B^, B2, Gi, G2.
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88. Prop. If he a variable point in the plane of a

conic, and FQ, RS be chords in fixed directions through 0,

then ?^^ is constant.UK . (Jo

Let 0' be any other point and through 0' draw the

chords F'Q\ R'S' parallel respectively to PQ and BS.

Let QP, QP' meet in o) at infinity and SR, S'R'

in n.

Let P'Q' and RS meet in T.

Now apply Carnot's theorem to the triangle wOT and

get

(oP.wQ.OR.OS.TP'.TQ'

but

wF.ayQ'.TR.TS.OP.OQ

(oP T J ^Q -,

n, = l and -7y = l.
(oP coQ

TP'.TQ' _ OP.OQ
•*• TR.TS "OR. OS'

= 1,
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Next apply Carnot's theorem to the triangle UTO'
and get

nRMS. TP'.TQ'. O'R . O'S' _
nR .nS'. O'P' . O'Q' .TR,T8

TF,TQ' O'F.O'Q'

Hence

TR.T8 O'R'.O'S"

OP.OQ _ 0'F.O'Q '

OR. OS O'R'.O'S"

^, ^. OP.OQ.
that IS, .^ -.^ .. ,^ IS constant.

(Jli . (Jo

This proposition is known as Newton's theorem. Some

special cases of it are given as examples at the end of the

chapter.

89. Prop. If A, B, G, D he four fixed points on a

conic, and P a variable point on the conic, P(ABGD) is

constant and equal to the corresponding cross-ratio of the

four points in which the tangents at A, B, C, D meet that

at P.

c?, c, -6, a,

Project the conic into a circle and use corresponding

small letters in the projection.
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Then P (ABGD) = p (abed).

But p(abcd) is constant since the angles aph, hpc, cpd

are constant or change to their supplements as p moves

on the circle ; therefore P(ABCD) is constant.

Let the tangents at a, h, c, d cut that in p in aj, 61, Ci,

di and let be the centre of the circle.

Then Oa^, Obi, Oci, Od^ are perpendicular to pa, pb,

pCy pd.

.'. p (abed) = (aJ)iCidj) = (aJ)iCidi).

.-. P(ABCD) = (AiBfiiD,).

Cor. If -4' be a point on the conic near to A, we
have

A'(ABGD) = P(ABCD).
.*. if ^T be the tangent at A,

A(TBCD) = P(ABGD).

Note. In the special case where the pencil formed

by joining any point P on the conic to the four fixed

points A, B, G, D is harmonic, we speak of the points on

the conic as harmonic. Thus if P(ABGD) = — 1, we say

that A and G are harmonic conjugates to B and D.

90. Prop. If A, B, G, D be four fixed non-eollinear

points in a plane and P a point such that P (ABGD) is

constant, the locus ofP is a conic.

Let Q be a point such that

Q (ABGD) = P(ABGD) by § 89.

Then if the conic through the points A, B, G, D, P
does not pass through Q, let it cut QA in Q'.

.'. P (ABGD) = Q' (ABGD).

.-. Q' (ABGD) = Q (ABGD).
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Thus the pencils Q(A, B, G, B) and Q' {A, B, G, B)
are homographic and have a common ray QQ'.

Therefore (§ 70) they are coaxally in perspective ; that

is, A, B, G, B are collinear.

But this is contrary to hypothesis.

Therefore the conic through A, B, G, B, P goes

through Q.

Thus our proposition is proved.

We see from the above that we may regard a conic

through the five points A, B, G, B, E as the locus of a

point P such that

P(ABGB) = E{ABGB).

91. Prop. The envelope of a line which cuts four

non-concurrent coplanar fixed straight lines in four points

forming a range of constant cross-ratio is a conic touching

the four lines.

This proposition will be seen, when we come to the

next chapter, to follow by Reciprocation directly from the

proposition of the last paragraph.

The following is an independent proof.
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Let the line p cut the four non-concurrent lines a, h,

c, d in the points A, B, G, D such that (ABGD) — the

given constant.

Let the line q cat the same four lines in A\ B', C, D'

such that {A'B'G'U) = {ABGD).

Then if q be not a tangent to the conic touching a, 6,

c, d, p, from A' in q draw q a tangent to the conic.

Let b, c, d cut q in B'\ G'\ D\
.-. {A'B"G"D") = {ABGD) by § 89

= {A'BCD').

The ranges A'F'G"D" and A'B'G'U are therefore

homographic and they have a common corresponding

point.
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Therefore they are in perspective (§ 66), which is con-

trary to our hypothesis that a, h, c, d are non-concurrent.

Thus q touches the same conic as that which touches

a, by c, d, p.

And our proposition is established.

92. Prop. If P(A, B, G, D) he a pencil in the plane

of a conic S, and J-i, B^, C^, D^ the poles of PA, PB, PC,

PD with respect to S, then

P{ABCD) = {A,B,G,D,).

We need only prove this in the case of a circle, into

which, as we have seen, a conic can be projected. -

Let be the centre of the circle.

Then OA^, OB^, OC^, OD^ are perpendiculars respec-

tively to PA, PB, PC, PD.

.-. P{ABCD) = {A.BfiM = {A,B,C:D,),

This proposition is of the greatest importance for the

purposes of Reciprocation.

A. G. 8



114 SOME PROPERTIES OF CONICS.

We had already seen that the polars of a range of

points form a pencil ; we now see that the pencil is

homographic with the range.

93. PascaPs theorem. If a conic pass through six

points A, B, G, D, E, F, the opposite pairs of sides of each

of the sixty different hexagons (six-sided figures) that can

he formed with these points intersect in collinear points.

There are several proofs of this celebrated theorem.

One was suggested to the student in Ex. 1.3 of Chapter IV.

Another is practically contained in the Cor. of § 87. We
will here give a third.

Consider the hexagon or six-sided figure formed with

the sides AB, BG, GD, DE, EF, FA.
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The pairs of sides which are called opposite are AB
and DE; BG and EF) CD and FA.

Let these meet in X, F, Z respectively.

Let CD meet EF in H, and DE meet FA in 0.

Then since A (BDEF) = G(BDEF),

.-. {XDEG) = {YREF).

These homographic ranges XDEQ and YHEF have a

common corresponding point E,

.-. ZF, DH and i^G^ are concurrent (§ m),

that is, Z, the intersection ofDH and FG, lies on Z F.

Thus the proposition is proved.

The student should satisfy himself that there are sixty

different hexagons that can be formed with the six given

vertices.

94. Brianchon's theorem. If a conic he inscribed

in a hexagon the lines joining opposite vertices are con-

current

This can be proved after a similar method to that of

§ 93, and may be left as an exercise to the student. We
shall content ourselves with deriving this theorem from

Pascal's by Reciprocation. To the principles of this

important development of modern Geometry we shall

come in the chapter immediately following this.

8—2
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EXERCISES.

1. If a conic touch the three sides of a triangle, the lines

joining the vertices of the triangle to the points of contact

with the opposite sides are concurrent.

2. If a conic cut the sides BC, CA, AB oi a, triangle ABC
in A^A^, B^B2, CjCc,, and AAj, BB^, CG-^ are concurrent, then

will AAc^, BB.^^ CC^ be concurrent.

3. The two tangents from an external point to a central

conic are in the ratio of the diameters parallel to them.

4. The squares of the tangents from an external point to

a parabola are in the ratio of the focal chords parallel to them.

5. Deduce from Newton's theorem the property for a

central conic

^P :FV.Vp=CD' : CF\

6. If (P, F'), (Q, Q') be pairs of harmonic points on a

conic (see Note on § 89), prove that the tangent at F and FF'

are harmonic conjugates to FQ and FQ'. Hence shew that if

FF be normal at F, FQ and PQ' make equal angles with FF'.

7. The straight line FF' cuts a conic at F and F' and is

normal at P. The straight lines FQ and FQ' are equally

inclined to FF and cut the conic again in Q and Q'. Prove

that F'Q and FQ' are harmonic conjugates to F'F and the

tangent at F'.

8. Shew that if the pencil formed by joining any point

on a conic to four fixed points on the same be harmonic, two

sides of the quadrangle formed by the four fixed points are

conjugate to each other with respect to the conic.

9. The tangent at any point P of a hyperbola intersects

the asymptotes in i/j and M^ and the tangents at the vertices

in i/j and Zg, prove that

FM^^PL^.FL^.
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10. Deduce from Pascal's theorem that if a conic pass

through the vertices of a triangle the tangents at these points

meet the opposite sides in collinear points.

[Take a hexagon AA'BB'CC in the conic so that A\ B\ C
are near to A, B, C]

11. If a conic pass through the points A, B, C, B, the

points of intersection oi AC and BD, of AB and CD, of the

tangents at B and C, and of the tangents at A and J) are

collinear.

12. Given three points ^4, ^, C on a conic, determine a

fourth point D on the same so that A and B may be harmonic

conjugates to C and D.

13. Given three points of a hyperbola and the directions

of both asymptotes, find the point of intersection of the curve

with a given straight line drawn parallel to one of the

asymptotes.

14. Through a fixed point on a conic a line is drawn

cutting the conic again in P, and the sides of a given

inscribed triangle in A\ B\ C. Shew that (PA'B'C) is

constant.

15. A, B, C, D are any four points on a hyperbola; CK
parallel to one asymptote meets ^D in K, and i)Z parallel

to the other asymptote meets CB in L. Prove that KL is

parallel to AB.

16. The sixty Pascal lines corresponding to six points on

a conic intersect three by three.

17. Any two points D and E are taken on a hyperbola of

which the asymptotes are CA and CB; the parallels to CA
and CB through D and E respectively meet in Q ; the tangent

at D meets CB in R, and the tangent at E meets CA in T.

Prove that T, Q, R are collinear, lying on a line parallel to DE.

18. The lines CA and CB are tangents to a conic at A
and B, and D and E are two other points on the conic. The

line CD cuts AB in G, AE in H, and BE in K. Prove that

CD'' : (9Z)2 = CH . CK : GH. GK.



118 SOME PROPERTIES OF CONICS.

19. Through a fixed point A on a conic two fixed straight

lines AI, AI' are drawn, S and *S" are two fixed points and P
a variable point on the conic; FS, PS' meet AI, AI' in Q, Q'

respectively, shew that QQ' passes through a fixed point.

20. If two triangles be in perspective, the six points of

intersection of their non-corresponding sides lie on a conic,

and the axis of perspective is one of the Pascal lines of the six

points.

21. If two chords PQ, PQ' of a conic through a fixed

point P are equally inclined to the tangent at P, the chord

QQ' passes through a fixed point.

22. If the lines AB, BC, CD, DA touch a conic at P, Q,

P, S respectively, shew that conies can be inscribed in the

hexagons APQCES and BQRDSP.

23. The tangent at P to an ellipse meets the auxiliary

circle in Y and Y' . ASS'A' is the major axis and SY, S'Y'

the perpendiculars from the foci. Prove that the points A,

Y, Y', A' subtend at any point on the circle a pencil whose

cross-ratio is independent of the position of P.
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EECIPROCATION.

95. If we have a number of points P, Q, R, &c. in a

plane and take the polars p, q, r, &c. of these points with

respect to a conic F in the plane, then the line joining

any two of the points P and Q is, as we have already

seen, the polar with respect to V of the intersection of the

corresponding lines p and q.

It will be convenient to represent the intersection of

the lines ^ and q by the symbol (pq), and the line joining

the points P and Q by (PQ).

The point P corresponds with the line p, in the sense

that P is the pole of p, and the line (PQ) corresponds

with the point (pq) in the sense that (PQ) is the polar of

Thus if we have a figure F consisting of an aggregate

of points and lines, then, corresponding to it, we have

a figure F' consisting of lines and points. Two such

figures F and F' are called in relation to one another

Reciprocal figures. The medium of their Reciprocity is

the conic T.

Using § 92, we see that a range of points in F
corresponds to a pencil of lines, homographic with the

range, in F\
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96. By means of the principle of correspondence

enunciated in the last paragraph we are able from a

known property of a figure consisting of points and lines

to infer another property of a figure consisting of lines

and points.

The one property is called the Reciprocal of the other,

and the process of passing from the one to the other is

known as Reciprocation.

We will now give examples.

97. We know that if the vertices of two triangles

ABC, A'B'C be in perspective, the pairs of corresponding

sides (BG) {B'G'l {GA) {G'A'), (AB) (A'B') intersect in

collinear points X, Y, Z.

Fig. F.

Now if we draw the reciprocal figure, corresponding to

the vertices of the triangle ABG, we have three lines

a, 6, c forming a triangle whose vertices will be (6c), (ca),

(a6). And similarly for A'B'G'.

Corresponding to the concurrency of {AA'), {BB'),

{GG') in the figure F, we have the coUinearity of {aa!),

(bb'), (cc) in the figure F\
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Corresponding to the collinearity of the intersections

of (BC) (BV'\ (CA) (C'A'l (AB) (A'B) in figure F, we

have the concurrency of the lines formed by joining the

pairs of points (6c) (b'c), (ca) {ca'), {ah) {aU) in the

figure F'.

Fig. F'.

Thus the theorem of the figure F reciprocates into the

following

:

If two triangles whose sides are ahc, a'h'c respectively

be such that the three intersections of the corresponding

sides are collinear, then the lines joining corresponding

vertices, viz. (ah) and (a'b'), (he) and (6V), (ca) and (c'a'),

are concurrent.

