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PREFACE.

Tue propositions contained in the following
compilation are either obvious deductions
from those of Euclid, or such as exhibit
sgme remarkable properties of lines, angles,
or figures, which are not to be found ‘in
- Budlid’s werk ; br, lastly, they are the geo-’
metrical solutions of many well-known pro-
blems in the: different branches of Natural
Philosephy. Baut although the propositions,
which bave here been collected for the use
oftbe academical student, are of these three
kings, it- kas -net ‘been thought advisable to
olnss.. them-ﬁaccording to that threefold di-
vision. Designed as a supplement to the
Elements of Euclid, they have been disposed
adeording to Euclid’s arrangement. And
a2
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not only have those which 'consti.tute the
first book been made to depend upon the
first book of the Elements, and so on ; but
the propositions in’ each separate book will -
also be found to follow the order of the -
propositions of the qox:responding book of
. Euclid. Thgr.e' is no necessity, therefore, -
for the student to wait until he has gone.
through Euclid’s Elements, before he enters
_ upon the perusal of this Supplement:. It
will, perhaps, be more to his advantage to,
read the original work and this, which is
principally intended to supply its. deficien-
cies, together; especially if he has the assists
ance of a tutor, who will point out to him
~ those propositions which may be considered
as best'deserving his attention. Some regard
has, indeed, been paid to the probability of
such a plan being thought worthy of adop-
tion, in the distribution of the matter of.this
present publication.- An endeavour has been
~ made to offer something to the notice of the



PREFACE. ’ v

reader, after almost every one of the most
important proposmons, in each of the books
of Euclid’s Elements: so that, supposing him
not. to advance beyond the first book, or

“beyond the first four books, of Euclid, a .

field, more or less contracted, is still open to
his research, for the exploring of which he
will find himself already sufficiently furnished
with previous knowledge. With this view,
especially, many of ‘the following theorems
and problems, which - might undoubtedly

- have been demonstrated more concisely, if

they had- been put after Euclid’s fifth book,
have had a place assigned to them nearer to
the beginning. Por thus is the learner shewn
how extensive an application may be made
of some of the easiest propositions of Geo-
metry ; and thus is a scope afforded to the
study of those, who cannot at first encounter,
without réluctance, the somewhat abstruse
reasonings, upon which the ancients, with so
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much aguteness and solidity’ of judgment,
have founded the doctrine of proportionality.
In order to facilitate the execution of the
plan here recommended, an index has been
constructed, by means of which the Geo-
metry of this Supplement may -be- incor:
porated, as it were, with that of Euclid, and
the reading of both the treatises may be
made to go on togcthér. '
In the demonstrations of the propositions,
recourse 'has been had to symbols. - But
' " thgse symbols are merely the representatives
of certain' words and phrases, which may be
. substituted for them at pleasure, so as to
render the langeage employed strictly con-
formable to that of ancient Geometry. The
consequent diminution of the bulk of the
whole book -is the least: advantage which
results from this use of symbols. For: the
demonstrations themselves are sooner read
and more easily comprehended by means
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of these useful abbreviations, which will, in
a short time, become familiar to the reader,
if he is not already perfectly well acquainted
with them.
- It appeared to be unnecessary to print the
formal and logical conclusion which belongs
to every géometrical demonstration, and
which consists in repeating the enuntiation
of the proposition which was to be proved,:
and in asserting that it has been proved.
This last step, is, therefore, left for the
reader in all cases mentally to supply. And
if some omissions of a weightier kind, and
some errors, be discoverable in the following
pages, it is hoped that they will be found
neither too great,.nor too many to be for-
given, if the general plan of the work meet
with the approbation of those who are com-
petent to decide upon it. '

Trinity College,
April 27th, 1819,
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‘AN EXPLANATION ,
OF THE SYMBOLS EMPLOYED IN THIS TREATISE,
AS ABBB.EVIATIONS.

= denotes is equal to or equal to.

> caeeneees 85 greater than.

< . eescenees i5 less than.

e T together with.

= ceveesess diminished by.

L. eccecnse perpendicular.

Z  cireemes angle.

L -reeen angles. *

or AB...... a straight line, of which the points
" denoted by A and B are. the

extremities.

AB .. a circular arch, of which the
points denoted by A and B _are
the extremities. -

AB* ........ a square, having AB for one of

_ © #ts sides. .

A_BXCT) eeeees @ rectangle, of which X‘ B and

CD are adjacent sides.

&l
=~}

2AB &c. ...... the double, &c. of AB.
A denotes a triangle. .
) TS triangles.
O ..coeeenn @ parallelogram.
m ..... .. parallelograms.
A:B ..... oo the ratio of A to B.

A:B::C:D ... the ratio of A to B zscqumalmt
: to the ratio of C to D.
. therefore.

"' . . /4(1_11_/&

- /m/zc z
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SUPPLEMENT

TO THE

ELEMENTS OF EUCLID.

BOOK I. *

Pror. I.

1. ProBrEM. | 4 GIVEN plane rectilineal angle being
divided into any number of equal angles, to divide-
the half of it into the same number of angles, all
equal to one another. '

Bisect (E.*9.1.) the given angle: And, first,
if it be divided into an odd number of equal parts,
it is evident that the middle part is thereby bi-
sected. Bisect, therefore, each of the remaining

* In this and the following references, the letter E is used
to indicate Euclid’s Elements; the letter S, in like manner,
refers to this Supplement ; the former of the subsequent num-
bers points out the Proposition, and the latter the Book, in-
. tended to be quoted,

. B
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equal parts, on either side of that middle part,
and the half of the given angle will, manifestly,
be divided into as many equal parts as the given
angle itself.

Again, if the glven angle be divided into an
even number of equal parts, it is plain that the
straight line which bisects it, will have the half
of that number of equal parts, on each side of it.
Bisect, thetefore, each of the equal parts, on
either side of that line ; and the half of the given
angle will thereby be dmded as before, into as
many equal parts as the-given angle itself.

Pror. 11.

2 ProsLEM. From the verlex of a given scalene
mangk to drow, to the base, a atrazght lmc
which shall ezceed the less- of the two sides,” as

* much a3 3t is itself exceeded by the greater.

Let ABC be the given scalene triangle, and let
AB' be greater than AC : It is required to draw,
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from the vertex A, to the base BC, a straight line
which shall exceed AC, as much as it is exceeded
by AB.

From AB cut off (E. 8.1.) AD=AC; bisect
(E. 10. 1.) DB in E; from the centre A, at the
distance AE, describe (E. 8\ Post.) the circle EF
cutting BC in F; and join (E. 1. Post.) A, F:
Then is AF the straight line which was to be-
drawn. .

‘For, (E. 15. def. 1.) AF==AE; and (consir.)
AD=AC; ... AF—-AC=AE- AD=DE.

Also, AB—AE==BE;.i.e. AB—~ AF=BE:
and (constr.) BE = DE.

< AF=AC=AB=AF.

Pror. III.

3. Pnon.w. In a straight Ime £iven in position,
but indefinite in length, to find a point, whick
shall be equidistant from each of two given points,
either on contrary sides, or both on the seme side
of the given ling, and in the same plane with it ;
but not situated in a perpendicular 1o it.

Let XY be a given straight line indefinite in
length, and A, B, two given points withont it;
_mot situated in a perpendicular to XY: It is
required to find a point in XY that shull be
equidistant from A and B. :
' First, let A, B be beth on the same side of XY:
B2
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Join A, B; bisect (E. 10.1.) AB in C; from C
draw (E. 11. 1.) CD ) to AB, meeting XY in D.
The point D is equidistant from A, B.

For, join A,D and B,D. Then, since (constr.)
AC=BC, and CD is common to the twoa ACD,
BCD, and that (constr. and E. 10. def.1.) 2ACD
= ¢ BCD, .. (E. 4.1.) AD=BD; i.e. D is

' equidistant from A and B.

But, if the two given points, A and B, are on
contrary sides of XY, let them be joined, as be-
fore, and let the straight line which joins them
be bisected.

Then, if the point of bisection be in XY, that,
which was required, has been done. But, if that
point be ‘not in XY, draw from it, as before, a
perpendicular to AB, and it may be shown, as in
the first case, that the point, in which the per-
pendicular meets XY, is that which was required
to'be found. ’ ‘ :

4. Cor. 1. By the help of this problem, it is
manifest that a circle may be described, which
shall have its centre in a given straight line, and
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which shall pass throngh two given points mhalt.
that line.

5. Cor. 2. It is evident from the demonstm-'
tion, that any point in an indefinite straight line -
DZ, which bisects the given finite straight line AB,
at right angles, is equidistant from the extremi-
ties A and B, of that given finite line: And, any
point which is not in that indefinite line DZ,.is
not equidistant from the two extremities A and B
of the given finite. line. '

For, let P be any point, not in DZ, which bi-
sects AB at right # in C; and, if it be possible,
let P be equidistant from A and B: Join P, A
and P,C and P,B; and since (hyp.) AC=CB, and
CP is common to the two . ACP, BCP, and that
(kyp.) PA==PB, ... (E. 8. 1.) the - ACP=
BCP, and ... (E. 10. def. 1.) the 2 ACP is a
right 2 ; but (hyp.) the £ ACDis a right £ 3 .~.
the 2 ACP is equal to the 2 ACD, the less, to
the greater, which is impossible ; .. the point P is
not equidistant from A and B.

6. Cor. 3. Hence, an indefinite number of cir-
cles may be described all of them passing through
two given points: And if any number of circles
pass, all of them, through the same two given
points, their centres are all in the straight line
that bisects at right angles the straight line join-
. ing the two given points.

7. Cor. 4. Hence, also, a circle may be de-
scribed which shall pass through two given points,
and which shall have its semi-diameter equal to
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xny given fnite stmght line, that excepds the
half of the straight line joining the two glven
pointa.

For, let A, B be the two given points ; and j Jom
A,B; and let CD be drawn bisecting AB at
right £ 3 from A, as a centre, at a distance equal
to the given finite straight lme, describe a circle,
and let it cut CD in D; ...’ (Cor. 2.) D is equidi-
stant from A and B; and ... a circle described -
from D, as a centre, at the distance DA, which
(constr. E. 15. def. 1.) is equal to the given semi-
diameter, will pass through B.

Proe. IV.

8. Tmomm. If the three'sides of @ givan triangls
© be bisected, the perpendiculars drawn to the sides,
Jrom the three several bisections, shall all meet in
“the same point : And that point is equidistant from
the three angular points of the given triangle,

.. Let ABCbe a given A, of which the three sidés

AB, AC,; andCB are bisécted- in the points' D, E
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and F, respectively.: The perpendiculars drawn
to the several sides from D, E, F, shall all meet in
a point that is equidistant from A, B and C.

For, draw (E.11.1,) DG 1 to AB, and EG |
to AC, and let them meet in G: Join G,.F.
Then, (constr. and 8. 3. 1. Car. 2..°.) BG = AG,
.and AG=CG; .CG=BG.

. Again, since (hyp.) BF =CF (constr.) and F G
is comnion to thé two a BFG,CFG, and that
BG =CG, .. the « BFG= + CFG (E. 8. 1.); i.e.

“(E. 10. def' 1.) GFis | to BC: And thete cannot

(E. 10. def. 1.) be drawn from F more than orie
'stratght line | to BC. Itis pTa;n, therefor¢, that
‘the perpendiculars drawn to the sides, from D, E
and F, all meet in the same point G : And, since
it has been shown that AG =BG =C€G, the pouit
G is equidistant from A, B and C.

Pror. V.

9. ProsLEM. To find a point, in a given plank,
which shall be equidistant from three given points
_in the plane, that are not all in the same straight
line. .
"+ Let A, B, C. be thrée given pomts, not dl
of them iri the same ‘straight line: {t is required
to find a pomt that shall be equidrstant from

A, B and C.
Join A&, B, a'ndB,C andC Aj; bﬁsect(E.lo.l)
AB in'D;-and AC'in E; draw (E 11. 1.) from B

R |
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and E, DG 1 to AB, and EG 1 to AC, and let
them meet in G.

~ Then, (S.8.1.Cor. 2.) the pomt G is equidi-
stant from A, B,and C. .

10. Cor. By the help of this problem a circle
~ may be described about a given triangle ; or s0 as
that its circumference shall pass through any
three given points that are not in the same straight
line.

Prop. VI.

11. ToreoreM. There cannot be drawn more than
two equal straight lines, to another straight line,
Jrom a given point without it.

Let A be a given point, without the given
straight line BC: There cannot be drawn more
than two equal straight lines, from A to BC.

For, if it be possible, let AB=AG=AC 5 o
(E.5.1) LACB=_£AGC: Also LACB=,
ABC; ... £ AGC= £ ABC; i.c. the exterior is
equal to the interior opposite ., when the side
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A

B G C
BG, of the A AGB, is produced: which (E. 16.1.)
is absurd.
12. Cor. A circle cannot cut a straight line
in more points than two.

Prop. VII.

18, TueoreM. The perpendiculair let. fall from
the obtuse angle of an obtuse-angled triangle, or
Jrom any angle of an acute-angled triangle, upon
the opposite side, jfalls within that side : But the
perpendicular drawn to either of the sides con-
taining the obtuse angle of an obtuse-angled tri-
angle, from the angle opposite, falls without that
side.

Let ABC be an obtuse-angled A, obtuse-angled
at B, and let ABD be an acute-angled A : The
perpendicular -drawn from B to AC falls within
AC; the perpendicular drawn from any other 2 A,
of the A ABC, to the opposite side BC, falls
without BC ; and the perpendicular drawn from
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any £ A, of the A ABD, to the opposite side
BD, falls within BD.

For, first, if it be possible, let AG, drawn
(E. 12. 1.) from A | to BD, meet DB, produced,
in G: Then, since (kyp.) the ~ ABD is acute,
the ~ ABD is (E. 18. 1.) obtuse; and (constr.)
the - AGBiis a rightangle : Wherefore thetwo £ .
ABG, AGB of the A ABG are not less than two
right angles; which (E. 17. 1.) is absurd. There-
fore, the perpendicular drawn from A on BD
“cannot fall without BD. Aud, in the same man-
ner, it may be shewn, that the perpendicular
drawn from B on the opposite side AC, of the ob-
tuse-angled A ABC, cannot fall without AC, and
‘also that the perpendicular drawn from A, on the
opposite side BC, of that A, cannot fall within
BC.

Prop. VIIL

14 TrRoreM. If q straight line, matmgm
other straight lines, makes the two intevior anglés
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on the samé side of it .mot less than ttwo righs
angles, these lines shall never meet on that side, §f
produced ever so far.

For, if it be possible, let two straight lines meet,
which make, with another straight line, the two
interior angles, on the same side, not less than
two right # : Then it is plain, that the three
straight lines - will thus include a A, two # of
which are not less than two right angles; which
(E.17. 1.) is absurd. Wherefore, the two straight
lines cannot meet, on that side of the straight line,
on which they make the two interior £ not less
than two right 4.

15. Cor. Two straight lines, which are both
perpendicular to the same straight line, are parallel
to each other. ,

Pror. 1X.

~ 16. TueoreM. The three sides of a triangle taken
together, exceed the double of any one side, and
are less than the double of any two sides. .

For, since (E.20.1.)any two'sides of a A are
> the third, if the third side ba added both to
those two and to itself’; it is evident that the three
sides are, together, > the double of the third.

Again, since (E.20.1.) any sid¢ of a A is <
the other two, if the other two be added both to
that side, and to themselves, it.is evident, that the
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three sides are, together, < than the double of
the other two.

Pror. X.

17. TuEoREM. Any side of a triangle is greater
than the difference between the other two.sides.

. If, the A be equilateral, or isosceles, the propo-
sition is manifestly true. . But let it be a scalene.
4 : Then, since (E.20. 1.) any two sides of the
A are > the third, if either of those two be taken
from that third side, it is plain that the remaining
side is greater than the difference of the other
two.

Pror. XI.

18. THEOREM. Any one side ¢of a rectilineal figure
is less than the aggregate of the remaining sides. -

Let ABCD be a given rectxlmeal ﬁgure Any -

D

' C
‘one side, as BC, is less than the aggregate of
the remaining sides.
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For, first, let the figure be quadrilateral ; and
join B,D : Then (E.20.1.) BD 4+ DC > BC; and,
.BA+AD>BD; ...BA + AD+ DC > BD+DC;
much more, then, is BA 4+ AD +DC > BC.

_And the proposition may, in the same manner,
be proved to be true, when the figure has more
than four sides.

Prop. XII.

19, Tueorem. The two sides of a triangle are
together, greater than the double of the- straight
line which joins the vertex and the bisection of the
base.

Let ABC be any given A, and let AD be the

straight line joining the vertex A, and the bisec-
tion, D, of the base BC: AB4+ AC> 2AD. Pro-
duce:AD to E, and cut off (E. 8. 1.) DE==AD;
also, join B, E. '

Then since (kyp.) BD=DC, and (consir.)
AD = DE, the two sides BD, DE, of the A BDE,
are equal to the two sides AD, DC of the A ADC; -
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and(E.ls.l)the Z BDE= « ADC, o (B g
1.) BE==AC. But (E.20.1.) AB4BE > AE;
but AC has been proved to be equal to BE, and
: AExs(coma-)thedoubleofAD *AB+ AC>
2AD. .

Prop. XIII. ‘
20. TueoreM. The two sides of a triangle are,
together, greater than the double of the straight
line drawn fram the vertezr to the base, bisocting
the vertical angle. :

B D ¥ C

Let ABC be any given A, and let AD be drawn
from the vertex A, to the base BC, bisecting the
vertical 2 BAC: Then, AB 4+ AC>2AD.

If the given A be isosceles, the straight line
which bisects the vertical 2 is (E. 4. 1.) 1
to the base; and since (E. 17. 1. and E. 19, 1.)
each of the equal sides is greater than the per.
pendicular, the proposition, is, in this case, manis
festly true.

. Bat, let ABC be a scaléne A, and lzt the dide .
ABbe less than AC : Then, of the segments inte
~which AD, bisecting the.. 2. BAC, divides the
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base BC,BD, which is adjacent to the less side
AB, is the less. ‘

For, from AC, the greater, cut off (E. 8. 1.)
AE = AB, the less, and join D, E; and because
BA, AD are equal to EA, AD, and (kyp.) the
£ BAD= s EAD, .. (E.4.1.) BD=DE, and
£BDA =, EDA; but (E.16.1.) 2 DEC > £
ADE; ... /1DEC> .ADB; and (E, 16. 1.)
y2 ADB > £ ACD; much more thenis 2DEC >
2 ECDj .-.(E.19.1.)DC>DE; but it has been
shewn that DE=DB; ... DC>DB. From DC,
the greater cut off (E. 8. 1.) DF=DB; and join
A,F: Then (E. 16. 1.) the LAFC> £ ABC;
apd becawse (hyp.) AC > AB, .-.(E. 18 I)
¢ ABC> £ ACB; much more then is £AFC >
LACF;. .+, (E-19.1.) AC>AF: But (S.12.1.
and constr.) AB+ AF >2AD; much more then is
AB+AC>2AD.

21. Cor. From the demonstration it is mani-
fest, that of the segments into which the straight
line bisecting the vertical 2 of a scalene A, di-
vides the base, that Whl(fh is adjacent to the fess
side, fs- the Iess

- Pnor. X1y. :

. - Tacoren.. . If & trapesium ond & triohgle
* stand upon the same base, and on the same side
' of W, and the one figewre fall within she other, thix
- wiich has the greater swrfuce skall have the

greaterpermeter
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A

Let the trapezium EBCF fall within the. A
DBC; let, also, the A DBC fall within the tra-
pezium ABCD; and let all the figures stand on
the same base BC The perimeter of the A
DBC is > the penmeter of EBCF, and < the

perimeter of ABCD.
First, let E and F be in the sides DB and e

of the A DBC, and let the vertex D of the A DBC
coincide with the 2 A or the £ D of the trape-
zium ABCD.
- Then, since (E.20.1.) DE+DF >EF, add to
both, EB,BC, and CF; ... DE4+EB+DF+FC
+BC > EF+FC+CB+BE; i.e. the perimeter of
the A DBC > the perimeter of EBCF.
Again, since (E. 20, 1.) BA4-AD > BD, add to
* both DC and CB; .. BA+AD+DC+CB>
BD+DC+4CBj; i.e. the perimeter of the trape-
zium ABCD > the perimeter of the A DBC.
And, if E or F fall within the A DBC, and the
vertex of the A do not coincide with either of
the £ A or D, of the trapezium, it may, in the
same manner, be proved, that the proposition is
true, a fortiori.
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Pror. XV.

23. ProBLEM. One of the angles at the base of
a triangle, the base itself, and the ‘aggregate of

the two remaining sides, bemggwen,tocomm _‘ :

© the triangle.
Let K be the given angle, AB the given base

of the tnangle, and H the aggregate of the two
remaining sides: It is required to construct the
triangle.

At the point A, in AB, make (E.2s.1.) the
LBAC == £ K, and make (E. 8.1. ) AC=H;
join C,B; and at the point B, in CB, make
(E. 23. 1.) the 2CBD== 2 ACB: Then is DAB
the triangle which was to be coustructed.

For, since (constr.) . DCB= . DBC, ..

: c
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(E. 6. 1.) BD=DC; add to both DA; .-.
BD +DA=CD+DA; i.e. BD4+DA=CA; and
(constr.) CA=H; ..BD+DA=H; and the
A was made equal to the given £K: It is
manifest, therefore, that DAB is the tnangle
which was to be constructed.

Pror. XVIL

24, Taeorem. If two right-angled triangles have
the three angles of the one equal to the three angles
of the other, each to each, and if a side of the one
be equal to the perpendicular let fall from the
right angle upon the hypotenuse of the other, then
shall a side of this latter triangle be equal to the
hypotenuse of the former.

Let ACB and EDF be two right angled a,

AW

right angled at C and D, having, also the
. DEF = £ ABC, the 2 EFD =, CAB, and
the side AC, of the A ABC, equal to the
perpéndicular DG, drawn D to the hypotenuse
EF of the A DEF: The side DE; of the A
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DEF, is equal.to the hypotenuse AB, of the A
ABC. .

For, since AC=DG, and the two /LACB,
ABC, of the A ABC, are equal to the two £,
DGE, DEG, of the A DEG, each to each, ...
(E. 26 1.) DE=AB.

. " Pgor. XVIL

25. THEOREM. If the sides of any given equila-

teral and equiangular figure of more than four
sides, be produced so as to meet, the straight

Uines, joining their several intersections, shall con-

tain an equilateral and equiangular figure, of the.
same nmnber of sides as the given figure.

Let ABCDEF be any equilateral and equi-

angular figure, of more than four sides; let the

sides, produced, meetmthepomts G, H LK,

L, M: and let those points of intersection be
, c2
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joined: Then is GHIKLM an equilateral and
equiangular figure, of the same number of sides
as ABCDEF.

For, since (kyp.) the £ A, B,C,D,E,F are
all equal, the 2 MAB, GBC, HCD, IDE, KEF,
LFA are all (E. 18.1. and E. 6. 1.) isosceles, and
any two of them have their £ equal, each to each;
.*. since (hyp.) BA = AF, and that the 2 MAB,
MBA are equal to the # LFA, LAF, each to
each, the side MA of the A MAB—=the side LA
(E.26. 1.) of the A LAF; and in the same man-
ner it may be shewn that MB=GB, GC=CH,
HD = DI, IE=EK, and KF=FL: But, be-
cause the # of the figure ABCDEF are (kyp.)
equal, .*. (E.15.1.) the £ LAM, MBG, GCH,
HDI, IEK, KFL, are all equal to one another;
.*+ (E. 4. 1.) the sides LM, MG, GH, HI, IK and
KL are all equal, as are also the # of the ALAM,
MBG, GCH, HDI, IEK, and KFL, each to each:
And the £ AMB, BGC,CHD, DIE, EKF, and
FLA have been shewn to be equal to one an-
other : Wherefore the figure GHIKLM is equila-
teral and equiangular; and it is manifest that it
has the same number of sides as the figure
ABCDEF.

Pror. XVIIIL

26. Trrorem. J[ftwo opposite sides of a quadn-
lateral figure be equal to one another, and the two
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remaining sides be also .equal to one another, the.
Jigure is a parallelogram. '
Let any two opposite sides, as AB, DC, of
A )

c .

the quadrilateral figure ABCD, be equal to one
another, and let the two remaining sides, AD, ,
BC, be, also, equal to one another: The figure
ABCD is a .

For, join D, B: Then since the two sides AD,
DB, of the A ADB, are equal to the two sides
CB, BD, of the A CBD, and that the base AB is
_equal (kyp.) to the base DC, .-. (E. 8. 1.) the
£ ADB= LDBC and (E. 4. 1 .) the 2 ABD=
¢ BDC; .-.(E. 27. 1.) AD is parallel to BC,
and AB is pa.rallel to DC; i.e. the figure ABCD
isa.

27. Cor. 1. Hence may be deduced a practical
method of drawing a straight line, through a  given
point, parallel to a given straight line.

For, letit be required to draw through the given
point B, a straight line parallel to AD: From any
point A in AD, as a centre, and at any distance,
describe a circle cutting AD in D; and from B
as a centre, at the same distance, describe another
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.circle ; lastly, from D as a centre, at a distance

equal to that of A, B, describe another circle,
cutting the circle last described in C; join B, C.

~ BC is parallel to AD.

For, if A, B and D, C be joined, it is manifest
from the comnstruction, that AD=BC, and
AB=DC: .-. (S.16.1.) BC is parallel to AD.

28, Cor. 2. A rhombus is a parallelogram.

‘Pror. XIX.

29. TaroreM. Every parallelogram whick has
one angle a right angle, has all its angles right
angles.

Let one 2, as A, of the TABCD be a right
angle : The. 2 B, C, and D are also right angles. -

A; - D

B C

For, since AD is parallel to BC, and AB meets

them, the two interior £ A, B are, (E. 29. 1.)

together, equal to two right £ ; but (kyp.) the
A manght L; .~.the 2B is also a nghtt.

. And, in the same manner, may the remaining l :

CandD be shewn to be right 4.
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. Pror. XX. o
30. PropLEn. o frisect a right angle ; d.e. o
divide it into three equal parts. '
Let the 2XAY be a right 2 Itis required
. . x . *

to trisect it; i. e. .to divide it into three equal
/

In AX take any point B; upon AB describe
(E. 1. 1.) the equilateral A ACB; and from A
draw (E.12. 1.) AD j to BC: The £ XAY is
trisected by the two straight lines ACand AD.

For, frem C draw (E.12.1.) draw CE | to
AY ; then, since the 2 BAE, AEC, are right 2
.. (E.28.1.) AB is parallel to EC; .. (E.29. 1.)
tECA =,,CAB =~ ACB; because (cons#r.)
the A ACB is equilateral, and (E. 5. 1. cor.)
equiangulat : Since, .¢., the 2 ACE = £ ACD,
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and that the £ D and E are right £, and AC
is common to the two » ADC, AEC, .-
. (E. 26. 1.) the LEAC=_,DAC: Again, since
(constr. and E. 5. 1.cor.) the £ ACB=, ABC,
and (constr.) the £ at D are right angles, and that
AC=AB, .-. (E.26.1.) the zDAC=,DAB:
But it was shewn that the 2~ EAC = . DAC:
.*« tEAC= £ DAC= £ DAB; i.e. the right
£ XAY is trisected by AC and AD.

Pror. XXI.

- 81. ProBLEM. Hence, to trisect a given rectilincal
angle, which is the half, or the quarter, or the
cighth part, and so on, of a right angle.

First, let the given £ YAZ, be the half of a

A X

right 2, and let it be required to trisect it.



ELEMENTS OF EUCLID. 25

Draw (E. 11. 1.) from A, AX ) AY; trisect
(S.18.1.) the right 2 XAY; then (S.1.1.) tri-
sect the 2 YAZ, which is the half of the 2 YAX.

But, if the given 2 be the quarter of a right
angle, its double may be trisected bythe former
case; and .°. the given ..itself may be trisected
by.(S.1.1.)

And, by following the same method, it is evi
dent that an ~ may be trisected, which is the
eighth part, or the sixteenth part, and so on, of a .
right angle. '

Pror. XXII. .

82. ProBLEN. In the kypotenuse of a right-angled
iriangle, to find a point, the perpendicular distance
of which from one of the sides, shall be equal to
the segment of the hypotenuse between the point
and the other side.

Let ABC be a right-angled A, right-angled
A

~

B C .
at C: It is required to find a point in the hypo-
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tenuse AB, the perpendicular distance of which
from one of the sides, as AC, shall be equal to
the segment of the hypotenuse betweon that
point, and BC.

Bisect (E.9. 1.) the 2 ABC, by BD, and let BD -
meet ACin D; through D, draw DE (E.s1.1.)
parallel to' CB E is the point which was to be
found.

For, since DE is parallel to CB, the £ CBD——
< BDE (E 29.1.); but (comtr) the 2~ CBD =
.DBE; ... . DBE=/ BDE; .-. (E.6.1.) ED=
EB; and since (Ryp.) the £ C is aright 2, and
that DE is parallel to CB, the 2 CDE (E.29.1.)
is a right ~;i.e. EDis 1 to AC. .

Prop. XXIIL

83. ProBLEM. In the base of @ given acute-angled
triangle, to find a point, through which if a straight

. line be drawn perpendicular to one of the sides, the
segment of the base, between that side and the
point, shall be equal to the segment of the perpen-
dicular, between the point and the other side pro-
duced

Let ABC be the given acute-angled A :'It is
requu'ed to find, in the base BC, a point through
which if a perpendicular be drawn to AB, the seg-
ment of the base, between that point and the-point
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B, shall be equal to the segment of the perpen-
dicular between that same point and AC produced.
Draw (E.11.1.) from B, BY ) to AB; bisect

. (B.9.1.) the ~CBY by BD, meeting AC, pro-
duced in D; through D, draw (E.'s1. 1.) DE
.parallel to BY, and let DE cut BC in F: F is
the point which was to be found.
. For, sinee (conslr) the 2 ABY is a right
¢, and that DE is parallel to BY, the £E
(E.29.1.) is, also, a right ~; and the 2 YBD =3
2 BDF; but (constr.) the ~ YBD =2 DBF; ..
.the 2 DBF=¢, BDF; .-. (E.6.1.) FB=FD.

Pror. XXIV.

84. Paom.sm. From a given isosceles triangle to

. ot off a trapezium, which shall hiwoe the same base
. as the driangle, and shall kave its Mcremmng
sides equal to each other.
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Let ABC be the given isosceles A : It is re-

B C
quired to cut off from it a trapezium, which, having
BC for its base, shall have its three remaining sides
equal to one another. .

Bisect (E. 9. 1.) the £ ABC by BD, meeting AC
in D ; and through D draw (E. 31. 1.) DE parallel
to CB Then shall BE, ED, and DC, the three
sides of the trapezium BEDC, be equal to ome
another.

. For, since DE is parallel to BC, the £ AED=

- L ABC (E. 29. 1.), and £ ADE=/£ ACB; but
(kyp. and E. 5. 1.) 2LABC= L ACB; .-,
LAED =/, ADE; .. (E.6.1.) AE=AD; but
(hyp.) AB=AC; from these equals take the
equals AE and AD, .there remains EB=DC:
Again, because DE is parallel to BC, the 2 CBD=
tBDE (E. 29, 1.); but' (constr.) - CBD=
¢DBE; .:.the £ DBE= 2 BDE; .-. (E. 6.1.)
EB=ED; and EB has been proved to be equal
to DC; ... EB, ED and DC are equal to one an-
other.
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Pnor XXV.

35. ProBLEM. T draw fo a given stra:ght line,
Jrom a given point without it, another straight
line which shall make with it an angle equal to a
given rectilineal angle.

Let BC be a given straight line, A a givén point

without 1t, a‘t\),d D a given rectilineal £ : It is re-
quired to: from A, a straight line which shall
make w:ﬁm £ equal to the 2 D.

ThrougfyA draw (E. 81. 1.) EAF parallel to BC;
at the point A in EAF, make (E.23.1.) the.
LEAG=.D: AG is the line which was tg be
drawn. -

For, since (constr.) EF is parallel to BC, the
LEAG=¢£AGC (E. 99. 1.); but (constr.) the
LEAG""'LD e LAGC=¢D.

Pror. XXVI.

, 86. TaEorEN. If all the angles but one of any
rectilineal figure, be ‘together, equal to all the

N
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Pror. XXIX.

9. THEOREM. The-distance of the vertex of a tri-
angleﬁom the bisection of its base, is equal fo,
greater than, or less than the half of the base, ac-
cordingly as the verticil angle is a right, an acute,

- or an obtuse angle. .

First, let ABC be a right-angled A, right-

D G

angled at A, and let AD join A and the bisec-
tion, D, of the base: AD==DB, or DC.

* For, if not, AD is either greater or. less than
BD: Produce BA to X ; and first, if it be possi-
ble, let AD >DB; ..., also, AD>DC; ... (E.18.
1) B> ¢BAD,and £C> £CAD; ... B+ ¢
C> LBAD+ £CAD; i.e.. B4+ 2£C> L BAC;
but (kyp. and E. def. 10.1.) 2BAC=CAX;
o 2 B4++.C> +CAX; which (E. s2. 1.) is
absurd

.And, in like manner, if DA be supposed to be
less than BD, it may be shewn that 2 B + 2 C<
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¢ CAX; which is absurd. Therefore, DA=DB,
or DC.

Next, let the vertical 2~ CEB, of the' A EBC, be
acute, and let ED join E and the bisection, D, of
BC, ED > BD, or DC.

From either of the # Bor C, as C, if the A
EBC be acute-angled draw (E. 12. 1.) CA 4
to the opposite side EB; and join A, D: Then
(S. 7. 1.) CA falls within EB; and, since (constr.)
the 2 CAE is aright 2, the £ DAE is greater
than a right £; .. (E.17. 1.) the 2 AED is less
than a right 2, and ... less- than the LDAE;
~ (E. 19. 1.) DE > DA ; but, by the former case, .
DA =DB; ... DE > DB, or DC. :

Lastly, if FBC.be an obtuse-angled A, obtuse-
angled at F, join F,D ; draw, as before, CA | BF;
and join A, D: Then (8. 7. 1.) CA falls without
BF, and the 2 AFD (E.16.1.) >the2 FBD; but
since (ist case) DA =DB, the £ DBF = -
DAF(E, 5.1.); . . AFD> £ DAF; .. (E.19.1.)
- DA >DF; but DA=DB; ... DF< DB, or DC.

Or, the two last cases may be proved, ex absur-
do, in the same mannmer as the first is proved.

40. Cor. 1. If any number of triangles have
a right angle for their common vertical angle, and
have equal hypotenuses, the locus-of the bisections
of the several hypotenuses is a quadrantal arch of
a circle, having the common vertex for its centre,
and the half of any hypotenuse for its radius.

For, the bisections of the hypotenuses will,
each of them, (S.29.1.) beat a distance from the

’ D
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common vertex equal to the half of one of the
equal hypotenuses; i.e. they will all be at distan-
ces from that point, equal to the half of any one
of those equal lines: It is manifest, .-, that they
- will be in the circumference of a circle, described
from that point as the centre, at a distance equal
to the half of one of the hypotenuses.
" 41. CoRr.2. A circle described from the bisection
of the hypotenuse of a right-angled triangle as a
centre, at the distanée of half the hypotenuse, will
pass through the summit of the right angle.
42! Cor. 8. The vertical angle of a A being
a right angle, a point in the base, which is.equi-
distant from the vertex and from either extremity
of the base, bisects the base. .
Let the point D, in the base BC of the A ABC,
-baving the 2~ B a right angle, be equidistant
" from either extremity, as B, of BC, and from the
angular point A: The point D bisects BC..

For, if not, let G be the bisection of BC, and
join D, A and E, A: Then, since (hkyp.) DA=
DB, .. (E. 5.1.) the 2« DAB= 2 DBA: also,
since G is the bisection of BC, .- (S. 99.1.)
GA=GB; .. (E. 5. 1.) the zGAB=,GBA;
- the ZGAB=2/ DAB, the grester to the less,
which is absurd ; .*. no other point than D can be
the bisection of BC.
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4 Prop. XXX, - )
"43. ProsLEM. Upon a given finite straight line,
as a diameter, fo describe a square.
Let AB be a given finite straight line: Upon
D

C

AB, as a diameter, it is required to describe a
square. '
Bisect (E.10.1.) AB in E; through E draw

| (E.11.1.) DEC} to AB, and make (E. 8. 1.)