The two reciprocal theorems placed side by side may

be stated thus

:

Triangles in perspective

are coaxaL

Coaxal triangles are in

perspective.
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The student will of course have realised that a triangle

regarded as three lines does not reciprocate into another

triangle regarded as three lines, but into one regarded as

three points ; and vice versa.

98. Let us now connect together by reciprocation the

harmonic property of the quadrilateral and that of the

quadrangle.

Let a, h, c, d be the lines of the quadrilateral
; A, B,

C, D the corresponding points of the quadrangle.

iac)

(ab) b (be)

Fig. F.

Let the line joining (ab) and (cd) be p,

}) 5 J „ (ac) and (bd) be q,

}* ») „ (ad) and (be) be r.

(bd)
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The harmonic property of the quadrilateral is expressed

symbolically thus

:

[{ah){cd), (i>r)(pg)} = -l,

{{ad) {he), {pr){qr)\=-l,

[{ac){hd\ {pq){qr)} = -h

Fig. F'.

The reciprocation gives

{{AB)(GD),iPR)iPQ)}=-l,

{{AD){BG), (PR){QR)] = -1,

\{AG){BD), iPQ){QR)] = -l.

If these be interpreted on the figure we have the

harmonic property of the quadrangle, viz. that the two

sides of the diagonal triangle at each vertex are harmonic

conjugates with the two sides of the quadrangle which

pass through that vertex.
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The student sees now that the ' diagonal points ' of a

quadrangle are the reciprocals of the diagonal lines of the

quadrilateral from which it is derived. Hence the term

'diagonal points.'

99. We are now going on to explain how the principle

of Reciprocation is applied to conies.

Suppose the point P describes a curve S in the plane

of the conic V, the line p, which is the polar of P with

regard to F, will envelope some curve which we will

denote by S'.

Tangents to S' then correspond to points on >Sf ; but

we must observe further that tangents to >S correspond to

points on S'.

For let P and P' be two near points on 8, and let p
and p' be the corresponding lines.

Then the point {pp') corresponds to the line {PP').

Now as P' moves up to P, {PP') becomes the tangent

to >Sf at P, and at the same time {pp') becomes the point

of contact of^ with its envelope.

Hence to tangents of 8 correspond points on S'.

Each of the curves S and S' is called the polar reci-

procal of the other with respect to the conic T.

100. Prop. If S be a conic then S' is another conic.

Let A, B, G, D be four fixed points on S, and P any

other point on 8.

Then P {ABCD) is constant.

But P (ABCD) = {(pa) (pb) (pc) (pd)] by § 92.

.". {(pa) (pb) (pc) (pd)] is constant.

.*. the envelope of jp is a conic touching the lines a, b,

c, d (§ 91).

Hence S' is a conic.



RECIPROCATION. 125

This important proposition might have been proved as

follows.

S, being a conic, is a curve of the second order, that is,

straight lines in its plane cut it in two and only two

points, real or imaginary.

Therefore S' must be a curve of the second class, that

is a curve such that from each point in its plane two and

only two tangents can be drawn to it ; that is, S' is a conic.

101. Prop. If 8 and S' be two conies reciprocal to

each other with respect to a conic V, then pole and polar of

S correspond to polar and pole of S'.

Let P and TV he pole and polar of S.

[It is most important that the student should under-

stand that TU is the polar of P with respect to S, not

to r. The polar of P with respect to F is the line we

denote by p.]

Fig. F.

Let QR be any chord of >Si which passes through P
;

then the tangents at Q and E meet in the line Tf/',at T say.

Therefore in the reciprocal figure p and (tu) are so

related that if any point (qr) be taken on p, the chord of

contact t of tangents from it to S' passes through (tu).

.'. p and {tu) are polar and pole with respect to S'.
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Cor. 1. Conjugate points of S reciprocate into conju-

gate lines of S' and vice versa.

Cor. 2. A self-conjugate triangle of S will reciprocate

into a self-conjugate triangle of 8\

102. We will now set forth some reciprocal theorems

in parallel columns.

1. If a conic be inscribed

in a triangle (i.e. a three-side

figure), the joining lines of the

vertices of the triangle and

the points of contact of the

conic with the opposite sides

are concurrent.

If a conic be circumscribed

to a triangle (a three-point

figure), the intersections of the

sides of the triangle with the

tangents at the opposite ver-

tices are collinear.

(aej a (ap) (ab)

2. The six points of in-

tersection with the sides of a

triangle of the lines joining

the opposite vertices to two

fixed points lie on a conic.

3. The three points of

intersection of the opposite

The six lines joining the

vertices of a triangle to the

points of intersection of the

opposite sides and two fixed

lines envelope a conic.

The three lines joining the

opposite vertices of each of
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sides of each of the six-side the six-point figures formed

figures formed by joining six by the intersections of lines

points on a conic are collinear. touching a conic are concur-

—Pascal's theorem. rent.

—

Brianchon's theorem.

4. If a conic circumscribe If a conic be inscribed in

a quadrangle, the triangle a quadrilateral, the triangle

formed by its diagonal points formed by its diagonals is self-

is self-conjugate for the conic. conjugate for the conic.

103. Prop. The conic S' is an ellipse, parabola or

hyperbola, according as the centre of T is within, on, or

without S.

For the centre of T reciprocates into the line at

infinity, and lines through the centre of T into points

on the line at infinity.

Hence tangents to S from the centre of T will recipro-

cate into points at infinity on S', and the points of contact

of these tangents to S will reciprocate into the asymptotes

of^;

Hence if the centre of F be outside S, S' has two real

asymptotes and therefore is a hyperbola.

If the centre of F be on ^, >Sf' has one asymptote, viz.

the line at infinity, that is, S' is a parabola.

If the centre of F be within S, S' has no real

asymptote and is therefore an ellipse.

104. Case where F is a circle.

If the auxiliary or base conic F be a circle (in which

case we will denote it by G and its centre by 0) a further

relation exists between the two figures F and F' which

does not otherwise obtain.

The polar of a point P with respect to G being

perpendicular to OP^ we see that all the lines of the
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figure F or F' are perpendicular to the lines joining to

the corresponding points of the figure F' or F.

And thus the angle between any two lines in the one

figure is equal to the angle subtended at by the line

joining the corresponding points in the other.

In particular it may be noticed that if the tangents

from to >Sf are at right angles, then S' is a rectangular

hyperbola.

For if OP and OQ are the tangentJi to S, the

asymptotes of 8' are the polars of P and Q with respect

to G, and these are at right angles since POQ is a right

angle.

If then a parabola be reciprocated with respect to a

circle whose centre is on the directrix, or a central conic

be reciprocated with respect to a circle with its centre on

the director circle, a rectangular hyperbola is always

obtained.

Further let it be noticed that a triangle whose ortho-

centre is at will reciprocate into another triangle also

having its orthocentre at 0. This the student can easily

verify for himself

105. It can now be seen that the two following

propositions are connected by reciprocation:

1. The orthocentre of a triangle circumscribing a

parabola lies on the directrix.

2. The orthocentre of a triangle inscribed in a rect-

angular hyperbola lies on the curve.

These two propositions can be proved independently.

The first has been set as an exercise in Chapter I., the

second is given in most books on Geometrical Conies.

Let us now see how the second can be derived from

the first by reciprocation.
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Let the truth of (1) be assumed.

Reciprocate with respect to a circle C having its

centre at the orthocentre of the triangle.

Now the parabola touches the line at infinity, there-

fore the pole of the line at infinity with respect to (7, viz.

0, lies on the reciprocal curve.

And the reciprocal curve is a rectangular hyperbola

because is on the directrix of the parabola.

Further is also the orthocentre of the reciprocal of

the triangle circumscribing the parabola.

Thus w^e have that if a rectangular hyperbola be

circumscribed to a triangle, the orthocentre lies on the

curve.

It is also clear that no conies hut rectangular hyperbolas

can pass through the vertices of a triangle and its ortho-

centre.

106. Prop. If 8 he a circle and we reciprocate with

respect to a circle C whose centre is 0, S' will he a conic

having for a focus.

Let A be the centre of S.

Let p be any tangent to S, Q its point of contact.

Let P be the pole of p, and a the polar of A with

respect to G.

Draw PM perpendicular to a.

Then since ^Q is perpendicular to p, we have by

Salmon's theorem (§ 17)

OP PM
0A~ AQ'

OP ^, ^ ^
OA

• • -fnrf = the constant r7\ •PM AQ
A. G. 9
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Thus the locus of P which is a point on the reciprocal

curve is a conic whose focus is (9, and corresponding

directrix the polar of the centre of ;S*.

OA
Since the eccentricity of S' is ^„ we see that S' is an

ellipse, parabola, or hyperbola according as is within,

on, or without S. This is in agreement with § 103.

Cor. The polar reciprocal of a conic with respect to

a circle having its centre at a focus of the conic is a

circle, whose centre is the reciprocal of the corresponding

directrix.

107. Let us now reciprocate with respect to a circle

the theorem that the angle in a semicircle is a right

angle.

Let A be the centre of S, KL any diameter, Q any

point on the circumference.

In the reciprocal figure we have corresponding to A
the directrix a, and ^ point {kl) on it corresponds to {KL).
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k and I are tangents from {kl) to S' which correspond

to K and L, and q is the tangent to >S" corresponding

to Q.

Now {QK) and {QL) are at right angles.

Therefore the line joining {qk) and {ql) subtends a

right angle at the focus of S'.

Hence the reciprocal theorem is that the intercept on

any tangent to a conic between two tangents which intersect

in the directrix subtends a right angle at the focus.

108. Prop. A system of non-intersecting coaxal

circles can be reciprocated into confocal conies.

Let L and L' be the limiting points of the system of

circles.

Reciprocate with respect to a circle G whose centre is

at L.

. 9—2
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Then all the circles will reciprocate into conies having

L for one focus.

Moreover the centre of the reciprocal couic of any one

of the circles is the reciprocal of the polar of L with

respect to that circle.

But the polar of L for all the circles is the same, viz.

the line through L' perpendicular to the line of centres

(i 22).

Therefore all the reciprocal conies have a common
centre as well as a common focus.

Therefore they all have a second common focus, that

is, they are confocal.

109. We know that if ^ be a common tangent to two

circles of the coaxal system touching them at P and Q, PQ
subtends a right angle at L.

Now reciprocate this with regard to a circle with its

centre L. The two circles of the system reciprocate into

confocal conies, the common tangent t reciprocates into a

common point of the confocals, and the points P and Q
into the tangents to the confocals at the common point.

Hence confocal conies cut at right angles.
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This fact is of course known and easily proved other-

wise. We are here merely illustrating the principles of

reciprocation.

110. Again it is known (see Ex. 17 of Chap. II.) that

if >S^i and S^ be two circles, L one of the limiting points,

and P and Q points on S^ and ^2 respectively such that

PLQ is a right angle, the envelope of PQ is a conic

having a focus at L.

Now reciprocate this property with respect to a circle

having its centre at L. 81 and >S\ reciprocate into

confocals with L as one focus; the points P and Q
reciprocate into tangents to S/ and >Si2', viz. p and q, which

will be at right angles ; and the line (PQ) reciprocates

into the point (pq).

As the envelope of (PQ) is a conic with a focus at L,

it follows that the locus of (pq) is a circle.

Hence we have the theorem :

If two tangents from a point T, one to each of two

confocals, be at right angles, the locus of T is a circle.

This also is a well-known property of confocals.

111. We will conclude this chapter by proving two

theorems, the one having reference to two triangles which

are self-conjugate for a conic, the other to two triangles

reciprocal for a conic.

Prop. If two triangles he self-conjugate to the same

conic their six vertices lie on a conic and their six sides

touch a conic.

Let ABC, A'B'C be the two triangles self-conjugate

with respect to a conic S.
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Project 8 into a circle with A projected into the

centre ; then (using small letters for the projections)

ab, ac are conjugate diameters and are therefore at right

angles, and b and c lie on the line at infinity.

Further a^b'c is a triangle self-conjugate for the circle.

.', a the centre of the circle is the orthocentre of this

triangle.

C atoo h

'

Let a conic be placed through the five points a', b\ c',

a and 6.
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This must be a rectangular hyperbola, since as we

have seen no conies but rectangular hyperbolas can pass

through the vertices of a triangle and its orthocentre.

.'. c also lies on the conic through the five points named

above, since the line joining the two points at infinity on

a rectangular hyperbola must subtend a right angle at

any point.

Hence the six points a, h, c, a, b\ c all lie on a conic.

.*. the six points A, B, G, A\ B\ C also lie on a conic.

The second part of the proposition follows at once by

reciprocating this which we have just proved.

112. Prop. If two triangles are reciprocal for a

conic, they are in perspective.

Let ABC, A'B'C be two triangles which are reciprocal

for the conic >S; that is to say, A is the pole of B'C, B the

pole of G'A', C the pole of A'B') and consequently also

A' is the pole of BG, E of GA, and G' of AB.
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Project S into a circle with the projection of A for its

centre. .*. B' and C are projected to infinity.

Using small letters for the projection, we have since

a' is the pole of be, .'. aa is perpendicular to he.

Also since h' is the pole of ac, ah' is perpendicular to

ac ;
.' .hh' which is parallel to ah' is perpendicular to ac.

Similarly cc is perpendicular to ah.

.'. aa\ hh' , cc meet in the orthocentre of the triangle ahc.

.'. AA', BB', CC are concurrent.

EXERCISES.

1. If the conies S and S' be reciprocal polars with respect

to the conic V, the centre of S' corresponds to the polar of the

centre of V with respect to S.

2. Parallel lines reciprocate into points collinear with the

centre of the base conic V.

3. Shew that a quadrangle can be reciprocated into a

parallelogram.

4. Reciprocate with respect to any conic the theorem :

The locus of the poles of a given line with respect to conies

passing through four fixed points is a conic.

[The theorem which is here to be reciprocated will be set

as an exercise at the end of Chapter X.]

Reciprocate with respect to a circle the theorems contained

in Exx. 5— 12 inclusive.

5. The perpendiculars from the vertices of a triangle on

the opposite sides are concurrent.

6. The tangent to a circle is perpendicular to the radius

through the point of contact.
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7. Angles in the same segment of a circle are equal.

8. The opposite angles of a quadrilateral inscribed in a

circle are together equal to two right angles.

9. The angle between the tangent at any point of a circle

and a chord through that point is equal to the angle in the

alternate segment of the circle.

10. The polar of a point with respect to a circle is

perpendicular to the line joining the point to the centre

of the circle.

11. The locus of the intersection of tangents to a circle

which cut at a given angle is a concentric circle.

12. Chords of a circle which subtend a constant angle at

the centre envelope a concentric circle.

13. Two conies having double contact will reciprocate

into conies having double contact.

14. A circle S is reciprocated by means of a circle C into

a conic S'. Prove that the radius of C is the geometric mean
between the radius of S and the semi-latus rectum of aS".

15. Prove that with a given point as focus four conies

can be drawn circumscribing a given triangle, and that the

sum of the latera recta of three of them will equal the latus

rectum of the fourth.

16. Conies have a focus and a pair of tangents common
;

prove that the corresponding directrices will pass through a

fixed point, and all the centres lie on the same straight line.

17. Prove, by reciprocating witli respect to a circle with

its centre at S, the theorem : If a triangle ABC circumscribe

a parabola whose focus is S, the lines through A, B, C per-

pendicular respectively to SA, SB, SO are concurrent.

18. Conies are described with one of their foci at a fixed

point aS', so that each of the four tangents from two fixed

points subtends the same angle of given magnitude at S.
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Prove that the directrices corresponding to the focus S pass

through a fixed point.

19. If be any point on the common tangent to two
parabolas with a common focus, prove that the angle between
the other tangents from to the parabolas is equal to the

angle between the axes of the parabolas.

20. A conic circumscribes the triangle ABC, and has one

focus at 0, the orthocentre; shew that the corresponding

directrix is perpendicular to 10 and meets it in a point X
such that lO.OX^AO. OD, where / is the centre of the

inscribed circle of the triangle, and D is the foot of the

perpendicular from A on BC. Shew also how to find the

centre of the conic.

21. Prove that chords of a conic which subtend a con-

stant angle at a given point on the conic will envelope a conic.

[Reciprocate into a parabola by means of a circle having

its centre at the fixed point.]

22. If a triangle be reciprocated with respect to a circle

having its centre on the circumcircle of the triangle, the

point will also lie on the circumcircle of the reciprocal

triangle.

23. Prove the following and obtain from it by reciproca-

tion a theorem applicable to coaxal circles : If from any point

pairs of tangents p, p'
; q, q\ be drawn to two confocals S^ and

S^, the angle between p and q is equal to the angle between
p' and q'.

24. Prove and reciprocate with respect to any conic the

following : If ABC be a triangle, and if the polars of A, B, C
with respect to any conic meet the opposite sides in P, Q, It,

then P, Q, R are collinear.

25. A fixed point in the plane of a given circle is

joined to the extremities A and B of any diameter, and OA,

OB meet the circle again in P and Q. Shew that the tangents

at P and Q intersect on a fixed line parallel to the polar of 0.
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26. All conies through four fixed points can be projected

into rectangular hyperbolas.

27. If two triangles be reciprocal for a conic (§ 112) their

centre of perspective is the pole of the axis of perspective with

regard to the conic.

28. Prove that the envelope of chords of an ellipse which

subtend a right angle at the centre is a concentric circle.

[Reciprocate with respect to a circle having its centre at

the centre of the ellipse.]

29. ABC is a triangle, / its incentre ; A-^, B^, Cx the

points of contact of the incircle with the sides. Prove that

the line joining / to the point of concurrency of AA^^ BB^,

CGx is perpendicular to the line of collinearity of the inter-

sections of ^iCi, B0\ Ci^i, CA ; A,B„ AB.

[Use Ex. 27.]



CHAPTEE X.

INVOLUTION.

113. Definition.

If be a point on a line on which lie pairs of points

A, A^; B, B^; G, G-,; &c. such that

OA . 0A, = OB . 0B, = OG . 0G,= = k

the pairs of points are said to be in Involution. Two
associated points, such as A and A-^, are called conjugates)

and sometimes one of two conjugates is called the ' mate

'

of the other.

The point is called the Centre of the involution.

Kl_ i _j L_
B, B d C A K A« Ci

If k, the constant of the involution, be positive, then

two conjugate points lie on the same side of 0, and there

will be two real points K, K' on the line on opposite

sides of such that each is its own mate in the involu-

tion; that is OK''=OK'^ = k. These points K and K'
are called the double points of the involution.
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It is important to observe that K is not the mate of

K'\ that is why we write K' and not K^.

It is clear that (^^i, KK') = — \, and so for all the

pairs of points.

If k be negative, two conjugate points will lie on

opposite sides of 0, and the double points are now
imaginary.

If circles be described on AA^, BB^, CC^, &c. as

diameters they will form a coaxal system, whose axis cuts

the line on which the points lie in 0.

K and K' are the limiting points of this coaxal system.

Note also that for every pair of points, each point is

inverse to the other with respect to the circle on KK' as

diameter.

It is clear that an involution is completely determined

when two pairs of points are known, or, what is equivalent,

one pair of points and one double point, or the two double

points.

We must now proceed to establish the criterion that

three pairs of points on the same line may belong to the

same involution.

114. Prop. The necessary and sufficient condition

that a pair of points C, G-^ should belong to the involution

determined by A, A^; B, Bi is

{ABGA,) = (A,BAA),

First we will shew that this condition is necessary.

Suppose G and Cj do belong to the involution. Let

be its centre and k its constant.

,'.0A. OA, = OB . OB, = OG . OG, = k
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. ,,nn.._ ^B.CA,_ (OB-OA)(OA-OC)
• ' V^^^^i^ -AA^.GB" {OA, - OA) {OB - OG)

/ k k \( k ^\
J\OA\0B, OAJ \0A OCJ

f
k k \

I
k k

[oa~oaJ\ob,~og,

{OB,-OA,)(OA-OC,) _ A,B,.C,A

~(0A - OA,){OB, - OG,)
~ A,A . G,B,

-^^i^i^i^^

Thus the condition is necessary.

[A more purely geometrical proof of this theorem will

be given in the next paragraph.]

Next the above condition is sufficient.

For let (ABGA,) = (A.BA^)
and let G' be the mate of G in the involution determined

hyA,A', B,B,.

.'.(ABGA,) = {A,B,G'A).

.'.{A,Bfi,A) = {A,B,G'A).

.'.
(7i and G' coincide.

Hence the proposition is established.

Cor. 1. If A, A,; B, B,; G, G,-, D, A belong to the

same involution

{ABGD) = {A,Bfi,D,).

Cor. 2. If K, K' be the double points of the'involution

{AA^KK') = (A.AKK') and (ABKA,) = (A,B,KA).

115. We may prove the first part of the above

theorem as follows.

If the three pairs of points belong to the same involu-

tion, the circles on AA,, BB,, CG, as diameters will be

coaxal.
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Let P be a point of intersection of these circles.

Then the angles APA^, BPB^, GPG^ are right angles

and therefore

P {ABGA,) = P {A,Bfi,A).

.\{ABGA,) = (A,B,C,A).

The circles may not cut in real points. But the

proposition still holds on the principle of continuity

adopted from Analysis.

116. The proposition we have just proved is of the

very greatest importance.

The critei'ion that three pairs of points belong to the

same involution is that a cross-ratio formed with three of

the points, one taken from each pair, and the mate of any

one of the three should he equal to the corresponding cross-

ratio formed by the mates of these four points.

It does not of course matter in what order we write

the letters provided that they correspond in the cross-

ratios. We could have had

{AA^GB) = {A,AC,B,)

or {AA,C,B) = {A,AGB,):
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All that is essential is that of the four letters used in

the cross-ratio, three should furnish one letter of each pair.

117. Prop. A range of points in involution projects

into a range in involution.

For let A, A^; B, B^; C, G^ be an involution and let

the projections be denoted by corresponding small letters.

Then
'

{ABCA,) = (A,B,C,A).

But (ABGA,) = {abca^)

and (A^BiCiA) = (aJ)iCia).

.'. (ahca^) = {aJ)iCia).

.'. a, ay; h,hy\ c, c^ form an involution.

Note. The centre of an involution does not project

into the centre of the involution obtained by projection

;

but the double points do project into double points.

118. Involution Pencil.

We now see that if we have a pencil consisting of

pairs of rays

VP, VF; VQ, VQ'; VR, VR &c.

such that any transversal cuts these in pairs of points

A, A,; B, B,; C, C^ &c.

forming an involution, then every transversal will cut the

pencil so.

Such a pencil will be called a Pencil in Involution or

simply an Involution Pencil.

The double lines of the involution pencil are the lines

through V on which the double points of the involutions

formed by different transversals lie.

Note that the double lines are harmonic conjugates

with any pair of conjugate rays.
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From this fact it results that if VD and YD' he the

double lines of an involution to which VA, VA^ belong, then

VJD and VD' are a pair of conjugate lines for the in-

volution whose double lines are VA, VA^.

119. Prop. An involution range reciprocates with

respect to a conic into an involution pencil.

For let the involution range be

A,A^; B,B,; G,G^8zc.

on a line p.

The pencil obtained by reciprocation will be a, a^]

b, bi; c, Ci &c. through a point P.

Also (abca,) = (ABGA,)

and (aibiC^a) =^ (A^B^C^A) hy ^ 92.

But (ABGA,) = {A,Bfi,A) by § 114.

.
•

. (abcai) = {a-JbxCia).

Thus the pencil is in involution.

120. Involution property of the quadrangle and
quadrilateral.

Prop. Any transversal cuts the pairs of opposite sides

of a quadrangle in pairs of points which are in involution.

Let ABGD be the quadrangle (§81).

A. G. 10
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Let a transversal t cut

the opposite pairs of sides AB, CD in E, E^,

„ „ „ „ AG,BDmF,F,,
AD,BG'mG,G,.

Let AD and BG meet in P.

Then {GEFG,) = A {GEFG,)
= {PBGG,)
= D{PBGG,)
= {GF,E,G,)

= (GiEiF-^G) by interchanging the

letters in pairs.

Hence E, E^; F, F^ ; G, G^ belong.to the same involution.

We have only to reciprocate the above theorem to

obtain this other :

The lines joining any 'point to the pairs of opposite

vertices of a complete quadrilateral form a pencil in

involution.

ibd)
(be)

Thus in our figure T, which corresponds to the trans-

versal ty joined to the opposite pairs of vertices {ac), (bd) :

(ad), {be)
;
(ab), (cd) gives an involution pencil.
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121. Involution properties of conies.

Prop. Pairs of points conjugate for a conic, which

lie along a line, form a range in involution, of which the

double points are the points of intersection of the line with

the conic.

Let I? be a line cutting a conic in K and K'\ and let

A, Ai\ B, Bi &c. be pairs of points on p conjugate for

the conic.

Let M be the middle point of KK\
Then (AA„KK') = -1.

.'.MA. MA, = MK' = MK\
Similarly MB . MB, = MK^

and so on.

.*. the pairs of points belong to an involution of which

K and K' are the double points.

If the line p does not cut the conic in real points the

double points of the involution are imaginary.

We now reciprocate the above theorem and derive the

following

:

Pairs of lines conjugate for a conic which are drawn

through a point form a pencil in involution, of which the

double lines are the tangents to the conic from the point.

10—2
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122. Desargues' theorem.

Conies through four given points are cut by any trans-

versal in pairs ofpoints belonging to the same involution.

Let a transversal t cut a conic through the four points

A, B, CDinP and P,.

Let the same transversal cut the two pairs of opposite

sides AB, CD; AC, BD of the quadrangle in E, E, ; F, F,,

We now have

{PEFF,) = A(PEFP,)
= A{PBCP,)

^D(PBCP,).hy^89

= {PF,E,P,)

= (PiE^F^P) by interchanging the

letters in pairs.

.*. P, Pi belong to the involution determined by

F, E,; P, Pi.

Thus all the conies through ABCD will cut the trans-

versal t in pairs of points belonging to the same involution.

Note that the proposition of § 120 is only a special

case of Desargues' theorem, if the two lines AD, BC be

regarded as one of the conies through the four points.



INVOLUTION. 149

We now reciprocate the above theorem and obtain

the following

:

Pairs of tangents from a point to the conies touching

four given straight lines belong to the same involution,

namely that determined by joining the point to the pairs of

opposite vertices ofthe quadrilateralformed by thefour lines.

123. Orthogonal pencil in Involution^

A special case of an involution pencil is that in which

each of the pairs of lines contains a right angle.

That such a pencil is in involution is clear from the<

second theorem of § 121, for pairs of lines at right angles

at a point are conjugate diameters for any circle having

its centre at that point.