ED and EC each of them equal to AE or EB:
Join A,D, and D, B, and B, C, and C, A: The
figure ADBC is a square, baving AB for its di-
ameter. . ' :

For since (constr.) DE=EC, and AE is com-
mon to the s AED, AEC, and that the right
¢ AED =right £ AEC, .-. (E. 4. 1.) AD=AC;
and in the same manner AD may be shewn to be
equal to DB, and DB to BC; .*. the figure ADBC
is equilateral. S

D 2
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Again, since (constr.) AE=DE, the ~ EAD
=, EDA (E. 5.1.) ; but (constr.) + AED is a
right £ ; .. each ofthe £ EAD, EDA, is half
a right £ ; and, in the same manner, may each of.
the £ EDB, DBE, CBE, BCE, ECA, EAC, be
shewn to be half a right £ ; .. all the # of the
figure ADBC are right £ ; and it has been proved
that all.its sides are equal; ... (E. 30. def. 1.)
.~ ADBC is a square.

Pror. XXXI.

44. Taeorem. I[fcither of the acute angles of a
given right-angled triangle be divided into any
number of equal angles, then, of the segments of
the base, subtending those equal angles, the near-
est to the right angle is the least; and, of the rest,
that which is nearer to the right angle is less than
that which is more remote.

Let ACB be a right-angled A, right-angled at Cs

and let the acute 2 BAC be divided into any num-
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ber of equal 2, CAD, DAE, EAB, &c. ; then is
CD the least of the segments of the base subtend- -
ing those equal £, and of the rest DE<EB; and
so on.

For, at the point D in AD make (E. 28. 1.)
the 2 ADF=¢2 ADC : And since, also, the - CAD
="+ DAE (kyp.) and AD common to the
two .~ ACD, AFD, .. (E.26.1.) DF=DC~
But (E. 19. 1. and E. 82. 1.) DE>DF; ...DE>
DC; i.e. DC< DE.

Again, at the point E, in AE, make the 2z AEK
==, AED; and it may, in like manner, be shewn
'that EK—=ED: But (E. 16.1.)2 BKE> 2 AEK;
~2BKE> 2 AED; and 2 AED > « ABE; much
more then is . BKE> £ EBK; .. (E. 19. 1.) BE
>EK or ED; i.e. ED < EB.

And in the same manner may EB be shewn to
be less than the next segment that is more remote
from C; and so on.

45. Con. It is manifest, from the demonstra-
tiori, that if any three straight lines AB, AE, AD,
be drawn to the given straight line XC from a
given point A, without it, so that the 2 BAE=
¢EAD, the segment BE, of XC, which is the
further from the perpendicular AC, shall be
greater than the segment ED, whncb is the nearer
to AC.

. Pror. XXXII.
46. TueoREM. If cither angle at the base of a

- 4



a8 . A SUPPLEMENT TO THE

triangle be a right angle, and if the base be di-
vided into any number of equal parts, that whick
is adjacent to the right angle shall subtend the
greatest angle at the vertex ; and, of the rest,
that which ismearer to the right angle shall sub-
tend, at the vertex, a greater angle than that
which is more remote. ‘

Let ACB be a right-angled A, right-angled at

C, and let the base BC be divided into any num-

ber of equgga.rm CD, DH, HG, &c.: Of these
nts DC shall subtend the greatest 2 at
* the vertex A; and of the rest DH shall subtend,

at A, a greater £ than HG ; and so on.

For, join A, D, and A, H, and A, G, &c.; also,
at the point A, in DA, make (E. 23. 1.) the £
DAE=CAD: Then (S. 81. 1.) ED >DC; but
(kyp.) DC=DH; ... ED>HD, and it is mani-
~ fest that the. 2 EAD > £ HAD; but (constr.)
LtEAD=/,.CAD; . tCAD> +DAH:

And, in the same manaer, it may be shewn, by
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the help of the corollary to 8. 80. 1. that the:

¢tDAH > the - HAG ; and so on.,,

Pror. XXXIII.

47. ProBLeM. To trisect a_given finite straight
- line. v , :

" Let 'AB be the given straight line: It is re-
C LA

A
quired to divide it into three equal parts.

Upon AB describe (E. 1. 1.) the equilateral A

CAB; bisect (E. 9. 1.) the two equal £ A and B,
by the straight lines AD and BD, which meet in

D; and from D draw (E. 1. 1.) DE parallel to

CA, and DF parallel to CB: Then are AE, EF
and FB equal to one another.

,For, since (E. 29. 1. and constr.) the £ DEF =
¢ CAB, and £ DFE= £ CBA .-. (5.26. 1.) 2 EDF
=¢ ACB; but (E. 5. 1. cor. and consir.) the
A CAB is equiangular; .. the ADEF is equian-
gulars and .. (E. 6. 1. cor.) it is, also, pquilate-
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ral; so that DE and DF are, each of them, equal
to EF. -

Again, since (E. 29. 1. and constr.) the £ EDA
=/, DAC; and that (constr.) the L, DAC= 2
DAE, .. ,EDA=_/DAE; .. (E.6.1.) AE=
DE; but DE has been proved to be equal to EF;
~. AE=EF; and in the same manner, EF may
be shewn to be equal to FB; .. AB has been
divided into the three equal parts AE, EF, and
FB. ' :

Pror. XXXIV.

48. ProBLEM. To describe a triangle which shall

have its three sides, taken together, equal to a

given finite straight line, and ils three angles

equal to three given angles, each to each; the

three given angles being together equal to two
right angles. )

Let AB be a given finite st_raigﬁt line, and C and
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describe a triangle, which shall bave its perimeter
equal to AB, two of its angles equal to C and D,

“each to each, and its thitd angle equal to an angle, -

which, together with C and D, makes up two
right angles. .

At the point A, in AB, make (E.28.'1.) the 2
BAE =/ C; and at the point B make the « ABE
=+D; ... (8. 26. 1.) the 2 AEB is equal to the
third £ of the A which is to be described : Bisect
(E.9.1.) the z EAB, EBA, by AF and BF, which
meet ‘in F; and through F draw (E. 81. 1.) FG
parallel to EA, and FH parallel to EB: Then is
FGH the A, which was to be described.

For, since (constr.) FG is parallel to EA, and
FA meets them, ... (E. 29. 1.) the 2 EAF =,
AFG ; but (constr.) the £ EAF= £ FAG; .-

the £FAG=¢,AFG; ... (E.6.1.) FG=GA;

and, in the same manner, it may be shewn that
FH=HB; ... FG + GH + HF= AG 4+ GH
+HB; i. e. the perimeter of the A FGH is equal
to the given straight line AB.

Again, because FG is parallel to EA, and FH
is parallel to EB, ... (E. 29. 1.) the zZFGH= ,
EAB, and £ FHG = £ EBA; but (constr.) the
£ EAB=_,C, and the LEBA= 2D .. also,
the - FGH=,C, and the .+ FHB= /D; .
- (5. 26. 1.) the 2 GFH is equal to the third 2
of the A, which was to be described ; .- the

A FGH, the perimeter of which has been shewn

to be equal to the given straight line AB, is the A
which was to be described.

-
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Pror. XXXV,

49. TueoreM. If; inthe sides of a given square, at
equal distances from the four angular points, four
other points be taken, one in each side, the figure
conlained by the straight lines which join them,

. shall also be a square. )

Let ABCD be a given square; in the sides

A E B
)
H
C

AB, BC, CD, DA, let the four points E, H, G,
F be taken, so that E is at the same distance from
A that H is from B, that G is from C, and F from
D; and let E, H, and H,G, and G, F,and F, E,
be joined : The figure EFGH is a square. .
For, since (E. 80, def. 1.) all the sides of the
given square ABCD are equal, and that (hyp.)
AE=BH =DF, it is manifest that the two i
FAE, EBH have the two sides FA, AE equslto
the two EB, BH, each to each, and (E. 30. def L)
thes A=, B; .. (E. 4. 1.)the L AFE= ¢ BEH 5
and FE=EH : And, in the same dranner, it may
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‘be shewn that EH=—HG=GF; .-, the figure

EFGH is equilateral.

Again, since, as hath been proved, the ~ AFE
=« BEH, .. the 2+ AFE + £ AEF = ~BEH
+ £ AEF; but, since the 2~ A is a right 2, ..
(E. 32.1)) 2 AFE+ 2 AEF =aright £ ; .. also,
2 BEH + £ AEF=aright 27; but (E.15.1. Cor.2.)
¢ BEH 4 £ AEF + £ HEF=two right 2 ; ..

- the £ HEF is a right angle; and, in the same

manner, may the remaining # of the figure EFGH,

- which has been shewn to be equilateral, be proved

to be right £ ; ... (E. 80. def. 1.) EFGH is a
square. :

Pror. XXXVI.

50. Tugorem. If the opposite angles, of a quadri-
lateral figure be equal to each other, the figure
" shall be a parallelogram.

- Let AB be a quadrilateral figure, having the

f /C
D ' B

- abglé A’ equal to the opposite angle B, and the

amgle C to the opposite angle D: The figure
ADBC is a parillelogram.

1)
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For, (E. 82. 1. Cor. 1.) the four angles of the
figure ADBC are together equal to four right 4 ;
and, by the hypothesis, the four 2 are the double
" of thetwoz, DAC, ACB; it is manifest, .., that
the two 2 DAC, ACB are together equal to two
right £ ; .~ (E.28.1.) AD is parallel to CB:
And, in the same manner, AC may be shewn to
be parallel to DB ; .. the figure ADBC is a paral-
lelogram. )

Pror. XXXVII.

51. ProsLEM. In a given square to inscribe an
equilateral triangle, having ome of its angular
points upon one qf the angular points of the square,
and its two remaining angular points one in each

“of two adjacent sides of the square.

Let ABCD be a given square: It is required

A ¢ B p

to inscribe in it an equilateral triangle, bavmg

one of its angular points upon the angular point
B of the square. ’
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Trisect (S.20.1.) the right ~ ABC, by BE
and BF ; bisect (E. 9. 1.) the £ ABE, CBF by
BG and BH; meeting AD and DC in G and H,
respectively ; and join G, H The A GBH is
eqmlateral.

For, Jom B, D, and let BD meet GH in K ;
Then, it is manifest from the construction, that
the - ABG= 2CBH; also, (hyp. and E. 30.

. def. 1.) the £ A=¢C, and the side AB, of the

A ABG, is equal to the side CB, of the A CBH ;
. (E.26. 1.) BG=BH,; (E51)thez.BGH ,
—L BHG ; also, (comtr and E. 8.1.) the £ GBD

' = HBD; and BK is common to the two 2 BKG,

BKH; ... (E. 26.1.) the . BKG= 2.BKH; .
(E. 10. def. 1.) each of these-£ is a right £ ; .~
(E. s2.1.) . KGB+ £ GBK=aright 2 = - GBH
+ 22 ABG = £ GBH + 2 ABE (copstr.); but,
since (constr.) 2 ABG+ 2 CBH= £ EBF, add to
each of these equals the 2 EBG, FBH, and the
LGBH =22 ABE; ... the 2 GBK = 2 ABE;
and it has been shewn that ~ KGB+ - GBK = ~
GBH+ ¢ ABE; .. £ KGB=,GBH; ... HG=
GB=BH ; . ¢. the A GBH is equilateral.

- Pror. XXXVIIL

52. THEOREM. If, at the extremities of the base’
of a given triangle, two straight lines be drawn,
both above the base, and each qof them equal to
the adjacent side, and making with it an angle
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equal to the vertical angle of the triangle ; then,
§f two straight lines, let fall from the extremities
of the two so drawn, make, with the base pro-
duced, two angles that are equal each of them to

- the vertical angle, they shall cut off equal seg-
ments from the base produced. )

From the extremities B, C, of the base BC of

A
K

—F . B I ®» C G

" the given A ABC, let BD be drawn equal to the

adjacent side AB, and CE equal to the adjacent
side AC, making the £ ABD, ACE, each equal
. to the vertical 2 BAC of the A, and let DF and
EG, drawn from D and E, make with BC pro-
duced the # DFB, EGC, each also equal to the
2 BAC: Then shall FB=GC.

For, from the point A draw (S.25.1.) AH and
AK making with BC the z AHB, AKC each
equal to the 2 DFB, or BAC, or CGE : And, since
(E. 18.1.)2 ABH+ £ ABD+ £ DBF =two right

= 2. DBF + 2BFD 4 .FDB (E. 82. 1.), and
that (constr.) ¢ ABD = +BFD, . L,ABH=1¢
FDB; but, (constr.) ¢ AHB = » DFB, and the
side AB of the A AHB is equal to the side DB of
the A DFB; ... (E. 26.1.) FB=AH: And in
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the same manner GC may be shewn to be equal
to AK ; but since (constr.) the - AHB= 2 AKC,

" (E. 18. 1.) the . AHK= £ AKH; ... (E. 6.1.)
AH AK; and FB was shewn to be equal to AH,
and GC to AK; .. FB=GC.

53. Cor. If the vertical 2 BAC be a right /,
the two straight lines AH and AK coincide ; and -
the segments FB, GC are equal each of them to
. the perpendicular drawn from A to the base BC:
In this case, also DF=BK, andEG—CK

’

' - Pror. XXXIX.

54. TueorEM. If four straight lines cut each

- other, without including space, but so as to make
three internal angles, towards the same parts,
which together are léss than four right angles,
the two lines, which are not joined, shall meet, gf
produced far enough.

Let the four straight lines AB, BC, CD, DE,

“ls

cut one another, without enclosing space, so that
the # ABC, BCD, CDE, are together less than
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four right # ; Then shall BA and DE meet, if
they are produced far enough. ‘

For, join B,D: And (E. 32. 1.) £DBC + ¢
BCD+4 2 CDB=two right 4 ; if, ."., these three #
be taken from the three given # , which (kyp.) are
less than four right £, there will remain the two
£ ABD, EDB, together less than two right £ ;
< (E. 12. axiom 1.) BA and DE will meet if
they be continually produced.

Prop. XL.

55. ProBLEM. To inscribe a square in a given
right-angled isosceles triangle. '

Let ABC be the given isosceles A, right-angled
' A
E G

YAREAN

at A: It is required to inscribe a square in the
A ABC.

Trisect (S. 88. 1.) the hypotenuse 5C, in the
'pomts D and E; from D and E draw (E.11.1.)
DF and EG | to BC, meeting the sides AB and
AC in F, and G, respectively ; and join F,G:
The inscribed figure FDEG is a square.

For, since the £ A is a right-angle, and that -
(hyp. and E. 5. 1.) £B=,C, ... (E.%2.1.) ¢B

.
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is half a right-angle; but (constr.) the 2D isa
right £2; .. the 2 DFB is half a right £, and is, "
+*» equal to the 2 FBD; .-. (E.6.1.) DF=BD;
but (constr.) BD=DE; .. DF=DE; and, in
the same manner, it may be shewn that EG=
DE; ... DF=DE=EG.

Again, since (constr.) the £ D and E are right
4, .. (E.28.1.) DF is parallel to EG; and it
has been shewn that DF = EG = DE; .-.
(E. ss.1.) FG is equal and parallel to DE
(E. 29. 1.) the figure FDEG has all its # nght
4; and it is eqmlatelal *. (E. 30. def. 1.) itisa
square.

Pror. XLI.

56. ProBLEM. Toﬁnd a point, in either of the
equal sides of a given isosceles triangle, ﬁom
which, if a straight bne be drawn,
to that side, so as to meet the other side produced,
it shall be equal to the base of the triangle.

Let ABC be the given isosceles A : It is re.
quired to find, in either of the two equal sides, as
AB, a point from which if a perpendicular be
drawn to AB and produced to meet AC, pro-
duced, it shall be equal to the base BC.

Draw (E. 11. 1.) from B, BD | to AB, and
make (E. 3. 1.) BD=BC; from D draw (E. 31. 1.)
DE parallel to AB, meeting AC produced in E;

‘ E
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and from E, draw EF paraliel to BD: F is the
point which was to be found. )

For (consir.) the figure FBDE is a O3; ..
(E.s4.1.) FE= BD =BC (constr.) ; also, since
(constr.) the £ FBD is a right 2, the 2BFE is,
. also, (E.29. 1.) aright £.

Prop. XLIL

&7, Tuwerzx. The digmeters of & parallelogrem
_ bisect each other. -

Let AB and CD be the diameters of the &
. A , 0,

C . ‘ v s . " X T B )
ADBC; AB and €D bisect one another in the
point of their intersection E. -

NN
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For,mce ADBCis ar:J, AD==CB (E.84,1.) sad
(E.29,1,)the LEAD of the A AED,::LEBC,
of the A BEC, and the LEDA=.,ECB; .*
(E. 26.1,) AE=EB, and DE=EC.

Pror. XLII]I.

58. TueoremM. If in two opposite sides of a pa.
- rallelogram two points be assumed, one in eack of
those sides, equidistant from two opposite angles
of the figure, and if two other points be likewise
-assumed, tn the two other opposite sides, equidi-
stant from the same fwo angles, the figure, con-
Jained by the sirasght lines joining the four peints
so assumed, shall be a parallelogram.

I the oppasite sides AD), BC of theray ABCD, °
A _E - |

F

LB G C
let the points B and G be taken equidistant frem
the opposite % A and C; let also, the pointsF and
H be taken, in the other two opposite sides, AB

~ and DC, equidistant from A and C; and let E,

F; and F, G, and G, H,and H, E, be joined : The
figura EFGH is a parallelogram.
-For sinee (Ayp.) AE =CG, andAF.._CH,aM
that(E.u.:)the tA=,C,..(E.41) FBz=
EZ2
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GH: Again since (E. 34.1.) AB=DC, and
AD =BC, and that (kyp.) of AD the part AE is
equal to the part CG of BC, and of AB the phart
AF is equal to the part CH of DC, .. ED=GB,
and DH=BF; also (E. 34.1.) the £EDH=
LFBG; .". (E.4.1.) EH =FG; and it hag been
proved that EF=HG; .. (S5.18. 1.) EFGH is
a parallelogram.

Prop. XLIV.

59. Tueorem. If any number of parallelograms
be inscribed in a given parallelogram, the diame-
ters qfalltheﬁgureuhaﬂcutonc another in the
same point.

Let ABCD be a given 0O, and let EFGH be
A E D )

H-
)

s & ¢ _
any 3 whatever, inscribed in ABCD: The dia-
meters of ABCD and of EFGH cut one another
in the same point.

. For draw AC a diameter of ABCD and FH.a
diameter of EFGH ; let AC and FH cut one an«
otherin K ; and let CB, produced, meet EF, pro-
duced, in L: Then, since - AE is parallel to BC,
and EF parallel to HG, the £ CGH=(E. 29.1.)
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¢GLE; and the 2 GLE= ¢« LEA; .- the
. CGH = £ AEF; also (kyp. and E. 34. 1.) the
£ A=¢C, and the side FE = the opposite side
GH, of the & EFG; .. (E. 26. 1.) CH=AF:
Again, since the side AF of the A AKF= the
side CH of the A CKH, and that (E. 29. 1.) the
4 KAF, KFA are equal to the 2 KCH, KHC, .-.

-(E. 26.1.) AK=KC, and FK=KH; i.e. K is

the bisection of the diameters AC, FH; .-.
(S.42.1. ) all the diameters cut one another in the
point K.

60. Cor. From the demonstration it is mani-
fest, that the angle contained by any two given
straight lines, is equal to the angle contained by
two other straight lines, that are parallel to the

two given straight lipes, each to each.

Pror. XLV.

61. TuzoreM. The diameters of an equilateral
Jour-sided plane rectilineal figure- bisect one an-
other at right angles.

Let ‘AB and DC be the diameters of the equi-
lateral four-sided figure ACBD, cutting one an-
other in E: AB and DC bisect one another in E,
at right angles

For, since (kyp.) ACBD is equﬂateral it is
(8.18. 1.)a3; and..-. (S. 42. 1.) the diameters
bisect one another in E: Again, because DE =
CE, and EA is cémmon to the two & AED,
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AEC, and that (hyp.) AD = AC .(E.8.1.)
the 2 AED= £ AEC; i.e. (E. 10. def 1.) each
of the £ AED, AEC is a right £; .*. (E. 15. 1.)
each of the # DEB, CEB, is, also, a right £.

Pror. XLVL ;
2, TaEOREM. The diameters of a rectangle m"'
equal to one another.
Let AC, and BD be th¢ diameters of the rect-.
angle ABCD : Then AC==BD. ‘
‘ A D

* B . ¢C

For, since (kyp.) the oppesltef o of the figure
* are equal, éach being a right £, .. (5.26. 1. )the
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ﬂgurdABCDlsat:,. (Es&.!)AD =BC}
and AB is common to the tWO AABC, BAD,
and the £ ABC==¢,BAD; ... (B. & 1) AC=
BD. e '

Pror. XLVIL a
63. Pnonum To inscrite a square in a given
.equeilateral four.sided figure.

" Let ABCD be the given equilateral four-éided'_\

E H

C
figare: It is required to inscribe a square in
ABCD.

Join A, C, and B, D, and let AC and BD cut
one another in X ; bisect (E.9. 1. and E. 15. 1.)
the  AXB and CXD by the straight line EG,
and the  BHC, AXD; by the straight line FH ;
ahd join E, F, and F, G, and G, H, and H, E:
'The inscribed figure EFGH is a square. - .

Fot, since the figure ABCD is' (hyp.) equila-

‘teral, AC and BD (8. 45. 1.) bisect one another at

right 43 .*. (constr.) each of the # EXA, AXH,
HXD, DXG, GXC, CXF, FXB, BXE, is halfa
right 2; .-. the 7 EXH, HXG, GXF, FXE are
right z: Again, because ABCD is equilateral, it
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is(S.18.1.)a; .*. (E.28. 1.) the £ BAC=
.. ACD; but, because (kyp.) DC =DA, .-.
(E.5.1. ) the 2 ACD= . DAC; .-. the £BAC
=,DAC;i.c.the L EAX = LHAX and it has
been shewn that the EXA =, HXA; and AX
'is common to the two A AEX, AHX; .-. (E. 26.
1.) EX=HX; and, in the same manner it may
be shewn that EX, HX, GX, and FX, are all
equal: and the 4 contained by .those lines are
equal, being right #; .. (E. 4. 1.) the figure
EFGH is equilateral, and .*. (S8.18.1.) itis a (33
and 'since the 2 EXH isaright £, and that XE—=
XH, .-.(E.5.1.and E. 82.1.) each of the #
XEH, XHE is half a right £ : In the same man-
ner it may be shewn that each of the z XHG,
XGH, XGF, XFG, XFE, XEF is half a right £;
.*« the figure EFGH, which has been shewn to
be équilateral, bas all its £ right angles; .. (E.
80, def. 1.) it is a square,

Pror. XLVIII.

64. Turorsm. If two opposite sides of a paral-
lelogram be divided each into the same number of
equal parts, the straight lines, joining the oppo-
site points of division, shall also divide the dia-
meter of the parallelog‘ram inlo the same number

" ¢f equal parts.

Let the two opposite sides AD, BC, of the (3
ABCD, of which BD is a diameter, be divided



ELEMENTS OF EUCLID. 57

into any number of equal parts, AE, EF, FG &c,,
BH, HI, IK &c.; and let E, H, and F, I, and
G, K, &c. be joined : The diameter BD is divided» -
by EH, FI, GK, &c. into the same number of
equal parts, BL, LM, MN, &c. as either of the
opposite sides AD, or BC. .

For, through L, M, N, &c. draw (E.31.1.) LP,
MQ, NR, &c. each parallel to AD or BC: Then,
since AE is equal and parallel to BH, EH (E. 38.
1.) is parallel to AB; and in the same manner it
may be shewn, that FI, GK, &c., are parallel to
one another; .°. the figures LI, MK, NC; &c., .

~areM; .. (E. 84. 1.) LP=HI; but (kyp.)

HI=BH; .-, BH=LP; and since LP is
parallel to BC, and LH parallel to MI, and that
MLB meets these parallels, .-. (E. 29. 1.) the z
HBL, BLH, of the A BLH, are equal to the #
PLM, LMP, of the A LMP; and it has been -
proved that the side BH=LP; . . (E. 26. 1.)
BL=LM: And, in the same manner it may be
shewn, that LM =MN; MN = ND, and so on.
65. Cor. From the demonstration it is. mani-
fest that if the one of two given straight lines, or
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a part of it, be divided into any number of equal
parts; and from the points of division parallel
_ straight lines be drawn cutting the other, the seg-
ments of that other given line, between these:
parallels, will be equal to one another.

Pror. XLIX.

66. ProBLEM. | To divide a given finite straight
line into any given number of equal paris.

~ Lét BD be a given finite straight line: Ft is re-

A B F G

quited to divide it into any given number of equal
. :

- From B draw ap indefinite straight line BC
making. any angle with DB; and from D draw.
(E-$1:1.) DA, also indefinite, and parallel to BC;
take any point H in BC; make (E. 8. 1.) HIL, IK,
DG, GF, FE, each equal to BH, so that the run-
ber of thiese equal straight lines in BC, and also
in DA, may be less by one than the given aAumber
of parts, into which BD is tobe divided ; and joiti
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E,H, and F, I and G, K: The straight lmes EH,
FI, and GK, will divide BD into the required
number of equal parts.

For, in BC, and DA, take KC and EA, each
equal to BH, and join A, B and D, C: Then,
since (constr.) AD is equal and parallel to BC, AB
is also (E. 38.1. )parallel to DC; .. ABCD is a
O, of which BD isa dxameter, .*. (constr. and
S. 48.1.) BD is divided by EH, FI, and GK, into
as many equal parts as BC, or AD, is divided into.

Otherwise;

Drtw BC' 48 before, and niake the number of -

eqial parte BH, HI, IK, KC, equal to the given

. mtumber into - which BD is to be divided; join

C, D; and draw HL, IM, KN, each parallel to
CD: Then will these parallels divide BD inte thd
reqhiréd number of equal parts.

For, if LP, MQ, NR be drawn each parallel to
m it may be proved, (asin S. 48. 1.) that BL==
EM == MN== ND.

_ Pro¥. L

67. Prosrem. ' Upon a given finite str‘aigktﬁne 0

* deseribe en equ;aa:eraz and equiangular octagon.
Let AB be a given finite straight line: Upor

AB; it is required to describe an equilateral and

" equiangular oetagon.

P ol e P Y, T
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' D E
I ’ S
l. o~ C
G L
XA B Y

From the points A and B draw (E 11.'1.) AD
and BE | to AB, and produce. AB both ways to X

and Y; bisect (E.9.1.) the 2 DAX, EBY, by AG,.

and BL, and make AG-and BL each equal to AB;
from the points G and L, draw GF } to AG, and"
LI  to BL; also, draw (E. 81. 1.) GH parallel
te AD, and make GH = AB or AG; in like
manner, draw LK parallel to BE and make LK =
AB; lastly, draw HD parallel to GF, meeting AD
in'D, and KE parallel to LI, meeting BE in E;
and join D, E: The. figure ABLKEDHG, de-
scribed on AB, is an equilateral and equiangular
. octagon. ' ,

For, since (constr.) the side AG, of the A .
AGTF, is equal to the side BL, of the A BLI, and
£ GAF=¢,LBI, aud that the 2 BGF, BLF are
equal, being right £ ; .., (E.26.1.). AF=BI;
alsq, since (constr.) HF and KIare 3, FD =GH,
and IE = LK ; but (constr.) GH = LK; .-.
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FD=IE; .-. the whole AD=—the whole BE;
and (constr. and E. 28.1.) AD is parallel- to BE;
*« (E. 88. 1.) DE is equal and parallel to AB; and

*. (constr. and E. 84. 1.) the £ ADE, BED are
nght 4 : Again, since (constr.) the 2 AGF, BLI,
are right 4, and that the £ GAF, IBL are each
the half of a right ¢, .*. (E. 32. 1.) the 2 GFA,
- LIB, are each the half ofa right 2 ; ... AG=
GF=BL=LI; and (E. 34. 1.) HD=GF, and
KE=LI; whence it is manifest that the figure
ABLKEDHG is equilateral.

Lastly, since HG is parallel to DA, and KL to
EB, and FG and IL meet these parallels, .-. (E.
29.1.) the £ HGF=¢GFA, and ... L HGF=
the half of a right ~; .*. (E..84.1.) the £ HDF
is the half of a right £ ; in the same manner, it
may be shewn that each of the z IEK, KLI, is
the half of a right, 2 ; and it has been proved that
the £ ADE, BED areright #; whence, and from
the construction, it is manifest, that the figure
ABLKEDHG, which has been shewn to be equi-
lateral, is also equiangular.

Prop. LI

68. Turoram. If citker diameter of a parallelo-
. .gram be equal lo a side of the figure, the other
diameter shall be greater than any side of the
- Jigure. |

Let the diameter AB; of the @ ACBD, be
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D~ B :
equal to the side AC: The other diameter CD
shal be greater than either AC or AD. -

For, because AC= AB, the 2 ACB=¢, ABC
(E.5. 1.) and (hyp. and E. 29. 1.) the L, DAB==
- £ARBC; but the 2DAC » £DAB; .-. the
£ DAC > £ ACB; and the sides DA, AC, of
the A DAC, are (E. 34. 1.) equal to the sides
BC, CA, of the A BCA; .r. (E.24.1.) CD>
AB; but (kyp.) AB=AC; ..CD>AC: And
it has been shewn that the L, DAC> ~ ACB;
much more then is the » DAC> 2 ACD; .. (E.
19. 1.) DC> AD.

‘Proe. LIL

69. ProBLEM. From a given point to draw a
* Straight line cutting two parallel straight lines, so

that the part of it, intercepted between them, shall

be equal ta a given finite straight line, mot lese

than the perpendieuler distance qf the two pargl-
* lek. :

. Let Abe a given point; XY and ZW two given
parallel straight lines, indefinite in length; and B
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F

B

a given finite straight line, not less than the per-
pendicular distapce of XY from ZW: It is re-
quired to draw through A, a straight line, cutting
XY and ZW, ‘so that the part of it, between the
two parallels, shall be equal to B.

- Take any point C in ZW ; from C as a centre,
# a distance equal to B, desgribe a circle, cutting
W XY in D; join C,D; and through A draw (E,
84. 1.) AT panallel to DC, cutting XY and ZW in
the points E and F: Thenis EF=B.

* For, (constr.) the figure DCFE is a O3; .*. (E.
84. 1.) EF = DC; and (constr.) DC=B; ..
EF=B.

Prop. LIII.
0 Tagorzy. I, from the summit of the right

angle of a scalene right-angled triangle, $wo
straight lines be drawn, ane perpendjoular to the
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hypotenuse, and the pther bisecting it, they shall
contain an angle equal to the difference of the two
acule angles of the triangle.

Let the £ A. of the A BAC be a right ~; let

/"\
/,/ ' \
i
/ N\
B E D - ¢C

AE be drawn to the bisection E, of the hypote-
nuse BC, and let AD be drawn perpendicular to
BC: The ,EAD=,C— 4B.

For (S. 29. 1. and hyp.) EA=EB; ... the ¢«
EAB=_¢EBA: Again, since (kyp.) the two £
BAC, CBA, of the A BAC, are equal to the two,
4 BDA, ABD, of the A ADB, ... (S.26. 1.) the
2BAD=, ACB; but the L EAD=¢BAD-
LBAE; ..the /EAD=,C—.B.

Pror. LIV.

71. ProBLEM. To bisect a parallelogram by a
straight line drawn through a given point in one
of its sides.

Let ABCD be a 3, and E-a given point in one
of its sides : It is required to bisect the @@ ABCD,
by a straight line drawn through E.
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G __F

B E H C

From AD, the side opposite to BC, cut off
DF =BE (E.s.1.); and join E, F; EF bisects
the 3 ABCD.

For, through E and F draw (E.s1.1.) EG and
FH, each parallel to AB or DC; ... AE, GH, FC
are [0; and since EF is the diameter of the O
GH, .. (E.34.1.) the A EGF= A EHF; also,
because BE=FD, and that AD is parallel to BC,
<. (E.86.1.)the @ AE= FC; to these equals
add the equal 2, EGF, EHF, and it is evident
that the trapezium ABEF is equal to the trape-

zium FECD; i. e. EF bisects the &1 ABCD.

Pror. LV.

72. THEOREM. A trapezium, which has two of its
sides parallel, is the half of a rectangle between
the same parallels, and having its base equal to

the aggregate of the two parallel sides of the tra-
pezium.

Let ABEF be a trapezium, having its side AF
parallel to the opposite side BE; The trapezium
ABEF is equal to the half of a rectangle befween

' F
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D

E H C

AF and BC, and havmg its base equal to AF4
BE.

For, prodice BE to C, and make EC = AF
through C draw (E.'81.1.) CD parallel to BA
and let CD meet AF produced in D; .- the
ﬁgure ABCDis a &3; .~ (E.84.1.) AD= BC
and (constr) AF=EC; ... FD=BE: It is
manifest, ..., (from S.54.1.) that the trapezium
ABEF is the half of the @ ABCD ; but (E.35.1.)
the ' ABCD = a rectangle upon the same base
BC, and between the same two parallels; -.. the
trapezium ABEF — the half of a rectangle on the
'base BC, which (constr.) = BE + AF, and be-
tween the two parallels BE and AF. :

Peop. LVI.

78. ProBLEM. - Any two parallelograms having
been described on two sides of a given triangle, to
apply, to. the remaining side, a parallelogram,
which shall be equal to their aggregate.

Let the T AQ and AP be on the two sides AB,
AC, of the given A ABC: It is required to apply
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. i
A
A L .
Qs I P
& 0B
. )
) H K G

to the remaining side BC, a 0 which shall be
equal to the .3 AP together with the O AQ.
Produce QD and PE until they meet in F;
join'F, A ; through C draw(E. 81. 1.) CG parallel
to FA, and make, also, CG =FA ; complete the
3 BCGH: The 0 BCGH=r1AQ + I AP.
For, produce FA, so that it shall meet BC in I,

and HG in K; produce, also, GC and HB, until

they meet EP and DQ in Land M ; .-. the figures
-FACL, FABM are [M; and, since (constr.) the
m FACL, CGKI, are upon equal bases FA, CG
and between the same parallels, ... (E. 86. 1.) the
D FACL=0CGKI; but (E. 85. 1.) the OO

FACL=0 AP; ...them0 AP,=0GI: Andin.

the same manner, it may be proved that the =3
AQ=01H; .. the whole @ BCGH =0 AP
+OAQ* :

* If the parallelograms AP and AQ are squares, it is easy
F2



68 A SUPPLEMENT TO THE

Pror. LVII.

74. ProsLEM. A4 plane rectilinead figure of any
number of sides being given, to find an equal rec-
- tilineal figure, which shall have the number of its
sides less, or greater, by ome, than that of the

given figure.

| First, let ABCDE be a given rectilineal figure :
' A

C D F
It is required to find an equal rectilineal figure,
having the number of its sides less by one, than
the number of the sides of ABCDE.

Let A, E, D be any three consecutive £ of the
given figure ABCDE ; join A, D ; through E draw
(E. 81. 1.) EF parallel to AD and meeting CD,
produced, in F; join A, F: The figure ABCEF,
which has the number of its sides less by one than
ABCDE, is equal to ABCDE.

For, since the two o AED, AEF, are upon

to shew that the parallelogram BG will also be a square ; and
. thus the forty-seventh proposition of the first Book of Euclid’s
Elements will have been demonstrated. '
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the same base AD and (constr.) are between the
same parallels, AD, EF, ... (E.37.1.) the A AFD
=AAED; to each of these equals add the figure
ABCD; and the figure ABCF = the figure
ABCDE. ,

Secondly, let ABCF be a given rectilineal
figure ; and let it be required to find an equal rec-
tilineal figure, having more sldes by one, than
ABCF.

Take any point, D, in any of the sides, as CF,
of ABCF, and join B, D, or A,D; A and B be-
ing the £ which are next to the  F and C, at the
" extremities of CF; then, A, D having been
joined, through F draw (E. 81. 1.) FE parallel to
DA ; and since the 2 ADC is greater (E. 16. 1.)
than the ~ ADF, and equal (E.29.1.) to the
~ L EFD, .. FE falls without the given figure: In

FE take any point E, and join E, A, and E, D:
The figure' ABCDE has more sides, by one, than
the given figure ABCF; and it may be shewn, as
in the preceding case, to be equal to ABCF.

75. Cor. Hence, first, a triangle may be found
which shall be equal to any given rectilineal figure :
For the number of sides of the given figure being
thus diminished, by one, at each step, they will at
length be reduced to three, and the triangle which
they contain, will be equal to the given figure.