But we can also see that pairs of orthogonal lines

VP, VPt^ ; VQ, VQi &c. are in involution, by taking any

transversal t to cut these in A, A-^-, B, B^ &c. and

drawing the perpendicular VO on to t', then

OA.OA,^-OV''=OB.OB,.

Thus the pairs of points belong to an involution with

imaginary double points.

Hence pairs of orthogonal lines at a point form a

pencil in involution with imaginary double lines.

Such an involution is called an orthogonal involution.
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Note that this property may give us a test whether

three pairs of lines through a point form an involution.

If they can be projected so that the angles contained by

each pair become right angles, they must be in involution.

124. Prop. If two of the pairs of lines of an invohi^

tion pencil are at right angles, they all are.

For as we have seen two pairs of lines completely

determine an involution pencil.

125. We will conclude this chapter by proving three

propositions illustrative of the principles of Involution

that have been set forth.

Prop. The circles described on the three diagonals of

a complete quadrilateral are coaxal.

Let AB^ BC, CD, DA be the four sides of the quadri-

lateral.
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The diagonals are AC, BD, EF.

Let P be a point of intersection of the circles on ^
and BD as diameters.

.•. APC and BPD are right angles.

But PA, PC; PB, PD; PE, PF are in involution

(§ 120).

.-. by § 124 Z EPF is a right angle.

.*. the circle on EF sls diameter goes through P.

Similarly the circle on EF goes through the other

point of intersection of the circles on BD and A C.

That is, the three circles are coaxal.

Cor. The middle points of the three diagonals of a

quadrilateral are coUinear.

This important and well-known property follows at

once, since these middle points are the centres of three

coaxal circles.

The line containing these middle points is sometimes

called the diameter of the quadrilateral.

126. Prop. The locus of the centres of conies through

four fixed points is a conic.

Let be the centre of one of the conies passing

through the four points A, B, G, D.
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Let M^, M^, Ms, M4, be the middle points of AB, BC,

CD, DA respectively.

' Draw Oil//, OM;, OM;, OM; parallel to AB, BG, CD,

DA respectively.

Then 0M„ OM,'; 0M„ OM,'; 0M„ OM^; 0M„ OM:
are pairs of conjugate diameters.

Therefore they form an involution pencil.

.-.0 {M^M,M,M,) = (M;M^M:m:).

But the right-hand side is constant since OM^, OM^
&c. are in fixed directions.

.-. 0{M^M^MsM^) is constant.

.'. the locus of is a conic through M^, M^, M^, M^.

Cor 1. The conic on which lies passes through

ilfg, Mq the middle points of the other two sides of the

quadrangle.

For if Oi, O2, O3, O4, Og be five positions of 0, these

five points lie on a conic through M^, M^, M^, M4 and also

on a conic through M^, M^, M5, M^.

But only one conic can be drawn through five points.

Therefore M^, M^, ifg, M^, M^, M^ all lie on one conic,

which is the locus of 0.

Cor. 2. The locus of also passes through P, Q, B
the diagonal points of the quadrangle.

For one of the conies through the four points is the

pair of lines AB, CD ; and the centre of this conic is P.

So for Q and R.

127. Prop. // {AA\ BB\ GC] he an invohition

pencil and if a conic he drawn through to cut the rays

in A, A\ B, F, C, G', then the chords AA', BB\ GG' are

co^icurrent.
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Let AA' and BB' intersect in P.

Project the conic into a circle with the projection of P
for its centre.

Using small letters in the projection, we have that

aoa\ hob' are right angles, being in a semicircle.

Hence they determine an orthogonal involution.

.'. coc' is a right angle ; that is, cc goes through p.

.'. GO' goes through P.

It will be understood that the points AA', BB\
CC when joined to any other point on the conic give

an involution pencil ; for this follows at once by the

application of § 89.

A system of points such as these on a conic is called

an involution range on the conic.

The point P where the corresponding chords intersect

is called the pole of the involution.
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EXERCISES.

1. Any transversal is cut by a system of coaxal circles in,

pairs of points which are in involution, and the double points

of the involution are concyclic with the limiting points of the

system of circles.

2. If K, K' be the double points of an involution to

which A, A^ ; B, B^ belong ; then A, B^; A^, B ; K, K' are in

involution.

3. If the double lines of a pencil in involution be at right

angles, they must be the bisectors of the angles between each

pair of conjugate rays.

4. Reciprocate the theorem of § 127.

5. Given two pairs of points belonging to an involution

range on a conic, shew how to find the mate of another point

on the conic.

6. Given four points and a straight line, find a construc-

tion for the points of contact with the line of the conies

touching the line and passing through the four points.

7. The corresponding sides BC, B'C &c. of two triangles

ABG^ A'B'C in plane perspective intersect in P^ Q, R respec-

tively ; and AA\ BB', CC respectively intersect the line PQR
in P', Q\ W. Prove that the range {PF, QQ', BR') forms an

involution.

8. Prove that the director circles of all conies touching

the four sides of a quadrilateral belong to the coaxal system

determined by the circles on the three diagonals of the quadri-

lateral.

[Let P be one of the points of intersection of the circles

on the diagonals ; shew that the tangents from P to each of

the conies are at right angles. Use §§ 122, 124.]
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9. The centre of the circumcircle of the triangle formed

by the three diagonals of a quadrilateral lies on the radical

axis of the system of circles on the three diagonals.

10. If a triangle be self-conjugate to a system of conies,

its circumcircle cuts the director circles of the conies ortlio-

gonally.

11. Prove that an asymptote of a hyperbola is cut by the

three pairs of opposite sides of a complete quadrangle inscribed

in it into three pairs of segments with a common middle point.

12. The sides BC, CA, AB of a triangle ABC, self-

conjugate with respect to a given conic, intersect any given

line p in A', B', C. Also is the pole of p. Prove that

OA, 0A'\ OB, OB' \ OC, 00' form a pencil in involution.

13. From points on a given straight line pairs of tangents

are drawn to a conic
;
prove that these tangents meet any

fixed tangent to the conic in points which are in involution.

State the reciprocal of this theorem.

14. A, B, C, D are any four points on a given conic, and

the two conies which pass through A, B, C, D and touch a

directrix of the given conic are drawn. Shew that the portion,

of the directrix intercepted between the points of contact

subtends a right angle at the corresponding focus.

15. Shew that if each of two pairs of opposite vertices of

a quadrilateral is conjugate with regard to a circle, the third

pair is also ; and that the circle is one of a coaxal system of

which the line of collinearity of the middle points of the

diagonals is the radical axis.

16. Chords of a conic which subtend a right angle at a

fixed point on the curve will all intersect on the normal at the

point.

[Use §127.]

17. If ABO be a triangle which is self-conjugate for a

system of conies, the pairs of tangents drawn to the conies
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of the system from each of the vertices of the triangle will

form a pencil in involution at that vertex.

18. The two pairs of tangents drawn from a point to two

circles, and the two lines joining the point to their centres of

similitude, form an involution.

19. Prove that there are two points in the plane of a

given triangle such that the distances of each from the

vertices of the triangle are in a given ratio. Prove also that

the line joining these points passes through the circumcentre

of the triangle

20. P is a point on a rectangular hyperbola whose centre

is C prove that the lines joining P to pairs of conjugate

points on the diameter perpendicular to CP form an orthogonal

involution.

21. A rectangular hyperbola whose centre is C is reci-

procated with respect to a circle which passes through C and

has its centre at a point P on the hyperbola, prove that the

reciprocal curve is a parabola whose focus is at C ; and

determine the directrix of the parabola.

[Prove that the conjugate lines through C for the reciprocal

curve are orthogonal.]

22. Prove that the locus of the poles of a given line with

respect to a system of conies through four given points is a

conic.

[Project the given line to infinity and use § 126.]



CHAPTER XI.

CIRCULAR POINTS. FOCI OF CONICS.

128. We have seen (§ 121) that pairs of concurrent

lines which are conjugate for a conic form an involution,

of which the tangents from the point of concurrency are

the double lines.

Thus conjugate diameters of a conic are in involution,

and the double lines of the involution are its asymptotes.

Now the conjugate diameters of a circle are orthogonal.

Thus the asymptotes of a circle are the imaginary

double lines of the orthogonal involution at its centre.

But clearly the double lines of the orthogonal involu-

tion at one point must be parallel to the double lines of

the orthogonal involution at another, seeing that we may
by a motion of translation^ without rotation, move one into

the position of the other.

Hence the asymptotes of one circle are, each to each,

parallel to the asymptotes of any other circle in its plane.

Let a, h be the asymptotes of one circle C, a\ h' of

another G\ then a, a' being parallel meet on the line at

infinity, and 6, h' being parallel meet on the line at infinity.

But a and a' meet C and C on the line at infinity,

and h and h' „ C and C „ „ „

Therefore G and C go through the same two imaginary

points on the line at infinity.
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Our conclusion then is that all circles in a plane go

through the same two imaginary points on the line at

infinity. These two points are called the circular points

at infinity or, simply, the circular points.

The circular lines at any point are the lines joining

that point to the circular points at infinity ; and they are

the imaginary double lines of the orthogonal involution

at that point.

129. Analytical point of view.

It may help the student to think of the circular lines

at any point if we digress for a moment to touch upon

the Analytical aspect of them.

The equation of a circle referred to its centre is of the

form
oo^ + y^ = a^.

The asymptotes of this circle are

^.2 + 2/' = 0,

that is the pair of imaginary lines

y = ix and y — — ioc.

These two lines are the circular lines at the centre of

the circle.

The points where they meet the line at infinity are

the circular points.

If we rotate the axes of coordinates at the centre of

a circle through any angle, keeping them still rectangular,

the equation of the circle does not alter in form, so that

the asymptotes will make angles tan~^(^) and tan~^(— i)

with the new axis of x as well as with the old.

This at first sight is paradoxical. But the paradox is

explained by the fact that the line y = ix makes the same

angle tan~^ {i) with every line in the plane.
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For let y = mx be any other line through the origin.

Then the angle that y = ix makes with this, measured

in the positive sense from y = mx, is

tan-i ^ = tan-i ] -\-.—;—-^

\ = tan-^ i.

VI + imj ( 1+im )

130. Prop. IfAOB be an angle ofconstant magnitude

and fl, fl' he the circular points, the cross-ratios of the

pencil (12, H', A, B) are constant.

T^ ^ /r^r^/ ^ r>x sin 11011' sin AOB
^ ^ sm nOB sm AOH

but the angles HOO', D.OB, AOD.' are all constant since

the circular lines make the same angle with every line in

the plane, and ZAOB is. constant by hypothesis.

.'. 0(ilD,'AB) is constant.

131. Prop. All conies passing through the circular

points are circles.

Let G be the centre of a conic S passing through the

circular points, which we will denote by fl and 12'.

Then 012, 0X2' are the asymptotes of S.

But the asymptotes are the double lines of the

involution formed by pairs of conjugate diameters.

And the double lines completely determine an involu-

tion, that is to say there can be only one involution with

the same double lines.

Thus the conjugate diameters of S are all orthogonal.

Hence >Si is a circle.

The circular points may he utilised for establishing

properties of conies passing through two or more fixed

points.

For a system of conies all passing through the same

two points can all be projected into circles simultaneously.
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This is effected by projecting the two points into the

circular points on the plane of projection. The projec-

tions of the conies will now go through the circular points

in the new plane and so they are all circles.

The student of course understands that such a projec-

tion is an imaginary one.

132. We will now proceed to an illustration of the

use of the circular points.

It can be seen at once that any transversal is cut by

a system of coaxal circles in pairs of points in involution

(the centre of this involution being the point of intersec-

tion of the line with the axis of the system).

From this follows at once Desargues' theorem (§ 122),

namely that conies through four points cut any transversal

in pairs of points in involution.

For if we project two of the points into the circular

points the conies all become circles. Moreover the circles

form a coaxal system, for they have two other points in

common.

Hence Desargues' theorem is seen to follow from the

involution property of coaxal circles.

The involution property of coaxal circles again is a

particular case of Desargues' theorem, for coaxal circles

have four points in common, two being the circular

points, and two the points in which all the circles are cut

by the axis of the system.

133. We will now make use of the circular points to

prove the theorem : If a triangle he self-conjugate to a

rectangular hyperbola its circumcircle passes through the

centre of the hyperbola.

Let be the centre of the rectangular hyperbola,

ABC the self-conjugate triangle, H, 11' the circular points.
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Now observe first that Oflfi' is a self-conjugate

triangle for the rectangular hyperbola. For OH, OH' are

the double lines of the orthogonal involution at to

which the asymptotes, being- at right angles, belong.

Therefore 0X1, Oil' belong to the involution whose

double lines are the asymptotes (§ 118), that is the

involution formed by pairs of conjugate lines through 0.

.'. OD., OH' are conjugate lines, and is the pole of

no', which is the line at infinity.

.*. OXlfl' is a self-conjugate triangle.

Also ABC is a self-conjugate triangle.

.*. the six points A, B, G, 0, fl, fi' all lie on a conic

(§ 111); and this conic must be a circle as it passes

through O and H'.

.'. A, B, G, are coneyclic.

Cor. If a rectangular hyperbola circumscribe a

triangle, its centre lies on the nine-points circle.

This well-known theorem is a particular case of the

above proposition, for the pedal triangle is self-conjugate

for the rectangular hyperbola. (Ex. 20, Chapter VII.)

134. Prop. Goncentric circles have doable contact at

infinity.

For if be the centre of the circles, H, H' the circular

points at infinity, all the circles touch OH and OVl' at the

points n and O'.

That is, all the circles touch one another at the points

ft and ft'.

135. Foci of Conies.

Defining a conic by its focus and directrix property

{viz. that the distance of a point on the conic from the

A. G. 11
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focus varies as its distance from the directrix), we obtain

the various properties of conies.

Among these properties we have this one, that every

pair of conjugate lines through a focus is at right angles.

In other words, conjugate lines through a focus form an

orthogonal involution.

Let us now extend our notion of a focus. Let us

define a focus of a conic as a point in the plane of the

conic at which all the pairs of conjugate lines are ortho-

gonal. In this way we include those points which we

have hitherto known as foci, but we have opened the door

for others.

As we have extended the term 'focus,' so must we

extend the correlative term 'directrix.' Each focus,

according to the extended meaning of the term, has

associated with it its polar with respect to the conic,

and this polar we call the corresponding directrix.

The question now is : What other foci and directrices

are there in addition to those we know, and what are

their properties ?

136. Prop. Every conic has four foci, two of which

lie on one axis of the conic and are real, and two on the

other axis and are imaginary.

Since conjugate lines at a focus form an orthogonal

involution, and since the tangents from any point are the

double lines of the involution formed by the conjugate

lines there, it follows that the circular lines through a

focus are the tangents to the conic from that point.

But the circular lines at any point go through O and

n', the circular points.

Thus the foci of the conic will be obtained by drawing

tangents from Vt and 12' to the conic, and taking their

four points of intersection.
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Hence there are four foci.

We will here follow Mr Russell's method in his

Elementary Treatise on Pure Geometry
^ p. 255.

To help the imagination, construct a figure as if II

and H' were real points.

Draw tangents from these points to the conic and let

S, S\ F, F' be their points of intersection as in the figure

;

S, S' being opposite vertices as also F and F'.

Let FF' and SS' intersect in 0.

Now the triaugle formed by the diagonals FF\ SS'

and no' is self-conjugate for the conic, because it touches

the sides of the quadrilateral.

.'. is the pole of fl£l\ i.e. of the line at infinity.

.*. is the centre of the conic.

Further OUft' is the diagonal, or harmonic, triangle of

the qimdrangle SS'FF\

.-. 0(nn\FS) = -l.

11—2



164 CIRCULAR POINTS. FOCI OF CONICS.

.*. O^and OS are conjugate lines in the involution of

which on and OH' are the double lines.

.'. OF and 08 are at right angles.

And OF and OS are conjugate lines for the conic since

the triangle formed by the diagonals FF', 8S\ HIl' is

self-conjugate for the conic ; and is, as we have seen,

the centre.

.'. Oi^ and OS, being orthogonal conjugate diameters,

are the axes.

Thus we have two pairs of foci, one on one axis and

the other on the other axis.

Now we know that two of the foci, say >Si and S', are

real.

It follows that the other two, F and F', are imaginary.

For if F were real, the line FS would meet the line at

infinity in a real point, which is not the case.

.'. i^and F' must be imaginary.

Cor. The lines joining non-corresponding foci are

tangents to the conic and the points of contact of these

tangents are concyclic.

137. Prop. The distance of any point on a conic

from a focus varies as its distance from the corresponding

directrix.

We know, of course, that this property is true of the

two real foci, but we have yet to shew that it is true for

all the foci.

Let F he a focus and KM the corresponding directrix.

Let the chord PP' of the conic cut this directrix in K.

Let the tangents at P and P' meet in T. Let FT cut

PP' in L.

Now the polar of T goes through K,.'. the polar of K
goes through T
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Also the polar of K, a point on the directrix, goes

through F, the pole of the directrix.

.-. Ti^ is the polar of iiT.

.-. {KL,PF) = -1.

Also FT and FK being conjugate lines through a

focus are at right angles.

.*. -PTand FK are the internal and external bisectors

of the ^PFF.
.-. FP:FP' = PK:P'K

= PM'.P'M\

where PM, P'M' are perpendicular to the directrix.

Hence FP : PM is constant for all positions of P on

the conic.

138. Prop. A system of conies touching the sides of
a quadrilateral can he projected into confocal conies.

Let ABCD be the quadrilateral, the pairs of opposite

vertices being A, G ; B, D , E, F.
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Project E and F into the circular points at infinity on

the plane of projection.

.*. A, C and B, D project into the foci of the conies in

the projection, by § 136.

CoR. Confocal conies form a system of conies touching

four lines.

139. We will now make use of the notions of this

chapter to prove the following theorem, which is not

unimportant.

If the sides of two triangles all touch the same conic,

the six vertices of the triangles all lie on a conic.

Let ABC, A'B'C be the two triangles the sides of

which all touch the same conic 8.

Denote the circular points on the tt plane or plane of

projection by «, w.

Project B and G into o) and o)'; .', S projects into a

parabola, since the projection of S touches the line at

infinity.
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Further A will project into the focus of the parabola,

since the tangents from the focus go through the circular

points.

Using corresponding small letters in the projection,

we get, since the circumcircle of a triangle whose sides

touch a parabola goes through the focus, that a, a, h', c

are concyclic.

.*. a, a', h', c\ (o, w lie on a circle.

.*. A, B, C, A\ B', C lie on a conic.

The converse of the above proposition follows at once

by reciprocation.

140. We have in the preceding article obtained a

proof of the general proposition that if the sides of two

triangles touch a conic, their six vertices lie on another

conic by the projection of what is a particular case of this

proposition, viz. that the circumcircle of a triangle whose

sides touch a parabola passes through the focus.

This process is known as generalising hy projection.

We will proceed to give further illustrations of it.

Let us denote the circular points in the p plane by 12,

II', and their projections on the tt plane by o), (o'. Then
of course co and w are not the circular points in the tt

plane. But by a proper choice of the tt plane and the

vertex of projection w and w may be any two points we

choose, real or imaginary. For if we wish to project ft

and ft' into the points (o and w' in space, we have only to

take as our vertex of projection the point of intersection

of the lines wft and w'ft', and as the plane tt some plane

passing through &> and o)'.

The following are the principal properties connecting
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figures in the p and it planes when H and Vl' are projected

into ft) and &>'

:

1. Circles in the p plane project into conies through

the points w and w' in the tt plane.

2. Parabolas in the p plane project into conies

touching the line ww in the ir plane.

3. Rectangular hyperbolas in the p plane, for which,

as we have seen, H and 12' are conjugate points, project

into conies having w and a for conjugate points.

4. The centre of a conic in the p plane, since it is

the pole of 12O', projects into the pole of the line coay'.

5. Concentric circles in the p plane project into conies

having double contact at &> and ay' in the ir plane.

6. A pair of lines OA, OB at right angles in the

p plane project into a pair of lines oa, oh harmonically

conjugate with ow, ow. This follows from the fact that

012, 012' are the double lines of the involution to which

OA, OB belong, and therefore 0(^5, 1212') = - 1 (§ 118);

from which it follows that o {ah, cow) = — 1.

7. A conic with >S^ as focus in the p plane will project

into a conic touching' the lines sco, sw in the tt plane.

And the two foci S and S' of a conic in the p plane

will project into the vertices of the quadrilateral formed

by drawing tangents from o) and w' to the projection of

the conic in the tt plane.

It is of importance that the student should realise

that ft) and w are not the circular points in the tt plane

when they are the projections of 12 and 12'.

In § 139 we have denoted the circular points in the tt

plane by w and w, but they are not there the projections

of the circular points in the p plane.
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Our practice has been to use small letters to represent

the projections of the corresponding capitals. So then we

use CO and co' for the projection of O and fl' respectively.

If n and il' are the circular points in the
_p plane, co and

m are not the circular points in the tt plane ; and if co

and w are the circular points in the tt plane, D, and fl' are

not the circular points in the p plane. That is to say, only

one of the pairs can be circular points at the same time.

141. We will now proceed to some examples of

generalisation by projection.

Consider the theorem that the radius of a circle to any

point A is perpendicular to the tangent at A.

Project the circle into a conic through co and co' ; the

centre G of the circle projects into the pole of coco'.

The generalised theorem is that if the tangents at two

points CO, co' of a conic meet in c, and a he any point on the

conic and at the tangent there

a {tc, coco') = — 1.

142. Next consider the theorem that angles in the

same segment of a circle are equal. Let AQB be an

angle in the segment of which AB is the base. Project

the circle into a conic through co and co' and we get the
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theorem that if q be any point on a fixed conic through

the four points a, h, o, w, q {ahaxo') is constant (§ 130).

Thus the property of the equality of angles in. the same

segment of a circle generalises into the constant cross-ratio

property of conies.

143. Again we have the property of the rectangular

hyperbola that if PQR be a triangle inscribed in it and

having a right angle at P the tangent at P is at right

angles to QR,
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Project the rectangular hyperbola into a conic having

0) and 0)' for conjugate points and we get the following

property.

If p be any point on a conic for which w and w! are

conjugate points and q, r two other points on the conic such

that p (qr, cow) = — 1 and if the tangent at p meet qr in k

then k (pq, coco') = — 1.

144. Lastly we will generalise by projection the

theorem that chords of a circle which touch a concentric

circle subtend a constant angle at the centre.

Let PQ be a chord of the outer circle touching the

inner and subtending a constant angle at G the centre.

The concentric circles have double contact at the

circular points fl and XI' and so project into two conies

having double contact at co and &)'.

The centre C is the pole of 120" and so c, the projection

of C, is the pole of (oco\

The property we obtain by projection is then

:

If two conies have double contact at two points co and

(o' and if the tangents at these points meet in c, and if pq
he any chord of the outer conic touching the inner conic,

then c(pq(oco') is constant.
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EXERCISES.

1. If be the centre of a conic, O, 12' the circular points

at infinity, and if OQil' be a self-conjugate triangle for the

conic, the conic must be a rectangular hyperbola.

2. If a variable conic pass through two given points F
and P', and touch two given straight lines, shew that the

chord which joins the points of contact of these two straight

lines will always meet FF in a fixed point.

3. If three conies have two points in common, the

opposite common chords of the conies taken in pairs are

concurrent.

4. Two conies Sj^ and S.2 circumscribe the quadrangle

ABCI). Through A and B lines AEF, BGH are drawn
cutting S^ in E and G, and S^ in F and H. Prove that

CD, EG, FH are concurrent.

5. If a conic pass through two given points, and touch a

given conic at a given point, its chord of intersection with the

given conic passes through a fixed point.

6. If i\ Q,' be the circular points at infinity, the two
imaginary foci of a parabola coincide with Q and O', and the

centre and second real focus of the parabola coincide with the

point of contact of OO' with the parabola.

7. If a conic be drawn through the four points of inter-

section of two given conies, and through the intersection of

one pair of common tangents, it also passes through the

intersection of the other pair of common tangents.

8. Prove that, if three conies pass through the same four

points, a common tangent to any two of the conies is cut

harmonically by the third.

9. Reciprocate the theorem of Ex. 8.
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10. If from two points P, P' tangents be drawn to a

conic, the four points of contact of the tangents with the conic,

and the points P and P' all lie on a conic.

[Project P and F into the circular points.]

11. If out of four pairs of points every combination of

three pairs gives six points on a conic, either the four conies

thus determined coincide or the four lines determined by the

four pairs of points are concurrent.

12. Generalise by projection the theorem that the locus

of the centre of a rectangular hyperbola circumscribing a

triangle is the nine-points circle of the triangle.

13. Generalise by projection the theorem that the locus

of the centre of a rectangular hyperbola with respect to which

a given triangle is self-conjugate is the circumcircle.

14. Given that two lines at right angles and the lines to

the circular points form a harmonic pencil, find the reciprocals

of the circular points with regard to any circle.

Deduce that the polar reciprocal of any circle with regard

to any point has the lines from to the circular points as

tangents, and the reciprocal of the centre of the circle for the

corresponding cliord of contact.

15. Prove and generalise by projection the following

theorem : The centre of the circle circumscribing a triangle

which is self-conjugate with regard to a parabola lies on the

directrix.

16. P and P' are two points in the plane of a triangle

ABC. D is taken in BG such that BC and DA are harmonic-

ally conjugate with DP and DP' ; E and F are similarly taken

in CA and AB respectively. Prove that AD^ BE, CF are

concurrent.

17. Generalise by projection the following theorem : The

lines perpendicular to the sides of a triangle through the

middle points of the sides are concurrent in the circumcentre

of the triangle.



174 CIRCULAR POINTS. FOCI OF CONICS.

18. Generalise: The feet of the perpendiculars on to the

sides of a tiiangle from any point on the circumcircle are

collinear.

19. If two conies have double contact at A and B, and if

FQ a chord of one of them touch the other in B and meet AB
in T, then

{PQ,BT)^-1.

20. Generalise by projection the theorem that confocal

conies cut at right angles.

21. Prove and generalise tliat the envelope of the polar

of a given point for a system of confocals is a parabola

touching the axes of the confocals and having the given

point on its directrix.

22. If a system of conies pass through the four points

A, B, C, D, the poles of the line AB with respect to them will

lie on a line I. Moreover if this line I meet CD in P, FA and

FB are harmonic conjugates of CD and I.

23. A pair of tangents from a fixed point 7^ to a conic

meet a third fixed tangent to the conic in L and L'. F is any

point on the conic, and on the tangent at P a point X is taken

such that X{F1\ LL') — — 1 ;
prove that the locus of X is a

straight line.

24. Defining a focus of a conic as a point at which each

pair of conjugate lines is orthogonal, prove that the polar

reciprocal of a circle with respect to another circle is a conic

having the centre of the second circle for a focus.
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INVERSION.