Secondly, it is manifest, that, by the latter part

. of the preceding problem, a polygon, of any given_
number of sides, may be found, which shall be”
* equal to a given triangle. :
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- Prop. LVIIIL

76. TueoreM. The diameters of any parallelo-
gram divide it-into four equal triangles.

'Let ADBC be a0, of which the diameters AB,
A . C

D B
CD cut one another in E: The four »n AED,
DEB, BEC, CEA are equal to one another.

For (hyp. and E. 34. 1.) the side AC of the
A AEC, is equal to the side DB, of the A DEB;

also (S. 42. 1.) AE = EB, and DE = EC;

(E. 8.1.and E.4.1.)the A AEC=A DEB. In
the same manner, it may be shewnthat the A
AED=— A CEB: And since, the two » AED,
AEC, stand upon equal bases DE and EC, .-
(E. 88. 1.) the A AED= A AEC. It is mani-
fest, .*., that the four o AED, AEC, CEB, BED
are equal to one another,

Prop. LIX.

1. ProBLEM. [ftwo triangles have the'twoadja- |

cent sides of a parallelogram for their bases, and
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have their common vertex situated in the diameter,
_or ¢n the diameter produced, they shall be equal
to one another.

Let tﬁe two AFC, BFC, have the two adja-
. cent sides AC, BC, of the 0 ADBC, for their

C

B
bases, and also have their common vertex situated
at any point F, in the diameter DC, or in DC,
produced: The A AFC = A BFC.

- First, let the point F be in the diameter DC:
-Join A)B; andlet AB cut DC in E.

Then, since (S. 42. 1.) AE=EB, .- (E. 88. 1.)
the A AEC = A BEC, and the A AEF= A
BEF; ... the 2\ AFC, BFC, which are the differ-
‘ences of these equals, are equal to one another.

And the proposition may, in the same manner,
be shewn to be true, when the common vertex of
the two 2\, which have AC and BC for their bases,
is in DC preduced. :

Pror. LX.

78. THEOREM Qf all triangles, which are between
the same parallels that which stands on the
greatcst base is the greatest. :
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_ For it is manifest, that the A which has the

greater base will exceed the A which is formed

by joining its vertex and the extremity of a seg-

ment of its base made equal to the base of the

other A : But the A so formed is equal (E. 38. 1.) -
to the other given A; ... the A which has the,
greater base is greater than that other triangle.

Prop. LXI.

79. TugoreM. The straight line, joining the ver-
tex and the bisection of the base of any triangle,
- bisects every other straight line that is parallel to
the base and is terminated by the two remaining

sides of the triangle.

Let PQ be any straight line, either within or

without the A ABC, parallel to the base BC,
and let AD, Joining the vertex A and the bisec-
tion D of BC, cut PQ in R : PQis bisected by
ADinR. ~
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First, let PQ be within the A ABC; and if

PR be not equal to RQ, one of them is the .

greater: Let PR >RQ; and join D, P, and D, Q.
Then since (kyp.) the base BD, of the A BAD,
is equal to the base DC, of the A CAD, ..
(E. 38.1.) the A BAD = A CAD; also, because
BD=DC, and that-(kyp.) PQ is parallel to BC,
*. (E. 88, 1.) the A BPD= ACQD; if, .-, the
two latter equal 2\ be taken from the equal 2\
BAD, CAD, there remains the A APD= A
. AQD : But, since PR > RQ, the A'APR > A
AQR, and the A DPR > ADQR; .., the whole A
APD > AAQD ; but it has been shewn that the
AAPD= A AQD; and it is, also, greater; which
is absurd : .., neither of the two lines PR, RQ,
can be greater than the other; ..., PR=RQ.

In a similar manner the proposxtlon may be
proved, when PQ is without the A ABC.

80. Cor. Hence, it is easily shewn, ex absurdo,
that the straight line joining the bisections of any
two straight lines, that are parallel to the base, and
terminated by the sides of a A, passes through
the vertex of the A.

Pror. LXII.

8l1. Tlizonnpa..- 1If two opposite sides of a trapezium
be parallel to one another, the straight line, joining
their bisections, bisects the trapezium.
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For, let PBCQ befa trapezium having [the side

D R0

. 8 D C

PQ parallel to BC, and let Eﬁjoin the bisections,
R and D, of the opposite sides PQ and BC: RD
bisects the trapezium PBCQ.

For, join P, D, and Q, D: Then since (kyp.)
PQ is-parallel to BC, and that the base BD of the
A BPD, is equal to the base DC, of the A DQC,
" .- (E.88. 1.) the A BPD= ADQC; and, in the
same manner, it may be shewn that the A PDR =
" ADRQ; .., ABPD + APDR= A DQC+ A

DRQ; i.e. the figure BPRD =CQRD; .. RD

hisects the trapezium PBCQ.

Pror. LXIII.

82. ProBLeEM. T bisect a given trapezium by a
straight line drawn from any of its angles.

Let ABCD be a trapezium : It is required: to
draw a straight line from any of the #, as B,
which shall bisect the trapezium ABCD.

Join B, D; through A draw (E. s1.1.) AE

parallel to BD, and let CD, produced, meet AE -

in E; bisect (E. 10.1.) ECin F; and join B, F;
BF bisects the trapezium ABCD.
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For join B, E; and since the twoa BAD,
BED are on the same base BD, and between the
same parallels, .. (E. 87.1.) the A BAD=A
BED; to each of these equals add the A BDF;
». A BAD+4+ A BDF= A BED + A BDF; i.e.
the trapezium BADF — A BEF; but since
(constr.) EF=FC, .. (E.s38.1.) the A BEF =
ABFC; ... the trapezium BADF =_.A BFC; i.e.
BF bisects the given trapezium ABCD.

Prop. LXIV.

83. ProBLEM. T bisect a gi'vcn triangle by a
straight line drawn through a given pomt in any
one of i zts sides.

Let ABC be the given A, andlet D be a given
point in one of its sides BC: It is required to
draw through D a straight hne which shall bisect
the triangle.

Bisect (E.10.1.) ACin E; join D, E; through
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B draw (E. 81. 1.). BF parallel to DE, meeting
ACin F; join D, F: DF bisects the A ABC.

" For join B, E and let BE cut DF in G : Then
since the A DFE, EBD are upon the same base

8D ¢

DE and (constr.) between the same parallels, .-
- (E. 87.1.)the A DFE= A EBD; take away the
common part DGE, and there remains the A
BGD= A EGF; to each of these equals add
the trapezium ABGF, and it is manifest that the
trapezium ABDF = A ABE; but since (constr.)
AE=EC, ... (E. 88. 1.) the A ABE= A EBC;
. the trapezmm ABDF is equal to the half of the
glven A ABC; i.e. DF bisects the A ABC.

Pror. LXV.

' 84. ProBLEM. Equal triangles, which have their
bases in the same straight line and ‘which are
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between the same parallels, stand upon equal
bases. :

. For if not, 1§t one of the bases be greater than
the other; .-. (S. 60. 1.) the A, of which it is the
base, is greater than the other, which is contrary
to the supposition : .., neither of the bases can
be greater than the other; 4. e. the bases are equal
to one another.

Pror. LXVI.

85. ProBLEM. To describe a parallelogram, the
surface and perimeter of which shall be respect-
tvely equal to the surface and perimeter of a given
triangle. '

Let ABC be the given A : It is required to
‘ . |
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describe a 03, whicHshall be equal to the A ABC,
and which shall, als«_y, have its perimeter equal to
the perimeter of ABC. '+

Bisecw.(E. 10.1.) BC in D ; produce AC to E,
and make CE = AB; bisect |AE in F; through A
draw (E. 31.1.) AH paralle to BC; from Dasa
centre, at a distance equal to AF describe a circle,
_cutting AH in G ; join D, G, and through € draw
CH parallel to DG : Thenis thetd DCHG = A
'ABC, and the perimeter of DCHG is, also, equal
to the perimeter of ABC. i

For join A, D;-and since BD = DC, .. (E: 38.
1.) the A ABD —=A ACD, so that the whole A
ABC is the double of the A ADC: Again, since
thecDCHG and the A ADC are on the same base
DC, and between the same parallels, ... (E. 41.1.)
the 0 DCHG is the double of the A ADC; as
is, also, the A ABC: .. them DCHG=A ABC:
And because (constr.) DG ‘is equal to the half of
BA+4AC, and that (E. 84. 1.) CH=DG, ... DG
+CH=BA 4 AC; also (E. 34. 1) GH=DC=
DB; ..DC+ GH=BD + DC =BC; .. DG +
GH+HC+CD=BA+AC+CB.

Pror. LXVII.

86. TueorEM. The two triangles jformed by
drawing straight lines, from any point within a

. parallelogram, to the extremities of either pair of
opposite sides, are, together, half of the paral-
lelogram. ' '
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Let E be any point in the @ ABCD, and let .

E, A, andE, B, and E, C and E, D be joined:
The two 2. AEB, DEC are, together, half of the
o ABCD.

For, through E draw (E: 31. 1.) FEG parallel
to AB or DC: and since AG, and GD are mj, .-
(E. 41. 1.) the A AEB is the half of the O AG,
and the A DEC is the half of the O GD; .- the
A AEB+ A DEC is the half of the 0 AG + the
half of the 3 GD, or the half of the whole &3
ABCD. :

Pror. LXVIII.

87. THEOREM. If two sides of a trapesium be paral-
lel, the triangle contained by either of the other
sides, and the two straight lines drawn from its
extremities lto the bisection of the opposite side, is
the half of the trapezium.

Let the two 'sides FD, EC, of the trapezium
FECD be parallel; let K be the bisection of
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D L

E M C
either of the two remaining sides, as DC; and
let K, E and K, F be joined:. The A FKE is the
half of the trapezium FECD.

For, through K draw (E. 81.1.) KM paral-
lel to FE, and let LKM meet BC in M and FD,
produced, in L. And since FL (constr.) is paral-
lel to EC, and LM meets them, ... the 2 DLK =
'2KMC; also (E. 15. 1.) the 2 DKL=/ CKM,
“and (hyp.) the side DK of the A DKL, =the side
CK of the A CKM ; .-. (E. 26. 1. and E. 4. 1.) the
A DKL='A CKM; but if to the rectilineal
figure FEMKD there be added the A CKM, there
results the trapezium FECD; and if to the same

' - figure there be added the A DKL, there results

the O FEML; .- these results are equal; but
(E.41.1.) the A FKE is the half of the @ FEML;
.., the A FKE is the half, also, of the {rapézjum
FECD.

Pror, LXIX.
88. THuroREM. The triangle, contained by the
straight lines joining the points of the bisection of
the three ‘sides of a given, triangle, is one-fourth
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part of tlw given tnangle and. is equiengular
with it.

Let D, E, F, be the bisections of the sides AB,

BC, CA, respectively, of the given A ABC; and
let D, E, and E, F, and F, D, be joined: The A
DEF is one fourth part of the A ABC, and is
equungular with it.

. For, join A, E; and, amce (hyp.) BE= EC,
CF....FA andAD DB, .. (E.s8.1.) A AEB
== AAEC; and the A AEB is the double of the
A BDE, and the A AEC is the double of the A'
CEE; .. the ABDE = A CFE; i.c. each of them is
a fourth part of the A ABC also they.are upan
equalbasesBEandEC (E.4-O 1.) DF is pa-
rallel to BC; and, in the same manner, it may,
be shewn that DE is parallel to AC, and FE
parallel to AB; .-.,.the figures FCED, DBEF,
are [O; .. (E.34.1.) the A 'DEF = A DBE,
which has been proved to be a fourtlr part of the

G
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A ABC; alto, the 2 DFE, of the =3 BF, —
opposite 2 B, and the 2 FDE, of the 3 DC, =
opposite 2~ C; ... (E. 32.1.) the 2 DEF, of the
A DFE = the LBAC of the A ABC; and the
twoa ABC, DEF, are ... equiangular.

89. Cor. 1. The straight line joining the bisec-
tions of any two sides of a A, is parallel to the
remaining side.

90. Cor. 2. If the four sides of amny given
quadrilateral rectilineal figure be bisected, the
figure contained by the straight lines joining the
several points of the bisection, shall be a paral-
lelogram, which is the half of the given figure;
also the four sides of this parallelogram shall be,
together, equal to the two diagonals of the given
figure.

.Let DH, HI, IF, FD be the straight, lines
joining the several bisections D, H, I, and F, of
the sides AB, BG, GC, and OA, ef the quadrila-
teral figure ABGC: The figure DHIF isa..3; it

" is the half of the given figure ABGC; and its four
sides are, together, equal to the two diagonsls
AG, BC, of the figure ABGC. :

; First, since, D, H, F, I, are the: btsectlom of
the sides of the 2x ABG, GCA, BAC, CGB, .-

{8, 69. 1.cor.). DH and. FI are. parallel to AG,and

DF and HI are parallel to BC; ... (E. 30. 1.)

DHIF is aD: And, because DF is parallel to

BC, and AB meets them, ... (E. 29. 1.) the 2
ADL = £ DBK; again, because DH .is:paraliel

to AQ, and AB meets them, the 2 DAL=z ¢
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BDK ; and (Ayp.) the side AD, oftbe A ADL,
-._the side DB of the A DBK; .- (E. 26.1.)
DL=BK, LA=KD, and (E. 4. l)theAADL '
== A DBK; but DKEL being a 3, DL = KE,

and KD=EL (E. 34. 1.); .. BK=KE, and EL
=LA : If, ..., D, E be joined, the A DLE = A
DLA (E. s8. 1.) and the A DKE = A DKB; so

that the 3 KL —the half of the A AEB, DK 4
FM=AE, and DL + HN=BE. In the same
manner it may be proved, that the 3 LM = the

half of the A AEC, that the ™ MN =the half of
the A CEG, thatthe 1 NK = the half of the A

BEG, that LF4+NI=EC, and that MI +KH =

_EG: .., the 0 DHIF is the half of the given

figure ABGC, and its four sides are, together,

equal to the two diagonals AG, and BC.

91, Cor. 8. It is manifest that the straight
lines which join the opposite points of -bisec-
tion of the sides of any trapezjum, bisect each
other.

For, if D, I, and F, H, be the bisections of
opposite sides 'of the given quadrilateral figure
ABGQC, it is manifest, from the preceding corol-
lary, that the straight lines DI, FH which join
them, will be the diameters of the 3 DHIF;
and .. (S.4Z. 1.) they bisect one another.

Pror. LXX.

92, Pa'oslt.r.u. T'o describe a parallelogram, which
G2
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shall be of a given altitude, and equiangular witk,
. and also equal to, a given parallelogram.

Let ABED be a given 03, and E a given

straight line : It is required to describe a O3 which
shall be equal to the @ ABCD, and also equian-
gular with it; and which shall have its altitude
equal to the given line E.

From the point C draw (E. 11.1.) CF 1 to BC,
and make CF=E; through F draw (E. s1.1.)
HG para]lel to BC; produce BA and CD to meet -
HG, in Hand G ; join H, C, and let HC cut AD
in I; through I draw (E. 81. 1.) KIL parallel to
HB or GC: The d KLCG, which (constr. and

‘E. 29. and 84. 1.) is equiangular with the O

ABCD, and has its altitude equal to E, is also

equal to the.co ABCD.

For, since BI and IG are compliments about
the diameter HC of the @ HBCG, they are (E.
48. 1.) equal to one another; to each of these
equals add the LD ; and it is plain that the &3
KLCG=0O ABCD.

93. Cor. Hence, a rectangle may very readily
be found, which shall be equal to a given square,
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and shall have one of its sides equal to a glven"
straight line. . )
‘ , Pror. LXXI. _

94. Taeorem. If there be any number of rectili-
neal figures, of which the first is greater than the
second, the second than the third, and so on, the

Jirst of them shall be equal to the:last together with
the aggregate of all the differences of the figures.

First let there be three such given rectilineal
figures. Make (E. ¢5. 1.) the @ FH equal to the

X
R

F P o
greatest of the given figures, having its. 2~ FGH
of any. given magnitude; produce GH to X ; from
HX cut off (E. 8. 1.) HI=GH; find (S. 57. 1.
cor.) a A equal to the next greatest of the given
figures, and apply (E. 44.1.) to HI a 3 equal to
that A, bhaving its 2 IHK = 2 HGF: Again,
" from IX cut of IM=GH or HI, and, in like man-
ner, to IM apply a &3 10, equal to the least of the
given figures, and having its 2~ MIN= ¢ HGF.
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' Produoe LK and ON to meet FG in P and Q;
and let OQ meet KH in R.
Then, (E. 86. 1. E. 84. 1. and constr.) the O
FH=o0QH + coPR + oFK
i.e. theb FH=cONM+ PR+ O FK.
But the PR is the difference of the A PH and
'QH or (E. 86. 1.) of KI and NM ; and the 0 FK
is the difference of themOFH and PH orof FH and
K1: Whence it is manifest that the proposition is
true, when three rectilineal figures are taken:
And it may, in the same manner, be proved to be-
true, when more than three are taken.

Pror. LXXII.

95. ProBLeM. To find a rectangle, which shall,
have one of its sides equal to a given finite straight
line, and which shall be equal to the excess of the

grealer of two given rectilineal figures above the
less. .

To the given finite straight line, and on the
same side-of it, apply (E. 45. 1. cor.) two rectan-
gles, the one equal to the greater and the other to
the less, of the given rectilineal ﬁgures And it
is manifest that the rectangle which ig the “differ-
ence of the twe rectangles so described, will have
one of its sides equal to the given straight line,
and will be equal o the excess of the greaker of
the two given figares above the less.
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Prop. LXXIII.

96. THEOREM. Jf two nght-anglcd triangles have
‘two sides of the one equal to two sides of the other,
each to eqch, the triangles shall ke equal, end
simijar to each other.

If the two sides about the right-angle of the one
A, be equal to the two sidesabout the right-angle of
the other, each to each, it follows, (from E. 4. 1.)
that the 2 are equal and similar.

_ But, let now, the hypotenuses of the right #,
in the two 2y, be equal, and also let one other
side, of the one A, be equal to another side of the -
ather; ... (E. 47. 1.) the squares of the two re-
maining sides of the one, will be equal to the
squares, taken together, of the two remaining

sides of the other A; from these equals:take away
the equal squares of the two other sides, which,
by the hypothesis, are equal, and there remsing
the square of the third side, of the one, egual to
the square of the third side, of the other 4 ; .~
the third side of the one is equal to the third side
«of the other; .. (E. 4. 1.) the two 2\ are aquiap:

" gular, and are, also, equal to one another.
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Pror. LXXIV

97. ProBLEM. T0 find a square ‘which shall be
equal to any number of given squares. ‘

First, let there be three given square, and let
their sides be equal to the three straight lines A,
. Band C.

-]
Q

X o D

. Take any straight line DX, indefinite towards
X ; from D draw (E.11.1.) DY | to DX, and
produce DY indefinitely towards Y: From DX
cut off (E. 8.1.) DE== A, and from DY cut off
DF=B; and join E, F: Again, from DY cut
off DH=EF, and from DX cut off DG =C,
and join G, H: The squares deseribed (E. 46.1.) -
upon GH shall be equal to the three given squares
to the sides of which A, B and C are respectively

equal.
For (E. 47. 1. and constr) EF _hl) +DF
i.e. (constr.) DH = A*+B°;.
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= (constr.) DH'+DG*=A*+ B*+ C*

i.e. (E.47.1) GH'=A’+B'+C~
. .And in the same manner, it is evident, a square
may be found, which shall be equal to the aggre-
gate of any number of given squares.

, Pror. LXXV.
98. ProsLeM. Two unequal squares being given,. to
find a third square, which shall be equal to the
excess qf the greater of them above the less.

Let AC and CB placed in the same ‘straight
| R

A C B E
line, be the sides of the two given squares, of
which the square of AC is the greater: From
the centre C, at the distance CA, describe the
circle ADE, meeting AB, produced, in E; from
B draw (E.11.1.) BD | to AB, and let BD meet
- the circumference in D-: The square of BD is
equal to the excess of the square of AC above the
square of BC. . ’

For join D, C: And since (constr.) the 2B isa
right £, .. (E.47.1.) CD’=CB*+BD"
i.e. (E. def. 15.1.) AC' =CB'+BD"
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Whence it is manifest, that the square of BD is
equal to the excess of the gquare of AC above
the square of CB. '

Pror. LXXVI.

99. Tueorem. If the side of a square be equal to
the diameter of another square, the former square
shall be the double of the latter.

For (E. def. 20. 1. and E. 47. 1.) the square of
the diameter of a square is equal to the squares of
its two sides; i. e. to the double of the square
itself : .. the square of any stralght line which is
equal to the diameter of a square, is the double of
that square.

Pror. LXXVII.

100. TuporeM. In amy rightangled triangle, the
square which is described on the side sublending
the right angle, as a diameter, is equal to the
squares described upon the oilwtwoudes,as
diameters.

For, (S.76.1.) the squares described on the
hypotenuse, and on the two sides ofa A as diame-
ters, are, respectively, the halves of the aguares of
those lines: But since (hyp.) the A is right-
angled, .. (E. 47.1.) the square of the hypotenuse
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is equal to the squares-of the two sides; .. the
square described on the hypotenuse as a diameter,
is equal to the squares described on the other two
sides as diameters.
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Pror. 1.

1. TueoREM. If two given straight lines be.divided,
each into any number of parts, the rectangle con-

. tained by the two straight lines, is equal to the
rectangles contained by the several parts of the
one and the several parts of the other.

Let the given straight line AB be divided into

A i- K

1 N

H ™ K
¢ D
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any parts in the points E, I, and let the given
straight line CD be divided first into two parts in
the point G: The rectangle contained by AB:
and CD is equal to rectangles contained by AE
and CG, by EF and CG, by FB and CG, by AE
and GD, by EF and GD, and by FB and GD,

taken together.

From the point A draw (E.11.1.) AX to
AB; from AX cut off (E.8.1.) AI=CG, and’
from IX cut off IH = GD, so that AH = CD;
through I and H draw (E. 81. 1.) IN and HK °
parallel to AB, and through B, F, E, draw BK;
FM, EL, parallel to AH: Then (E.1.2.) the
rectangle AN is equal to the rectangles contained
by AE and CG, by EF and CG, and by FB and CG; -
also the rectangle IK is equal to the rectangles
contained by HL and GD, by LM and GD, and
by MK and GD; but (E. 84. 1.) HL = AE;
LM =EF; and MK FB; .- the rectangle IK
is equal to the rectangles contamed by AE and
GD, by EF and GD, and by FB and GD ; but, the
two rectangles AN and IK make up the rectangle
AK, which is contained by AB and AH or CD;
.". the rectangle contained by AB and CD is equal
to the rectangles contained by AE and CG, by
EF and CG, by FB and CG, by AE and GD, by
EF and GD, and by FB and GD, taken together,

And, in the saine manner, the proposition may
be proved to be true, when the given straight line
CD s divided into more than two parts.

2. Cor. If the parts EF, FB, &c., into which
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AB is divided, and the parts CG, GD, &e., into

which CD is divided, be each of them equal to

AE, it is manifest that the rectangle contained by

AB and CD is equal to the square of AE taken as

often as is indicated by the product of the num. '

ber of equal parts in AB, multiplied by the num.
. ber of equal parts in CD.

Pror. II.

8. TueoreM. If a straight line be divided into
two unequal parts, in two different points, the
rectangle contained by the two parts, which are
the greatest and the least, is less than the rectangle
contained by the other two parts; the squares of

" the two former parts, together, are greater than
the squares of the two latter, taken together ; and

_ the difference between the squares of the former
and the squares of the latter, is the double of the
difference between the two rectangles.

Let the given straight line AB be divided into
. A XK ¢ DB
two unequal parts, in the point C, and also in the
point D: Then AD X DB < ACX CB; but
+ A" 4+ DB’ > AC + BC ; and the excess of
AD’ 4 DB’ above AC"+ CB' is the double of the
excess of ACXCB above ADXDB.. '
For, bisect (E. 10.1.) AB in K : Therefore,
AC % CB +C—Kf = AK* :
and KT)xﬁ_B+’f)'K'=1’K‘} (E.5.2.)
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But CK*<DK*; .. ADX DB< ACXCB.
Again, because

AD*+DB*+2ADXDB=AB"
AC*+CB*+2AC X CB= AB’} (Es2)
and that, as hath been shewn ADX DB < ACXCB,
. AD*4+ DB*> AC‘+ CB-.
Lastly, since
AD'+DB'+2ADXDB .
=AC +CB'+2ACXCB,
it is manifest, if from these equals there be taken -

AC*+CB*+ >2ADXDB, that the excess of
AD*4+DB* above AC*+4CB* is the double of the

excess of ACXCB above ADXDB.

o Prop. I1I.

4. TeeoreM. I any isosceles triangle, if a straight
line be drawn from the vertex to any point in the
base, the square upon this line, together with the
rectangle contained by the segments of the base, is
equal to the square upon etther of the equal sides.

: Let ABC be an isosceles A, and let 'AQ, be




96 A SUPPLEMENT TO THE

drawn from its vertex A, to apy point Q, in BC
its base : AQ'+BQXQC=AB.

For bisect (E. 10. 1.) BC in D, and join A, D.
+. QD*+BQXQC=BD" (constr.and E. 5. 2.)

- To each of these equals add DA*; -
.. AD'+QD'+BQxQC=AD"+DB":

But (constr.) BD=DC, and DA is commen to
the . ADB, ADC, and (hyp.) AB=AC3;. .-. the
£ ADB=/ADC; and .. each of these 1 isa
right £; .. (E. 47.1.) AD'+DQ'=AQ, and
AD*4+-DB*=— AB*;

< AQ'+BQXQC = AB.

Proe. 1V.

5. TaeoreM. The rectangle contained by the ag-
gregate and the difference of two unequal straight
lines is equal to the difference of their squares.

Let AC and CB be two given’ unequal straight

A C D o

. lines, of which CB is the greater; and let them
be placed in the same straight line AB; so that
AB is the aggregate of AC, CB, and if (E. 8. 1.)
CD be cut off from CB equal AC, DB is the dif-

~ ference between AC and CB. _Then since (consir.

and E. 6. 2)

’ ABXDB+AC = CB’ '

it is manifest, if from these equals AC* be taken,

that ABXDB=CB'-AC";
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i e lhe rectangle contained by the . aggregate
AB, of ACand CB, and their difference DB, is
equal to the differenice of their squares.

6. Con. If there be three straight lines, t.he
difference between the first and second of which
is equal to the difference between the second and
third, the rectangle contained by the first and’
third, is'less than the square of the second, by

"the square of the common dlﬁ'erence between the

lines.

For, let AB, CB, and DB be the three straight
liries, having AC the difference of AB and CB,
equal to CD, the difference of CB and DB: Then,

since it has been shewn that ABXDB =CB —
AC it is mamfest that ABXDB is less than CB
by AC

- Pror. V.

7. Taeorem. The square of the excess of the
g‘reater of two given straight lines above the less,
is less than the squares of the two lines, by twice
the rectangle contained by them. -

For let AB and CB be two given straight lines,

- AT G - —B .
of which AB is the greater: Then is A€ the ex-
cess of AB above CB; and since (E,7.2.) AC'+

2ABXBC=AB'+CB, it is manifest that AC"-

is less than_ AB'4+-CB' by 2AB X—BE.
' H
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, Pror. VI. '

8. Tarorem. The . squares of any two uncqual
straight lines are, logether, grealer ihan ¥wice the
réctungle contained by those lines.

For let AB and CB be two given straight limes
' A 3 —B
of which AB is the greater: Then since (E.7.2.)
KB’+U§‘= 2AB X BC + AC
it is manifestthat AB'+ CB' >¢AB x BC.

Pror. VII.

9, THeoOREM. [fa straight line be divided into five
equal parts,. the square of the whole line is equal
to the square of the Straight line, which is made up
of four of those parts, together with the square of
the straight line which is made up of three of
those parts. ‘

Let the straight line AB be divided into tive
A€ D K F B

equal parts by the points C, D; E, F: Then,

AF4+ AE'=AB"

- Por since (kyp.) EF = FB . 4FEXAF+AE

AP’ (E. 8.2) ‘ '
But, since AC=CD=DE=EF, 4FE=AF:
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. oFE xAF =AF
e AF4AE'ZAB, . Y
- ‘3

Prop. VIIL

10. ProBLem. Upon a given straight line, as an
hypotenuse, to describe a right-angled triangle, .
such that the hypotenuse, together with.the less of
ithe two remaining sides, shall be the double q/ the
graator of those sides.

Let AB be the given straight line : Upon AR, -

ATETDE ¥
as an hypotenuse, it is required to describe a right-
ggled yA, having the less of its two remaining
sides, together with AB, the double of the thu‘d
side.*
Divide (S. 49. 1.) AB into five equal parts in the
points C,D, E, F; from A as a centre, at the di-

-

* Thatis, ¢ Upon a g'uen straight line, as an hypownu‘n.
to, desctibe ,a right-angled triangle, the sides of which shall be
arithmetic propottionats.”

1} H 2

\
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stance AF“ describe the circle FG, and from Bas ®

a centre at the distance BD, describe the circle
DG cutting FG in G;-join A,G and B, G: The
A AGB is right-angled at G, and AB+BG is the
double of AG.
For (constr. and S. 7. 2.)
AB = XI'_"-I- AE .
= AF +BD’ (constr.) "
- =AG +BG’ (constr. and E. def. 15. 1.)
Wherefore (E. 48.1.) the A AGB is right-
angled at G: And since (constr.) AB, and BG,
together contain enght of such equal parts as AG
contains four, it is manifest that AB + BG is the
double of AG.

Prop. 1X.

“11. Tueorem. In any triangle, the squares of the

two sides are, logether, the double of the squares
of half the base, and of the straight line joining
its bisection and the opposite angle.

Let ABC be any given A, of which BC is the
A . .

B E . D C
base, and AE the straight lme Jommg the vertex
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A, and the bisection E of the base: Tben, AB'+. | ‘

AC =2AE +9EB-
For from A draw (E.12.1.) AD to BC, and,
first let AD fall within the base BC.

Then, BD'+DC’ =2DE +2EB". (E.9.2)
Add to these equals 2AD"
+.BD'+DC +2AD =2AD’+2¢DE’ - 2EB"-
i.e. AB'+AC =2AE +2EB". (E.47.1.)
. And, if the perpendicular AD fall without the
base BC, the proposition may, in like- manner, be
_deduced from E.47. 1,and E. 10. 2.

Pror. X.

12. Tueorem. The squares of the sides of any
parallelogram are, together, cqual to the squares
of its diameters taken tovether

Let ACBD be a parallelogram, of which AB ., - ./c_/,v.é
' Soforare vz
Lot oaa?d V“A et

NV
fu.j/'éa

and CD are the dlameters AC + CB + BD +
A'=AB'+ CD"
For (8. 42. 1 ) AB and CD bisect one anot.her
ink: _
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. AC'+ CB'+ BD'p DA’= 2AE'+ 2DE'+
2BE'+ 2DE" (S.9.2.) - = A—'Bl+ ¢p"
(B.4.2,and 5.42.1.)

N A)

Pror. XI.

18. TueorEM. If either diameter of a parallelo-
gram be equal to one of the sides about the opposite.
angle of the figure, its square shall be less than

. the square of the other diameter, by twice the
square of the other side about that oppame angle.

Let the diameter AB of the OO ACBD be equal
A C

/

) , B
to one of the sides, as AC, about the opposite
£ ACB; andlet CD be the other dxameter Then

CD'=AB' + 2CB"

For, CD'+ AB = 2AC ‘+ 2CB" (S. 10. 2, and
E. 84.1.)

~ From these equals take AB’ whlch (hyp) is

equal to AC'; 2 and there remams,

' CD'= AC'+2CB":

. ie CD'=AB'% 2CB’: '
Wherefore AB’ is less than CD’ by 2CB".
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Pror. XII.

14. Tucorem. If two sides of a trapezium be
parallel to each other, the squares of its diagonals
are, together, equal to the aggregate of the squares
of its two sides, which are not parallel, and of
twice the. rectangle of its paralle& sides.

Let ABCD be a trapezium, havmg the side AD

K A D ¥

A

B [
parallel to the side BC, and let AC and BD be its
diameters: Then, AC' + BD'=AB" + DC +
2ADXBC.

From B and C, the extremities of BC, the

greater of the two parallel sldes, draw (E.12.1.)
BE and CF, each | tc AD; .. (kyp. and E. 28.
1.) the ﬁgure EBCF is a 03, and (E. 4. 1.) EF
=BC:
First, let both the perpendlculars BE and CF

fall without AD, so that both of' them meet AD
produced

. AC'=DC'4+AD’ +2AD><DF}
(E.12.2.)
andBD *=AB'+AD'+2ADXAE
.+ AC'+BD'=AB'+DC’ +2AD +2ADXAE -
+2ADXDF.




104 . A SUPPLEMENT TO THE

But 2AD +2ADxAE+2ADx_F_.2K'1')x
EF (E 1. 2.)
~ AC'+BD'=AB'+DC’ +2ADXLF
. AC'+BD'=AB"'4+DC'+2ADX BC;’
because, as hath been shewn, EF=BC.

. And, in like manner, may-the proposition be .
demonstrated by the help of E. 13.2. if one of
* the perpendiculars drawn from B, C, fall within
AD the less of the two parallel sides.

Prop. XIII.

15, Treonem. The square of the base of an isos-
celes triangle is the double of the rectangle con-

_ tained by cither side, and by the straight line
intercepted between the perpendicular, let, faﬂ upon

. ztﬁom the opposite mgle, and the extremity qf
the base. ‘

If the vertical angle of the isosceles A be
a right angle, the proof of the proposition is mani-
festly deducible from E. 47. 1.

But let ABC, be an isosceles A, having its ver-

A




ELEMENTB OF .EUCLID. . 105 |

tical £ A not a right angle : First, let A be an’
~ acute £, and let BD be the perpendicular drawa
from’B to the opposite side AC: Then, BC' =
- 2ACxCD.
For, since BDis | to AC,
<. AB'+2AC X CD=AC'+BC*

- From these equals take away the equal squares
(kyp.) AB and AC’, and tbere remains BC

. 2AC XCD. - . )

Pror. X1V.

16. Treorewm. . If firom any point, in the circum-
© Jerence of the greater of two given concentric cir-
. cles, two straight lines be drawn to the extremities
of any diameter of the less, their squares shall be,
together, the double of the squares of the two
semi-diameters of the two given circles. .

Let ACB, PDE be two circlés baving a com-
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mon centse K : and from any point P, in the.cir-
. eamférence of the greater, let PA, PB, be drawa
to the extremities A and B, ef apy diameter AKB,
of the less circle: Then PA" 4 PB’=2KA 2K,
KA being a semidiameter of the less, and KP a
semidiameter of the greater ciccle.

From P draw (E. 12.1.) PF j to AB; and,

first, Jet PF fall without AB And, bcuuso PF
is | to AB,
. PB' +2BKX KF=KP' KB’ (E.18.2.)
also, - PA’. =KP'+KA'+2KAXKF;
wherefaore, since (E, 14. def. 1.) KB==KA4, if to
the two former equals, the two latter he added,

. and if the equal rectangles, 3BK X KF, snd 9KA

% KF, be taken from the equal aggregates, it is
manifest that
S PA’+PB'=9KA'+9KP".
And, in like manner, the proposition may be
demonstrated, . when the perpendicular PF falls
within AB, the diameter of the lesser circle.
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' Pror. L |

1. TueoneM. I[f two: circles cut cack other, the
straight line joining their two points of intersec-
tion-is bisected, at right angles, by the straight
line joining their centres.

Let the circle ABC, of which the centre is K,

and the circle ADC, of which the centre is L,
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clit one another irf the points A,C; and let K, L,
and A, C be joined: AC is bisected, at right

angles, in E, by KL. ~

For,Jom K, A, and K, C, and L A, and L, C:
And since (E.def. 15.1.) KA=KC and LA=
.LC, and that KL is common to the two o KAL,
KCL, ... (E. 8. 1.) the: £ AKL=/ CKL. Again,
since AK=CK, and that KE is common to the
two i AEK, CEK, and, as hath been shewn, the
¢ AKE= £ CKE, .. (E. 4« 1.) AE=CE, and
the 2 AEK =/ CEK, so that (E. def. 10. 1.) each
- of these # is a right 2. Wherefore, KL bisects
AC at right angles.

2. Cor. Hence, if a trapezium have two of its
~ adjacent sides equal to one another, and also its
* two remaining sides equal to one another, its dia-
. meters bisect each other at nght angles. -

Pror. II

3. ProBLEM. Through a - given point ‘within a
circle, which is not the centre, to draw a chord
which shall be bisected in that point.