145. We have already in § 13 explained what is

meant by two 'inverse points' with respect to a circle.

being the centre of a circle, P and F' are inverse points

if they lie on the same radius and OP . OP' = the square

of the radius. P and P' are on the same side of the

centre, unless the circle have an imaginary radius, = ik,

where k is real.

As P describes a curve S, the point P' will describe

another curve S\ S and >S' are called inverse curves. is

called the centre of inversion, and the radius of the circle

is called the radius of inversion.

If P describe a curve in space, not necessarily a plane

curve, then we must consider P' as the inverse of P with

respect to a sphere round 0. That is, whether P be

confined to a plane or not, if be a fixed point in space

and P' be taken on OP such that OP . OP' = a constant A;',

P' is called the inverse of P, and the curve or surface

described by P is called the inverse of that described by

P\ and vice versa.

It is convenient sometimes to speak of a point P' as

inverse to another point P with respect to a point 0. By
this is meant that is the centre of the circle.'^r sphere

with respect to which the points are inverse.
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146. Prop. The inverse of a circle with respect to a
point in its plane is a circle or straight line.

First let 0, the centre of inversion, lie on the circle.

Let k be the radius of inversion.

Draw the diameter OA, let A' be the inverse of A.

Let P be any point on the circle, P' its inverse.

Then OP . OP' = k' = OA, 0A\

.'.PAA'F is cyclic.

.'. the angle AA'P' is the supplement of ^PP', which

is a right angle.

.'. A'P' is at right angles to AA\

.'. the locus of P' is a straight line perpendicular to

the diameter OA, and passing through the inverse of ^.

Next let not be on the circumference of the circle.

Let P be any point on the circle, P' its inverse.

Let OP cut the circle again in Q.

Let A be the centre of the circle.
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Then OP . OP' = k\

and OP . OQ = sq. of tangent from to the circle = t^ (say).

OP' ^ k^

OB k^
Take -B on OA such that ^ 7-= — • •*• B is a fixed

UA t^

point and i?P' is parallel to ^Q.

, , BP' OB k^
^^^ AQ=-OA = ¥^''''''^^''''

.'. P' describes a circle round B.

Thus the inverse of the circle is another circle.

Cor. 1. The inverse of a straight line is a circle

passing through the centre of inversion.

Cor. 2. If two circles be inverse each to the other,

the centre of inversion is a centre of similitude (§ 25)

;

and the radii of the circles are to one anothei* in the ratio

of the distances of their centres from 0.

The student should observe that, if we call the two

circles S and S\ and if OPQ meet S' again in Q\ Q' will

be the inverse of Q.

Note. The part of the circle S which is convex to

corresponds to the part of the circle S' which is concave

to 0, and vice versa.

Two of the common tangents of S and S' go through

A. G. 12
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0, and the points of contact with the circles of each of

these tangents will be inverse points.

147. Prop. The inverse of a sphere with respect to

any point is a sphere or a plane.

This proposition follows at once from the last by

rotating the figures round OA as axis ; in the first figure

the circle and line will generate a sphere and plane each

of which is the inverse of the other ; and in the second

figure the two circles will generate spheres each of which

will be the inverse of the other.

148. Prop. The inverse of a circle with respect to a

poirit 0, not in its plane^ is a circle.

For the circle may be regarded as the intersection

of two spheres, neither of which need pass through 0.

These spheres will invert into spheres, and their inter-

section, which is the inverse of the intersection of the other

two spheres, that is of the original circle, will be a circle.

149. Prop. A circle will invert into itself with

respect to a point in its plane if the radius of inversion

he the length of the tangent to the circle from the centre of

inversion.
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This is obvious at once, for if OThe the tangent from

and OPQ cut the circle in P and Q, since OP.OQ= OT^
it follows that P and Q are inverse points.

That is, the part of the circle concave to inverts into

the part which is convex and vice versa.

Cor. 1. Any system of coaxal circles can be simul-

taneously inverted into themselves if the centre of

inversion be any point on the axis of the system.

Cor. 2. Any three coplanar circles can be simul-

taneously inverted into themselves.

For we have only to take the radical centre of the

three circles as the centre of inversion, and the tangent

from it as the radius.

150. Prop. Two coplanar curves cat at the same

angle as their inverses with respect to any point in their

plane.

Let P and Q be two near points on a curve >S, P' and

Q their inverses with respect to 0.

Then since OP . OP' = k'=OQ. OQ'.

.'. QPP'Q' is cyclic.

.-. /.OPQ = zOQT\
Now let Q move up to P so that PQ becomes the

tangent to /Sf at P ; then Q' moves up at the same time to

12—2



180 INVERSION.

P' and P'Q' becomes the tangent at P' to the inverse

curve B\
.'. the tangents at P and P' make equal angles with

OPP\
The tangents however are antiparallel, not parallel.

Now if we have two curves S^ and 8.2 intersecting at

P, and PTi, PT^ be their tangents there, and if the

inverse curves be S^, S^' intersecting at P\ the inverse of

P, and P'Ti, P'T^ be their tangents, it follows at once

from the above reasoning that Z T^PT^ = Z T^P'T^.

Thus 8i and 82 intersect at the same angle as their

inverses.

Cob. If two curves touch at a point P their inverses

touch at the inverse of P.

151. Prop. If a circle 8 he inverted into a circle 8\

and P, Q he inverse points with respect to 8, then P' and

Q', the inverses of P and Q respectively, will he inverse

points with respect to 8\
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Let be the centre of inversion.

181

Since P and Q are inverse points for S, therefore S
cuts orthogonally every circle through P and Q, and in

particular the circle through 0, P, Q.

Therefore the inverse of the circle OPQ will cut S'

orthogonally.

But the inverse of the circle OPQ is a line ; since 0,

the centre of inversion, lies on the circumference.

Therefore P'Q' is the inverse of the circle OPQ.
Therefore P'Q' cuts S' orthogonally, that is, passes

through the centre of S'.

Again, since every circle through P and Q cuts S
orthogonally, it follows that every circle through P' and
Q' cuts S' orthogonally (§ 150).

Therefore, if A^ be the centre of S\

AiP' . AiQ' = square of radius of S\

Hence P' and Q' are inverse points for the circle S'.

152. Prop. A system of non-intersecting coaxal

circles can he inverted iyito concentric circles.

The system being non -intersecting, the limiting points

L and L' are real.
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Invert the system with respect to L.

Now L and L' being inverse points with respect to

each circle of the system, their inverses will be inverse

points for each circle in the inversion.

But L being the centre of the circle of inversion, its

inverse is at infinity. Therefore L' must invert into the

centre of each of the circles.

153. Feuerbach's Theorem.

The principles of inversion may be illustrated by their

application to prove Feuerbach's famous theorem, viz. that

the nine-points circle of a triangle touches the inscribed

and the three escribed circles.

Let ABC be a triangle, / its incentre and I^ its

ecentre opposite to A.

Let M and M^ be the points of contact of the incircle

and this ecircle with BG.

Let the line AII^ which bisects the angle A cut BG
in R.

Draw AL perpendicular to BG. Let 0, P, U be

the circumcentre, orthocentre and nine-points centre

respectively.

Draw OD perpendicular to BG and let it meet the

circumcircle in K.

Now since BI and BI^ are the internal and external

bisectors of angle B,

.•.(.4ii,//0 = -l,

.'.L{AR,II,)^-l.

.'. since RLA is a right angle, LI and LIi are equally

inclined to BG (§ 27, Cor. 2).

.-. the polars of L with regard to the incircle and

the ecircle will be equally inclined to BG.
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Now the polar of L for the in circle goes through M
and that for the ecircle through M^.

Let MX be the polar of L for the incircle cutting OD
in X.

Then since D is the middle point of MM^ (§ 12, Cor.)

.'. M^X is the polar of Jj for the ecircle, i.e. L and X
are conjugate points for both circles.
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Let N be the middle point of XL, then the square of

the tangent from N to both circles = NX^ = ND\
.'. X is on the radical axis of the two circles ; but so

also is D since DM^DM^,
.'. ND is the radical axis, and this is perpendicular

to //i.

Now the pedal line of K goes through D, and clearly

also, since K is on the bisector of the angle A, the pedal

line must be perpendicular to AK.
.'. DN is the pedal line of K.

But the pedal line of K bisects KP.

.'. KNP is a straight line and X its middle point.

And since U is the middle point of OP, UX = ^OK.

.*. iVis a point on the nine-points circle.

Now invert the nine-points circle, the incircle and

ecircle with respect to the circle whose centre is X and

radius XD or XL.

The two latter circles will invert into themselves ; and

the nine-points circle will invert into the line BG\ for

X being on the nine-points circle the inverse of that

circle must be a line, and D and L, points on the circle,

invert into themselves, .'. DL is the inverse of the nine-

points circle.

But this line touches both the incircle and ecircle.

.*. the nine-points circle touches both the incircle and

ecircle.

Similar 1}^ it touches the other two ecircles.

Cor. The point of contact of the nine-points circle

with the incircle will be the inverse of M, and with the

ecircle the inverse of ifj.
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EXERCISES.

1. Prove that a system of intersecting coaxal circles can

be inverted into concurrent straight lines.

2. A sphere is inverted from a point on its surface ; shew

that to a system of meridians and parallels on the surface will

correspond two systems of coaxal circles in the inverse figure.

[See Ex. 18 of Chap. II.]

3. li A, B, C, D be four collinear points, and A', B\ C",

D' the four points inverse to them, then

AC.BD A'C .B'D'

AB.CD ~ A'B' .CD'

'

4. If P be a point in the plane of a system of coaxal

circles, and P^, P.2, P^ &c. be its inverses with respect to the

different circles of the system, P^, P^, P^ &c. are coneyclic.

5. If P be a fixed point in the plane of a system of

coaxal circles, P' the inverse of P with respect to a circle of

the system, P" the inverse of P' with respect to another circle,

P'" of P" with respect to another and so on, then P', P", F"
&c. are concyclic.

6. POP', QOQ' are two chords of a circle and is a fixed

point. Prove that the locus of the other intersection of the

circles POQ, P'OQ' lies on a second fixed circle.

7. Shew that the result of inverting at any odd number
of circles of a coaxal system is equivalent to a single inversion

at one circle of the system ; and determine the circle which is

so equivalent to three given ones in a given order.

8. Shew that if the circles inverse to two given circles

ACD, BCD with respect to a given point P be equal, the

circle PCD bisects (internally and externally) the angles of

intersection of the two given circles.
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9. Three circles cut one another orthogonally at the three

pairs of points AA\ BB', GC; prove that the circles through
ABC\ AB'C touch at A.

10. Prove that if the nine-points circle of a triangle and
one of the angular points of a triangle be given, the locus of

the orthocentre is a circle.

11. Prove that the nine-points circle of a triangle touches

the inscribed and escribed circles of the three triangles formed
by joining the orthocentre to the vertices of the triangle.

12. The figures inverse to a given figure with regard to

two circles C-^ and G^ are denoted by *S'i and S.2 respectively

;

shew that if G-^ and G^ cut orthogonally, the inverse of S^ with

regard to Cg is also the inverse of S^ with regard to Cj.

13. li A, B, G he three collinear points and any other

point, shew that the centres P, Q, R of the three circles

circumscribing the triangles OBG, OGA, GAB are concyclic

with 0.

Also that if three other circles are drawn through G, A
;

G, B ; G, G to cut the circles GBG, OGA, GAB, respectively,

at right angles, then these circles will meet in a point which

lies on the circumcircle of the quadrilateral GPQR.

14. Shew that if the circle PAB cut orthogonally the

circle PGD
-,
and the circle PAG cut orthogonally the circle

PBD ; then the circle PAD must cut the circle PBG ortho-

gonally.

15. Prove the following construction for obtaining the

point of contact of the nine-points circle of a triangle ABG
with the incircle.

The bisector of the angle A meets BG in H. From H the

other tangent HY i^ drawn to the incircle. The line joining

the point of contact Y of this tangent and D the middle point

of BG cuts the incircle again in the point required.

16. Given the circumcircle and incircle of a triangle,

shew that the locus of the centroid is a circle.
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17. A, B, C are three circles and a, h, c their inverses

with respect to any other circle. Shew that if A and B are

inverses with respect to C, then a and b are inverses with

respect to c.

18. A circle S is inverted into a line, prove that this line

is the radical axis of S and the circle of inversion.

19. Shew that the angle between a circle and its inverse

is bisected by the circle of inversion.

20. The perpendiculars ALj BM, CN to the sides of a

triangle ABC meet in the orthocentre K. Prove that each

of the four circles which can be described to touch the three

circles about KMAN^ KNBL, KLGM touches the circumcircle

of the triangle ABC.

[Invert the three circles into the sides of the triangle by

means of centre if, and the circumcircle into the nine-points

circle.]

21. Invert two spheres, one of which lies wholly within

the other, into concentric spheres.

22. Examine the particular case of the proposition of

§ 151, where the centre of inversion lies on S.

23. li A, P, Q be three collinear points, and if F', Q' be

the inverses of F, Q with respect to 0, and if F'Q' meet OA in

Aj^, then
AF.AQ OA^

A,F'.A,Q'~ OA,''
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SIMILARITY OF FIGURES.

154. Homothetic Figures.

If jP be a plane figure, which we may regard as an

assemblage of points typified by P, and if be a fixed

point in the plane, and if on each radius vector OP,
produced if necessary, a point P' be taken on the same

side of as P such that OP : OP' is constant (= k), then

P' will determine another figure F' which is said to be

similar and similarly situated to F.