Let Abea glven point within the circle BCD:
It is required to draw, through A, a chord of the
circle BCD, which shall be bisected in the point A.

Find (E. 1. 8.) the centre K of the circle BCD;
join A, K ; draw (E. 11. 1.) through A, the chord
BAC 1 to KA: Then is BC bisected in the gnven
point A. .
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For (constr.) KA, which is drawn through the
centre K, cuts BC at right anglesin A ; ..(E. 3.8.)
BA=AC. '

Proe. 1L

4. TueomeM. -Jf two isosceles triangles be of ‘cqual
-altitudes, and the side of the one be equal to the
side of the other, their bases shall be equal.

Let BKC, DKE be two isosceles o, having

either of the equal sides, as BK, of the one, equal -
to either of the equal sldes, as DK, of the other,
and having, also, their altitudes, that is, the per-
pendxculars drawn the vertex to the base in each,
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and produce- BG and DG to meet the circum-
ference in A and C respectively.

- Then (consb') the whole 2 BGD =+ XHY;
and since (constr.) the - KGE= - KGD, .-. (S.
4. 3.) the chord AB= chord CD.

Prop. VI.

7. THEOREM. If the diameters of two circles are
in the same straight line, and have.a common ex-
tremity, the two circles shall touch one another.

~ For since (hyp.) the two diameters are in the

same straight line, it is manifest that a straight
line drawn, from their common extremity, perpen-
dicular to either of them will be perpendicular to
the other, and .-. (E. 16. 8. cor.) will touch both
the circles: The'circles, s (E. 8. def. 8.) will
touch one another : For it is plain that they can-
not cut one another without also cutting the
straight line that has been shewn to be their com-
mon tangent ; which is impossible.

Pror. VIIt

8. ProBLEM. Three points being given in-the cir-
cumference of a circle, and the yiddle point being
equidistant from -the other two, to describe two
equal circles ; which shall touch each other in the
middle point, and which shall pass the one through
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one of the extreme points, and the other Magh
the other extreme point.

Let A, B, C, be three given points in the ¢ir-

cumference of the circle ABC, and let the middle
point, B, be equidistant from A and B: It is re- -
quu'ed to descnbe two equal circles, the one pass-
ing through ‘A and the other through C, which
shall touch one another in B.

Join A, B, and B, C; find (E. 1.8.) the centre
K of the circle; from K draw (E.12.1.) KD
to AB, and KE to BC; join K, B; and through
B draw {E. 11.1.) FBG 1 to KB meeting KD -
and KE, produced in F and G respectively.

Then since (kyp.) AB=BC, .. (E. 14. 8.)
KD=KE; and KB is common to the two &
KDB and KEB, and (kyp. constr. and E. 8. 8.) the
side DB=the side EB; ... (E. 8. 1.) the 2 DKB=
7 EKB. ‘ ’ '

And, since KB is common to the two 2 KBF,

" KBG, and the 2 FKB=/ EKB, and (constr.) the
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LKBF-—L KBG, .. (E. 26. 1.) FB=GB. If,

. = from F and G, as centres, at the equal di- .
stances FB, GB, two equal circles be described,

they will pass (canstr. and 8. 8. 1. cor. 2.) the one

through A, and the other through B, and (S. 6.
8.) they will touch one another in the point B.

Pror. V_III.

9. ProBLEM. To draw a tangent 1o a circle, which
shall be parallel to a given fintte straight line.

Let ABC be a given circle, and XY a given

[A C

[CIA\

- straight line: It is required to draw a straight
line which shal] touch the circle ABC, and which
shall be parallel to XY.

Find (E. 1. 8.) the centre K of the circle ABC-
" from K draw (E. 12. 1.) the diameter AKC | to
XY ; and from either of the extremities, as C, of
AC draw (E. 11.1.) ZCW | to AC.

Then since ZCWis | to AC, at its extremity
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C, it touches (E. 16. 3. cor.) the circle ABC:
And since (constr.) the two £ XDC, DCZ are
two right angles, .. (E. 28.1.) ZW is parallel to
XY.

10. Cor. Hence a tangent may be drawn to a
circle which shall make with a given straight line
an £ equal to a given rectilineal angle..

For let it be required to draw a tangent to the
circle ABC, which shall make with a given straight
line VW an £ equal to a given ,: Take any

point Y in VW, and at the point Y, in VY, make

(E. 23.1.) the 2 VYX equal to the given ¢: If,

then, the tangent ZW be drawn (8. 8. 8.) para.llel

to YX, it will make (E. 29. 1.) the £ ZWV =
' XYV, which is equal to the given 2.

-

Pror. IX.

11, ProsrLem. Zhe diameter of a circle having
‘been produced to a given point, to find in the part -
produced, a paint from which, if a tangent be -
drawn lo the circle, it shall be equal to the seg-
ment of the part produced, that is between the
given point and the point found.

Let the diameter AB of the circle ABC be pro-
duced to the given poiut D: Itis required to find
in BDa pomt from which if a tangent be drawn
to the circle, it shall be equal to the part of BD
which is hetween that point and D.

12
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.D‘

Find the centre K of the circle ABC ; from K
draw (E.11.1.) KC | to AB; join D, C, and let
ﬁémeet the circumference in E; join K, E; from

E draw EF ) to KE and let EF meet BD in F:
Then is F the point which was to be found.

For (E.18.1.) the 2 KEC, KEF, FED are to-
gether equal to two right angles; as are, also,
(E. 82. 1.) the three £ DCK, CKD, and KDC, of
the A DKC: Butsince (E. 15. def. 1.) KE=KC,
<. (E. 5.1.) the 2KEC= 2KCE; and (constr.)

~ the £ KEF, CKD are equal, each of them being
a right angle; .. the remaining 2 FED is equal
to the remaining <« KDC or FDE: ... (E. 6.1.)
FE=TFD; and since (constr.) EF is perpendicu-
lar to the semi-diameter KE, at its extremity E,
-« (E. 16. 8.) FE touches the circle ABC. Q.E.F.
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Pror. X.

12. ProBLEM. 7o describe a circle which shall
have a given semi-diameter and its centre in a.
given straight line, and shall also touch an-
other straight line, mchned ata gwm angle to the
© Jormer.

Let AX and AY be two given straight lines in-
X D A

B

Y

~
)

clined to one another at a given angle; and let L
be a given finite straight line: It is required to
describe a circle, which shall have its centre in
AY, and its semi-diameter equal to L, and which
shall touch AX: \

From the point A, in AX, draw (E.11.1.) AB
1 to-AX, and make AB =L ; through B draw
(E. 81. 1.) BC parallel to AX, and through C draw
CD parallel to AB: Wherefore, DB is a 3; .-
(E. 8¢. 1.) DC=AB; and since (constr.) the
£ BADis aright £; ... (E.29.1.) the 2 ADC is
also a right £: It is manifest, .., that a circle-
described from C as a centre, at the distance CD,
will (E. 16. 8. cor.) touch AX; and its semi-.dia-
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" meter CD has been shewn to be equal to AB,
which was made equal to the given stralght line
L. QE.F.

Pror. XI.

13. ProBLEM. To describe a circle, the circum-

_ ference.of which shall pass through a given point,
and touch a given siraight line in another given
point.

Let B be a given point in the given straight

X5 h 4
D\

K A

c/

line XY, and let A be any other given point,
without that line : It is required to describe a circle
the circumference of which shall pass through A
and touch XY in B.

From B draw (E. 11. 1.) BC 1 to XY ; join A,
B; bisect (E. 10. 1,) ABin D, .and from D draw
DK 1 to AB; .~ (S. 8. 1. cor. 2) K is equi-
distant from A and B: It is manifest, therefore,
that the circumfereunce of a circle described from
K as a centre, at the distance KB will pass through
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A ; ‘and since BY (constr.) is 1 to KB,the circle
so described will (E. 16. 8. cor.) touch XY in B.

Pror. XII. .

14. ProBLEM. To describe a circle, the circum-
Jerence of which shall pass through a given point,
and touch a given circle in another given point ;
the two points not lying in a tangent to the circle.

Let B'be a given point in the circle AB, and C

any other given point, which is not in a tangent -
to the circle at B: It is required to deseribe a
circle, the circumference of which shall pass
through C and touch the circle AB in B.

. Find (E. 1. 8.) the centre K of the circle AB;
join C, B and K, B; bisect (E.10.1.) CBin E;
,draw (E. 11. 1.) ED 1 to CB, and let ED meet
KB, prodnced if necessary, in D: Then, since
(S. 8. 1. cot. 2.) the point D is eguidistant from
B and C, the circumference of a circle described
from D as a centre, at the distance DB, will pass
through C, and (S. 6. 8.) it will touch the circle

ABin B. .
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Prop. XIII.

‘15, 'Pnom.zu. To describe a circle, which shall
touch a given straight line in a given point, and -
also touch a given circle.

Let ABbe a given circle, and let C be a given

point in the given straight line XY : It is required
to describe a circle which shall touch XY in C,
and which shall also touch the circle AB.

‘Through C draw (E.11.1.) ECD | to XY;
" find (E. 1. 8.) the centre K of the circle AB, and
draw any semi-diameter of it at KA ; make (E.
3.1.) CE=KA, and join E, K; at the point K,
in EK, make (E.28.1.) the - EKD=/£KED,
and let KD meet ECD in D: Then, since (constr.)
the £ DEK=¢ DKE, .. (E. 6. 1.) DE=DK;
. and CE=BK, for-CE was made equal to KA,
and (E. 15. def. 1.) KA=KB; .-,; the remainder
DC is equal to the remainder DB; .-, a circle
described from D, as a centre, at the distance DC,
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will pass through B; and (E. 16. 3. cor. and
constr.) it will touch XY in C, and (S.6. 8.) it
will also touch the circle ABin B.

16. Cor. It is manifest that, in the same man-
_mer, a circle may be described which shall touch a
given circle in a given point, and which shall, also,
touch another given circle.

For, if a straight line be drawn at right angles
to the diameter of the given circle that passes
through the given point, that the solution of this
latter problem is, evxdently, reduced to that of the
former.

Pror. XIV..

17. ProBLEM. To describe two circles, each having -
a given semi-diameter, which shall touch the same
given straight line, both on the same side of it,
and shall also touch each other.

Let XY be a given straight line, of indefinite
length: Itis required to describe two circles, each
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baving a given semi-diameter, which shall touch

XY, and also touch one another. )
Take any point A in XY ; through A draw (E.
11. 1.) CB 1 to XY, and make AB equal to the
given semi-diameter of one of the circles, and BC
equal to the given semi-.diameter of the other;
from B, as a centre, 4t the distance BA describe
the circle AF; from AB, produced, if necessary,
cut off (E. 3. 1.) AD=AC; ‘through D draw

(E.s1. 1.) DZ parallel to XY ; from B as a centre,
at the distance BC describe a circle, and let its

circumference cut DZ in K; through K draw KE
parallel to AD, and join K, B; ... the figure
AEKD is a 3, and (E. 34. 1.) KE=DA or AC;
also (constr. and E. 15. def. 1.) BC=BK; and
BA =BF; ... the remainder AC = the remainder
FK, and it has been shewn that AC=KE; .-
KE=KF; .., a circle described from K as a
centre, at the distance KE, will pass through F
and (S. 6. 8.) will touch the circle AF, which
circle (constr. and E. 16. 3. cor.) touches XY ;-
and since (constr.) the £ DAE is a right £, and
that KE was drawn parallel to DA, ... (E.29. 1.)
the 2KEA is a right angle; .- (E. 16. 8. cor.)
the circle EF, also, touches XY ; and its semi-
diameter KE has been shewn to be equal to AD,
which was made equal to the given semi-diameter.

Q. E.F.
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Pror. XV.

18. ProBLEM. To describe two equal circles, each
having its diameter equal to a given straight line,
each touching a given circle, and eack also pass-
ing through a given point without thatcircle : The
given straight line being greater than the shortest
distance, between the givén point and the circum-
Jerence of the given circle.

Let ABG be a given circle, C a given point
' D

-without it, and LM a given straight line greater
than the shortest distance between C and the cir-
cumfereuce of AB: It is required to describe two
equal circles, each having its diameter == LM,
each of them touching ABG and each passing
through C.

Bisect (E. 10. 1.) LM in N; take any point-A in

ABG; find (E.1.3.) the centre K of ABG, and
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join K, A; produce KA to D and make AD =
NL or NM; from K as a centre, at the distance KD,
describe the circle DEF, and from the centre C at
a distance equal to NL or NM, describe the circle

EF and let EF cut DEF in the points E, and F;
_join E, K, and F, K, and let EK and FK meet

ABG in the pomts Band G; join, also, C, E and
C,F.

Then, it is mamfest, (from the constr. and E.
15. def. 1.) that EB, EC, FC and FG are each of
them equal to LN, the half of the given straight line
LM; .-, the two equal circles described from the
centres E and F, at the equal distances EC and
FC, will each of them have its diameter equal to
LM, will each of them pass through the given
point C, and (8. 6. 8.) will touch the given circle
ABG in B and G.

19. Cor. In the same manner two equal circles
may be described, each of them touching two -
given concentric circles, and each passing through
a given point situated between the circumferences

of those two given circles.

/Paor. XVI.

" 20. ProBLEM. To find a point in the diameter,
produced, of a given circle, from which, if a tan-
gent be drawn to the circle, it shall be equal to'a
given straight line.

Let AB be a diameter of the given circle ABC,
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and let L be a given finite straight line :' It is re-
quired to find a point in AB, produced, from
- which if a tangent be drawn to the circle ABC, it
- shall be equal to L.

Produce AB, tawards X ; and from B draw’ (E
11. 1.) BD | to . AB and make BD=L; find

(E. 1. 8.) the centre K of the circle ABC, and join .

K, D; let KD cut ABC in C; from KX cut off
(E.8.1.) KE=KD: Thenis E the point which
was to be found.

For, join E, C: And since (constr. and E. 15.
def. 1.) the two sides DK, KB, are equal to the
two sides EK, KC, and that the 2 K is common
to the two . DBK,-ECK, .. (E. 4. 1.) EC=BD
and the £ ECK= 2 DBK; but (constr.) BD =
L, and the 2 DBK is a right £; .. EC=L, and
the 2 ECK is a right 2; .*. (E.16.1. cor.) ECis a
tangent to the circle ABC. :
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- Prop. XVII.

21. Tuneorem. If the straight line, drawn from
a point in the produced diameler of a circle to the
conver circumference be equal to the half of the
diameter, the angle at the centre, subtended by
the concave circumference included between the
diaméter and the line so drawn, is the triple of the
angle, at the centre, subtended by the convex cir-
‘cumference included between the sume two fines.

Let CDE be a given circle, of which K is the

centre, and CDB, a produced diameter; and let -

AE, which touches the circumference in E, or BF,
a part of BFG, which cuts it, be equal to the se-
mi-diameter of the circle: Then K, E, and K, F,
and K, G, having been joined, the LEKC =3¢
EKD; and.the £ GKC=3, FKD.
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Fof, first, since AE tou‘ches‘ the cifcle,' the -
¢ AEK (E.18.8.) isaright 2; ... (E.82.1.) the -

£ EAK+ £ EKA= £ KEA; and(kyp.)EA=EK;
<. (E.5.1.) the £ EAK= 2 EKA; ... the £ KEA
=2, EKA; but (E’32, 1.) the £ EKC=2KEA
+ 2 EKA; .. the 2 EKC=3 2 EKA. -

Secondly, since (hyp. and E. 5. 1.) the £ FBK
= 2. FKB, and (E. 82. 1.) the 2 GFK= 2FKB+
L FBK, ... the « GFK =22 FKB: But (E. 15.
def. 1.) KF = KG; ... the £ KFG = 2 KGF; ...
the £ KGF =2 ,.FKD; and (E. 32.1.) the £
GKC =£KGB + 2 GBK = £ KGF + 2 FKD;
.. the 2GKC=8 2 FKD.

22. Cor. Hence, if a straight line could be
drawn from any point in the curve of a semi-circle,
to meet the diameter produced, so that the part
- of the line without the curve should be equal to
the semi-diameter, any angle might be trisected.

For, let GKC be any given angle; from K as
a centre, at any distance KC, describe the circle
CGD, and produce the diameter CD: Then, if
from G; GFB could be drawn to meet CD pro-
duced in B, so that the part of it, FB, without
the circle, should be equal to the semi-diameter

KC, it is manifest from the proposition, that the
¢ GBC is the third part of the - GKC: If, .-,

at the point K in CK, the - CKH were made °
(E. 23. 1.) equal tothe 2 CBG, and if, also, at the |

point K in HK the 2 HKI were made equal to
the same 2 CBG, it'is plain that the given 2
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GKC would thereby be divided into three equal
parts. S

Prore. XVIII

23. ProBLEM. Through a ‘given point, e:tlaer
within, or without a given ccrcle to draw a straight
kine, so that the part of it within the circle shall be
equal to a given finite straight line, which is not

_ greater than the diameter.

Let A be a given point,- and L a-given finite
A

L

. straight line, not greater than the diameter of
FBC a given circle : Itis required to draw through
A a straight line cutting FBC, so that the part of
it within the circle shall be equal to L. :
Find (E. 1.5.) the centre K of the given circle; -
and if L be equal to its diameter, let A, K be
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joined, and it is manifest that AK produced will be
- the straight line which was to be drawn.
But if L be less than the diameter, take -any

point Bin FGBC; ; from B as a centre, at a di-

stance equal to L, déscribe a circle cutting FGBC
in C, and join B, C; .. (E. 15. def. 1.) BC=L
From K draw (E. 12. l ) KD 1 to BC; from the

centre K at ‘the distance KD, descnbe the circle

ED; from the point A draw (E. 17. 3.) AE touch-
ing the circle ED in E, and let AE, produced,
meet the circumference in Fand G: Thea FG=L.

"For (E. 15. def. 1.) KE=KD, and since AE
touches the circle ED in E, the ~ AEK is (E. 18.
8.) aright £, as is also (constr.) the £ KDB; .-
(E. 14. 8.) FG =CB; but CB was made equal to
L: . FG=L.

Proe. XIX:

24, Tueorem. If; from any two poinis in the cir-
cymference of the greater of two given concentric
circles, two straight lines be drawn so as to touch
the less circle, they shall be equal to one another.

Let F, G, be any two points in the circumfer-
ence EFG of the greater of two circles, EFG,
‘ABC, which have a common centré K: Two
straight lines drawn from F and G so as to touch
the less circle ABC shall be equal to one another.

K
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For, draw (E.17.8.) from F and G, FC and GB
touching ABC in C and B respectively ; and join
K, Cand K, F and K, G and K, B; ... (E.18.8.)
the £ KCF and KBG are right z; .-. (E 47.1.)

KF =KC"+CF;
- and KG'=KB +BG:
. But (E. 15. def. 1.) KF=KG, and KC=KB; .- _
KC'+CF =KB' +BG ; take away the equal
squares, KC , and KB’, and there remains CF
=BG’; .. CF=BG.

25. Cor. 1. In the same manner it may be
‘shewn, that if two straight lines be drawn from
any the same point so as to touch a given circle,
they shall be equal to one another ; and .-, (E.8.
1.) the straight line joining that point and the
centre, bisects the £ contained by the two equal
tangents.

26..Cor. 2. If two circles wuch ove another

and also touch a given straight 'line, which does
not pass through their common point of esutact,
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a straight line that touches both the circles in
their common point of contact shall bisect that
other tangent straight line,

Pror. 'XX.

27. TueoreM. [f a guadrilateral rectilineal figure
be described about a circle, .the angles subtended, -
at the centre of the circle, by any two oppesite sides
of the figure, are, together equal to two nght‘
angles.

" Let the quadrilateral figure ABCD be described

abiout the, circle EFLM, of which the centre isK ;
the 2 subtended at K, by the two opposite sxdes
AD, BC, dt by AB, DC, are, together, equal to
two right angles.

For join K, A, and K, Band K, C, and K, D:
Then, because (E. 32. 1. cor. 1.) the four interior
4 A, B, C, D, of the figure ABCD, are equal to

K 2
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. four right £, and that (S.19. 8. cor. 1.) they are

_ bisected by KA, KB, KC and KD, respectively,
.. the £ KAD, KDA KBC, KCB are, together,
"equal to two right Z ; but (E.82.1.) those #,
together with the £ AKD BKC, being all the
4 of the two . AKD, BKC, are equal to four
right £ ; .. the £ AKD, BKC, are, together,
" equal to two right 2; .. (E. 15. 1. cor. 2.) the £
AKB, DKC, are, also, taken together, equal to
two right angles.

28. Cor. If two of the sides as AD, BC, of the
quadrilateral figure described about the circle
EFL, touch the circle at the 'extremities of a
diameter, the £ subtended at the centre K, by
each of the two remaining sides, /shall be right
angles.

For then since (E.18.8.andE.28.1 )AD is paral-
}elto BC; .. (E.29.1.) the « EAB + £ ABL

= two right angles; and (S. 19. 8. cor. 1))
the ¢ EAB is double of the « BAK; in the
same manner the £ ABL may be shewn to be
. double of the ~ ABK; but it has been proved
that the 2 EAB + 2 ABL = tworight £ ; .-. the
LKAB + 2 KBA = a right 2 ; .= (E. 32. 1.)
the 2 AKB s a right 2 : But (S. 20.3.) the 2
AKB 4 £ DKC = two right 2; .. the ~ DKC.
is, also, a right angle. ’
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Prop. XXI;

29. Tﬂrousm. If two given straight lines touch a
circle, and if any number of other tangents be
drawn, all on the same side of the centre, and all
terminated by the two given tangents, the angles
«which they subtend, at the centre of the circle,
shall be equal to one another.

Let the .two strajght lines AH, DC touch the

circle EFLM and let BC and GH be any other
tangents of the circle, both on the same side of
' the centre K, and both terminated by AH and DC:
- Then BC and GH subtend equal # at the centre.
Eor draw (E. 17. 8.) any other tangent to the
circle, on the contrary side of the centre, as DEA;
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terminated in A and D, by AH and DC ; ‘and
draw KA, KB, KH, and KC, KG and KD: And
because ABCD, AHGD, are quadrilateral figures
-described about the circle, .. (S. 20. 8.) the £

" AKD+ 2BKC=two right angles; -and, the £

AKD+ 2 HKG =two right angles; .-. the £
BKC= 2. HKG; i.e. the 2 subtended at the
centre by the tangent BC is equal to the £ sub-
tended at the centre by the tangent HG.

30. Cor. The two segments, which any two
tangents, so drawn, cut off from the two given
tangents, also subtend equal angles, at the centre
of the circle.

Let BH and GC be the segments cut off from
the tangents AH and DC, by the two tangents
BC and GH: They subtend equal 2 BKH,GKC
at the centre K. :

" Forit hasbeen shewn that the - BKC = 2~ HKG;
from these equals take away the common 2 HKC,
and there remains the - BKH= 2 GKC.

Pror. XXII.

81. ProBLEM. 70 draw a tangent to a given circle,
such that its segment, contained between the poink
of contact, and an indefinite straight line, given
in position, shall be equal to. a given finite
straight line. ‘

Let ABC be a given circle, L a given finite
straiglit line, and'XY an indefinite straight line
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given in position : It is required to draw a tan-
gent to ABC so that its segment between the
point of contact and XY shall be equal to L.

Find the centre K (E. 1. 8.) of the given circle,
and take any diameter of it, as AKD ; in AD pro-
duced find (8. 16.8.) & point E from which if 8
tangent be drawn to the given circle ABC it shall
be equal to L; from K as a centre, atthe distance
KE, describe the circle EFG, and let it meet, or
cut, XY in F; from F draw (E. 17. 8.) FC to
touch the cu'cle ABC in C: And since (8. 19.8.)
FC is equal to the tangent which can be drawn
from E, and which (constr.) is itself equal to L, it
is manifest that CF =L; i. e. the segment of the
tangent between the point of contact C and XY
is equal to the given straight line L.

Pnor XXI11,

92. TueoreM. If a straight line touch the interior
of two concentric circles, and be terminated both
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ways by the circumference of the outer circle, it
shall be bisected in the point of contact.

Let GBC, EDH be two circles.having a com-

B

mon centre K, and let BC touch the interior cir-
cle EDH in D: Then is BC bisected in D..

For join K, D: And, because BC touches EDH
. in D, the £KDC, KDB (E.18.8.) are right £
. (E. 8. 8.) BCis bisec‘ted i,q D. '

Pror. XXIV.

33. THEOREM. If a poly aon be described about a
. circle, the straight lines joining the several points
of contact will contain a-polygon of the same num-
ber of angles as the former ; and any two adja-
cent angles of the tircumscribed figure shall be,
together, the double of that angle qf the msmbed
ﬁgure, which lies between them. .
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Let the sides of the polygon AFGHB touch the

G M. H

circle CLMED, in the several points C, L, M, E
and D, and let these points be joined : Then it is -
manifest, that the polygon DCLME has the same
number of angles as AFGHB ; and, further, any
two adjacent £ A and B of the polygon AFGHB,
are, together, the double of the intermediate £
CDE, of the inscribed figure. .

For, find (E. 1. 8.) the centre K of the circle
DCLME, and join K, C and K, Dand K, E:
The four interior £ of the quadrilateral figure
ACKD are (E. 82. 1. cor. 1.) equal to four right £ ;
and (hyp. and E. 18. 8.) the £ ACK and ADK"
are right £; .. the 2DAC + 2 CKD is equal to
two right £, as are also .(E. 82. 1.) the three 2z
of the isosceles A CKD; ... 2.DAC+ .CKD=
. DCK+ £CKD+ 2 KDC; take away the com-
mon 2 CKD, and there remainsthe 2 DAC equal
to the two £ DCK, KDC, or to the double of the
£KDC; because (E. 15. def. 1. and 5. 1.) the £
DCK=2KDC: And, in the same manner, it
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may be shewn that the < B is the double of the
LKDE; ... the 2 A+ ¢« B is the double of the
whole 2 CDE.

Pror. XXV.

34, Tueorem. If from any given point, in the
circumference of a circle, two straight lines be
drawn, to the extremities. of a given chord, the

angle which the one makes with any perpendicular
to the chord, shall be equal to the angle which the

other makes with the diameter of the dircle that
passes through the given point. ‘

Let C be a given point in the circumference of

~ the cirdle ABFC; let AB be a given chord ; let
G AandC, B be joimed ; let K be the centre of
the circle, and CKF s dismeter passing thmugh
C; and let KD, drawn j to AB, meet CB in G,
and CA, produced, in E: Then, the LKEC::L
BCF and the 2 EGB= ¢ ECF.

- For(E.82.1.) 2 AEK+ £ AKE=< £ CAK:
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But (dauomtr of E. 8. 8. and constr.) .
the £ AKE=x}, AKB;
And (E. 20. 3.) tbe ¢« ACB=1%, AKB;

LACB-—L.AKE- _
Also (E. 15. def. 1. andE 5.1.)
£CAK= £ ACK;

«~ 2 AEK+ 2. ACB = . ACK.
Take from both the 2 ACB and there remauu
¢z AEK or KEC=, BCF.
Again (E. 32.1.)the L EGB=, ECG+ ¢ CEG:
And it has been shewn that the 2 CEG = ¢ BCF;
< LEGB=,ECB+ 2BCF
i.e. £ EGB= . ECF.

Propr. XXVI.

35. TueorEM. The perpendiculars let full from .
the three angles of any triangle upon the opposite
sides, intersect each other in the same point,

Let ABC be a A ; the perpendiculars let fall
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. from the three 2 A, B, C, on the sides oppodite
to them, . intersect each other in the same point.

«For draw (E.12.1.) AD 1 to BC; about the
A ABC describe (S. 5. 1. cor.) the circle ABC, and

produce AD to meet the circumference in E;
from DA, produced if necessary, cut off DF_
DE; join B, Eand C, E; also join B, F and C,
F; and let BF and CF produced meet AC, and
AB in Gand H respectnvel)

" And since CD is common to the two s CDF,
'CDE, and that (constr.) DF=DE, and the /
CDF =/ CDE, ... (E.4. 1.) the £ FCD =2 DCE
or BCE; but (E. 21. 8.) the ~- BAE="2BCE;

~.the ZBAE or HAE=/FCD; and (E. 15. 1.)

the ¢ AFH, of the A AHF is also equal to the
£ DFC, of the A CDF; (S 26.1.) the « AHF
=+ FDC, which (constr) is a right 2 ; .. the
£CHA is aright £; i.e. CFH is 1 to AB; and,
. in the same manner, it maj be shewn that BFG
is | to AC: Whence it is manifest, that the three
perpendiculars cut each other in the common point
F; for (E. 17. 1.) there cannot be drawn, from
theé same point, two different straight lines both of
them perpendicular to the same straight line.

86. Cor. The part of any of the three perpen-
diculars, let fall from the three £ ofa A, on the
opposite sides, that is, between their common in-
tersection and the circumference of the circle
described about the A, is bisected by the side to
which-it is perpendicular.



ELREMENTS OF EUCLID, 141

. Pror. XXVII

87. ProsLEM. From either of the two given points
in which two given circles intersect each other,. to
draw a chord cutting the one circumference, and
meeting the other, such that the part of it, con-
tained between the two circumferences, shall be
equal to a given finite straight line.

Let the two given circles. ABC, ABD, cut one

another in the points A and B, and let L be a givert
finite straight line: From either of the two given
points, as B, it is required to draw a straight line
cutting either of the circumferences, as that of
ABC, and meeting the other circumference, so
meeting that the part of it contained between the
circumferences, shall be equal to L.

Take any point C in the circumference of ABC,
and any point D in the circumference of ABD ;
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join A, B,and A, C, and A, D, and B, C and B,
D; in AB, produced if necessary, take AF=1L;
at the point A, in AF, make (E.28. 1.) the z*
FAG== £ ACB, and at the point. F, make the
£ AFG = £ ADB, and let AG and FG meet in
G. In the circle ABC place AH=AG; join
B, H, and produce BH to meet the circumference
of ADBinI: Then is HI=L. '
For, join A, I: And, since (E. 22.8.) the £

AHB+ 2 ACB=two right #, and that (E. 18.
1.) the 2 AHB + 2 AHI=two right #, .~ the

¢ AHI = + ACB; but (constr.) the 2 ACB=

tFAG; ... the £ AHI = £ FAG; and (constr.)
the £ AFG = 2 ADB, which (E. 21.8.) =+«
AIH; .. the 2 AFG = £ AIB; and (constr.) the
side AH, of the AHAI is equal to the side AG,
" of the A AGF; .. (E.26.1.) HI=AF; and
(constr.) AF=L; s HI=L. Q.E.F.

Pror. XXVIIL

88. Trrorew. If two epposite angles of a quadri-
lateral figure be together equal to twe right angles,
a circle muy be described about it.

- Let any two opposite £, asthe gz ABC, ADC,
of the quadrilateral figure ABCD, be. together
equal to two right g : A circle: may be described
about the trapesium ABCD. |

Eor,pm A, C; and (S. 5. 1. cor.) about the A
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ABC deseribe s eircle: Its circumference shall
pass through the point D. If met, let it pass
otherwise, so that, first, the point D is without -
the circle ABC, described about the A ABC;
take any point E in the circamference of the circle
and within the A ADC; and join A, E and C,
E: Then, since ABCE is a quadrilateral figure
inscribed in a circle the 2 ABC + £ AEC=two
right # ; and (hyp.) the £ ABC 4+ ADC=two
right# ; .. the 2 AEC=¢ ADC, which (E.21.1.)
is absurd. Wherefore the point D is not without
the circle ABC; and in the same manner it may
be shewn that the point D is not within the circle
- ABC; .-, the circumference of the cu'cle ABC
passes tbrough the point D, and is, .., a circle
described about the four-sided figure ABCD.

Prop. XXIX.

39. TueoneM. A circle cannot be described about
a rhombus, nor about any other parallelogram
which is not rectangular.

4
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For (E. 84. 1.) the opposite £ of a3 are equat
to one another; and (E. 22. 8.) if a circle could
be described about it, the two opposite 2 would,
together, be equal to two right £ ; .., since these
4 are equal, they wouid be each ‘of them a right
£ ; but (E. 82. def.1.) the angles of a rhombus,
which (E. 82. def. 1. and S. 18. 1.) is a {3, are not
right £; .. a circle cannot be described about a
rhombus, nor about any other (3, which has not
. its opposite £ right 2, that is (S 19. 1.) which
is not rectangular.

. Pror. XXX.

" 40. TueoreM. If from any point, in the circum-
Jerence of a given circle, straight lines be drawn
to the three angles of an inscribed equilateral tri-
angle, the grealest-of them shall be equal to the

 aggregate of the two less.

~ Let ﬁhe equilateral A ABC be inscribed in the
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sircle ADBC, and from any point D in the circum-
ference, let there be drawn to the three angular

points A, B, C, the straight lines DA, DB, DC,
of which DC is the greatest: Then DC =DA+ |

DB. .
From the centre A, at the dlstance AD, descrlbe

a circle cutting DC in E, and join A, E; ... (E.

15. def. 1.) AD =AE; (E5l)theLADE ‘

= £ AED; also (E 21. s ) the 2 ADC or ADE
=< ABC; "and (kyp. and E. 5. 1.) the 2 ABC=
£ ACB; .. (S.26.1.) the 2 DAE==/ BAC;
o the A ADE is equiangular; .. (E. 6.1.) AD
=DE. ' '
. Again, since (E. 22.8.) the 2 ACB+ 2 ADB=

two right £, and (E. 18. 1.) the2 AED+ ¢« AEC
=two right £, and that the 2 AED has been
shewn to be equal to the 2 ACB, .. the £ AEC=
£ ADB; also (E.21.8.) the 2 ACD or' ACE=
2 ABD; and (hyp.) the side AC, of the A AEC,
is equal to the side AB of the A ADB, .-. (E. 26.
1.) EC=DB: And DA has been proved to be
equal to DE; ... DE + EC=DA + DB; that is,
DC=DA +DB.

Pror. XXXI.

41. Tueorem. The first, third, fifth, &c. angles
of any polygon, of an, even number of sides,
which is inscribed in a-given circle, are together
equal to the remaining angles of the figure ; any
angle-whatever being assumed as the first.

L
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Let ABCDEF be any polygt;n, of an even nums

ber of sides, inscribed in the given circle ACE:
Then A being assumed as the first £, the 2 A+
LC+2LE+,&. =2B+ 1_D+4F+, &ec.
Fu'st, let the inscribed ﬁgure have six sides,
and join B, E. \
Then, since BAFE is a quadrilateral figure in-
scribed in a circle, ... (E. 22. 3.) the
) ¢ BAF 4 . FEB=/,.EFA+ 2 EBA:
Also, the 2 BCD+ « BED= £ EDC + 2 EBC.
Wherefore, equals being added to equals, it will
be manifest, that the 2 BAF+4 2 BCD + 2~ FED
= . CBA+ LEDC+ . AFE:
i.e.thes A4 2C+£LE=¢,B+ D+ /F.
And, in a similar manner, the proposition may
be demonstrated, when the figure inscribed in the
* given circle has eight, ten, twelve, or any other
- even number of sides.
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Pror. XXXII.
42, ProBLEM. To make a trapezium, about which

a circle may be described, having its four sides .

respectively equal to jbur given straight lines, two
of which are equal to each other, and any three
together greater than the fourth; the two equal

sides of the trapezium, also, being opposite to
each other.

Let AB, CD, DE be three given straight lines:
/ A
XLl &

H
K

1

E

Tt is required to make a trapezium having two of
its opposite sides each of them equal to AB, and
its two other sides equal to CD and CE, each to
each, about which a circle may be described.
‘Take GH=CD; and CD and CE being placed
m the same stralght line, bisect (E. 10. 1.) DE in
F; produce GH, both ways, and make GI and
HK each of them equal to DF or FE; .. IK=

"CE: From the points G, H draw (E. 11. I)GX
. L2



1-4-8 A wPPLEMENT TO THE

and HY 1 to IK; f'rom I and K, as centres, at
distances equal to AB describe two circles, cut-
tmg GX and HY in L and M, respectively ; and
join I, Land K, M; ... (E. 15. def. 1.) IL—=AB
and KM = AB; join L M.

And, because (constr) LI =MXK, and IG_
KH, and that the £z IGL, KHM are right «,
(S. 74. 1.) GL=HM; and since, the £ at G
: and H are right «#, GL is (E. 28. 1.) parallel to

. (E. 83.1.) LM is parallel and=to EH;
but (comtr ) GH=CD,... LM=CD.

Again, since GLMH is a .3, the £.GLH=«
GHM (E. 34. 1.) which (constr.) isa right £ ; also,
since the two sides IL, LG, of the A LGI, are
equal to the twosides KM, MH of the A MHK,
" and the base IG is equal to the base KH, ... (E.
8. 1.) the £ ILG=, KMH; but (constr. and
E.32.1.) the - HKM+ £ KMH = aright £ ;
-« the 2 HKM, or IKM, + ILG = a right L to
- each of these add the right ~ GLM; .- the 2
IKM 4 £ILG + 2 GLM = tworight 1L, that is
the £ IKM 4 £ ILM = two right £; .~ (S. 28.
3.)'a circle may be described-about the trapezium
ILMK which, as hath been shewn, has two equal
sides LI, MK, each of them equal to AB, has its
side LM equal to €D, and 1ts remaining side IK
equal to’ (,G. -
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.o Pror. XXXIIL =

48. ProsLEM. Upon a given finite straight line to
describe a segment of a circle, which shall be si-
milar to a given segment of another circle.

Let ACB be a given.segment of a clrcle, and

EN N

DE a given finite straight line : It is requnred to
describe on DE a segment of a cirele, similar to,
the segment ACB.

Tn ACB take any pomt C, and join A C, and
B, C: At the point D jn DE make (E. 23. 1.) the
yA EDF—-/_ BAC; and, at the point E, also,
make the /.DEF__.z. ABC; .. (S. 26. 1.) the
LDFE=, ACB: About the A DFE describe
(8- 5. 1. cor.) the circle DFE; ... (E. 11. def. 8.
and E. 21.°3.) the segment DFE is similar to the -
segment ACB. .

~ Prop. XXXIV,

44. THEOREM. If upon two oppesite sides qf an
oblong, two similar segments of circles be de-
scribed, the one of them lymg wholly mtlml tlw
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oblong, and the other wholly without it, the figure
contained by the two remaining sides of the oblong
and the two circular arches, shall be equal to the

obleng. - -
. Upon the two opposite sides AD, BC, of the

- oblong ABCD, let there be described two similar

. segments of circles AED, BFC : the one, namely
BFC, lying wholly within the oblong, and the other
lying wholly without it : The figure contamed by

BA, ﬁ DC and 6\Bmequal to the oblong
ABCD.

For (kyp. and E. 34. 1.) AD=BC; .. (hyp.
and E.24. 3.) the segment AED = the segment
BFC; to each of these equals add the figure
ADCFB, and it is manifest that the figure
AEDCEFB is equal to the oblong ABCD.

45. Cor. 1. An m&eﬁmte number of such
mixtilineal figures may be found (S. 3. 1. cor. 8.
and S. 38. 3.) equal to one another, and each of
‘them eqnal to any given oblong. -
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- #6. Cor.2. If upon AB and DC, the two re-
waining sides of the oblong, there be, likewise, de- -
scribed two similar segments of circles ALB,

DKQC, it is evident that the figure ALBCDA 1s~ ‘

equal to the figure ABFCDEA; and that the
" figure ALBFCKDE —= ABCD, ALB being sup- .
posed not to meet BFC again within ABCD.

Pror. XXXYV.

417. TaeoreM. The arches of a circle that are in-

tercepted between two parallel chords are equal to
~ owe another

Let AB and CG be two parallel chords of the
circle ACGB: Then is AC =BG,

For join C, B: And because (hyp.) CG is
parallelto AB, .- (E 29.1 )the LGCB=1« CB.A,

. ,.(E 26. 3.) AC=3a.
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Pror. XXXVI

48. THEOREM. If two chords qf a given circle in-
tersect each other, the angle of their inclination is -
equal to the half of the angle at the centre stand-

ing upon the aggregate, or “the difference, of the
arches intercepted between them, accordingly as
they meet within, or without the circle.

First, let the two chords AB, CD, of the circle

ACBD cut one another in E, within the circle:
The 2 DEB is equal to the half of an angle at the
centre, standmg upon a circumference equal to
AC+DB.

For through C draw (E 31.1.) CG parallel to -

AB; .- BG="7C, and DBG =AC + DB} but
(constr. and E. 29. 1.) the - DEB== 2 DCG, which
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(E.20.8.) is the half of an angle at.the centre, -
standing upon BBG. ‘

Secondly, let the two chords DA and BC, meet
when produced, without the circle, in F: If, then,

" AH be drawn parallel to CB, it may be shewn, in
.a similar manner, that the 2 DFB is equal to the

half of an. £ at the centre standmg on DH which
is the difference between ABand AC,

) Pnor. XXXVII

49. Tueorem. In cqual circles the greater anglc
stands upon the greater circumference; whether
the angles compared be at the centres or the cir-
cumfermces '

- For whether the . be at the centres, or the cir-
cumferences, if, from the greater, an 2 (E. 23. 1.)
be cut off equal to the less, the circumference on
which it stands, will evidently be part of the .cir -
" cumference on which the greater 2 stands, and’
will (E. 26.3.) be equal to that on which the less

£ stands; the which cu'cumference is, .*.y'less
than the other '

Pror. XXXVIIL -

50. Tueoren.. If from any given poinf,'.withodtd
cirgle, there be drawn two straight lines culting
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. the circle, then of the circumferences which they,
intercept, that which is the nearer to the given
. point is less than the other. '

From the given point B without the circle

FDCG, let theré be drawn BFG, BDC, cutting
the circamference in the points F, G, and D,C,

respectively : 'Then isFD <GC.

First, let one of the straight lines drawn from
B, as BC, pass through the centre K of the circle:
Join K, F and K, G; then (E. 16. 1.) the ex-
terior 2 GKC, of the A GKB, is > the 2 KGF;
but (E. 15.-def. 1. and- E, 5. 1.) the 2 KGF=
LKFG} .. the £GKC > the 2 KFG; and (E.-
16.1.) the 2 KFG > the 2 FKB or FKD; much
more, then, is the 2 GKC > 2 FKD; ... (S.87.8.)

€G> TD; i.e. TD < GC.

But if BLM do not pass through the centre,
. find (E. 1. 8.) the centre K ; join B, K; and pro-
duce it to meet the circumference in C: Then it
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may be sheﬁ, as before,. thatﬁ< GC, and that '

BT« G .- DL < GOBt.

Prop. XXXIX.

. 51. THEOREM, The straight lines joining the ex-
tremities of the chords of two equal arches of the

. same circle, toward the same parts, are parallel to
cach other '

Let AC, BG BG be the chords of two equal arches

AC, BG, of the circle ABGC; and let A, B, and
C, G be joined: Then CGis parallel to AB

For join C, B; and since (hyp.) AC= BG, oo
(E. 27. 8.) the LABC-—LBCG, « (E. 27. 1.)
CG is parallel to AB.
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v | Pror. XL.

52. Turorem. Inequal circles, the gréater of two
circumjferences subtends the greater angle, whether . .
the angles compared be at- the pentres or the cir-

cumferences.

'For if not, the ¢ standing on the greater cir-
cumference is equal to the other £ or less than
it; but it cannot be equal; for then (E. 26. 3.)
the two circumferences would be equal, which is
contrary to the hypothesis: Neither can it be
Jess, for, then, (S. 87. 8.) the greater circum-
ference would be less than the other, which is ab-
surd. Wherefore, the greater of two circum-
ferences subtends the greater £, whether the two
4 be at the centres or clrcumferences.

‘Prop, XLI.

53. ProBLEM. Ifany equilateral rectilineal figure,
of an even number of sides, be inscribed in a given
circle, ‘to ﬁnd a curvilineal figure that is equal to
it, and that is bounded by arches of circles, each qf

. which circles is equal to the given circle.

" Let ABCDEF be an equilateral rectilineal
'ﬁgure, of an even number of sides, inscribed in
. the given circle ACE; It is required to find a.
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A F

cutvilineal figure equal to 'it, and bounded by
. arches of circles that are equal to the given circle
ACE.

On half the number of sides of the inscribed
figure, taken contiguous to one another, as BC,
LD, DE, describe (S. 38. s. ) segments of circles,
BGC, CHD, DIE, each similar to the segment cut
off from the given circle by each of the sides:

The cuivilineal ﬁgure contamed by @ (,(B :

ﬁli EF, ,and FA and’ AB is equal to the in-
scribed polygon ABCDEF. .

For, smce (hyp) the figure is equilateral, (E.

28. 3.) AB=BC; .. AFEDCB = BAFEDC;

. (E. 27. 8.) the £ in the segment cut off by AB
is ‘equal to the £ in the segment cut off by BC;
<. these two segments (E. 11.def. 8.) are similar,
and (Ayp: and E.24.3.) equal to one another.

- And, in the same manner, may all the segments,
cut off by the eqnal sides of the inscribed figure,
be shewn to be similar and equal to one another,
and to the segments BGC, CHD, DIE.
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But the figure contained by BA, AF, FE,
@, DHC and (G«\B, together with the segments
BGC, CHD, DIE, makes up the equilateral recti-
lineal figure ABCDEF ; and that same figure, to-
gether with the equal segments cut off by BA,
AF, and FE, makes up the curvilineal ﬁgure con-

" tained by BGC, GHD, DIE,EF, FA andAB;

. the which figure is, ."., equal to the mscnbed rec-
tilineal figure ABCDEF.*

Prop. XLII.

54. TucoreM. In equal circles, the greater chord
Subtends the greater circumference.

. For (hyp. and E. 15. def. 1. and E. 25. 1.) the -
¢ subtended, at the centre, by the greater chord
is'> the ~ subtended, at the centre, by theless:,
« (8. 87.8.) the circumference subtended by the

- ~

* It is easy to shew, by the help, chiefly, of S.7.3., that
. when the equilateral figure inscribed in the circle, is a square,
the eircumferences of the similar segments, described in the
course of the demonstration, touch ¢ne another in the common .
extremity of the two contiguous sides ; and that when the in-

scribed polygon has any greater number of sides, as six, eight, -
* &c., the circumferences of any two 6f the segments meeting one
another in the common extremity of two contiguous sides, de
not meet again within the circle.
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greater chord: is greater than the cxrcnmference‘ ‘
mbtended by the less.

Pror. XLIIL.

55. TueoreM. If from a given point within a
circle, which is not the centre, straight lines be-
drawn to the circumference, making with each
other equal angles, the two, which are nearer to
the diameter passing through-the given point, shail

" cut off a greater czrcumferencc than the two, which
are more remote.

From A, a given point within the circle BDC,

let there be drawn to the circumference any num-

ber of straight lines AB, AC, AD, &c. containing . |

equal 2 BAC, CAD, &c.; and le¢ AKM be
drawn, from A, through the centre K: Then is

ép>TB

For produce DA and CA, to meet the qrcum-
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"ference again, in E and F; and join B, Fand D,
F: Then, since AD is nearer than AB is to AM,
<. (E.7.8.) AD> AB; from AD cut off AG=
AB, and join C, G and C, B, and C,D and D, B:
And, because CA is common to the two . CBA,
CGA, and AB = AG, and that (hyp.) the
tCAB=¢,CAG, .. CG=CB. Again, because
(E. 32. 1.) the 2 CGD= ¢« GCA + £CAG =
£ ACB + £BAC, and that (E. 16. 1.) the 2 BAC
> ¢BFC, .. the £.CGD> 2FCB + .BFC:
But -(E. 21. 8.) the « FCB= . FDB, and the
LBFC= . BDC; .. the £CGD> .FDB +

. - ¢BDC; i.e. the £CGD> £ FDC, much more

then is the 2 CGD > 2 EDC or £GDC; .- (E. -
19. 1.) CD>CG; but it has been shewn that .

CG=CB; ... CD>CB; .~ (S.42.3.) CD>CB.

Prop. XLIV. _
- 86. TueorEM. In equal circles, the greater cir-
\  cumference has the greater chord. * '

For (S. 40. 8.) the greater circumference sub-
tends the greater £ at the centre ; .. (E. 15. def.
1. and E. 24. 1.) it has the greater chord.

Proe. XLV.

57. TueoreM. The straight line joining any of the
" angular points of an equilateral polygon inscribed
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‘in a circle and the centre, passes through the op-
posite angular point, or else bisects the opposit
side at right angles, accordingly as the figure has

an even, or an odd number of sides.

First, let the equilateral polygon ABCDEF in-

A

C =D

scnbed in the circle ACE, of which the centre is
K, have an even number of sides, and let B, K be
Jomed B being any one of the angular points of

the inscribed figure: Then BK passes through the
opposite angular point E. ‘
For, if it be possible, let BK cut the circum-

ference in any other point L; .-. (E. 98. 8.) BAL .
is' the half of the whole circumference ; also, smce

the polygon (hg/p) is eqmlateral the arches AB,
* BC; €D, DE, ‘EF, A are (E.28.5.)equal to one
another‘, . ﬁ is the half of the whole cir:

cumference; .. BAL = ﬁ, the less to the

greater, which is absurd : .-. BK, produced, passes
through E.
M
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But, secondly, let the 'equilateral polygors
ABCDE, inscribéd in the circle ACE, have anx
odd number of sides, and let any of the angular
points, as A, and the centre K, be joined: Ther .
AK, produced, bisects CD, at right # in the '
point F.

For join K, C and K, D: And, because (kyp.)
the sides of the inscribed polygon are equal, the
circumferences which they subtend are (E. 28. 3.)
equal ; since, therefore, the polygon has an odd
number of sides, it is manifest that the circum-
ference ABC is equal to the circumference AED;
~. (E.27.8.) the £ AKC=, AKDj; .. (E.18.1.)
- the £ CKF=_,DKF; and(E.15.def. 1.) CK=
DK, and KF is common to the two o KFC,
KFD; .. (E.4.1.) CF=FD, and the £ KFC=
. KFD; so that AKF bisects at right £ the side
€D, which is opposite to the 2 BAE. .

‘Prop. XLVI.

58. Tueorem. The two straight lines in a eircle,
whick join the extremities of two parallel chords,
are equal to each other. .

 Let AB, CG be two parallel chords, of: the
circle ABGC, and let their extremities be joined,

toward the same parts by CA and GB, and to-
' wards Opposite parts by CB and GA: Thex
CA=GB, and CB=GA.
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For, since CG is parallel to AB, the arch CA ==
GB (S.85.8.); .. (E.29. 3)(:7( (ﬁs‘ Again,
since it has been shewn that AC BG to each

of these add CG ﬂ_ﬁ GC; .. (E. 29.8.)
GA=CB.

P'nor. XLVII.

59. ProsLems To divide a given circular arch
info two parts, so that the aggregate of Iheir

" chords may be equal to u gren siraight line,
greater than the chord of the whole arch, but not
grealer than the double of the chord of half the
arch. '

Let ACB be a given circular arch, of which AB
is the ¢hord ; and let L be a given finite straight
line, greater than AB, but not greater than twrce

N 2 ‘

b ad
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the’ chord of the half of ACB: It is required to

divide ACB into two parts such that the aggre-
gate of their chords shall be equal to L.

Bisect (E. 80.:3.) ACBin C, and join C, A, and

C, B; .. (E.29.8.) CA=CB; from the centre
C,at the distance CA, or CB, describe the circle
ADB, which will, .-., pass through both A and B:
From the centre A, at a distance equal to L, de-
scribe a circle, cutting the circle ADB in Pr; draw
AD, vyhiclr is, .., equal to L ; let AD cut @
in E, and join E, B: Then AE+ EB=L.

For (E. 20. 8.) the ~ ACB is the deuble of the
£ ADBj; and (E.21.8.) the £ ACB= « AEB;
.~ the' £ AEB is the double of the 2z ADB; but
(E. 32.1.) the £/ AEB=/ EDB + £ EBD; ... the
- EDB + 2EBD is equal to the double of the
LEDB; from these equals take the « EDB, and .
there remains the 2 EBD =—£ EDB; .~ (E.6.1.)y
ED=EB; ... AE 4+ EB= AE 4+ ED or AD;
- but (constr.) AD =L; .. AE + EB=L. ’



'ELEMENTS OF EUCLID. 165

Proe. XLVIII.

©60. ProBLeM. To divide a given circular arck
dnto two parts, so that the excess of the chord of
2he one above the chord of the other, may be equal
20 a given straight line, less than the chord of the
whole arch,

Y

Let ACB be a given circular arch, of which the

AT {

chord is AB: It is requu'ed to divide AC B into
two parts, such that the excess of the chord of the
one above the chord of the other shall be equal -

to a.glven finite straight line L, that is less than
AB.

', ,Blsect AB(E.10.1.) in D; draw DC (E. 11.1.)
1 to DB; join A, C; bisect (E. 9. 1.) the
2 CAB by AX; let AX meet CD in E; and join
E,E; about the A AEB describe (8. 5. 1. cor.).
the circle AEB; from the centre A, at a distance

=L, describe a circlq cutting AEB in F; draw
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AT, which is, .., equal to L, and produce AF to

meet. ACB in G; join G, B: Then is the excess

of AG above GB 2qual to L. ‘
For join C, B; and (constr. and E. 4. 1.) CA=

CB and the LACD-—LBCD also EA—EB,

“and the 2 ACB is the double of the 2 ACD;

. Again, from the centre C at the dlstance

CA, describe the cu'cle AHB, which, because

CA = CB passes through B; produce AG

" to meet m in H; join H, B, and F, B: And
since (E.21.8.) the £ AFB=¢ AEB, ... (E. 18.
1.) the 2 BFH =/ BEX; but (E. 32. 1. and E.
5. 1.) the 2 BEX is the double of the 2 BAE;

-« the 2 BFH is the double of the ~ BAE, and is -
«* (constr.) equal to the CAB or CAD; also

~ (E. 20. 8. and constr.) the 2 ACB is the double of

the - AHB; and it is also, as hath been shewn,
the double of the 2 ACD; .. the 2ACD=

2 AHB or FHB; and it has been proved that the
¢ HFB,of the A FBH,is equal to the 2 CAD of the
ATCDA; .. (S. 26. 1.) the 2 HBF=/,CDA,
and is, .*,, 2 right £ ; but (demonstr. of S. 44. 8.)
GH=GB; ... (S. 29. 1. cor. 8.) GF=GB;
AG — GB= AF; but (constr) AF=1L; ..
CAG - GB=L.
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Pror. XLIX.

!

61. Tueorem. If from any poini, in the diameter
of a semi-circle, there be drawn two straight lines
2o the circumference, enc to the bisection of the
circumference, the other at right angles to the
diameter, .the squares upon these two lines are,.
together, the double of the square upon the semi-

- diameter.

Let B be any point in the diameter AE of the
¥F o

i
v
1

K C T E
semi-circle ADE; let F be the bisection of the
circumference ADE ; and let C be the bisection
of the diameter: If B, F be joined, and BD be
drawn 4 to AE, then BF 4 BD'=2AC"

For join C, F and C, D: And since (hyp.)
AF=EF .-.(E.27.3.) the 2 ACF= 2 ECF; and
they are adjacent £; .. (E. 10. def.1.) the 2 FCE
isaright £; .. (E.47.1.) BF =CF + CB’; to
each of these add BD"; ... BF* +BD = CI" +
CB'+ BD'; but (kyp.and E.47.1.)CB +BD =
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CD’; .. BF + BD'=CF+CD’ or (E. 15. def.
1.) 2AC",

Proe. L. o

62. TueqreM. Ifthe chords of two arches of any
the same circle cut each other at right angles,: the
squares of the four segments of the chords, are,
together, equal to the square of the diameter.

Let the two chords AB, CD of the circle ACD,‘

A

cut each other at right #, in E: The squares of
the segments of the chords are, together, equal to
the square of the diameter of the circle.

For find (E. 1. 3.) the centre K, and from either
extremnty of either of the chords, as B, draw
through K the diameter BKF; join B, C and C, ‘
F, and F, A and A, D. And since (constr.)
?APB is a semicircle, the « FAB is (E.31.3.)
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e right £, asis, also, (hyp.) the 2 AEC; .. (E.
28, 1.) FA is parallel to CD; .- (S. 44. 8.) FC=

- AD. Again, because FCB is a semi-circle, the
¢ BCF (E. 81. 8.) is a right 2 ; ... (E. 47. 1.)
. FB'=FC +CB’; but FC has been shewn to be
" equal to AD .-. FB'=AD"+CB’; that is (hyp.
and E. 47.1.) FB'=AE'+ED'+CE +EB".

63. Cor. If the diagonals of a quadrilateral
rectilineal figure, inscribed in a circle, cut each
other at right angles, the aggregate of the squares
of the sides is the double of the square of the
diameter of the circle. ‘

For let the diagonals AB and CD of the quadri-
lateral figure ACBD, inscribed in the circle
ACBD, cut one another at right £ in E: Then
it is evident from E. 47. 1, that AC' 4 DB’ isequal
to the squares of the segments of the diagonals,
that is, (S. 50. 3.) to the square of the diameter of
the circle: Likewise AD"+ CB’ may, in the same
~ manner, be shewn to b€ equal to the square of the
diameter; ... AC +CB'+BD’+DA*= twice the
square of the diameter of the circle.

Pror. LI,

€64. ProBLEM. To draw a straight line, cuiting
two concentric circles, so that the part of it which
lies within the gredter circle may be the double
of the part which lies within the less. '
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Let ABC, DEF be two given circles, having a

common centre K: It is required to draw a
straight line cutting ABC, DEF, so that the part
of it within DEF shall be the double of the part
of it within ABC,

Take any semidiameter as KA, of the circle
‘ABC, and produce it to G, so that AG = AK;
upon AG-as a diameter describe the circle DAHG
cutting DEF in D and H; join D, A,and H, A;
and produce DA and HA to meet the circumfer-
ences again in B, E,and I, L, respectwely Then
DE = 2AB; and HL=2AL

FOI‘JOIII D, G and draw (E.12.1.) KM ; to
AB: And since (constr.) ADG is a semicircle,
the £ ADG (E. 31. 3.) is a right £, as is (constr.)
the ~ KMA; also (E. 15.1.) the 2 KAM= ¢
DAG ; and (constr.) the side KA, of the A KMA,
is equal to the side AG, of the A ADG; .-, (E.
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26. 1.) AD=AM; .©. MD=2MA, but (constr.
and E. 3. 3.) DE=2MD and AB=2MA; ..
DE=2AB: Anud, in the same manner, HL may
be shewn to be the double of AL .

Pror. LIL .

65. ProBLeM. To draw a siraight line which shall
touch two given circles.

Let ABC; HFG, be two given éircles: It is re-

. C i

quired to draw a straight line which shall touch
both the circles ABC, HFG.

First let the two circles be unequal. Find
(E. 1. 8.) the centres K and L, of the two
circles ABC, HFG ; join K, L; upon KL as a
diameter describe the circle DKC; from K as a
‘centre at a distance =KB+LH, the aggregate
of the semi-diameters of the two circles, describe

a circle cutting KDL in D, and draw KD, cut-
ting the circumference of ABCin A; .. KD=

4
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KB+LH; in like manner, by the help of E. 8. 1,
place, in the semi-circle KCL, KE=KB~ LH,
and let KE produced meet the circumference of
- ABCin C; from L draw (E. 81. 1.) LF parallel
~to DK, and LG parallel to KC; lastly, join A,

F, and C,G: Then will AF and CG, each of
~ them, touch both the circles ABC, HFG.

- For join D, L, and E, L.: And since (constr.)
KE=KC~LG, it is. manifest that EC=LG;
. and (constr.) EC is parallel to LG; ... (E. 33. 1.)

CG is parallel to LE ; but, since KEL is a semi-.
circle, the 2 KEL is (E. 81. 8.) a right 2; ... (E.
29. 1.) the £ KCG, CGL are right £; .. (E. 16.
8. cor.) CG touches both the circles ABC, HFG.

And, in the same manner, it may be shewn,
that AF touches both the circles ABC, HFG.

-Secondly, if the two given circles be equal to
one another, a straight line may be drawn which
shall touch them on contrary sides, in the same
manner as when they are unequal:’And, it is
manifest (E. 33, 1. E. 29. 1. and E. 16. 8. cor.) that
if a semi-diameter in each circle be drawn perpen.
dicular-to the straight line joining the two centres,
- the straight line, which joins the extremities of -
these two semi-diameters, will touch both the cire
cles on the same side.
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Pror. LIII.

66. TueoreM. [f two straight lines, which touch
two given circles, the one touching both the circles
on the one side of them, the other on the other,
be cut by a third tangent, which touches the two
* circles on contrary sides of them, then, of the seg-
ments into ‘which the two first tangents are .thus
divided, those which are allernate -are equal lo
one another.

— e—

Let ABE, ACG touch the two given circles

A
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BClj, EFG, ABE on the one side of them, and

ACG on the other; and let HLFD be drawn (S.
52. 3.) touching the two circles, on contrary sides

of them: Of the segments into which HL divides .

BE and CG, BH=LG, and EH=CL.
If the two circles be equal to one another, it is
manifest, from the latter part of the demonstration

of S. 52. 3., that BE and CG will be opposite sides
of a3, and that, .-, (E.s4.1.) BE=CG: And,
if BE be not parallel to CG, but meets it, both the _
lines being produced in A, then, since (8. 19. 8.

cor. 1.) AE=AG and AB=AC, . BE=CG, as
in the former case.

Again, (8. 19.8. cor. 1. )HB+LC—HD+L1),
or HL; and HL=HF+FL = HE+LG; ... HB
'+-l:-6=_ﬁ-l:] +—I:(_}-; and, as hath been shewn,Tﬁ'I
=CG; that is, HB4+ HE =LC + LG if, .-,
these two equals be added to the equals HB+LC
and HE + LG, it is evident that 2HB+4+HE4LC
= 2LG+HE+LC; take away from both HE+
'LC, and there remains 2HB = 2LG; . HB=
LG: And it has been proved that BE = CG; if,
v, from these equals there be taken the equals
-I:ITB' and -L_G', there will remain EH = CL.

Prop. LIV.
67. ProBLEM. The perimeter, the vertical angle,
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and the altitude of a triangle bemg gwen, to con-
struct the triangle.

Let XAY be a given rectilineal angle: It is

tequired to describe a triangle, which. shall have
XAY for its vertical angle, which shall have a
given perimeter, and the perpendicular drawn
from A to the opposite sxde, equal, also, to a given
straight line.

From AX and AY cut off AB and AC, each of
them equal to the half of the given perimeter ;
from B and C draw (E. 11. 1.) BK and CK 1 to
AB and AC, respectively, and join A, K;
(constr. and S.73. 1.) KB=KC; from the centre
K, at the distance KB, describe the circle BEC,
which (constr. and E. 16. 8. cor.) will touch AB and
AC in the points B and C; from AX cut off AD
equal to the given perpendicular, and from the

-
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centre A at the distance AD describe the elrcle
DFG.

. Lastly, draw (S. 52. 8. ) the straight line LH
touchmg the circle BECin E, and the circle DFG
inF: Then is ALH the A which was to be de-
scribed.

For it has the 2z XAY for its vertical 2, and if
A, F be joined, since LH touches the circle DFG
in F, the 2 AFL, AFH are (E. 18. 8.) right £;
and (E. 15. def. 1.) AF = AD which was made
equal to the given perpendicular: Also (comnstr.
* and S.19. 8. cor. 1.) LE=LB, and HE = HC;
.~ LE+HE, i.e. LH=LB+HC; to these equals
add AL+AH; ... AL+LH+HA=AL+LB+
AH'+HC but AL + LB = AB,and AH+ HC
=AC; .. AL+ LH + HA = AB+ AC; and
AB and AC were made each of them equal to the
half of the given perimeter ; .. the A ALH has
its perimeter equal to the given perimeter; it has
the given £ for its vertical 2, and, as hath been
- shewn, it has its { AF equal to the glven alti-
tude. :

Prop. LV.

68. TueoreM. [fthe point, in whick two straight
lines that are perpendicular to eack other meet, be
applied to the circumference of a circle so that the
Straight lines themselves cut the czmumfereme,
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the centre of the circle is in the bisection of the'
straight line joining those two intersections.

For, the straight line, joining the intersections
of the circumference and of the two straight lines
which (hyp.) meet at some point of thé circumfer-
ence, and contain a right 2, cuts off a semi-circle:
If not, let it, if it be possible, cut off a segment
greater, than a semi-circle ; .. (E. 81. 8.) the £ in
that segment is less than a right 2, which is con-
trary to the supposition : Neither can it cut off a
segment less than a semi-circle; for, then the £
in that segment would be greater than a right ~,
which is, also, contrary to the supposition; .-
the straight line joining the intersections cuts off
a semi-circle, and .. passes throu‘gh the centre of
the circle, which point is .~. in the bisection of
that line.

Prop. LVI.

69. TueoREM. If from the extremities of any di-
~ ameter, of a given circle, perpendiculars be drawn
to any chord of the circle, that is not parallel to
the diameter, the less perpendicular shall be equal
to the segment of the greater contained between
the circumference and the chord.

From the extremitiés, A and B, of the diameter
AB of the circle ABDC, let there be drawn AE
. D . ' N
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and BF | to the chord CD, which is not parallef
to AB; let AE and BF meet CD, produced, in
Eand F; and let the greater | AE cut the cir-
cumference in I: Then BF = IE. ’
~ For join B, I: And since (kyp.)- AICB is a
. semi-circle, ... (E. 81.8.) the £ AIB, is a right
L; and (hyp.) the £ IEF, EFD are, also, right
.. (E.28.1.) the figure IEFBis a D PN
(E 34 1.) BF=IE.

Pror. LVII.

%40, Tueorem. If from the extremities of any di-
ameter, of a given circle, perpendiculars be drawn
to any chord of the circle, they shall meet the
chord, produced, in two points whick are equi-

_ distant from the centre.

From the extremities, A, B, of the.diameter
AB, of the circle ABCD, of which K is the centre,.
let there be drawn AE, and BF, 1 to the chord
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-CD, and meeting CD produced in E and F, re-
spectively : The points E and F are equidistant
from K., .

For, join K, E, and K, F,and B, I ; and first let
EF be parallel to AB: Then, since (kyp.) the 2
. AEF, EFD areright £, .. (E.28.1.) EAis, alsg,

parallel to ¥B, and AEFB is a3; .~ (E: 34. 1.)
EA=FB, and the 2 EAB= £ FBA, each of
them being a right 2 ; also the side KA, of the
A EAK, is equal to the side KB, of the A FKB;
< (E. 4. 1.) EK = FK. :

But, if EF be not parallel to AB, join B, I, and
through K draw (E. 31.1.) KHG parallel to AE
or BF : And since (kyp.) AICD is a semi-circle,
< (E. 81. 8.) the 2 AIBis a right 2, as is, also,
(kyp.) the £ AEF; .. (E.28.1.) EF is parallel to

'IB; and (constr.) the figures IG, HF, are 3 .2 .
(E. 34. 1.) EG=IH, and GF = HB; but since
KQG (constr.) is parallel to AE, and that theg
AIB, AEF areright 2, .. (E.29.1.) the 2 THK,
EGH are right £} and because KH, drawn frem
the centre K, cuts IB at right #, .. (E. 3.8.) IH

4 | Y 2 .
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= HB * EG=GF; and KG is common to
the two a;, KGE, KGF, and the z KGE, KGF,
as hath been shewn, are right £ ; .. (E.4.1.)
EK = FK. , '

Pror. LVIII.

71. TurorEM. If upon either radius, bounding a
quadrantal circular arch, as a diameter, a semi-
circle be described, any chord of the semi-circle,
drawn from the centre of the quadrant, shall be

equal to the perpendicular distance of the point,
in which the chord produced meets the quadrantal
arch, from the other radius.

" Let BDK be a semi-circle, having for its

[ C

7
e

K
diameter KB, one of the semi-diameters which

bound the quadrantal circular . arch G, and
from the point C, in which any chord KD, of

the semi-circle, meets,  when produced, F B, let
CE be drawn perpendicular to KA’ the other ter-




ELEMENTS OF EUCLID. , 181

minating semi-diameter of ACB: Then KD =
CE. |

For, since (hyp) KDB is a semi-circle, .. (E.
$1.3.) the ~ BDK is a right « ; as s, also, (hyp.)

the « CEK: Again, since (hyp.) ACB is a qua-

drant of the circumference of its circle, .. (E. 27. . -

8. and E. 15. 1. cor. 2.) the 2 AKBis aright ~;
».the LEKC 4 2~ DKB=aright ¢ also, since
the ~CEK is a right 2, ... (E. 82. 1.) the
" £EKC + 2KCE=aright ~; ... the 2 EKC 4
¢tDKB=/EKC + .KCE; .. the L DKB=
‘. KCE; and the side KB, of the A KDB, is (E.
15. def. 1.) equal to the side KC, of the ACEK B
< (E.26. 1.) KD=CE.

Pror. LIX.

72. Tueorem. If the angle contained by. two
straight lines, one of which cuts a circle and the
other meets it, be equal to the angle in the alter-
nate segmnt of the circle, the straight line which
meels, shall touch the circle.

For if the straight line wkxch in this .case,
meets the cucle, does not touch it, from the point
in which it meets the circle, draw (E. 17.8.) a
straight line touching the circle: Then (kyp. and .
-E. 82. 8.) it is manifest that the greater of two
angles is equal to the less; which is absurd.
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’

Pror. LX.

78. TueEoREM. ~ A4 s‘traz'ght fine louclu’ng a circular
arch in the bisection of that arch, is parallel to its
chord. :

For the 4, which each half of the arch sub-
tends at the opposite extremity of the chord, are
(E.27.8.) equal to one another; and (E. 3. 3.)
they are also equal to the # which the straight
lines, joining the bisection of the arch and the ex-
tremities of the chord, make with the straight line
that touches the arch at its bisection ; ... (E. 27.
1.) the tangent, at that pomt of blsectlon, is paralle|
to the chord

Prop. LXL

74. ProsLem. - The base, the veriical angle, and
the altitude of a triangle being given, 1o consivruct
the triangle. '

Leét BC be the gwen base of a A, of which the
vertical /, and the altitude are also given: It is

tequired to construct the triangle.

Upon BC describe (E. 83. 3.) a segment of a
¢ircle BAC, capable of containing an 2 equal to
the given vertical 2; from C draw (E. 11. 1.)

CL 1 to BC, and make it equal to the given alti-
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tude of the A ; through L draw LA parallel te

BC, and let TA meet BAC in A ; ; join B, A and
C, A: Thenis ABC the A which was to be con-
structed

For draw (E. 31. 1.) AD parallel to 1C; ..,
the figure ADCL is a &, and (E. 34. 1.) AD=
LC: And because AD is parallel to LC, and
(constr.) the 2LCD is a right 2, .. (E.29, 1.)
the 2 ADC is a right 2; i.e. ADis 1 to BC;
and it has been shewn to be equal to LC, which
(constr.) is equal to the given pel:pendicular..
Also (constr.) the 2 BAC is equal to the given
vertical ~; ... ABC is the A wbxch was to be

. constructed.*

* If the straight line LA drawn from the extremity of CL,
which is made equal to the given perpendicular, fall without the
segment BAC, the problem is manifestly impoesible: If LA
touch the circle BAC, the problem has only one solution; but if
LA cut the’ segment BAC, the problem admits of two soly~
tions. ‘
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Prop. LXII.

75. ProBLEM. To find a point in a given straight
line, from ‘which if straight lines be drawn to two -
given points, on the same side of the gwen line,
they shall contain an angle egual to a given rechi-
lineal angle.

Upon the straight linejoining thetwogiven points,
. describe (E. 83. 3.) a segment of a’ circle, capable
of containing an 2 equal to the given rectilineal
L, and the point in which it meets, or cuts, the
given straight line, is evidently the point -which
was to be found : And if the circumference of the -
segment, so described, cut the given straight line,
it is manifest that the problem admits of two so-
lutions : But if the circumference of the segment
neither touch nor cut the gwen line, the problem
is impossible. :

Pror. LXIII.

76. ProBLEM. The vertical anglc;, the base, and

. the aggregate of the three sides of a triangle being
given, to construct the triangle.

Let DE be the given base: It is required to
describe on DE a A, which shall have its two re-
maining sides equal together, to a given finite
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P

N

D E

" straight line, and the £ contained by them equal
to a given rectilineal angle.

Upon DE describe (E. 38.3.) a segment of a
* circle DFE, capable of containing an ¢ equal to

the given rectilineal ~; divide (S. 47. 8.) ﬁ%
in F, so that the aggregate of the chords of DF, DF,

£F shall be equal to the aggregate of the two re-
\ maining sides of the A ; and join D, Fand E,F:

Then it is manifest that DFE is the A which was

to be constructed.