Two such figures are conveniently called, in one word,

homothetic, and the point is called their homothetic

centre.

We see that two homothetic figures are in perspective,

the centre of perspective being the homothetic centre.

155. Prop. The line joining two points in the figure

F is parallel to the line joining the corresponding points in

the figure F' which is homothetic with it, and these lines

are in a constant ratio.

For if P and Q be two points in F, and P\ Q' the

corresponding points in F', since OP : OP' = OQ : OQ'

it follows that PQ and P'Q' are parallel, and that

PQ : P'Q = OP : OP' the constant ratio.
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In the case where Q is in the line OP it is still true that

PQ:P'Q' = the constant ratio, for since OP:OQ=OP':OQ'

,'.oP:OQ-op= OP' : oq - OF.

.-. OP:PQ=OR:P'Q\

.'.PQ:P'Q=OP:OP'.

Cor. If the figures F and F' be curves S and S' the

tangents to them at corresponding points P and P' will

be parallel. For the tangent at P is the limiting position

of the line through P and a near point Q on aSi, and the

tangent at P' the limiting position of the line through

the corresponding points P' and Q'.

156. Prop. The homothetic centre of two homothetic

figures is determined by two pairs of corresponding points.

For if two pairs of corresponding points P, P'\ Q, Q'

be given is the intersection of PP' and QQ'.

Or in the case where Q is in the line PP\ is deter-

mined in this line by the equation OP : OP' = PQ : P'Q'.

The point is thus uniquely determined, for OP and

OP' have to have the same sign, that is, have to be in the

same direction.
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157. Figures directly similar.

If now two figures F and F' be homothetic, centre 0,

and the figure F' be turned in its plane round through

any angle, we shall have a new figure F^ which is similar

to F but not now similarly situated.

Two such figures F and F^ are said to be directly

similar and is called their centre of similitude.

Two directly similar figures possess the property that

the zPOPi between the lines joining to two corre-

sponding points P and Pj is constant. Also OP : OP^
is constant, and PQ : P^Q^ = the same constant, and the

triangles OPQ, OP^Q^ are similar.

158. Prop. If P, P^; Q, Q^ be two pairs of corre-

sponding points of two figures directly similar, and if PQ,

PiQi intersect in R, is the other intersection of the circles

PRP„ QEQ,.

For since Z OPQ = Z OP,Q^
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Z OPR and Z OP^R are supplementary.

191

.-.POPijR is cyclic.

Similarly Q^OQR is cyclic.

Thus the proposition is proved.

Cor. The centre of similitude of two directly similar

figures is determined by two pairs of corresponding points.

It has been assumed thus far that P does not coincide

with Pj nor with Q^.
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If P coincide with Pj, then this point is itself the

centre of similitude.

If P coincide with Q^ we can draw QT and Q^T^

through Q and Q^ such that

Z P,Q,T, = Z PQT and Q,T, : QT=P,Q, : PQ
;

then T and 2\ are corresponding points in the two figures.

159. When two figures are directly similar, and the

two members of each pair of corresponding points are on

opposite sides of 0, and coUinear with it, the figures may
be called antihomothetic, and the centre of similitude is

called the antihomothetic centime.

When two figures are antihomothetic the line joining

any two points P and Q of the one is parallel to the line

joining the corresponding points P' and Q' of the other

;

hut PQ and P'Q' are in opposite directions.

160. Case of two coplanar circles.

If we divide the line joining the centres of two given

circles externally at 0, and internally at 0' in the ratio

of the radii, it is clear from § 25 that is the homothetic

centre and 0' the antihomothetic centre for the two circles.

We spoke of these points as ' centres of similitude

'

before, but we now see that they are only particular

centres of similitude, and it is clear that there are other
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centres of similitude not lying in the line of these. For

taking the centre A of one circle to correspond with the

centre A-^ of the other, we may then take any point P of

the one to correspond with any point Pi of the other.

Let >Si be the centre of similitude for this corre-

spondence.

The triangles P>Si-4, P^SA^ are similar, and

8A : ^^1 = ^P : .^iPi = ratio of the radii.

Thus S lies on the circle on 00' as diameter (§ 27).

Thus the locus of centres of similitude for two coplanar

circles is the circle on the line joining the homothetic and
antihomothetic centres.

This circle we have already called the circle of simili-

tude and the student now understands the reason of the

name.

161. Figures inversely similar.

If P be a figure in a plane, a fixed point in the

plane, and if another figure F' be obtained by taking

A. G. 13
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points P' in the plane to correspond with the points P
of F in such a way that OP : OP' is constant, and all the

angles POP' have the same bisecting line OX, the two

figures F and F' are said to be inversely similar ; is

then called the centre and OX the axis of inverse similitude.

Q'

X

K ^

/i
P\ \ L //P,

Q

Draw P'X perpendicular to the axis OX and let it

meet OP in Pj.

Then plainly, since OX bisects Z POP'

AOLP'=AOLP„
and OPi = OP'.

.'. OPi : OP is constant.

Thus the figure formed by the points Pi will be

homothetic with F.

Indeed the figure F' may be regarded as formed from

a figure Pj homothetic with F by turning Pj round the

axis OX through two right angles.
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The student will have no difficulty in proving for

himself that if any line OF be taken through in the

plane of F and F\ and if P'K be drawn perpendicular to

OY and produced to P^ so that P'K^KP^ then the

figure formed with the points typified by P^ will be

similar to F ; but the two will not be similarly situated

except in the case where OF coincides with OX.

162. If P and Q be two points in the figure jP, and

P\ Q' the corresponding points in the figure F', in-

versely similar to it, we easily obtain that P'Q : PQ = the

constant ratio of OP : OP' , and we see that the angle

POQ = angle Q'OF {not PVQ), In regard to this last

point we see the distinction between figures directly

similar and figures inversely similar.

163. Given two pairs of corresponding points in two

inversely similar figures, to find the centre and acds of

similitude.

To solve this problem we observe that if PP' cut the

13—2
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axis OX in F, then PF:FF =0P -.OP' since the axis

bisects the angle POP'.

.\PF:FP' = PQ:P'Q'.

Hence if P, P'
; Q, Q' be given, join PP' and QQ' and

divide these lines at F and G in the ratio PQ : P'Q', then

the line FG is the axis.

Take the point Pj symmetrical with P on the other

side of the axis, then is determined by the intersection

of P'Py with the axis.

Note. The student who wishes for a fuller discussion

on the subject of similar figures than seems necessary or

desirable here, should consult Lachlan's Modern Pure
Geometry, Chapter IX.

EXERCISES.

1. Prove that homothetic figures will, if ortliogonally

projected, be projected into homothetic figures.

2. If P, P' ; Q, Q' ; R, R' be three corresponding pairs of

points in two figures either directly or inversely similar, tlie

triangles PQE^ FQ'R' are similar in the Euclidean sense.

3. If S and aS" be two curves directly similar, prove

that if S be turned in the plane about any point, the locus of

the centre of similitude of S and *S" in the different positions

of S will be a circle.

4. If two triangles, directly similar, be inscribed in the

same circle, shew that the centre of the circle is their centre

of similitude.

Shew also that the pairs of corresponding sides of the

triangles intersect in points forming a triangle directly similar

to them.
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5. If two triangles be inscribed in the same circle so as to

be inversely similar, shew that they are in perspective, and

that the axis of perspective passes through the centre of the

circle.

6. If on the sides BC, CA, AB oi a, triangle ABC points

X, r, Z be taken such that the triangle XYZ is of constant

shape, construct the centre of similitude of the system of

triangles so formed ; and prove that the locus of the ortho-

centre of the triangle XYZ is a straight line.

7. If three points X, Y, Z be taken on the sides of a

triangle ABC opposite to A^ B, C respectively, and if three

similar and similarly situated ellipses be described round

AYZy BZX and CXY^ they will have a common point.

8. The circle of similitude of two given circles belongs to

the coaxal system whose limiting points are the centres of the

two given circles.

9. If two coplanar circles be regarded as inversely similar

the locus of the centre of similitude is still the 'circle of

similitude,' and the axis of similitude passes through a fixed

point.

10. P and P' are corresponding points on two coplanar

circles regarded as inversely similar and >S' is the centre of

similitude in this case. Q is the other extremity of the

diameter through P, and when Q and P' are corresponding

points in the two circles for inverse similarity, S' is the centre

of similitude. Prove that SS' is a diameter of the circle of

similitude.

11. ABCD is a cyclic quadrilateral ; AC and BD intersect

in ^, ^i> and BC in F
',

prove that EF is a diameter of the

circle of similitude for the circles on AB^ CD as diameters.

12. Generalise by projection the theorem that the circle

of similitude of two circles is coaxal with them.



MISCELLANEOUS EXAMPLES.

1. Prove that when four points A, B, C, D lie on a

circle, the orthocentres of the triangles BCD, GDA^ DAB,
ABC lie on an equal circle, and that the line which joins the

centres of these circles is divided in the ratio of three to one

by the centre of mean position of the points A, B, C, D.

2. ABC is a triangle, the centre of its inscribed circle,

and ^1, B^, C^ the centres of the circles escribed to the sides

BC, CAf AB respectively; Z, M, N the points where these

sides are cut by the bisectors of the angles A, B, C. Shew
that the orthocentres of the three triangles LB^C^, MCiA^,
NA^B^ form a triangle similar and similarly situated to

A^B^Cii and having its orthocentre at 0.

3. ABC is a triangle, L^, M^, iV^j are the points of contact

of the incircle with the sides opposite to A, B, C respectively

;

L2 is taken as the harmonic conjugate of L^ with respect to

B and C ; M^ and iVg ^^^ similarly taken; P, Q, R are the

middle points of L^Lc^, M-^M]^, N^N^. Again AA^ is the bisector

of the angle A cutting BG in A-^y and A^, is the harmonic

conjugate of A-^ with respect to B and G ; B^ and C2 are

similarly taken. Prove that the line A^B^G^ is parallel to the

line PQR.

4. ABC is a triangle the centres of whose inscribed and

circumscribed circles are 0, 0' \ 0^ 0^, 0^ are the centres of

its escribed circles, and OjOg, O2O3 meet AB, BG respectively

in L and M ; shew that 00' is perpendicular to LM.
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5. If circles be described on the sides of a given triangle

as diameters, and quadrilaterals be inscribed in them having

the intersections of their diagonals at the orthocentre, and one

side of each passing through the middle point of the upper

segment of the corresponding perpendicular, prove that the

sides of the quadrilaterals opposite, to these form a triangle

equiangular with the given one.

6. Two circles are such that a quadrilateral can be

inscribed in one so that its sides touch the other. Shew

that if the points of contact of the sides be P, Q, i?, S, then

the diagonals of FQES are at right angles; and prove that

PQ, BS and QE, SP have their points of intersection on the

same fixed line.

7. A straight line drawn through the vertex A of the

triangle ABC meets the lines BB, BF which join the middle

point of the base to the middle points E and F of the sides

CA, AB in Z, 7; shew that BY is parallel to GX.

8. Four intersecting straight lines are drawn in a plane.

Reciprocate with regard to any point in this plane the

theorem that the circumcircles of the triangles formed by

the four lines are concurrent at a point which is concyclic

with their four centres.

9. E and F are two fixed points, P a moving point, on a

hyperbola, and PE meets an asymptote in Q. Prove that the

line through E parallel to the other asymptote meets in a

fixed point the line through Q parallel to PF.

10. Any parabola is described to touch two fixed straight

lines and with its directrix passing through a fixed point P.

Prove that the envelope of the polar of P with respect to the

parabola is a conic.

11. Shew how to construct a triangle of given shape

whose sides shall pass through three given points.

12. Construct a hyperbola having two sides of a given

triangle as asymptotes and having the base of the triangle as

a normal.
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13. A tangent is drawn to an ellipse so that the portion

intercepted by the equiconjugate diameters is a minimum

;

shew that it is bisected at the point of contact.

14. A parallelogram, a point and a straight line in the

same plane being given, obtain a construction depending on

the ruler only for a straight line through the point parallel to

the given line.

15. Prove that the problem of constructing a triangle

whose sides each pass through one of three fixed points and

whose vertices lie one on each of three fixed straight lines is

poristic, when the three given points are collinear and the

three given lines are concurrent.

16. A, B, Cf D are four points in a plane no three of

which are collinear, and a projective transformation inter-

changes A and B, and also G and D. Give a pencil and ruler

construction for the point into which any arbitrary point

F is changed ; and shew that any conic through A, B, C, D is

transformed into itself.

17. Three hyperbolas are described with B, C ; G, A;

and A, B for foci passing respectively through A, Bj G. Shew

that they have two common points P and Q ; and that there

is a conic circumscribing ABG with P and Q for foci.

18. Three triangles have their bases on one given line

and their vertices on another given line. Six lines are formed

by joining the point of intersection of two sides, one from

each of a pair of the triangles, with a point of intersection of

the other two sides of those triangles, choosing the pairs of

triangles and the pairs of sides in every possible way. Prove

that the six lines form a complete quadrangle.

19. Shew that in general there are four distinct solutions

of the problem : To draw two conies which have a given point

as focus and intersect at right angles at two other given

points. Determine in each case the tangents at the two

given points.
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20. An equilateral triangle ABC is inscribed in a circle

of which is the centre : two hyperbolas are drawn, the first

has C as a focus, OA as directrix and passes through B ; the

second has C as focus, OB as directrix and passes through A.