Pror. LXIV.

Pnom.zu. The vertical angle the base, md
the excess of the greater of the two remaining
sides, of a .scalene triangle, above the less, being
given, lo construct the triangle.

Let AB be the given base: It is required to
describe on AB a A, which shall have the difference
-of its two remaining sides equal to a given finite
straight line, and the £ contained by them equal
to a given rectilineal angle.
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A B

Upon AB describe (E. 3. 8.) a segment of a
. circle "capable of containing an 2 equal to the

given rectilineal /£ ; divide (S. 48. 8.) ACBin C,

so that the difference of the chords of AC and ﬁ?l
may be equal to the excess of the greater of the
two remaining sides of the A above the less; and
join A, C and B,C: Then it is evident that ACB
'is the A which was to be constructed.

. Pror. LXV.

718. ProsLEM. From two given points, in the cir-
cumference of a circle, to draw two equal chords
of that circle, which, produced if necessary, shall
make with one another an angle equal to a given
rectilineal angle.

Let A and B be two given points in the circum-

ference of the circle AEFB; and let K be a given

rectilineal angle : It is required to draw, from A

and B, two equal chords of the circle AEFB,

which make with oné'4nother an £ equal to the
K. R -
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Join A, B; upon AB describe (E. 338. 8.) a
segment of a circle AGB capable of containing
an 2= the 2 K, and complete the circle AGBH;

bisect (E. 0. 3.) AGB in G, anaﬂm H;

draw AG and BG, Cuttmg ADB in D and C 3
also draw AH and BH, and produce them to meet

AEBin F and E.

It is manifest, from the construction, that the
¢ AGB, which the two chords, AD, BC, make
with one ‘another when produced, = 2 K ; also,
since (E. 22. 8.) the LAGB + 2 AHB = two
right £, and that (E. 18. 1.) the ¢ AHE +
2 AHB = twe right z£, .. the 2 AHE =
2 AGB; but (constr.) the 2 AGB= ¢ K; .,
.the < AHE, which the two chords AF, BE, make
with one anather, is equal to the < K.
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Again, join A, C,and B, D ; and since (consir.)

- AG =BG .. (E.29.3) AG=BG; .. (E. 5. 1))
the 2 GAB:= £ GBA; also (E. 21. 8.) the ¢«
ADB=, ACBj .~ (S. 26. 1.) the third 2~ ABD,
of the A ADB, is equal to the third 2 BAC of
the A BCA ; .. (E.26.3.) AD=BC, and (E. 29.
3.) the chord AD = the chord BC.

Lastly, if A, E, and B, F, be joined, it may be
shewn, in the same manner, that the < HAB =
< HBA, that (E. 21. 8.) the 2z EAF = 2 FBE,
and ... that the £ZEAB=<FBA; ... (E. 26. 8.

and E. 29. 3,) BE=AF.

Pgor. LXVI.

79. ProBLEM. In a given parallelogram $o in-
scribe a parallelogram which shall have one of its
. angles equal to a’ given angle, and posited in &
given point of one of the sides of the given paralle.
. legram.

Let F be a given point in the side AB of the
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3 ABCD; and YLX a given rectilineal angle:
It is required to imscribe, in the @ ABC, a 3
which shall have one of its # posited in F, and
equal to the < YLX.

Join B, D ; bisect BD (E. 10 1) in K; draw

FK and produce it to meet DC in H;; *. (constr,
E. 15. 1. E. 29. 1. and E. 26.1.) DH=BF; pro-
duce XL to Z; upon' FH describe (E. 83. 3.) a
segment of a circle capable of containing an <=
¢YLZ, and let its circumference cut AD in E;
if .». F,E and H, E be joined, it is plain that the
¢FEH= ¢YLZ; from CB cut off CG=AE;
join F,G and H, G: Then is FEHG the figure
which was to be described.

For (constr. and S. 43. 1.) EFGH is a C3; ..
(E. 29. 1.) the < HEF+ < EFG = two right #;
also (E.38..1.) the «YLZ+ 2 YLX = two right

43 and it has been shewn, that the .ZHEF=

2¢YLZ; .. the <+EFG= ¢« YLX; and it is
posited in the given point F. Therefore, &c.

Pror. LXVII. .

80. ProBLEM. T0 produce a given straight line so
that the rectangle, under the given straight line,
and the part of it produced, shall be equal to @

- given Square.

Let 'AD bea gwen ﬁmte stralght line : It is

-~

)
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required to produce AD, so that the rectangle con-
tained by AD and the part produced may be equal
to a given square. -

Through D draw any straight line XY, and
from DX and DY cut off (E. 8. 1.) DE and DF
each of them equal to the side of the given square;
. describe (8. 5. 1. cor.) a circle which shall pass
through the three points A, E, and F; and pro-
duce AD to meet the circumference in C: Then
(E.35.8.)it is manifest that the rectangle Kﬁxb_c
=ED X DF or ED"; but ED was made equel to
~ the side of the given square; . . AD has been
produced to C, so that AD % DC is equal to the
given square.

81. Cor. By a sm'nlar method, it is manifest, a
given straight line may be produced, so that the
* rectangle contained by the straight line, and the
part produced shall be equal to a given rectangle:
That is, if three straight lines be given, a fourth
may be found so that the rectangle, contained by
it and.any of the three given straight lines, shall
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be equal to the rectangle contained by the re- -
’ maining two.

Pror. LXVIIL

82 Tugorem. If through any pomt in the com-
mon chord of two circles, which intersect one an-
other, there be drawn any two other chords, one in
each circle, their four extremities shall all lie in
the circumference of a circle.

Let P be any point in AB, which is a common

chord of the two circles ABC, ABD ; and through

P let there be drawn a chord CPE, of the circle .

ABC, and FPD a chord of the circle ABD; the '
four points C, F, E, D, lie in the ecircumference
of a circle.

For describe (8. 5. 1. cor.) a circle CFE which -
shall pass through the three points C, F and E; it
. shall, also, pass through D: If not let it cut KD

in some other point as G. ‘
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Then (E. 85. 3.) CP X PE==AP X PB; and
AP X PB=FP X IT)-; @Xﬁ‘)—;ﬁ-)(l"_l);'
but (E.85.3.) CPX PE=FPXPG; .. FPX PD
=TFP X PG i.e. the greater rectangle is eqhal
to the less, which is absurd ; therefore the circle

which passes through C, F, E cannot pass other-
~ wise than through D.

Pror. LXIX.

83. Tneonem. If through the given exiremity of

any diameter of a circle straight lines be drawn
to meet an indefinite straight line without the
circle, which is perpendicular to the diameter pro-
duced, the rectangles contained by the segments of
these lines lying between the given point, the point
in which each of them cuts the circumference
again, and. the indefinite line, shall be equal to
each other.

. Through the extremity B 6f the diameter AB,'
of the circle AQB, let there be drawn any num- -
ber of straight lines, terminated one way by the
cireumference, and the other way by the indefi-
nite straight line XY, which meets AB, produced,

,at right angles in C: The rectangles contained
by the segments into which the lines so drawn are
divided by the point B, shall be equal to one- an-.
other.
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e e

X P c . Y

. For, let PBQ be_ any of the lines so drawn
through B; join A, P and A, Q: And because
(kyp.) AQB is a semi-circle, .. (E. 81. 8.) the
< AQP is a right ¢, as is, also, (hyp.) the <
ACP; ... (S. 29. 1. cor. 2.) a circle described
upon AP as a diameter, will pass through Q and
C; .. (E. 85. 3.) PBX BQ=AB X BC; and,
in the same manner, it may be shewn that the
rectangle contained by the segments of any other
stra.lght line, so drawn through B, is equal to

‘AB X BC, and, .-., equal also to PBx BQ. Al
such rectangles are, .’., équal to one another.
84. Cor. Hence, through a given point, (B)

"between an indefinite straightline (XY) and a line
of any kind (VW), in the same plane with it,
straight line may be drawn to meet the two given
lines, 'so0 that the rectangle, contained by the seg-
ments into which it is divided by the given point,
shall be equal to a given square.

: For draw (E. 12. 1.) BC J_ to XY, and produce

o
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CB (8. 67.8.) to A, so that CB X BA may be

equal to the given square; upon AB, as a diameter,

. describe the circle ABQ,* cutting VW in Q ; lastly,
. draw QB, and produce it to meet XY in P: Then

since (S. 69 8.) PB X' BQ=CB X BA, and that
(constr.) CB X BA is equal to the given square;
- PB X BQ is, also, equal to the given square.

Pror. LXX.

85. ProBLEM. From the obtuse angle of an obtuse-
angled triangle, to draw a straight line to the base,

. the square of which shall be equal to the rectangle
contained by the segments, into whick it divides
the base.

Let BAC be an obtuse-angled A, obtuse-

angled at A: It is required to draw from A to

# Ifthe circumference of the circle ABQ do not.cut VW,
problem admits not of a solution.
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' BC a straight line, the square of which shall be
equal to the rectangle of the segments into which
it divides BC.

- About BAC describe (S. 5. 1. cor.) a circle
ABEC, and take its centre K ; join K, A ; upon
KA, as a diameter, describe the circle ADK cut-
ting BCin D; join A, D: Then AD' =—B':ﬁ 4

For produce AD to meet the circumference in

E, and join K, D : And since (constr.) ADK is a
semi-circle ; .*. (E. 31. 8.) the £ ADK is a right
t; . (E.-8. 8) AD = DE; .but (E. 85. 3.)
BD x DC=AD x DE; .. BD X DC = AD"

86. Cor. A segment of a circle being given,
that is less thana semi-circle, the method of draw-
ing, from any point of its circumference, a chord
of the circle, that shall be bisected by the chord

of the segment, is shewn in the solution of the
above problem.

Pror. LXXI.

87. ProBLEM. To make a rectangle which shall be
equal to a given square, and shall have its two
adjacent sides, getker equal to a given straight
line ; the side Qf the given square being less than
the half of the given strazght line. .

Let AC bea given stralght line: It is required
to make a rectangle, which shall be equal to a
o2

-
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gwen square, and which shall have its twb adja-
- cent sides, together, equal to AC.

Upon AC, as a diameter, describe the circle
ABC; from C draw (E.11.1.) CG 1 to AC, and
make CG equal to the side of the given square;
through G draw (E. 81. 1.) GF parallel to AC,
ahd through F draw FDE parallel to CG: The
. rectangle AD X DC is equal to the given square.

For (constr.) DCGF is a 0; .. (E. 84. 1.) DF.
=CG, and .. (constr.) DF = the side of the given

square : Agam because (constr.) DF is parallel to
CG, and the 2 ACG is a right ¢, .-.(E. 29.1.)

the 2 CDF is,also, a right ~; and (constr.) ADC
is the diameter of the circle ABC; ...’ (E. 8. 3.)

DF=DE; but(E. 85, 8.) AD X DC=DF X DE;
i.e., since DF =DE, AD X DC=DF" or CG";
«. AD X DC is equal to the given square, and
AD together with DC make up the given strarght
line AC.
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88. Con: 1. If the side of the given square be
greater than the half of the given straight line, the
problem admits of no solution.

89. Cor.2. In the same manner, the greater
- side of a given oblong may be divided into two
parts, so that the rectangle contained by them
shall be equal to the given oblong, a square having .
first (E.14. 2.) been found that is equal to the
oblong : But, in this case, the half the greater"
side of the oblong must exceed the double of the
lesser side.

90. Cor. 8. Inthe same manner,also a straight
line may be divided into two parts, so that the
rectangle contained by them, shall be equal to
a given receangle ; if the side of a square which
is equal to the given rectangle, do not exceed the
half of the given straight line.

91. Com. 4. If the measure of the surface of
an oblong be given, and if its perimeter be also
given,: the rectangle itself may hence be con-
structed.

_Pror. LXXIL

92. THEOREM. Ifﬁ-om a given point mthouta circle,
two equal straight lines be drawn to the conver
circumference, one of which touches the czrcla, the
other shall also touch it.

For, if not, draw (E. 17. 3.) from the" given °

4
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point a straight- line to touch the circle, and (S.
19. 3. cor. 1.) it will be equal to the other tan. -
gent; and thus more than two equal straight lines
can be drawn from a point, without a circle, to
the circumference ; which (E. 8. 8,) is absurd ;

the straight line which is drawn from the same
point, without the circle, as the tangent, and
which is equal to the tangent, itself also touches
the circle.

Pror. LXXIII.

98. ProBLEmM. To produce a given straight line,
s0 that the rectangle contained by the whole line
thus produced, and the part of it produced, shall
be equal to a given square.

Let AB be a given straight line, and L the side
D

~

E X

o_fagiven square : It is required to produce -‘AB
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so that the réctangle, contained under the whole
line produced, and the part of it produced, may
be equal to the square of L. -

~ Bisect (E.10.'1.) AB in K, and upon AB, asa
diameter, describe the circle ABC; from B draw
(E.11.1.) BD 1 to AB, and make Bﬁ:L; join
K, D, and let KD cut the circumference in C; from
C draw CE | to KC, and let CE meet AB pro-
duced in E. Then since (constr. and E. 16. 8. cor.)
CE touches the circle, and EBA cuts it, .- (E.
86. 3.) AE X EB=EC"; but, since the z KBD,
KCE areright z, and the 2 at K is common to
the two . KBD, KCE, and that (E. 15. def. 1.)
the side KD = the side KC, .- (E:26.1.) EC=
BD; but (constr.) BD="L; and it has been shewn
that AEXEB =EC’; ... AE X EB= the square
of L. :

94. Cor. By the help of this proposition and
(E. 14. 2.), a given straight line may be produced,
so that the rectangle contained by the whole line
thus produced, and thé part of it produced, shall ]
be equal to a given rectilineal figure. !

~

Pror. LXXIV.

95. TueoreM. If, from the bisection of any given
arch of e circle, a siraight line be drawn culling
the chord qf that arch, or the chord produced, and
the circumference also of the circle, the rectangle
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contained by the two parts of the straight line so
drawn, the one lying between the “point of bisec-
tion and the circumférence, the other between the
point of bisection and the chord, shall be equal to
the square of the chord, of half the arch.

Let AB be the chord and let C be the bisec-

tion, of the arch ACB of the circle ADBC ; and,
first, let any straight line CD be drawn cutting the
chord in E, and then meeting the circumference

of the circle in D; also let there be drawn CB,

the chord of GB, the half of ACB: Then DCX
CE = CB* )

For join C, A and B, D, and about the ADBE
describe (8. 5. 1.cor.) the circle DEB: And be-
" cause (hyp.) AG=CB, .-. (E.27. 3.) the 2 ABC=
¢ CAB; and (E. 21. 38.) the 2£CAB=,CDB;
~.the 2 ABC=¢£BDE; .-.(S. 59. 8.) the straight
line CB touches the circle DEB in B; ... (E. 86.
3.)BCXCE=CB"
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Pror. LXXV.

+ 96. ProBLEM. From the bisection of a given arch
of a circle, to draw a straight line, such that the
part of it intercepted between the chord, or the
chord produced, of the given arch and the circum-
Jerence, shall be equal to a given straight line.

Let ACBbe a given arch of the circle ADBC;

let AB be its chord, and C its bisection, and let
LM be a given straight line: It is required to
draw from C a straight line such that the part of
it between AB, and the circumference ADB shall
be equal to LM.

Join C, B; and produce (S. 73.3.) LM to N,
so that LNX NM = CB’; from C as a centre, at
a distance equal to LN, describe a circle tutting
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ADBin D; Jom C D, and let CD cut ABin E:

Then is ED=LM.
" For (S.74.8.) DC X CE=CB"; and (constr.)
,fﬁx’le:—.(’:E‘; o WXEE:W XN_M;
but (constr.) DC = LN; .. CE = NM; and .-
ED=LM.

. Prop. LXXVI.

97 ProsrLeM. Through any given angle of a given
equilateral four-sided figure, to draw a straight
line terminated by the sides produced, containing
the angle opposzte to the given angle, which shall
be equal to a given straight line.

Let ABCD be a given equilateral rhombus, and

EF a given straight line: Through any of the an-
gular points of ABCD, as C, it is required to draw.
a straight line, terminated by AB and AD pro-

duced, which shall be equal to EF.
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Join A, C; upon EF describe (E. 38.3.) a seg--
ment of a circle EKF, capable of containing an
< equal to the <¢BAD of the rhombus, and

complete the circle ; bisect (E. 30. 3.) £GY in G ;
~ from G draw (8. 75.3.) GHK so that HK=AC;
join E, K; in AB produced, take (E.$.1.) AL = °
KE; join L, C, and produce LC to meet AD pro-
"duced in M : Then LCM=EF. '

For join K, F, and G, E, and G, F: And be-
cause (E. 32. def. 1.) BA, AC are equal to DA,
AC, each to each, and that the base BC, of the
A ABC, is equal to the base DC, of the A ADC,
* (E. 8. 1.) the £BAC=_,DAC, and the
£ BACi s, ."., the half of the 2 BAD: Again, be-

cause (constr.) fé: F,"(\}, o (E. 27. 8.) the ¢

EKG = ¢ FKG, and the < EKG is, .., the half
of the <EKF, which (constr.) is equal to the «°
BAD; .. the £ZEKH=<¢LAC; and (constr.)
the two sides EK, KH of the A EKH, are equal
to the two sides LA, AC, of the A LAC; ... (E.
4.1.) LC=EH, and the ¢t ACL=<KHE; .-
(E. 18. 1.) the zZKHF = £ ACM ; also, as hath
been shewn, the < CAM = <« HKF, and the side
KH (constr.) of the A KHF is equal to the side
AC of the A ACM;. .. (E. 26.1.) CM=HF;
and it has been proved that LC=EH; .. LC +

CM =EH+HF; that is, LM — EF.



204" ‘A SUPPLEMENT TO THE

. Pror. LXXVII.

" 98, TueoreM. If two circles cut each other, and
. from any point, in the straight.line produced,
. which joins their injersections, two tangents be

- drawn, one to each circle, they shall be equal.to

one another. '

: Let tbef two circles ACB, ADB, cut one another

in the points A and B, and from any point E in
AB, produced, let there. be drawn EC and"ET)-
touching the circles ACB, ADB, in the points C
and D respectively: EC=ED.

For (E. 36.8.) EC'=BE X EA; also ED. =
BE X EA; .. EC’ —-ED ; and .. EC=ED.

99. Cor. The straight line AB which passes
through the intersections of two circles ACB,

ADB, that cut one another, bisects the straight
lme HL, whlch touches both the cnrcles
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/

Pror. LXXVIII.

100. TueoreM. If two circles cut each other, and
if two tangents drawn, one to each circle, from
any point without them, be equal, the straight line,
Joining the intersections of the circles, shall, if it
be produced, pass through the common extremity
of the equal tangents. ’

 Let the two circles ACB, ADB, cut one an-
: £ ,

L)
8

other in A and B, and from any point E, without
the circles, let there be drawn EC touching the
circle ACB, and ED touching the circle ADB: *
If EC = ED, the points E, A, and B, are in the
same straight line. ,
For join E, A; then shall EA produced ‘pass.
through B ; if not, let it pass otherwise, as EAFG:
Then (E. 36. 3.) —F—EXE—A— =EC'; also GEX EA
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=ED*; and (kyp.) EC'=ED’; .. FEXEA=
" GEXEA; .- _F—E-'=G_E; i. e. the less of two
straight lines is equal to the greater, which is im-
possible ; .~ EA, produced, cannot pass otherwise
than through B; so that the three points E, A,
- and B are in the same straight line.

Pror. LXXIX.

101. ProsLEM. T'wo circles being given, neither of
which lies within the other, to draw a straight line,
such that the tangents to the two circles, drawn
Jrom any,point of the line, shall be equal to one
another. ‘

Let ABC, DEF, be two given circles, neither

of which lies within the other: It is required to
draw a straight line, such that the tangents to the
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two circles, drawn from any point of the Iline, :
shall be equal to one another.
Find (E. 1. 8.) the centres K and L, of the two

given circles, and draw KL; draw (S. 52. 3.) BF
touching the two circles, on the same side, in B
and F; bisect (E. 18. 1.) BF in G; and through

draw (E. 12. 1.) XY 1 to KL: The tangents
drawn to the two circles ABC, DEF, from any

point in XY are equal to one another.
For take any point P in XY, and draw (E. 17.

3.) from P the straight lines PA and PD, touching
the circles in A and D respectively ; and draw

P e e T ———

And because (constr.) the 4 at H are right #;
< (BE.47.1.) PK'+ LG =PH'+ HK' +LH' +
HG'; and PL' + KG" = the same four squares;
+ .. PK'+LG =PL'+ KG’; but (constr. and E.

. 18. 8.) the # PAK, KBG, GFL, and LDP, are
right #; .. (B 47. 1.) PK' + LG'=PA" 4 AK*
+LF +FG; and PL' 4+ KG =PD'+ LF +
AK* + GF’, because (constr.) GF=GB; and DL
=LF,andKB =KA 3 o PA 4+ K_I_(’+ LF +FG.
=PD" + LF' + AK" +FG'; take away, .-, from
both, the squares of AK, of LF and of FG, and there
remains PA =PD ; ... PA=PD.
102. Cor. 1. The difference of the ‘squares of
the distances of any point P.in the line XY so
drawn, from the centres K and L, of the two given
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circles, is equal to the difference of the squares of
the two semi-diameters of the circles.

108. Cor. 2. If from any point P in the straight
" line XY, so drawn, any two straight lines be
drawn, PCM, PEN, the one of them cutting the
one of the given circles, the other the other, the
rectangles, MP X PC, NP x PE, contained by
the whole linés and the parts of them without the
circles, shall be equal to one another.

For draw (E. 17. 8.) from P, PA touching the
circle ABC, and PD touching the circle ADE:
Then (E. 36.3.) MP X PC=PA’; and NP X PE
PD’; but (S.79.8.) PA’ = PD*; .. MP x PC

Pror. LXXX.

104¢. ProBLEM. T0 find a point from whick if
straight lines be drawn to touch three given circles,
none of which lies within another, the tangents so
drawn shall be equal to one another. :

Draw (8. 79. 8.) the straight line which is the
locus of equal tangents drawn to two of these
given circles; draw likewise, the straight line,
which is the locus of equal tangents drawn to the
remaining circle and to either of the two circles

first taken : It is manifest that the intersection of
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the two straight lines, so drawn, will be the point
which was to be found.

105. Cor. If from the point, thus found, any
number of straight lines be drawn cutting the
three given circles, the rectangles contained by
the whole lines, so drawn, and the parts of them
without the circles, shall (E. 86. 3. and S. 80. 8.)
be equal to one another.

Pror. LXXXI.

106. ProBLEM. T divide a given straight line in-
%o two parts, so that the square qf the one shall be
equal to the rectangle contained by the other and

a given straight line.
Let AB and L be two given finite straight

.D i . A ’

H G F
C B

o E

L ‘

lines : .It is required to divide AB into two parts,’
so that the square of the one shall be equal to the
' P
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rectangle contained by the other and by the gwen
line L.

From B draw (E.11.1.) BC g to AB; make
BC =L, and (E. $1. 1.) complete the 3 ABCD;
produce (8. 73. 8. cor.) CBto E, so that CE X EB
may be equal to ABX L; lastly upon BE describe
(E. 46. 1.) the square EFGB: Then, A_E is d1-
vided in G, so BG' = AG X' L.

. For produce FG to H; then (constr.) the rect-
angle CE X EB, = A-_BX L ; but CF is the rect-
angle CE X EB, because EF = EB; and CA is
the rectangle AB X L, because CB was made
equal to L; .. the rectangle CF = CA ; take
away the common part CG, and there remains
BF=HA ; and BF is the square of BG, and HA
=A_G X L, because (constr. and E. 24.1.) AD=
BC, which was made equal to L.

Pror. LXXXII.

107. TueoreM. If a given circle be cut by any
number of circles, which all pass through the same
two given points - without the given cirtle, the

* 8traight lines, joining the points of each of these
intersections, are either all parallel, or all meet
when produced in the same point.

Let CDF be a given circle; and, first, let the

-
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circle ACDB, which passes through the two given
points A and B, cut the circle CDF in C and D;
let the straight line joining C,D, be parallel to AB;
then shall the straight line joining the points, in
which any other circle that passes through, A,
B, cuts the circle CDF, be parallel to AB and
CD. ) -

For, find (E. 1. 8.) the centre K of the circle
CDF, and from K draw (E. 12.1.) KEX | to CD;
.. (E. 8. 8.) KX bisects CD at right #; .~ (E.1.
8. cor.) the centre of the circle ACDB is in KX,
which (kyp. and E. 29. 1.) cuts AB at right #,
and .-. bisects it ; the centres, .., of all the circles
that pass through A and B are (8. 8. 1. cor. 8.) in
KX; . (5.1.8) KX cuts all the straight lines,
which join the intersections of these circles, with
the given circle CDF, at right £ ; .. (E.98.1.) the

- . P2
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straight lines joining the several pairs of intersec-
tions are parallel to one another and to AB.

"But, secondly, let the circle GLMH, which
- passes through the two given points G, H, cut the
given circle CDF in L and M ; and let the straight
line joining L and M be not parallel to AB; pro-
duce, .., LM to meet GH produced in N; and let
any other circle GIFH, passmg through G and
H, cut the circle CDF in I and F; then are the
points I, F and N in the same stralght line.

For join N, F, and if NF, produced, do
not pass through I, let it, if it 'be possible,
pass otherwise, as NFPQ: Then (E. 36. 8.
cor.) PN X NF= GN X NH; also QN X NF =
INX NM, and LN X NM=GN x NH; .. QN
" X NF=GN X NH; also PN X NF=GN X
NH; .. QN X NF = PN x NF; .. QN = PN;
that is the less is equal to the greater, which is
impossible; .. NF, when produced, cannot pass
otherwise than through the point I, so that the

three points I, F and N are in the same straight

line.

Pror. LXXXIIL.

* 108. TueoreM. If a perpendicular be 'let fall
Jiom the right angle, of a right-angled triangle,

on the hypotenuse, the rectangle contained by the
hypotenuse and either of the segments, into which

~
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© it is divided by the perpendicular, is equal to the
square of the side adjacent to that segment.

Let the 2 BAC, of the A ABC,be a right angle,
' A

" B E D ¢

and from A let AD be drawn j to the hypote-
nuse BC: Then CB X BD=AB', and BC X CD
=AC". ¥

For if upon AC, as a diameter, a circle be de-
scribed, it will pass (S. 29. 1. cor. 2.) through the
point D, because (kyp.) the 2 ADC is a right £ ;
and (E. 16. 8. cor.) it will touch ABin A, because
the 2 CAB s a right 2 ; .. (E. 36. 8.) CB X BD
—AB. \ .

And, in the same manner, it may be shewn
“that BC X CD = AC.. °

Pror. LXXXIV.

109. TueoreM. To draw a tangent to a circle, such,

~ that the part of it intercepted between two straight
lines, given in position, but of indefinite length,
shall be equal to a given finite straight lne :
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1st, When the indefinite sivaight lines Aoth pass
through the centre of the circle.

2dly, When they are parallel to one another.

8dly, When they are not parallel, but are equi-'
. distant from the centre.

Let AB be a given circle, and CD a 'givén

straight line; and first let KQ and KR be two
given straight lines, of indefinite length, passing
through the centre K of the circle: It is required
to draw a straight line, touching the circle AB,
so that the part of it intercepted between KQ and
KR, shall be equal to CD.

Upon CD describe (8. 61. 38.) a A CED, having
its vertical 2 CED equal to the given £ QKR,
and its altitude EH = KB, the semi-diameter of

~ the given circle; from KQ cut off KF = EC;
and from F draw (E. 17. 3.) the tangent FBG to the
given circle: Then, the tangent FG = CD.
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, . ForletFG touch the circle in B, and joia K, B:.
And since (E. 18.3.) the 2 KBF is aright £, as
is also (consir.) the « EHC, and that (consr.)
EC == KF, snd EH==KB, .. (S. 78. 1.) the £
ECH = . KFB; but (constr.) the £ CED = 2
‘FKG ; and the side EC of the A ECD, is equal
totheslde KF, of the A KFG; .. (E.26.1.)
FG = CD.

Secondly, let AB be the given circle, and PQ,

P R

/K‘

G%H'

0.

N

RS, two indefinite but parallel straight Iines: 1t
is required to draw a tangent to the circle AB,

‘ such that the part of it intercepted between FQ
and RS shall be equal to the given straight line

CD.
Take any point E in either of the two parallel

straight limes, as PQ, and from the centre E, at a
distance equat to TD, describe 4 circle cutting RS
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‘ m F; join E, F EF =CD ; lastly, draw (S.
3:) the stralght hne GH, touchmg the circle
AB, and parallel to EF; since, ..., EGHF isa O, -
. GH (E. 3¢.1.) = EF; and EF was made equal to
CD; .-. the tangent GH=CD.
' Thirdly, let the two indefinite straightlines PQ,

PR, whiclr meet in P, be equi-distant from -the
centre K, of the circle AB: It is required to draw
a straight line touching the circle AB, so that the
part of it intercepted between PQ and PR shall
‘be equal to the given straight line CD. ,
Join P, K ; upon CD describe (E. 33. 8.) a seg-

ment of a cxrcle CED, capable of containing an
¢ equal to the given ~ QPR, and complete the
.circle CEDG; from D draw (E.11.1.) DH | to

~ CD, and make .DH=KB the semi-diameter of
the given circle AB; through H draw (E. 31. 1.)

~ HIF parallel to DC; bxsect (E. 0. 8.) FG f\l in G
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from G draw (S. 75.38.) GLE, so that LE=XP; -
join E,C and E, D; from PQ cut of PM =EC;
and from M draw (E. 17.3.) MBN touching the
circle in B: The tangent MN = CD.

Forjoin C,L, and D, L,and K, M, and K, N, and
K,B; and draw (E.12.1.)LT 1 toCD; ... LTDH
isa3, and (E. 34.1.) LT=HD; and HD (constr.)
=KB; .. LT=KB: Again, because (constr. and

S. 85. 8.) Co= ﬁa, < (E. 27. 8.) the « CEG

= £ DEG; .- the £ CEL is the half of the - CED;

‘and because (hyp.) PQ and PR are equi-distant
from the centre K of the circle AB, ... the 2 QPK,

Or MPK, is the half of the ~ QPR, which (constr.)
" I8 equal to the 2 CED; ... the . MPK = , CEL,
and the two sides MP, PK, of the A PKM, are

equal (constr.) to the two sides CE, EL of the A

- ELC, each to each; ... (E.4.1.) KM=LC, and
the 2 PMK, = £ ECL; and because in the two

‘ right-angled . KBM, LTC, KM=LC,andKB=
LT, .. (8."74.1.) the LZKMB =/ LCT; and it has -
been' shewn that the 2 PMK== /£ ECL; .-, the
whole 2 PMN is equal to the whole .2 ECD; also
(constr.) the 2 MPN =, CED, and the side PM,
of the A PMN, is equal to the side EC, of the A

ECD; .- (E.26.1.) MN=CD.
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Prop. LXXXV.

110. Tueorem. If from the intersection qf any twe
tangents to a circle, any straight line be drawn,
cutting the ckord which joins the two points of cons
tact and again meeting the circumference, it shall

" be divided by the circumference and the chord into
three segments, such, that the rectangle contained

by the whole line and the middie part, shall be
equal to the rectangle contained by. the extreme
parts.

From the intersection A of two straight lines
A

K

AB and AC which touch the eircle BCR in'the
points B and C, let there be drawn any straight
. line APR, cutting the circumference of the circle

in P and R, and BC in Q: Then AR X PQ=
AP X QR.
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For since (S.19.9.cor.1.) AB=AC,the A ABC
is isosceles, and .-, (S.3.2.) AQ' +BQ X QC=
: R'; and’ (E. 85. 8.) BQXQC=PQ X Q_R.;
alsd (E. 86. 3.) AB'=AP X AR:

. AQ + PQX QR=AP X AR;

i.e. (E.1.2) AQX AP + AQ X PQ+PQX
. ' QR=APX AQ+ AP X QR;

From these equals take away the common rectan- -
gle AQ X AP, and there remains AQ X PQ +
(TR X ITQ=A_fX QR;

i.e. (E.1.2.) AR X PQ=AP X QR.

Pror. LXXXVI.

111. ProBLEM. To make a rectangle which shall
be equal to a given square, and have the difference .
between its two adjacent sides equal to a given
straight line.

Let AC be the side of a given square, and let L
be a given finite straight line: It is required to
describe a rectangle which shall be equal to the
square of AC, and shall have the difference between
its two adjacent sides equal to L.

Describe any circle CBGF capatle of contain-
ing astraight line equal to L, and having its centré
- ina | to AC at the point C; the circle CBGF is,
<+ (E. 16. 8.) touched by A€ in C; from the cen-
tre C, at a distance = L, describe a circle cutting
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A

L

the circumference of CBGF in 'B, and draw CB;
~.CB=T; from the centre of K of the circle
CBGF, draw (E. 12: 1.) KD ) to BC; and from
K, as a centre, at the distance KD, describe the
circle DEH, which .., (E.16. 3.) touches BC in
D ; lastly, from A draw (E. 17. 8.) a straight line
. AFG touching the circle DEH in E, and let AG
cut the circumference of CBFG in F and G:
Then is the rectangle contained by GA and AF
that which was to be described.

For join K, E; .. (constr. and E. 18. 8.) the £
at E are right #; . GF, which is the difference
of GA and AT, is (E. 14. 8.) equal to BC, which

was made equal toL; .GF =L ; Also, since
AC touches the circle CBGF, o~ (E. s6. 3.) GA
X AF=AC.

112. Cor, Hence, and from E. 14. 2. a rect-

angle may be found which shall be equal to 3
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given rectangle, and which shall have the differ-
-ence between its two adjacent sides equal to a
given straight line. '

Pror. LXXXYII.

118. ProsLEM. From a given point without a circle,
to draw a straight line cutling the circle, so that
the rectangle contained by the part of it without,
and the part within, the circle, shall be equal to a
given square.

Let ABC be a given circle, D-a given point

without the circle, and L a given finite straight
line: It is required to draw, from D, a straight
line cutting the circle ABC, so that the rectangle
- contained by the part of it without, and the part
of it within, the circle, shall be equal to the square
of L.
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Find (E. 1. 8.) the centre K of the circle ABC;
take any diameter AKB, and produce it (S. 67. 8.)
to E, so that AB X BE =the square of L ; from
the centre K, at the distance KE, describe the
circle EFG ; from D draw (E. 17. 3.) the straight
line DF touching the circle EFG in F; join K, F,
and let KF cut the circumference of ABCin C;
lastly, draw DC, and produce it to meet the cir-
camference of ABC again in M: Then shall -
DCXCM be equal to the square of L.

For, produce CK to meet the circumference of
ABC again in H ; then (E. 15. def. 1.) HC=AB,
and CF=BE; - HC x CF=AB X BE; but
(S.69. 8.) DC X CM = HC X CF, and (constr.)
AB X BE=the square of L; .. DCX CM =
the square of L. ’

Pror. LXXXVIII.

114. ProBLEM. T describe a circle which shall
touch a given straight line, and pass through two

~ given points, both on the same side of the given
line, and in the same plane with it.

Let CD be 2 given straight line, and A, B, two-
given points without it, both on the same side of
. CD; it is required to draw a circle through A
and B, which shall touch CD.

Join A, B; and first, let AB be parallel toCD:.
Bisect (E.10.1.) AB in L; though L draw (E.
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L c P H D
11, 1.) LH perpendicular to AB or CD; join A, .
- H; at the'point A, in HA, make (E.25.1.) the
angle HAK equal to the angle AHK, and join
K,B; then (E. 6. 1.) KH is equsl to KA, and
E. 4. 1.) KA is equal to KB ; from the centre K,
at the distance KA, or KB, or KH, describe the
circle AHB ; it shall pass through the three points
A, H, and B, and (E. 16. 3. cor.) shall touch CD
in H. ' ‘

But if AB be not pax:allel to CD, let AB, pro-

. CP H D .
duced, meet CD in the point D. Upon AB as a
diemeter dascribe the. circle ABE, and from D
draw (E. 17. 8.) the straight line DE touching it
in E; from DC cut off DH (E. 8. 1.) equal to
DE, and describe (E. 5. 4.) the circle AHB pass.
ing through the three points A, H, and B. The
circle AHB, which passes through A and B,
touches CD in H. .
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For (E. 36. 3.) the rectangle contained by AD
and DB is equal to the square of DE, and, there-
fore, is equal also to the square of DH, because
DH was made equal to DE ; wherefore (E. 87. 8.)
the circle AHB touches CD in H. :

115. Cor.. AB subtends a greater angle at the
point H, in the straight line CD, than at any
other point whatever in CD.

For, let P be any other point inCD ; P is with-
out the circle AHB; join A, P, and B, P ; let BP
cut the circle in Q; also join A, Q. The angle
AHB is equal (E. 21. 8.) to the angle AQB; but_

- the exterior angle AQB is greater (E. 16. 1.) than
the interior opposite angle APB; wherefore, also,
AHB is greater than APB. - "

Pror. LXXXIX.

116. ProBLEM. T describe a circle which shall
have its centre in a given straight lne, which
" shall pass through a given point, and shall, also,
touch another gwen straight line.

- Let A be a given point, between two given
straight lines ; and first let the two given straight
lines PQ, RS, between which A is posited, be
parallel to one another : It is required to describe
a circle, which shall have its centre in RS, which
shall pass through the given point A, and bonch

PQ
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P R
' B C
Q S

. Through A draw (E. 12. 1.) BAC L to PQ;
from A, as a centre, at a distance equal to CB,

describe a circle, and let it cut RS in K ; from K
draw KE (E. 381. 1.) parallel to CB; .. the figure

EC is a3,and, .. (E. 84. 1. and E. 29.1.) KE="
CB, and the £ KEB is a right angle ; also, since
(constr.) KA =CB, and that CB, as hath been

. shewn, is equal to KE, .. KE=KA ; and .-
“circle described from K as a centre, at the di-
stance KE, will pass through E and A; and,
because the 2 KEB s a right £, it w1ll (E. 16 3 )
touch PQ in E.

Secondly, let K be a gnven pomt in the gnven
straight line RQ which meets another given
straight line PQ in Q; and let it be required to

describe a circle which, having its centre in RQ,
‘shall pass through K, and which shall touch PQ

From K draw (E. 12.1.). KC- 1" to PQ; 'bisect
Q
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(E.9.1.) the £ CKQ by KB, and from B draw
(E. 11.1.) BE | to PQ; .. (E. 28. 1.) BE is
parallel to CK; .. (E. 29. 1.) the 2 CKB=¢
KFB; but (constr.) the EKB=,CKB; .-
the zEKB = 2ZKBE; ... (E. 6. 1.) EK —=EB;
and .. a circle described from the centre E, at '
the distance EK, will pass through B, and (E.
16. 8. touch PQ in B, because (conslr) the 2
EBQ is a right angle ’
Lastly, let the given point A be between two

"R

Q i

given ’straig’ht lines PQ and RQ which meet in Q;
and let it be required to describe a circle which
shall have its centre in RQ, which shall pass
through A, and toich PQ.

. From A draw (E 12.1.) AN 1 to RQ, and
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produce AN to.I, so that NI==NA'; describe
.(8. 88. 8.) a circle which shall pass through A and

I and touch PQ; and since RQ bisécts AT
right £, the centre of the circle will (E. L3
cor.) be ir RQ

Pror. XC.

117. Prosem, To describe a_circle which shall
touch two given straight. lines, and pass througﬁ
a given point between them.

N\

Let A be a given point, between two given
R (T
D
v

o

.

straight hnes PQ.TV, and, ﬁrat., let PQ bc parallel
Q2



228 A" SUPPLEMENT TO THE
to TV : It is required to describe a circle, which
shull pass through A and touch both PQ and TV.
Through A draw (E. 12. 1.) BAD  to PQ,
and therefore (E. 29.1.) also 1 to TV; bisect
(E. 10. 1.) BD in C, and through C draw (E. 1.
1.) RCS parallel to PQ, and ... .(E. 0. 1.) also
parallel to TV ; lastly, describe (S. 90. 8.) a cir-
cle which shall pass through A and touch PQ: It
will also, since ity semi-diameter is equal to CB or_
CD, touch TV. I

~ Secondly, let the given point A be between two
given straight lines TQ, and PQ, which meet

in Q: Bisect (E.9. 1.) the 2 TQP by RQ, and.
since (E.26. 1.) the perpendicular distances of



ELEMENTS OF EUCLID. 229

any point in RQ, from TQ, and PQ, are equal to -
one another, it is manifest, that, if (S.89.8.) a
circle be described having ‘its centre in RQ, pass-
ing through A, and touching either of the two
lines TQ, PQ, it will touch the other also.

\

Prop. XCI.

118. ProBLEM. To describe a circle which shall
touch two given straight lines, and also touch a
~ given circle, which does not lie wholly without the
two given straight lines. ‘

Let PBand TD be two given straight lines,

H
. & YW
G -
E/
0. \, 1
S v'

and let HG be a circle, which does ﬁot',lie
wholly without PB and TD: It.is required .to
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describe a circle which shall touch both PB and .
TD, and which shall also touch the circle GH.

" Find (E. 1. 8.) the centre L of the circle GH;
from D draw (E. 11. 1.) DX | to TD and make
it equal to the semi-diameter of HG ; through X
draw (E. 81. 1.) XW parallel to TD ; also, as in
S. 90. 8. draw RK, equi-distant from PB and TD; '
describe (S. 89. 8.) a circle which shall have °
its centre in RK, which shall pass through L, and
touch WX ; let K be the centre of the circle, so
described, and let’it touch WX in X ; joinK, M
and K, L; and let KM and KL cut TD, and the
¢ircumference of GH, F and G, respectively :
Then, since (E. 18. 8.) the . KMW is a right £,
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and that (éomstr.) WX is parallel to TD, ... the
- KFT is also a right-£; and, because (comstr.)
MD is a 3, (E. 84. 1.) MF =XD ; ‘but (constr.)
XD=1IG; .. MF=LG; and (constr. and -E:
15. def. 1) KM=XL; .. KF=KG, and a cir-
cle described from the centre K, at the distance
KF, will (B. 16. 8. cor.) touch TD in F, will pass

through G, and (8. 6. 3.) will touch the cu'cle
HG in G. - :

w0 Pror. XCIL

119. ProsLew. To describe a circle ‘which shall
touch both a given circle, and « given straight

+ kine, and which shall, also, pass, first, through a
given point without the given circle ; and, se-
condly, through a given point within the circle.

' Let BCH be the given circle, PQ the .given

‘.:tmght line, and first let the given point A be
thhout the clrcle It is required to describe .a
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circle which shall pass through A, and which shall
touch both PQ and the circle BCH.

Find (E. 1. 8.) the centre K of the circle BCH,
and draw- (E. 12. 1.) the diameter BDKC ; to
PQ; join C, A,* and produce CA to E (8. 67. 3.
cor.) or divide it (S.71. 8. cor. 8.) so that EC X
CA=BC X CD; describe (S, 88. 3.) a circle
AEF, which shall pass through A and E, and
touch PQ : It shall also touch the circle BCH.

For, let the circle AEF touch PQ in F; find its
centre G; and draw the diameter FGL, which
(constr. E. 18, 8, and E. 28. 1.) is parallel to BC;

join, B, F, and C, F; and let CF ¢ut the circum-

ference of BCH in H; join, also, B, Hand F, H
and K, H; and let KH meet FL in G; upon BF
- as a diameter, describe the circle BDHF, which,
because the £ BDF, BHF (constr. and E. 81. 3.)
are right £ , will pass (S. 29. 1. cor. 2.) through D

andH; .~ (E.36.8.cor.) BC X CD=FC X CH;

but (constr.) BC X CU=EC X CA; .. FC x
CH=EC x CA, and, .., the point H is in the
circumference of the cxrcle AEF; otherwise (E.

*1f AC"'>BC x CD, then CA must be divided into two
parts, so that the rectangle’ contained by AC and the segment
toward C shall be equal to BC x CD. Also, in this applica-
tion of 8.67. 3, CA must first be produced, so that the rectangle
contained bz CA and the part produced, shall be of the given
magnitude ; and then from the whole lme, CE must be cut off
equal to the part produced.
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86. 8. cor.) the greater of two rectanélés would be
equal to the less. The pointis, .., common to
both the circles AEF, BCH.

And, since (constr.) FL is parallel to BC, .-
(E. 29. 1.) the 2 GFH = ~ HCB; but, since
(constr. and E. 31. 8.) the 2z BHC is aright ¢,
the - HCB+ ~ CBH=(E. 82. 1.)aright 2 ; .*. the
. GFH + £ KBH = aright £ ; that is (E. 15.
" def.1. and E. 5.1.) the 2.GFH + 2 KHB = a
right 2; and (constr. and E. 81, 3.) the 2 BHF
isaright2; ... (E.18. 1.)the2 KHB + £ GHF = _
arightz; .., the 2GFH=,GHF, and (E.6.
1.) GF = GH: But G is in the diameter of the
circle AEF ; ... (E.7.8.) G is the centre of the
~ circle AEF, which .-. (S. 6. 8.) touches the circle
BCHin H. } '

And, in a similar manner, the problem may be
solved, when it admits of a solution, if the given
point be within the given circle: It is manifest,
however, that, in this latter case, the given straight
line which is to be-touched cannot lie wholly
“without the gtven circle.

Pror. XCIIL

'120. ProBLEmM. In a straight line of indefinite
length, but given in position, which cuts a given
circle, to find a point, from which if a straight
line be drawn to touch the circle, it shall be equal

to a given finite straight line.
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Let LM be a given finite straight line, PAB a

straight line given in position, but indefinite in
length, cutting thegiven circle ABC in A and B:
It is required to find a point in PB, from'which,
if a tangent be drawn to the circle ABC, it shall
‘be equal to L.

Produce (S.73. 8.) ABto D so that AD X ﬁ‘_‘

LM’ ; and from the centre D, at a distance =1LM,
descnbe a circle cutting ‘the circumference of the
circle of ABC in C; draw—ﬁ . DC=1LM;
.. but (constr.) AD X DB=LM"; ... AD X DB
=DC"; .. (E 87.3.) DC touches the circle
ABC, in C; and (consir.) it is equal to LM, and -
is'drawn from a point D in the given indefinite
straight line PAB.

’
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" Pror. XCIV.

121. ProBLEM. T déscribe a circle that shall touch
a given straight line, and that shall also touch
two given circles.

..

Let AB and CD be the two given circles, and

PQ a given straight line ; ‘and first, let neither of
the two given circles he within the other: It
is required to describe a circle which shall
touch both the given circles AB and CD, and
which shall also touch PQ.

Find (E. 1. 8.) the centres K and L of the cir-
cles AB and CD; and if the circles be unequal,
let CD be thé greater; from any semi-diame-
ter, as LC, of the greater, cut off CF equal to a
. semi-diameter of the less circle ; from the centre
" L, at the distance LF describe the circle FGE ;
* from any point P, in PQ, draw (E. 11. 1.) PR |

to PQ, and make PR also equal to the semi-di-
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ameter of the less circle AB; through R draw
(E.s81. 1,) RS parallel to PQ; descnbe (S. 92.3.)
a circle KHG, passing through the point K,
touching RS, in H, and touching the circle EGF,
in G; let I be the centre of the circle KHG;
. joinK, I, and L, I,.and I, H; .. (E. 18. 8.) the

- tIHR-is aright £, and .*. (constr. and E. 29. 1.)
the exterior ~ IMP is, also, a right ~; and the:
figure PHis a3; .. (E.84.1.) MH=PR; and
(constr.) PR=XB or DG; ... MH=KB or
DG; ... IB, IM and ID are all equal; and (E. 16.
8. cor. and S. 6. 8). a circle described from the
centre I, at the distance IM, will touch PQ in M,
the circle AB in B, and the circle CD in C.

But if the two circles AB, CD, be equal to one
another, find, as before, their centres K, and L,

and draw RS at a perpendicular distance from PQ
equal to the semi-diameter of AB or CD: Then,
if (S. 88. 3.) a circle be described passing through ‘
K and L, and touching Rb it is evident, that its
centre will be the centre of the circle which is
to be described, and its semi-diameter will be
found, as in the former case, by joining that
centre and the centre of either of the two equal
and given circles. ' '
And, in a similar manner, the problem may be
solved, when it admits of a solution, if the two
given circles do not lie without one another.
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Pror. XCV. '

122. ProsLEM. T describe a circle which shall
touch a given circle, and pass through two given

" points, either both without the circle, or both with-
in it.

Let A, B, be two given points, and CDE a given

. 3
. . K
b = F
G AT L

circles It is required to describe a circle which
shall pass through A and B, and which shall also
touch the circle CDE. '

First, let the two given points, A and B, be
without the circle CDE: And if A and B be
equally distant from the centre of CDE, it is
manifest: (S. 6. 8.) that a circle described (S. 5. 1.
cor.) 8o as to pass through the two given points, and
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through the extremity of a diameter of the given -
circle drawn perpendicular to the stralght line
joining those points, will touch the given circle.
But if the points, A and B, be not equally dx-
. stant from the centre of the circle CDE, take any
point F, without the circumference of CDE, and
‘through A, Band F, describe (S. 5. 2. cor.) the
circle AFB; draw (S. 79. 8.) HX, so that the
straight lines which are'drawn from any point of it,
- touehing the two circles CDE, AGRB, shall be equal
~ to one another, and let BA, produced, meet HX
in H; from H draw (E. 17. 8.) HC and HD, *
touching the circle CDE in C and D ; lastly, de-_
scribe' (S. 5. 1. cor.) two circles, the one' passing
through B, A, and C, and the other through B,
A D; the circles so described shall touch the
given circle CDE in the points C and D, re-_

., spectively.

For, from H draw (E 17.3.) HG, touchmg the
gircle AGB in.G : Then (E. 36. 3.) BH X HA=
HG but (constr.) HG=HC; .. BH X HA=
HC; .. (E.s7.3) HC touches the circle de-
scnbed through B, A and C; and (comst.) it also
touches the circle CDE; ... (E. 8, def. 8.).the
~ circle BAC which passes through A and B, touches
the circle CDE in C.

‘In the same mamrer it may be shewn, that the
circle described se as to pass through A, B and
D, touches the circle CDE in D: Ard by a.like
constriction may the problemt be solved, when

\
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the two gwen points are both within the given
* circle. ;

+ . Pror. XCVIL.

128. ProBLEM. To find a peint in a straight line,
given in position, from which if two straight lines
be drawn to two given points, without the given
line, they shall have, first, their dgﬁrencc, andy

secondly, their aggregate, equal lo a given jimtc
strasght line.

Let A, B be two given points, XY a straight

line of indefinite length, but given i position ;
and let C be a given finite straight line: It is re-
quired to find a_point in XY, from which if two
straight lines be drawn to A and B, they shall
have, first, their difference equal to C.

From A draw (E. 11. 1.} AD t to XY; pro-
duce AD to E, and make DE=AD; from the
eentre B, at a- distance equal to C, describe the
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circle FG ; also, describe (S. 95. 38.) a circle
EAF, which shall pass through E and A, and
which shall touch the circle GI, in F; let K be the
centre of the circle EAF, which centre (E. 1.s.
cor.) is in XY : Then is K the point which was to
be found.
. For join K, A and K, B; < (E11. 3. or E. 12
8.) KB passes through the point of contact F;
“and (E.15. def. 1.) KA=XKF; .. KB— KA=
BF; and (constr.) BF=C; .. KB— KA =C.

And by a like construction, may a-point be
found in XY, from which if two straight lines be
drawn, to A and B, their aggregate shall be equal
toa glven straight lme

But, in this case, the two points A and E must
fall within the circle described from the centre B,
at a distance equal to that given line; otherwise,
the problem is impossible.

124. Cor. 1. Let ABbe (E. 10. 1.) bisected in
I, let (E. 12. 1.) KM be drawn | to AB, and
let the circumference EAF cut AB in A and R,
and BK produced in H: Then it is manifest,
(comtr and E. 8. 8.) that 2IM = BR; and (E.
36. 3. cor.) AB X BR—HB X BF; i.e. 2AB X

IM =HB X BF, or HF X BF + BF (E. 8.2.)
Let now IN be taken in IM (S. 67. 3.) so that

2AB X IN=BF'; .., if 2AB X IN be taken
from 2AB X IM, and if BF " be taken from HF %
BF + BF, there will remain 2AB X NM=HF X
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BF or 2AK X BE; 5. ABXNM=AK X BF. .
' 125. Con. 2. There is only one peint K, in
YX, from which if straight lines be. dawa to A
and B, their dtﬂ'erence shall be equal to the glvm
line C.

PR,OP'. XCVII.

126. ProsLEM. The base and the altitude of a tri-
3 ungk being given, together with the aggregate o7
*: the differenee, of the two remammg szde:, to can-
:truct the trxaugle ' -

DO
’

Let BTJ- be the given base of a A, and BE, drawn
A

E LA

B .6

1 to BC, equal to its given sltitude : Itis required
to construct.a A, whiech shall have BC for its
~ base, its altitude equal to BE, and, first, the ag-
gregate of its two remaining sxdes of a given
length.

Through E draw (E. 1. 1.) EF parallel to BC;
find (S. 96. 3.) & -point A from which, i ABdndk
AC be drawn, their aggregate.shall be equsk ta
#he | given-aggregate; if; .%;.A, B and Ay Cled

R
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joined, i¢ is manifest that ABC is ehe.A. which
was to be-described.

. And, in the same mumer. by the helyofs.
’. 8., inay the problem be solved if the dif.
ference, instead of the aggregate of the two bides
of the A, be given.

Pnor XCVHI

197, Pnonux. lee points WM to,ﬁnd e
. Jourth, Yrom whick if straight lkines de drawh to

_the other three, two of them shall be equal, and
the difference between either of these and the third
. shall be equal to a given straight line. :

Let A, Band L be three given points, and M

" giwn finite maight line : Itiste&duea to fnd
a folrth point, from which, if thtee straight linw
be'deawn to L, A, end B, twd of them shall be
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equal, and the difference between either of these
and the third shall be equal to M.
. From L as a centre, at a distance equal to M,

describe the circle CDE ; describe (S. 95. 3.) a
circle CAB, which shall pass through A and B,
and which shall touch the circle CDE; and let K
be thé centre of the circle CAB: Then is K the
point which was to be found.

For join K, L; .-, (E. 11. 8. or E. 12. 8.) KL,
produced, passes through the point C, in which
the two circles CDE, CAB' touch one another;
join, also, K, Aand K,B; .. (E. 15. def. 1.) KA,
KB snd KC are equal to one axiother ; and KL=
KC ~ LC; bat (constr.) LC== - KLis. equal
to the difference between KC md M that ts, to
the difference between KA, or KB and M. .

| Paor. XCIX.
128, -ProaLeM. To describe ¢ circle - that ahal

,. bosch, three. given cmks, of which two are egual
o' one anather.

Let AB, CD, EF be three glven circles, of
which the two AB and CD are equal to one an-
other: It is reqmred to describe a circle which
shall touch the three given clrcles AB, CD, ana
EF. .

R 2
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Find (E. 1. 8.) the centres-G, H and I of the
three giverr circles; find, also, (S. 98. 8.) a point
K, the distances of which from G and H; shall
be equal to ene another, and. shall either of them
differ from the distance between the points K and
1, by the semi-diameter of the given circle EF;

if, then, GK, HK and IK be drawn, it is manifest
that KB, KD, and KF, are all equal to one another,
and, .'., that a circle, -‘BD¥F, ‘described from the .
centre K at the distance KB, will pass through °
B, D and F, and (8. 6. 3.) will touch the circles
AB, CD, and EF in the points B, D and F, re-
spectively. a -

- Proe.C. © .
129. ProBLEM. T find a pbz"nt,.in the circume
Jerence of a given circle, from whick if two
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straight lines be drawn to two given points, with<
out the circle, the chord joining the intersections.
of the lines s0.drawn and the czwwnference. shall.
be parallel 1o the slraxght lne joining the twe
given points,

" Let CDE be a given .circ,le, and A, B, two

given points without it: It is required ‘to ﬁnd 3
point in the cu-cumference of CDE, from' which if
two straight lines be drawn to A and B, the choré
joining their intersections with the circumference

_of CDE shall be parallel to AB. - - -

Find (E. 1. 8.) the centre K of the circle CDE
find, also, (S. 98. 8.) a point L, the distances of
which from A and B, shall be equal to one an-
other, and shall, -either of them, differ from the
distance between L and K, by the semi-diameter
of the given circle CDE; join L, A and L, B
and L, K, and produce LK to meet the circum-
ference. of CDE, in D: Then is D the pomt
which was to be found.

~ For (constr.) LD is equal to LA or LB; asad



246 A SUFPLEMENT, &c. .

a circle, ADB described from L, as a centre,
at the distance. LA, will (8. 6. 3.) touch CDE
in D, and will pass through B; draw DA and
DB, cutting the circumference of CDE in C
and E; jom, likewise, C, E, and K, C and K,
E: And since (constr.) the 2CKE is an £« at
the centre, and the 2~ CDE is an 2 at the cir-
cumference of the circle CDE, the .CKE is
(E. 20. 3.) the double of the 2 CDE; in the same
manner, it may be shewn that the 2 ALB is the
double of the 2 ADB or CDE; ...the - CKE=
¢ ALB; .. (E. s2.1. and E. 3. 1.) the z KEC,
LBA, at the bases of the isosceles o CKE, ALB;
are equal to one another: Again, since (E. 15.
def. 1.) the » EKD, BLD are isosceles, the 2
KDE==/KED, and the 2£LDB or KDE=¢
1BD; .. the 2 KED==,£ LBD; and it has been
ghewn that the £ KEC=2 LBA, . the whole

" £ CED == the whole < ABD; « (E. 28, 1.) CE
upara.llelwAB
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ELEMENTS OF EUCLID.

BOOK 1IV.

Paor. 1.

1, Tusonzw, If an equilsteral triangle be de
scribed about a given circle, the straight lnes
Joining the paints of contact shall contain another
* equilateral triangle ; and the side of the circum-

:Jmkdhiaugkzslhzdnubkq/thCMQfﬂa '

inicribed triangle so captgined.

Let ABC be a given circle: About it describe
(B 1. 1. and E. 3. 4.) the eqmlateral A DEF, the
sides of which touch the circle in the points A, B
and C, respectively; draw "AB, BC and CA:
Then is' ABC an eqmlgteral A, and any side, as
EF, of the A DEF, is the double of any side, as
AC, of the A ABC. -

Por(com!r.E 5.1.cor. B33, 1.) each of thé
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4D, E,F,is the thu:doftwo l‘lght[L, < (S.19. 1.

E. 5. 1. E. 82.1.) each of the £ of the » DAC,

EAB, FBC, is the third of two nght 4 ,and they
are all equal to one another, . (E. 82. 8.) the
A ABC'is eqmangular and, o (E 6. 1. cor) it'
is also equilateral.

Agam, smce it bas been shewn that AB AC
.(E,zs.s)AB AC “ (8. eo.s)DE,u
parallel to CB; and m“ihe same manner it may
be. shewn,. that. ﬁ' is parallel to AC, and DF

parallel to AB; .. the figures ACBE; ACFB

aireuj, A (E.34 '1.) AC =EB; ako AC=

BF; EB + BF, that is EF is the double of
AC. .
2. Cor. 1. If K be the centre of the cxrcle,
and if K, and any angular point of ‘the circum-

scnhed equilateral A, as D, be Jomed ﬁK is
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bisected in G, by the arch AGC, and KG is bi-
sected in H, by the side'AC of the inscribed eqm-
lateral A. . ‘
" ¥or draw AG, AK, CG, CK, and produce DK
to meet EF: Then since (S.19.3. cor. 1.) DA
=DC, and (E. 15. def. 1) AK=CK, .. (8.1.3.,
eor.) DK and AC bisect one another at right 7
in H; and the 2 ADK = £ CDK; also ED =
F’ﬁ «.'(E. 4. 1.) DK produced bisects EF, - F, and
*. passes through the point of contact B. .
Agam (E. 82.8.) the « EAB='2 AGB or
AG.K-, and (E. 5. 1.) the ZKAG =2 AGK; ..
(E. 82. 1.) the £ of the A AKG are equal to the
4 of the A ABE, which in the proposition was
shewn to be equilateral and .-. eqqiangqlar, o
(E.6.1.cor.) the A AKG is equilateral; .. AG
= AK; andin the same manner, it may be'shewn
, that CG =TK ;. (SIScor)HG HK; and
‘it has been ‘shewn' that HD = HB; from these

gquals take the equals HG and HK, and there

remains GD equal ¢t to KB or KG; . ﬂ blsects
DK in G, and AC bisects KG in H.* ‘

" 8. Cor. 2. A straight line which touches a
- circle, at the extremity of a diameter drawn from,‘

* From this corollary may be denved an easy praencal me-
thod of inscribing an equilateral triangle in a given circle, and
of describing an equilateral triangle about a given circle.
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the point of contact of any side of an equilateral
A described about the circle, and which is ter.
minated by the two remaining sides, is the side of
an equilateral and equiangular hexagon descrihed
about the circle.

For, from the point B, in which the side EF,
of the equilsteral A DER, touches the circle
ABQG, let the diameter BG be deawm, which, 2e
hath been shewn, passes throwugh D, and dsaw
" (E.17.1.) LM touching the eircle.in G ; draw,

also, AG and CG : Then, since it bas been proved
(cor. 1.) thet- AG snd CG are each of thems equal
to the sembdiameter of the circle, ... (B. 15. 4)
. they are the sides of an equilateral and equinngu.
lar hexagom imgcribed in the circles And i two
other tangents be draws at the extremdties of the
diameters which pess througlh the two paints A
and €, the remaining points of contact may, in
the same manner, be shewn to be the remaining
angular paints of the ipscribed hexagon of which
AG and GC are sides: And in the same manner
as the pentagon described about a circle is proved,
i E. 12. 4 to be equilateral and equianguler,
may the hexagon thus described about the ¢ircle
ABC be shewn to be equilateral and equiangular.
4. Cor. 3. An equilateral triangle inscribed
in a given circle is a fourth part of the equilateral -
tnangle described about that cxrcle
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Pror. I1. - .
5. Tuxorem. If a triangle be described about a
. given circle, the rectangle contained by the peri-
" meter of. the iriangle and the semi-diameter of
the circle shall be double of the triangle.

Let FEG be a given circle: Describe (E. 8. 4.)

any A, ABC, the sides of which touch the circle
in the points F, E, G : The rectangle contained
by the semi-diameter of the circle, and the peri.
meter of the A ABC, is double of the A ABC.
For take D the centre of the circle FEG, and

draw DF, DG, DE, DA, DB and DC: Then
(E. 41. 1.) the rectangle contained by DF and AB
is double of the A ADB, the rectangle contained
by DE and BC is double of the A BDC, and the
rectangle contained by DG and AT .is double of
the A ADC; but (E. 15.def. 1.) DF, DE and
- DG are equal to one another ; if, .-, AB, BC,and
CA, be mupposed to be placed in the sam strsight
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line, the rectangle contained by their aggregate
and a semi-diameter of the circle FEG, is (E. 1. 2.)
double of the three o' ADB, BDC, CDA, that is,
of the whole A ABC. T )

6. Cor. 1. If any number of a; be described
about a given circle they shall be equal to one
another.

7. Cor. 2. In the same manner it may be shewn
that the rectangle contained by the penmeher of
any rectilineal figure described about a given cir-
cle and the semi-diameter of the circle 'is double
of the rectilineal figure : And, therefore, all rec-
tilineal figures deseribed about’ the same circle
that have equal perimeters, are equal to one
another.

Pnop III
8. Pnoimm. Three strarght limes bamg géven,)
«which, - when produced, do not aktthree moet in
: the same point, and of which the middle line is
¢ mot parallel to either of the others; tp describe,
. a circle which shall touch each of. them

Let PQ, RS, TV, be three gnven straxght llnes,
which, when produced, do not all meet in the samre
point: It is required to describe a clrcle whlch

shall touch PQ, RS and TV.

Let PQ and RS cut TV in A, and B; bisect
(E.9.1.) the £ PAB, ABR, QAB, ABS by
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AC, BC, AD and BD, and let AC and BC-meet -
in C, and AD and BD in D; from C and D draw
(E. 12. 1.)CE and DF 1 to AB: Then shall a
circle described from the centre C at the distance

CE touch AB and AP and BR and a circle -
described from the centre D at the dtstance

DF, shall touch AB and AQ and BS.

* For draw (E. 12. 1.) from C.EG I toAP and
CH , to BR, and join C, A and C, B: And
because (constr.) the L EAC = £ GAC, and the
£ at E and G are right z, and that AC is com-
mon to the two triangles AEC, AGC, .- (E. 26.
- 1) CG = CE; and in the same manner it may
be shewn that CE=CH; .. CE, CG, and CH
are equal to one another; and.... a circle described
from the centre C at the distance CE will pass
through G and H, and (constr. and E. 16. 8. cor.)
will touch AB in E, AP in G, and BR in H.

~ In the same manner it may be proved that: a -
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circle described from the centre D, at the distance
DF, will touch AB, AQ and BS.

9. Cor. The four points A, C, B and D are
in the circumference of a circle.

For. join C, D: The two £ CAE, DAE, to-
gether, are (constr.) the half of the two £ PAB,
QAB taken together ; that is the whole £ CAD
jis (E. 18. 1) the half of two right #2; ... the £
. CAD is aright 2 : In the same manner it may

‘be shewn that the 2~ CBD is a right £; .. (S.29.
1. cor. 2.) & circle described upon CD as a di-
ameter, will pass through A and B.

Pror. 1V,

10. Trzonzx. The three straight lines, which
bisect the three amgles of a triangle, meet in
the same point.

‘Let ABC be a given triangle: The three

straight fues which bisect its 4, meet in the
same point. '
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* For (Ei 9. 1.) bisect the z ABC, ACB, by BD
and TD, 'which meet in D, and JOln A, Dj also
from D draw (E. 12. 1.) DE  to BC, ﬁ-f‘_Lto
A—ﬁ and DG 1 to AC: Then it may be shewn

as in the next preceding proposition, that DF =
DG ; and DA is common to the two right-angled
a;AFD AGD; .. (S.74.1.) the £ FAD=¢
GAD; .. AD biseéts the 2 BAC, and the three
straight Ynes .which bisect the three z of the A
ABC meet in the same point D.

!

Pror. V.

11. Turoren. If a circle be inscribed in a right-

' angled triangle, the escess of the two sides, con:
taining the right angle, ubove the third side, %s
equal o the diameter of the inscribed circle.

Let ABC be a A having one of its £ BAC, a

right £ ; and let (E.4.2.) the circle FEG, of
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. which D is the centre, be inscribed in it. The
. excess of AB 4 AC above BC is equal to the di-
ameter of the circle FEG.

For join the ceptre D, and the poma of contact
E,F, and G; join, also, D, A : Then since (S. 19.
8. cor. 1.) BE = BF, and CE=CG, it is evident
that AF+AG, or 2AF is the excess of AB + AC
" above BC: Agam, since AF = AG, and F'—=
GD, and AD is common to the two o AFD
AGD,. *. (E. 8.1.) the 2 FAD = £ GAD; but
(hyp.) the ¢ FAGisaright 2 ; ... the - FAD
is half of a right ~ ; also (constr. and E. 18. 3.)
the 2 AFD is a right £ ; .». (E. 32. 1.) the £
FDA is half of a right < o the 2 FAD= «
FDA; . (E.6. 1) AF=TD, a semi-diameter
of the cu'cle FEG;. 2AF Wthh was sbewn to be

the excess of AB + A( above BC,is equal to Qhe
diameter of FEG, o S )

Pror. VI.

12. TuroreM. The “straight line bisecting any
angle of a triangle, incribed in a given circle, cuts
the circumyference, in a point which is equi-distant

Jrom the extremities of the side opposie to the
bisected angle, and from the centre of a c:rcle in-
scribed in the triangle. R N
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. Let KEF be a A inscribed in the circle KEGF,
and let KG, which bisects the 2 EKF, meet the
circumference in G: The point G is equi-distant
from E and F, and from the centre of the circle
inscribed in the A KEF.

For, join G, E, and G, F; draw (E. 9.1.) EI
bisecting the 2 KEF ; ... (E. 4. 4.) L is the centre
of the circle mscnbed in the A KEF: And smce

(hyp)the . EKG =/ FKG, .. (E.26.8.) GBE=

GF, and .. (E. 29. 3.) GE=GF: Again, be-
. cause (E. 21. 8.) the 2 GEF= £ GKEF, .*, (constr.)
the two 24 GEH, HEI, that is, the 2 GEI, gre
equal to half of the two z EKF, FEK; also the
exterior 2 EIG, of the A EIK, is (E. 82. 1.) equal
to the two £ IKE, KEI, that is (consir.) to half of
-the two £ FKE, KEF; ... the £ EIG =4 GEI;"
~ (E. 6.1.) GE=GIT; and it has been shewn
that GE=GF; .. G is equi-distant from E, and
F and from the centre I of the’ clrcle inscsxbed
in the A KEI'
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. which (E. 12. 8.) passes through I; and since the
two circles are equal, EF is bisected in I ; join, also,
E,G,andF, H; EG is (E. 18. 8. and E. 28.1.)
parallel to FH; and EG=FH, .- (E. 33.1.) EF
is parallel to BC, and (E. 29. 1.) the z£ AIE,
AIF, are right £; if, .., from the centre E, at
the distance EF, a cxrcle be described, cutting Al
in K, and if K, F be joined, KF (E. 4. 1.) =KE, -
and the A KEF is equilateral ; and its vertical £
EKF, which (E. 82. i.) is equal to the 2 BAC, is
bisected by AKI; .. the 2EKI=/£BAD; .-
(E. 28. 1.) KE is parallel to AB; join E, N, and
~ draw (E.12. 1.) KL -1 to AB and .- (E. 28. 1.)
perallel to EN; .. KLNE is a [, and (E. 84.1.)
KL =EN, or EI, or the half of EK ; and if KM
be drawn | to AC, it is equal (constr. and E. 26.
1.) to KL. It is evident, .-, that a ci'rcle, LM,
~ described from the centre K, at the'distance KL,
or KM, will (E. 16. 8. cor. and S. 6. 3.) touch AB
and AC, and each of the circles GI, and HI:
And thus will three circles have been inscribed in
the isosceles A ABC touching one another, and
each of them touching two sides of the triangle.

Proer. IX.

15. Tlmonw The square, inscribed in a circle,
is equal to the half of the square upon iits did-
- meter. .
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Let ABCD be'acircle : Inscribe in it (E. 6. %.) by

E 2 [

<

F- 'S 'G

drawing the dnameters AC and BD 1 toone an-

other, the square ABCD, and describe about it (E.
.7.4.) the square EFGH : And since (E. 41. 1.) the

A BAD is half of the 1 EBDH, and the A BCP

is half of the 0 BFGD, the two . BAD, BCD ’

are, together, half of the two m EBDH, BFGD ;
_ that is, the inscribed square ABCD is half of the

circumscribed square £FGH, which is equal to
" the square upon the diameter, because (E. 34. 1.)
" its side FG = the diameter BD of the circle.

Prop. X.

16. ProsrLen. In a given circle, to inscribe a rect-
angle equal to a given rectilineal figure, not ex-
ceeding the half of the square upon the diameter.

_ Let A be the given rectilineal figure, and BCD
the given circle : It is required to inscribe, in the
circle BCD, a rectangle equal to the figure A.
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Draw any diameter CD of the ’g‘iven circle;
find (S. 55. 1. cor.) a A equal to A ; and to CD
apply (E. 44. 1.) a O CDEF, equal to that A,
_ and, .*., equal to the given figure A ; let the side
EF of the c1CDEF cut the cxrcumference of the
given circle CBD in B; draw the diameter BKG,
and join C, B, and B, D, and C, Gand D, G:
And, since (E. 81. 8.) each of the £ CBD, BDG,
DGC, GCB, are right £, .. (S. 36. 1.) BDGC is
‘a rectangular 03 ; and .. (E, 84. 1.) it is double
of the A CBD; also (E 41. 1.) the 0 EDCF is
double. of the ACBD *. the rectangle CBDG
=0 EFCD, which has been shewn to be equal
to A; .- the rectangle CEDG.=A.

Pror. XI.

. 17. Tueorem. If from any point, in the circum-
" ference of a given circle, straight knes be drawn
to the four angular points of ap inscribed square,
the aggregaie of the squares of the four lines, so
_ drawn, shall be the double of the square Qf the
T - diameter.

"Let ABCD be a given circle; insciibs in it {E.
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6. 4.) the squai'é BADC, and from any point P,
in’ the circimference, let there be drawn to the
"angular points A, B,C, D, PA, PB, PC and PD:,
Then PA’ + PB’ + 'PT:' +PD" shall be double of
the square of the diameter.