Shew that these hyperbolas meet the circle in eight points,

which with C form the angular points of a regular polygon of

nine sides.

21. An ellipse, centre 0, touches the sides of a triangle

ABC, and the diameters conjugate to OA, OB, 00 meet any

tangent in D, E, F respectively
;
prove that AD, BE, OF meet

in a point.

22. A parabola touches a fixed straight line at a given

point, and its axis passes through a second given point. Shew
that the envelope of the tangent at the vertex is a parabola

and determine its focus and directrix.

23. Three parabolas have a given common tangent and
touch one another at P, Q, R. Shew that the points P, Q, R
are collinear. Prove also that the parabola which touches the

given line and the tangents at P, Q, R has its axis parallel

to PQR.

24. Prove that the locus of the middle point of the

common chord of a parabola and its circle of curvature is

another parabola whose latus rectum is one-fifth that of the

given parabola.

25. Three circles pass through a given point and their

other intersections are A, B, C. A point D is taken on the

circle OBO, E on the circle OCA, F on the circle OAB. Prove

that 0, D, E, F are concyclic ii AF.BD. CE = -FB.DC .EA,

where ^i^ stands for the chord AF, and so on. Also explain

the convention of signs which must be taken.

26. Shew that a common tangent to two confocal

parabolas subtends an angle at the focus equal to the angle

between the axes of the parabolas.

27. The vertices A, B oi &> triangle ABC are fixed, and
the foot of the bisector of the angle A lies on a fixed straight

line ; determine the locus of C.
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28. A straight line ABCD cuts two fixed circles X and

Y, so that the chord AB of X is equal to the chord CD of F.

The tangents to X at ^ and B meet the tangents to F at C
and D in four points P, Q, R, S. Shew that P, Q, E, S lie on

a fixed circle.

29. On a fixed straight line AB, two points F and Q are

taken such that FQ is of constant length. X and Y are two

fixed points and XF, YQ meet in a point F. Shew that as F
moves along the line AB, the locus of P is a hyperbola of

which AB is an asymptote.

30. A parabola touches the sides BC, CA, AB of a

triangle ABC in I), E, F respectively. Prove that the straight

lines AD, BE, OF meet in a point which lies on the polar of

the centre of gravity of the triangle ABC.

31. If two conies be inscribed in the same quadrilateral,

the two tangents at any of their points of intersection cut

any diagonal of the quadrilateral harmonically.

32. A circle, centre 0, is inscribed in a triangle ABC.
The tangent at any point F on the circle meets BC in D.

The line through perpendicular to OD meets FD in D'

.

The corresponding points E', F' are constructed. Shew that

AD', BE', CF' are parallel.

33. Two points are taken on a circle in such a manner

that the sum of the squares of their distances from a fixed

point is constant. Shew that the envelope of the chord joining

them is a parabola.

34. A variable line FQ intersects two fixed lines in

points F and Q such that the orthogonal projection of FQ
on a third fixed line is of constant length. Shew that the

envelope of FQ is a parabola, and find the direction of its axis.

35. With a focus of a given ellipse {A) as focus, and the

tangent at any point F as directrix, a second ellipse {B) is

described similar to (A). Shew that {B) touches the minor

axis of {A) at the point where the normal at F meets it.
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36. A parabola touches two fixed lines which intersect in

T, and its axis passes through a fixed point D. Prove that, if

S be the focus, the bisector of the angle TSD is fixed in

direction. Shew further that the locus of >S' is a rectangular

hyperbola of which D and T are ends of a diameter. What
are the directions of its asymptotes 1

37. If an ellipse has a given focus and touches two fixed

straight lines, then the director circle passes through two fixed

points.

38. is any point in the plane of a triangle ABC, and

X, Y, Z are points in the sides BC, CA, AB respectively, such

that AOX, BOY, COZ are right angles. If the points of

intersection of GZ and AX, ilX and ^F be respectively Q and

i?, shew that OQ and OR are equally inclined to OA.

39. The line of collinearity of the middle points of the

diagonals of a quadrilateral is drawn, and the middle point of

the intercept on it between any two sides is joined to the

point in which they intersect. Shew that the six lines so

constructed together with the line of collinearity and the

three diagonals themselves touch a parabola.

40. The triangles A^B^Ci, A2B2C2 are reciprocal with

respect to a given circle ; B.2C2, C^A-^ intersect in I\, and B^C^,

C.2A2 in P^. Shew that the radical axis of the circles which

circumscribe the triangles P^A^B^, P^A^B^ passes through the

centre of the given circle.

41. A transversal cuts the three sides BC, CA, AB oi a,

triangle in P, Q, R; and also cuts three concurrent lines

through A, B and G respectively in P', Q', R'. Prove that

PQ' . QR' . RP' = -P'Q. Q'R . R'P.

42. Through any point in the plane of a triangle ABG
is drawn a transversal cutting the sides in P, Q, R. The

lines OA, OB, OG are bisected in A', B', G' ; and the segments

QR, RP, PQ of the transversal are bisected in P', Q', R'.

Shew that the three lines A'P', B'Q', G'E are concurrent;
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43. From any point P on a given circle tangents PQ,

PQ' are drawn to a given circle whose centre is on the

circumference of the first : shew that the chord joining the

points where these tangents cut the first circle is fixed in

direction and intersects QQ' on the line of centres.

44. If any parabola be described touching the sides of

a fixed triangle, the chords of contact will pass each through

a fixed point.

45. From D, the middle point of AB^ a tangent DP is

drawn to a conic. Shew that if CQ, GR are the semi-

diameters parallel to AB and DP,

AB : CQ=='2DP : CR.

46. The side BC of a triangle ABC is trisected at M, N.

Circles are described within the triangle, one to touch BG at

M and AB at ZT, the other to touch BG at JSf and AG a,t K.

If the circles touch one another at L, prove that GH, BK pass

through L.

47. ABG is a triangle and the perpendiculars from A, B,

G on the opposite sides meet them in Z, M, N respectively.

Three conies are described ; one touching BM, GN at J/, N
and passing through A ; a second touching GN, AL at iV, L
and passing through B ; a third touching AL, BM at L, M
and passing through G. Prove that at J, ^, G they all touch

the same conic.

48. A parabola touches two fixed lines meeting in T and

the chord of contact passes through a fixed point A ; shew

that the directrix passes through a fixed point 0, and that the

ratio TO to OA is the same for all positions of A. Also that

if A move on a circle whose centre is T, then AO is always

normal to an ellipse the sum of whose semi-axes is the radius

of this circle.

49. Triangles which have a given centroid are inscribed

in a given circle, and conies are inscribed in the triangles so

as to have the common centroid for centre, prove that they

all have the same fixed director circle.
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50. A circle is inscribed in a right-angled triangle and

another is escribed to one of the sides containing the right

angle
;
prove that the lines joining the points of contact of

each circle with the hypothenuse and that side intersect one

another at right angles, and being produced pass each through

the point of contact of the other circle with the remaining

side. Also shew that the polars of any point on either of

these lines with respect to the two circles meet on the other,

and deduce that the four tangents drawn from any point on

either of these lines to the circles form a harmonic pencil.

51. If a triangle PQR circumscribe a conic, centre C,

and ordinates be drawn from Q, R to the diameters CR, CQ
respectively, the line joining the feet of the ordinates will pass

through the points of contact of PQ, PR.

52. Prove that the common chord of a conic and its circle

of curvature at any point and their common tangent at this

point divide their own common tangent harmonically.

53. Shew that the point of intersection of the two

common tangents of a conic and an osculating circle lies

on the confocal conic which passes through the point of

osculation.

54. In a triangle ABC, AL, RM, ON are the perpen-

diculars on the sides and MN^ NL, LM when produced meet

BG, CA, AB in P, Q, R. Shew that P, Q, R lie on the

radical axis of the nine-points circle and the circumcircle of

ABC, and that the centres of the circumcircles of ALP, BMQ,
CNR lie on one straight line.

55. A circle through the foci of a rectangular hyperbola

is reciprocated with respect to the hyperbola ; shew that the

reciprocal is an ellipse with a focus at the centre of the

hyperbola; and its minor axis is equal to the distance

between the directrices of the hyperbola.

56. A circle can be drawn to cut three given circles

orthogonally. If any point be taken on this circle its polars

with regard to the three circles are concurrent.
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57. From any point tangents OP, OF, OQ, OQ' are

drawn to two confocal conies ; OP, OP' touch one conic, OQ,
OQ' the other. Prove that the four lines PQ, P'Q', PQ', P'Q
all touch a third confocal.

58. P, F and Q, Q' are four collinear points on two
conies U and V respectively. Prove that the corners of the

quadrangle whose pairs of opposite sides are the tangents iat

P, P' and Q, Q' lie on a conic which passes through the four

points of intersection of U and F.

59. If two parabolas have a real common self-conjugate

triangle they cannot have a common focus.

60. The tangents to a conic at two points A and B meet

in T, those at A', B in T'
;
prove that

i\a'abb)^t'{a:ab'B).

61. A circle moving in a plane always touches a fixed

circle, and the tangent to the moving circle from a fixed point

is always of constant length. Prove that the moving circle

always touches another fixed circle.

62. A system of triangles is formed by the radical axis

and each pair of tangents from a fixed point P to a coaxal

system of circles. Shew that if P lies on the polar of a

limiting point with respect to the coaxal system, then the

circumcircles of the triangles form another coaxal system.

63. Two given circles S, S' intersect in ^, ^ ; through A
any straight line is drawn cutting the circles again in P, F
respectively. Shew that the locus of the other point of inter-

section of the circles, one of which passes through B, P and

cuts S orthogonally, and the other of which passes through

B, F and cuts S' orthogonally, is the straight line through B
perpendicular to AB.

64. All conies with respect to which a given triangle

EFG is self-conjugate and which pass through a given point A
pass also through three other fixed points.

65. A, B, C, D are four points on a conic ; EF cuts the

lines BC, GA, AB in a, b, c respectively and the conic in JS
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and F \ a\ h', c are harmonically conjugate to a, h, c with

respect to E, F. The lines Da\ Dh\ Dc meet BC, CA, AB
in a, ^, y respectively. Shew that a, /8, y are collinear.

66. Three circles intersect at so that their respective

diameters DO, EO, FO pass through their other points of

intersection A, B, C ; and the circle passing through D, E, F
intersects the circles again in G, II, I respectively. Prove

that the circles AOG, BOH, COI are coaxal.

67. A conic passes through four fixed points on a circle,

prove that the polar of the centre of the circle with regard to

the conic is parallel to a fixed straight line.

68. The triangles PQE, FQ'R are such that PQ, PR,
FQ', FR' are tangents at Q, R, Q', R' respectively to a conic.

Prove that

P{QR'Q'R) = P'{QRQ'R)

and P, Q, R, F, Q', R' lie on a conic.

69. If ^', B', C, D' be the points conjugate to A, B, C, D
in an involution, and P, Q, R, S be the middle points of A A',

BB', CC, DD',
(PQRS) = (ABGD) . {AB'GD').

70. ABC is a triangle. If BDCX, CEAY, AFBZ be

three ranges such that {XBCD) .{AYGE) .{ABZF) = \, and

AD, BE, CF be concurrent, then X, Y, Z will be collinear.

71. If ABC be a triangle and D any point on BC, then

(i) the line joining the circumcentres of ABD, ACD touches a

parabola : (ii) the line joining the incentres touches a conic

touching the bisectors of the angles ABC, ACB.

Find the envelope of the line joining the centres of the

circles escribed to the sides BD, CD respectively.

72. Two variable circles S and S' touch two fixed circles,

find the locus of the points which have the same polars with

regard to S and S'.

73. QP, QP' are tangents to an ellipse, QM is the per-

pendicular on the chord of contact PP' and K is the pole of

QM. If H is the orthocentre of the triangle PQP', prove that

HK is perpendicular to QC.
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74. Two circles touch one anotlier at 0. Prove that the

locus of the points inverse to with respect to circles which

touch the two given circles is another circle touching the

given circles in 0, and find its radius in terms of the radii

of the given circles.

75. Prove that the tangents at A and C to a parabola

and the chord AG meet the diameter through B, a third point

on the parabola in a, c, 6, such that aB : Bb = Ab :bC = Bb : cB.

Hence draw through a given point a chord of a parabola

that shall be divided in a given ratio at that point. How
many different solutions are there of this problem, %

76. If A, B, C be three points on a hyperbola and the'

directions of both asymptotes be given, then the tangent at B
may be constructed by drawing through B a parallel to the

line joining the intersection of BC and the parallel through A
to one asymptote with the intersection of ^-5 and the parallel

through C to the other.

77. A circle cuts three given circles at right angles; calling

these circles A, B, C, fi, shew that the points where C cuts O
are the points where circles coaxal with A and B touch O.

78. If ABG^ DEF be two coplanar triangles, and aS' be

a point such that SD, SB, SF cut the sides BC, CA, AB
respectively in three collinear points, then aS'^, SB, SC cut

the sides FF, FD, DE in three collinear points.

79. ABC is a triangle, Z) is a point of contact with BC
of the circle escribed to BC \ E and F are found on CA, AB
in the same way. Lines are drawn through the middle points

of BC, CA, AB parallel to AB, BE, CF respectively; shew

that these lines meet at the incentre.

80. Four points lie on a circle; the pedal line of each

of these with respect to the triangle formed by the other three

is drawn ; shew that the four lines so drawn meet in a point.
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