" For'let X be centre of the circle, and AKC,
DKB the two diameters perpendxcular to one an-
othet, by joining the extremitiesof which (E. 6.4.)
the square was inscribed in the circle : Then since
(E. s1. 8.) the £ APC, BPD are right #, ... (E.

'47.1,) PA’ 4 PC'="AC';and PB'+ PD'=DB"
or AGC"; .~. PA*4+ PB'+ PC" + PD’=2AC".

“* c~
A

Pnor XII

18. Pnom.r:m. In a given czrcle, to inscribe four
. circles equal to each other, and tn mutual contact
with eack other and the gwen circle.. .

Let ABCD be.the glven circle : It is reqmred

o inscribe in it four equal circles touching one
a.nother, and the circle ABCD
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About the circle ABCD describe (E. 7.4.) the
square EFGH, and draw its diagonals EG; HF,
which cut one another in the centre K, so that
(E.26.1.) the four o EKF, FKG, GKH, HKE,
have their sides and # respectively. equal to one
another: It is manifest, .., from the demonstra-
tion of E. 4. 4., that if a cxrcle be inscribed in
each of the four equal 2, the circles so described,
will be equal, and will touch one another, and the
given circle ABCD. .

19. Cor. In the same manner, four equal
circles may be inscribed in a given square, touch.
ing each other and the sides of the square.

Pror. XIII.

20. ProBLEM. 70 inscribe a circle in a given trape-
" zium, qf which two opposite sides are, logether,
equal to the other two sides taken together. -

Let ABCD be the given trapezium, having the
two sides AD and BC equal, together, to the two
remaining opposite sides AB"and DC: It is re-
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quired * to inscrbe a circle in .the trapezium
ABCD.
Bisect (E. 9. 1.) each of the £ BAD, ADC by

~AK and DK which meet in K; from K draw
(E.12.1)KE L to AD, KF 1 to AB,KL 1 to
'BC andKN | to CD: Then (demonstr. of S. 8. 4-)
k_'_ KF, and KN are equal to one another; as
are, also, AF and AE, and DE and DN; and KL
is equal to KF or KN: For if KL be not equal to
KF or KN, it is either greater or less; if it be
possible, let KL > KF or KN ; and join K, A, and
K, D, and K, C, and K, B: Then (constr. and E. ’
47, 1,).-1—(-3‘ =KF 4+ ﬁ‘; ahd, likewise, KB*=
"KL'+ BL’; ..KF + BFF =KL+ BL'; butKL"
>KF, .. BL'<BF, and BL< BF: In the same
‘manner it may be shewn that LC < CN BL+ .
LC, orBC, < BF4+CN; add AD to BC and AF
+DN, which=AD, to BF+CN;... AD + BC«
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AB+ DC which is contrary to the supposition ;
~ KLis not > KF; and in a similar manner it

. may be shewn that KL i isnot<KF; ... KL=KF,

or KN, orKE: From- K ‘., a8 a centre, at the -
distance KF, describe a circle EFLN, and it will
pass through the points L, G, and E, and (E. 16.
8. cor.), will touch AB, BC, CD and DA, respec- :
tively, in the points F, L, N, and E. .

21. Cor. Iftwo bpposite sides of a trapezium
be together equal to the other two sides, taken

_ together, the four straight lines, which bisect the

four. £ of the ﬁgure, all of them meet in the same
pomt

’

Pnor YIV

29. ProBLEM. Upon a given jimle slrazght line,
* to describe an equilateral and eqtaangular de-
_cagon.

-

- Let AB be the given straight line:. It is re-
Deizin0 B
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guired to describe upon it an equilateral and equi-
‘angular decagon.

- Describe (E. 10.4.) the A PQR, havmg each
‘of the £ PQR, PRQ, double of the 2~ P; at the
points A and B, in AB, make (E. ¢3. 1.) the z
BAK, ABK, each of them equal to the 2 PQR,
or PRQ; ... (S. 26. 1.) the £ AKB=/QPR,
and the £ KAB, KBA, are each of them the
double of the - AKB, which £ is, .-, the fifth |
part of two right #; from the centre K, at the

distance KA or KB, describe the circle ABCD,

cutting AK ‘and BK, produced in Cand D; bisect .

(E.9.1)) the ¢ DKA by ‘EKF, which (E. 15. 1.)
- also bisects the ~ CKB; again bisect the # DKE,

EKA, by GKH, LKM, which also bisect the #

—— —— ——— —— —

DG, GI:. EL and LA: The ten-snded ﬁgure
ABHFMCDGEL is an - equllateral and eqm-
angular decagon.

For the 2 AKB has been shewn to be the fifth
part of two right 4; .- (E. 18.1.) it is the fifth
part of the £ AKB, AKD; .. the£ AKD=4¢
AKB;' .. (constr.) the 4 BKA, AKL, LKE,
EKG, GKD, and (E. 15. 1.) their vertical £ are
equal to one another; ... (E.26. 3.and E. 29.3.)
the ten-sided figure is- equilateral; and since -
(con.str and E. 32. 1.) the isosceles 2, into which
it is divided by the straight lines drawn from Kto
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its angular points, have the £ at their bases all
equal, the figure is ‘also equiangular.
28. Cor. 1. It is manifest from this probosi-

_tion, and from E. 10. 4., that if the semi-diameter
of a circle be divided into two parts, so that the
rectangle contained by the whole and the lesser
part may be equal to the square of the greater .
part, the greater segment shall be equal to the

. side of an equilateral and equiangular decagon in-
~ scribed in the circle; and thus may such a de-

cagon be inscribed in a given circle.

24. Cor. 2. In the solution of the proposition,
is shewn the method of describing, upon a given
finite straight line as a base, an isosceles A, hav-
ing each of the £ at the base double of the third
angle. ‘ ,

25. Cor. 8. The figure ABHFMCDGEL
being an equilateral and equiangular decagon, if
the points A, H, and H, M, and M, D, and D, E,
and E, A, be joined, it may be shewn, from E. 4.,
1., that the figure AHMDE is an eqmlatetal and
equlangular pentagon.

.. In the same manner, if an equllateral and equi-
angular rectilineal figure of any even number of

‘sides be given, a similar figure, having half that
number of sides, may be constructed: Also, if a
circle be described about the given figure, which
can always be done by the method used in E. 14.
4., and, each of the equal z of the figure baving
(E. 9. 1.) been bisected, if the points in which the
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-circumference is met by the bisecting lines, and
the angular points of the given figure be joined, a
figure of twice as many sides as the given ﬁgure
.will have been constructed, which (E. 26. 8., and °
E. 29. 8.), is equilateral, and, .., equiangular: -
For in the same manner, that an equilateral penta-
gon, inscribed in a circle, is shiewn (E. 11. 2.) to be
equiangular, may Aany other equilateral rectilineal
~ figure, inscribed in a cnrcle, be shewn to be equi-
angular.. :
Thus, by the help of E.9.1,E. 2. 4, E 6. 4,
E. 11.4, and E. 16. 4., equilateral and equiangular -
figures may be inscribed in a given circle, of three,
six, twelve, &c., equal sides; of four, eight, six- .
teen, &c. -equal sides; of five, ten, twenty, &c.
equal sides; and of fifteen, thlrty, sixty, &c. equal
sides.

Proep. XV.

26. ProBLEM. Upon a gwen Sinite straight lne,
to describe an equilateral and equiangular pen-

tagon.

If upon the given finite straight lin¢ an isos-
celes A be described (S. 14. 4. cor. 2.) having

- each of the £ at the base double of the third 2,

and if, also, a circle be described (E. 5. 4.) about’
that A, it will be manifest, that the equilateral
and equiangular pentagon inscribed in the circle,
" according to the method used in E.11.4., uthe
figure which was to be constructed
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Pror. XVI. . e

27. TaeoreM. The angle of a regular pentagon
exceeds a right angle by one_fifth part of a right
- angle ; and is three times as great as the angle con-

* tained by any two sides of the figure, which are not
‘adjacent to each other, produced so as to meet.

 Let ABDCE be the given eqqilateral and equi--

angular pentagon, and let any two of its sides,.as:
EA, DB, be produced, so as to meet in H: Any
of its 4 exceeds a right-angle by one-fifth part of
a right £, and is three times as great as the £
AHB. ' - ' !
About the pentagon ABDCE describe (E. 14
4.) the circle AECDB; bisect (E. 30.8.) AB, in G,
and joinC, Aand C,B,and C,Gand E, Gand E, B:.
And since (hyp. and E. 28, 8.) the circumferences
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6%,\ ﬁ, (/Jl\), ' 133, are equal, CEG = Db 3

‘ @ is the semi-circumference of the circle, and
(E. 81.8.) the £ CEG is a right ~; also (E.21.
8,) the £ AEG=_, ACG ; and it is manifest from
the demonstration of E.11. 4. E. 82. 1. .» that the
£ ACB is the fifth part of two nght L,and .
that its half, namely the 2 AEG, is the fifth part
of a right £; .".the 2 AEG, which is the excess
of the 2~ CEA above aright £,is the fifth part of
aright 2.

_ Again, the two opposite # AEC, CBA, of the
trapezium AECB are (E. 22. 8.) together equal to
two right z ; and (E. 27. 8.) the < CBA =
tBCE; ...the ¢ AEC+ £ ECB= two right #«,

“and .~:(E.28. 1.) CB is parallel to EA or EH; .

(E.29. 1.) the 2 EHD==¢£ CBD, which, since (E.

- 27. 8,) the three # CBD, CBE, and EBA, are equal

to one another, is a third part of the £ ABD of
the pentagon ABDCE. :

28. Cor. ‘It is manifest from the demonstra-
tion, that the straight line joining'the extremities
of the first and second side of an equilateral and
equiangular pentagon is parallel to the fourth

" side of the figure; the sides being taken in order
from any one of them assumed as the first.

~ Pror. XVIL

29. TueoreM. e square of the .nde qf a regdlar
. pentagon, inscribed in a given eircle, <is equal to

‘

-
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the square of ‘the side of u regular decagon, fo-
gether with the square of the side of the regular
hezxagon, both inscribed in that given circle.

Let AECB be the given circle, of which K is

the centre, and AB the side of a regular decagon
inscribed (S. 14. 4. cor. 1.) in it: Place, in the
circle, BC=AB, and join A, C; .. (S. 14. 4.
cor. 8.) AC is the side of a regular pentagon in-
scribed in' the circle, and if KA, KB, and KC be
drawn, any one of these lines,as KA, is (E. 15. 4.)
the side of a regular hexagon inscribed in the
circle: Then AC =KA'+ AB'. '
For,in KA take KD == AB, draw BD and pro-
duce it to meet the circumference in E ; also,
draw KE, KC, CE and CD: Then, it.is mani-
fest from S. 14. 4. cor. 1. and E. 10. 4., that the
¢ KBD = 2 AKB; but (constr. and E. 8. 1.)
the - AKB= 2 BKC; .. the 2 DBK or, EBK
=¢BKC; .. (E.27.1.) ED ‘is parallel to'KC:
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Again, (E. 20. 8.) the + EKA or EKD-—
2. EBA; but, (E. 82.-1.) the exterior £
EDK is equal to the 2 DKB 4+ 2 KBD,that is,
(comtr) to twice the 2 KBE, or to twice the

LEBA; ..the 2 EKD = £ EDK, ... ED=EK;"
and (E. 15. def.. 1.) EK=KGC; .. ED =KC, and
it has been shewn that ED is parallel to KC; .-
(E. 33. 1.) EK is equal and parallel to DC, and
" the figure EKCD is a rhombus ; .-. (S. 45.1.) KD
- is bisected at right # in H, by CE: And since
KD is bisected in' H and produced to A,

.~ (E. 6. 2)

KAxAD+DH'=AH'

. KAXAD+DH'+HC' =AH +HC';
but (constr. and S. 14. 4. cor. 1.) KAXAD=AB';
and (E.47.1.) DH'+HC =DC, orKC,0rKA’;
and EI’+__C —.A_C‘ .

~ AC'=KA'+AB".
30. Cor. Hence, 1f ABC be a given cnrcle,
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and AC, BK two diameters drawn (E. 11. 1.) at
right 2 to one another, if KC be (E. 10. 1.)
~ bisected in D, and if from DA there be cut off
DE=DB, EK is the side of a regular decagon
inscribed in the circle ABC, KB is the side of a
regular hexagon inscribed in it,and EB s the side
of a regular pentagon inscribed in it. :

For(E.11.2.) EK is equal to that part of KB, the
square of which equals the rectangle contained by
KB and the remaining part of KB; .. (S. 14. 4.
cor. 1.) EK is the side of a regular decagon; and
KB (E. 15. 4.)'is the side of the regular hexagon,
. inscribed in the circle ABC; since, ."., (constr.
and E.47. 1.) EB'=EK"+KD', EB is (5. 17. £)
the side of a regular pentagon inscribed in the ‘
circle ABC.*

Pnorf XVIII.

81. ProBLEM. Upon a given finite straight line,
to describe an equilateral and equiangular heza-
gon. -

Upon the given straight line, as a base, describe

<
s

+ This corollary furnishes the best pnptfca.l method of deter-
- mining the sides of a regular pentagon, and of a regular de-

~
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(E. 1. 1.) an. equilateral A ; from its vertex as a
centre, at the distance of either of its sides, de-
scribe a circle: Then, if a regular hexagon be
inscribed in the circle by the method used in E. 15.

4., taking either extremity of the base of the cqui-

lateral A, for the centre of the cirle to be next
described, it is manifest that the ngen “straight
line will be one of its sides.

' Pnor. XIX.

82. ProBLEM. A4 circle being given, to describe
six other circles, each of them equal to it, and i in
contact with each other and mth the gwen czrcle

Let IGH be the given circle: It is reqmred to
descnbe six other circles, equal each of them to
the circle IGH, and touching that circle and each
other.

- Find (E l 3.) the centre K, of the cu'cle IGH
take any of its. semi-diameters, as KG; produce
KG to A, and make GA==GK ; from the centre
K, at the distance KA, describe the circle ABCD;
and in the cirgle ‘ABCD inscribe (B. 15. 4.) the
,equilateral .and equiangular hexagon ABFCDE,
hisect (E. 10. 1.) the side AB oﬁ the hexagou m

.’

cagon, to be mlcr'bed in &gwen cu'cle~ and thus mabes ‘t
¢asier to describe a reguln pentagon, or 8 reguhr iecagon, on
a given finite straight line.” -

T 2

1.
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L: Then since (E. 15.4.) AB=KA& or KB, and
* (constr.) AG and BH are, each of them, the half of
KA or KB; .. AG and BH are each of them
equal to AL or BL: If, .., from the centres A

and B, at the distance AG, or BH, two circles. be
described, they will be equal to one another and
to the given circle, and they will touch (8. 6. 3.)
the given circle in G and H, and will, also, touch
one.another in L. In the same manner, from the
E, D, C, F, as centres, may four other

circles be described, each equal to the given circle
and in contact with it, and touchmg also each
other.

33. Cos. No more than six circles can be de-
scribed touching one another and a given circle,
and each of them equal to the given circle.
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Pror. XX.

34. ProsLxx.  [In'a given circle to inscribe six
circles equal to oné another, touching, each of
them, the given circle, and touching, also, onc an-
other. :

!

Inscribe (E. 15. 4.) an equilateral and equi-
angular hexagon in the given circle, and through
the points; in which are its #, draw, (E. 17. 8.)

ight lines touching the circle; and it may be
shewn, by the method used in E. 12. 4., that
the figure contained by these tangents is an equi-
lateral and equiangular hexagon ; from the centre
- of the circle draw straight lines to the several 2z
of the circumscribed hexagon, thus dividing it
- into six equal equilateral 2\ ; and if (E: 4. 4.) a
circle be inscribed in each of these 2\, it will be
manifest from the demonstration of E. 4. 4, that.
the circles, so inscribed, will be equal, and that
they will touch one another in common pomts of
* the sides of the &, and will, also, touch the given
circle, each of them in one of the points of con-
tact of the circumscribed hexagon.
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ELEMENTS OF EUCLID,

BOOK V.

Pror. 1.

1. Taeorem. If the first of four proportzonal mag
. nitudes be greater than the second, the third is

also greater .than the fourth; if equal, equal;
and ¢f less, less. * )

Let A:B:: C:D; and first, let A>B; then
C>D. ‘

Take the doubles of tbe four magnitudes ; and
since (kyp.) A > B, twice A > twice B ; .. (fyp.
and 5 def. 5.) twice C >twice D; ...C>D.

In like manner it can be shewn, if A =B, that
C=D; and if A< B, that C<D.

Prop. II. ~
2. THEOREM. U Jour magnitudes are propor
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- tionals, they are proportionals also wken tal:m

mverae{y

o

Let A:B::C:Dy then BiA::D:C. ,
Let there be taken of A and C any equi-multi-
ples pA, pC, and of B.and D any eqm-multiples
qB, ¢D: Then (kyp.) A:B::C: D, .~ (5.def. 5.)
if pA>qB, pC>gD; if pA = gB, pC._.qD 3 if
pA <gB, pC<qD; .~ accordingly as qB is greater
than, equal to, or less than pA, qD is greater than,
equal to, or less than pC; .

: = (5. def 5)B:A::D:C.

Prop. 111.

s. Tnzomm If the first qffour magnitudes be :
the same multiple Qf the second, or the same part
of it, that the third is of the fourth, the first is

o the second, as the third is to the fourth.

First, let A = pB, and C =pD; then A:Bi:
C:D.

Let there be taken of A and C any equi-multi-
ples qA, qC, and of B and D any equismultiples
rB, tD. And since A = pB, accordingly as q4
>, =, or < 1B, will q times pB be >, =, or <

rB, i.e. thmespwnllbe >, =, or <'r; and .
q times pD will also be >,=, or <rD; i.e. (hyp)
gC will be >, =, or < rD; ... (5. def. 5.)
A:B: C D -
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Secondly, let pA=B, and pC=D; then,ako
A:B::C:D.
For in that case, as hath been shewn,
: " B:A::D:C;
-~ (S. 2 5) A:B::C:D.

Pror. IV.

4. Tmaonzu If the first of four proportional
" magnitudes be a multiple, or a part, of the se-
cond, the.third is the same multiple, or the same

part, of the fourth.

If A:B::C:D, and if A=pB, thén C = pD.
For (hyp. and S. 3.5.) A:B::pD:D;
and (hyp.) A:B:: C:D;
<~ (E. 11.5.)C:D::pD:D;
.~ (E.9.5.) C=pD.

Again, if A:B::C:D, andlpr B, then
pC D. -

For(hyp)A B:C: D

*. (8. 2.5)B A::D: C,

and (hyp.) B=pA; .., as in the former case,

?f pC; te ClsthesamepartofD thatAns .

B.

1
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Pn;)r. V.
5. Turorem. [f any number of equal ratios be

each greater than a given ratio, the ratio of the

sum of their antecedents to the sum of their

consequents, shall begreaterthmthatgtm"

ratio.

Letthemtios (A:B), (C:D), (E:F), &c. be
equal to one another, and let each of them be
gteater than the ratio(P:Q); then (A+ C+ E

:B+D+F)>(P:Q.)

For (E.12.5.) A+C+E:B4+D+F::A: B;
and (kyp.) (A:B)>(P:Q);
<. (A4+C+E: B+D+F)>P: Q.

Pror. VI.

6. Tueorem.' If the first of four magnitudes have
a greater raiio fo the second than the third has io
the fourth, the second shall have to tlzeﬁrstalm
ratio than the fourth has to the third.

-If(A:B)>(C:D), tben is (B: A)<(D: C)
For, let E be a magnitude such that
(E:B)::(€C:D);
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and since (kyp.)
(A:B)>(C D)..,(A:B)>(E:B);
* (E.10.5.) E<A;
<. (B:8. 5.)(B: E) > (B: A);
. ... But (hyp and S. 2. 5.)(D:C)::(B:E);. - ,
c (E 13.5)(1) C)>(B:A): -
- Or, (B A)<(D C)

3

CPhok, VIL

7. an.onnm J_'fthe Sfirst qf jbur magmmdes, ,
the same kind, have a greater ratio-lo the Secomi

‘than the third Kas Yo the fourth, the first shall
have to the third a gredter rat:o tlzan the second
has to the fourth. :

If (A:B) be greater than (C: D), then is
(A:C)>(B:D). .. -
For, let Ebea magmtude such that
(E:B)::(C:D):
- '(hyp and E. 10.5.)A>E
~ (E.8.8)(A1C)>(E:C);

‘But (E. 16.5. and kyp.) (E:C)::(B: D)
: (A C')>(B D). .
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‘Paow. VIIL . -

8. Tfmonnu If Sour magmtudes of the'same kmd
be proportzonals and tf the first qf them be the
¢ greatest,. the fourth shall bé the least'; Bt if the
Jirst of them be the Ieast, the jburth ckall be the
{- .g'rem R . ~.-;\l\u' i et

Let A, B,C, D, be four: magnitude,s of the same
kind, which are proportidnals ; and, first, let A be -
the greatest ; then D shall bé.the least-of them.

~ For; since (kyp.) A>C, . (E. 14.5.), B>D;
Agam, since (kyp.) A:B::C:D,
(E 16. 5) A:C::B:D:
But (hyp)A>B . (E. 14. 5.)C>D: And it
bas been shewn that B >D; ... Dsin this case
the least of the four proportionals. And, if A be
the least of the four proportionals, it may, in like
manner, be proved that D mll be the greatest of
them.

9. Cor. If four magnitudes, of the same kind,
be proportionals, the difference between the two
extremes is greater than the difference between
the two means. : -

Prop. IX »
10. Txmom-m If the first, together with the se- .-,
, cond,. qf Jour magmludes, have a greater-ratio = -
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to the second, than the third, together with the
- Jourth, has to the fourth, the first shall have a
greater ratio to the:acondthanﬁethirdhaa
to the fourth. - ,

If (A4 B:B) be grecter than (C+D: D),
then is (A: B)>(C:D)
For, let E be a magnitude such that (E+B B)
$:(C+D:D);
< (E. 10.5) A+B>E+B;
M~ A>ES
..(E.s.s)(A B)>(E:B):
But(hyp. and E. 17. 5.) (E: B) =(C: D);
, (A B)>(C:D).

’?

Pror. X

11. Turorem. If the first of four magnitudes
have a greater ratio to the second than the third
has to thc Jourth, the first, together with the
second, shall have to the second, a greater ratio
than the third, togetlzer with the fourth, has to .

the jfourth.

If (A : B) be greater than (C: D), then is (A +
B:B)>(C+D:D).

For, let E be a magmtude such that (E:B):
(C:D);
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% (E. 10. 5) A>E;
< A4+B>E+B;
o (E. 8. 5.).(A+B B)>(E+4B:B):
But (E. 18. 5. and Ayp.)(E+B:B.)::(C+D: D),
< (A+B:B)>(C+D: D). ‘

Pror. XI.

12. Taeonem. If the first term of a ratio be less
than the second, the ratio shall be increased by
adding the same quantity to both terms ; but if
the first term be greater than the second, the
ratio shall be diminished by adding the same

quantity to both. .

Let A be less than B, and let C be any other
- magnitude:

‘Then is (A+C:B+C)>(A: B)
. For, (E. 8. 5. and Ayp.), (C: A)>(C:B);

’ < (8. 10. 5.), (A4C: A)>(B+C:B); .

% (8.7.5.) (A4+C:B+C)>(A:B). =

And, if A be greater than B, it may, in the
same manner, be shewn that (A+C B+C) <
(A:B.) .

Pror. XII.

1s. Tugor. If the first of four magnitudes,
of the same kind, have a greater ratio to the se-
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cond than the third has td the fourth, the first,
together with: fhe' third, shall .have to the second,
together with 4he fourth, greater.ralio than the
thzrd has to the fourth, and a Iess ratio than the
ﬁrst has to the second. . . S

If (A:B) be greater than (C:D), then is :
&H]-;C :B+D)>(C:1)); and (A + C:B+D)<
)
. For, (S..7.°5 and byp.). (A C)>(B:D); . .,
..(S. 10.5.), (A+€:C)>(B+D:D); - -
Coe (8. 7. 8.), (A+C:B+D)>(C:D): -
. Again, since. (kyp. andS. 6. 5.), (B: A)<(D ),
or (D:C)>(B: A), it may be; shewn, in thesame
" manner, that . . ;

(A+C B+D)< A: B

Propr. XIII.

14. THEOREM, If the first, together with the
second, have to the second, a greater ratio than
the third, together with. the Jourth, has to the.

- Jourth, then shall the first, together with the second,

. have ta the first, a less ratio. than the third, to-
gether with the fourth, has to the third. .

If (A 4+ B:B) be greater than (C+D:D), then

is (A+B:A)<(C+D;C). -

- Tor (S..9. 5. and hyp') (A:B)>(C:D);

S (8.6.08) 0 7 T (B:A)<(C: D); - Y
*. (8. 10. 5.) (A+B A)<(C+D O). -
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EETE

Paor XIV

15. Txnonzm. [/' the jirst, togemer w;th tlza
. -secend, have. ) the third, together with the fourthg
. @ greater ratio than. the first has to the third;
*  then shall the second have to;the  fourth a greater
ratio, than.the first, together with the second,. has
‘ to the tlurd together wzth the fourth. :

If- (A+B C+D) be greater than (A C), then
is(B:D)>(A+B:C+D).
~ For (hyp. and 8. 7. 5.)
| (A+B:A)>(C+D:C);
. (8.18.5.) (A+B:By<(C+D:C);
(S 7.5) (A+B:C+D)<(B:D);,
' Or, (B: D)>(A+B C+D) L

Plar.or'~ XV. o
16 TnEonEM If any. number of magmtudes be

coritinual” propottionals, “their * dj ﬁ‘erences shall’
qlso, be proparhonals L

Let A: B .B C C D, &c tben shall A—B
B-C::B-C: C—D and'soon. -
For (hyp and E. 19. 5.)
- ,A:B::A-B:B-C;
" and B:C::B-C:C~D;
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<. (hyp. and E. 11. 5. cor.) ;
A-B:B-C::B-C:C-D.

17. Cor. From the dem'othrat:on it is manifest,

. that, if three magnitudes, A, B, C, are propor-

tionals, the excess of the greatest, A, above
the mean B, is greater than the excess of the mean
‘B above theleast, C.

For it has been shewn that A:B:: A—B:B—C;
And (kyp) A>B; . (S. 1. 5) A—B>B—C.

Prop. xvr.'

18. THEOREM. If four magnitudes be propor-
tionals, they are also propomonals by comver-

sion: that s, the first is to its excess above the
second, as the third to its. excess above the
Jourth. -

‘ LetA+B B::C+D: D then A+B:A::
C+D:C.
For (dividendo) A:B::C:D;
«* (invertendo) B: A::D:C;
s (componendo) A+B:A::C4+D:C. °
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Pror. XVII,

19, TueoreM. . If there be three magnitudes, and
other three, and if the first have a greater ratio to
the second, in the former set, than the first has to
the second, in the latter ; and {f, also, the second
have to the third, i the former set, a greater ratio.
than the second has to the third, in the lalter ;
then shall the first have a greater ratio to the
third, in the jformer set, than the first has to the
third, in the latter.

Let A,B,C, be three magnitudes, and D, E, F,
three other magnitudes: If (A:B) be greater than
(D:E), and (B:C) greater than (E F), then is
(A:C)>(D:F).

For let G be a magnitude such that (G: C)
(E: F).

. (hyp. and E. 10. 5) B>G;
.~ (E. 8.5.), (A:G) > (A:B).
am, let H be a magnitude such tbat (H: G)
2t (D:E);
.. (kyp. and E. 1. 5.) (H:G)<(A:B):
Much more then is (H:G)< (A:G);
' -~ (E,10.5), A>H; '
. (E. 8. 5), (A: C)>(H C):
But (hyp. andE 22.5.), (H:C)::(D:F);
" (A:C)>(D:F). .
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Phos. XVIIL

20. Tueoreu. If there be three magnitudes, and

_ other three, and if the first have to the second, in
the former set, a greater ratio than the second has

_ %o the third, in the latter ; and if; also, the second

. have to the third, in the former set, a grealer

. ratio than the first has to the second, in the latter ;

. then shall the. first have to the third, in the for-
mer set, a greater ratio, than the first has to the
third, in the latter. '

~Let A, B, C, be three magnitudes, arnd D, E, F,
three other magnitudes: If (A:B) be greater than
(E:F), and (B:C) greater than (D:E), then is
(A:C) > (D:F). -
" For let G be a magnitude such that (G:C) ::
(D:E); - o ‘
o (kyp. and E. 10. 5.) B>G;
<. (E.8.5), (A:G)>(A:B): - )
Again, let H be a magnitude such that (H:G)
1 (E:F); - | S
-« (hyp. and E. 18. 5.), (H:G)<(A:G);
s (E.10.5), A>H;
<. (E. 8. 5.), (A:C)>(H:C);
But (kyp. and E. 28, 5.) (H:C)::(D:F);
> tACY> (D:K).
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- Pror. XIX.

21. TaeoreM. If three magnitudes be propor-
tionals, the two extremes \are, together, greater
than the double of the mean.

- Let A, B, C, be three magnitudes which are pro-
portionals: Then A+C >2B.

_ For (kyp. and E.6. def. B. 5.), (A:B)::(B:C);

. (E. 25.5.) A+C>B+B

~ te A+C>2B.. :

23. Cor. An arithmetic mean - proportional,
- between two given magnitudes, is greater than a
geometric mean proportional between the same
two magnitudes.

Pror. XX.

23, Tuworts If there be two sefs of magwitudes,

' she one gevmetric, and the ‘ather arithmetic, pro-

portionals, and if the two first magnitudes.be the

same in both, any other maguitude in fhe former

set, shall be greater than the carrcspoxdmg mag-
nitude in the latter.

Let thema:gmtudes A,B,C D, E, &c. begeo-
dmetric preportiomals, and let the magntndu A,
’ . v
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B, ¢, d, e, &c. be arithmetic proportionals; then
is C>c, D>d, E>e, and so on.

For, first, let A be the least magnitude, in each
* series;

.. (S.15. 5. cor.y C=B>B—A:

But, from the property of arithmetic propor-
tion,

B—A=c—B;
o+ C=B>c—B;
.. C>c.

Again, (S. 15. 5. cor) D—C »>C~—B, and
as hath been shewn, C— B >c—Bord—c;
+.D—=C>d=~c; and C>c; .~ Ds>d. In the
same manner it may be shewn that E>c, and so on.

Secondly, let A be the greatest magnitude in
each series: '

Then (S. 15. 5. cor.) A—=B>B—Cj

But, from the property of arithmetic propor-
tion, )

A—B=B—c;
+. B—c >B-C
~C>e

Again, (8. 15. 5. cor.) B—C>C—D; and it has
been shewn that C >c; much more then is B—c
>C-D:
. But B—c=c—d;

.. c=d>C=D;
s.D>d:

And, in the same manner, it may be shewn
that, in this case, also, E>e, and so on.

24. Con. The two first magnitudes, in both
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the sets, being the same, if the second of the geo-
metric proportionals be greater than the second of
the arithmetic proportionals, then, much more,
will every other magnitude, in the former set, be
greater than the oorrespondmg magnitude in the
latter.

Pror. XXI.

25. TueoreM. If there be two series of magni-
tudes, the onme arithmetically proportional, the
other geometrically proportional, but each having

- the same magnitude for its first term, and if the
last term of the arithmetic series be not less than
the last term of the geometru: series, any other
term of the former series shall be greater than the
corresponding term in the latter.

Let the magnitudes A, B, C, D, E, &c. Q, be
geometric proportionals; and let the magnitudes
A,b, c, d, e, &c. q, be arithmetic proportionals ;
then if q be not less than Q, b>B, c¢>C, d>D,
and so on, .

For (S. 20. 5. and cor.) if B be equal to b, or
greater than b, Q>q; which is contrary to the
hypothesis; ... b>B:

Again,in the two series B, C, D, &c. Q, b, ¢, d, &c,
@, let b, which has been shewn to be greater than
B, be supposed to become equal to B, and q to re-
main of a magnitude not less than Q; then it is
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mamfest, from the nature of arithmetic propor.
' tion, that the intermediate terms C, d, &c. must
each, also, become less than they are in the given
arithmetic series ; and yet, as hath been shewn,
the second of them will be greater than C; much
more, then, is the term c, in that given series,
greater than C: And, in the same manner, it may
be proved that d >D; and so on.
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SUPPLEMENT
79 THE
ELEMENTS OF EUCLID.
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_ BOOK VI
Prop. 1.

1. Tueorem. If the bases of four rectangles be
proportionals, and their altitudes be also pro- '
portionals, the rectangles themselves shall like-

. wise be proportionals.

Let the four rectangles AC, DF, G], KM, have

‘ ¥
6 .
’ .-
A3 b E G ®E K L

their bases AB, DE, GH, KL proportionals, and
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let their altitudes BC, EF, HI, LM, also, be pro-
portionals : Then AC: DF::GI: KM.

. For, in EF and LM, produced if necessary,
take EN=BC, and LP =THI, and complete the
rectangles DN and KP.

~ Then since (hyp.) AB: DE::GH : KL,
.. (constr. E. 1. 6. and E. 11. 5.)
AC:DN::GI: KP:

Also, (kyp. and constr.) EN : EF:: LP: LM.

<. (E.1.6.and E. 11.5.) DN : DF:: KP: KM.

~ (E. 22. 5.) AC: DF::GI: KM.

2. Cor. 1. If four straight lines be proportion-
als, their squares shall also be proportionals.

8. Cor. 2. Conversely, if four squares be pro-

portionals, their sides shall likewise be propor-

tionals, :

Pror. II.

4. TEorEM. If the outward angle of a triangle,
‘made by producing one of its sides, be divided into
two equal angles, by a straight line which also
cuts the base produced, the segments between the
dividing line and the extremities of the base have
the same ratio, which the other sides of the iri-
angle have to one another : And if the segments
of the base, produced, have the sume ratio which
the other sides of the triangle have, the straight
line, drawn from the vertez to the point of section,
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divides the outward angle of thc triangle into two
equal angles. :

First, let the outward 2 CAE, of any A ABC,

B G C b

be divided into two equal £ , by AD, which cuts the
base BC, produced, in D: Then BD:DC:: BA
: AC.

.Through C draw (E.31.1.) CF parallel to AD
*. (E.29. 1.) the 2 ACF = 2CAD; but (Iyp)
the LCAD=_/,DAE; .. the £ ACF= tDAE.
Again (constr.and E. 29.1.) the . DAE= £ CFA;
and it has been shewn that the 2 ACF = ¢DAE;
.. the 2 ACF= £ CFA, and (E. 6.1.) AF = AC.
' Also (constr. and E. 2. 6.) BD:DC::BA : AF;
i.e. BD: DC::BA : AC, because AF = AC.

Secondly, let BD : DC::BA: AC, and let AD
be drawn ; then the 2 CAD = £ DAE.
The same construction having been made, since
(kyp.) BD: DC::BA : AC,
and (constr. and E. 2. 6.) BD : DC:: BA : AF,
(E 11.-5.) BA: AC:: BA : AF;
<. (E.9.5) AC = AF.

-



298 A surm,suzm; TO THE

Wherefore (E. 5. 1.) the 2 AFC = ¢ ACF;
but (constr. and E. 29. 1.) the 2 EAD 5=« AFC,
and the £CAD=¢ ACF; .- the LEAD=4
CAD.

5. Cor. 1. Hence a glven finite straight line
may be cut in harmonic proportion.

For let BD be the given' finite straight line:
Take any point A, out of BD, and through A
draw BAE ; join A, Ds at the point A, in DA,
make (E. 28. 1.) the £ DAC = £« DAE, and
bisect (E. 9. 1.) the 2 BAC by AG : Then is BD
cut harmonically in the points G and C.

_ For (constr. and E. 8. 6.) BG:GC::BA : AC;

And (constr. and S. 2.6.) BA : AC:: BD: DC;

<~ (E.11.5)BG:GC::BD : DC;
. (E.16.5) BG:BD::GC:DC;
that is, BG : BD:: BC—BG : BD—BC;
which is the property of harmonie proportion.

6. Cor.2. If any strgight line be drgwn be-
tween BE and BD, it may, in the same manner,
be shewn to be cut harmonically by the straight
lines AG, AC, and AD.

Pror. II1.

7. TuroreM, Either of the equal sides of an iso-
sceles triangle, is a megn proportional between
" the base, and the half of the segment of the base,
produced if necessary, which is cut off by a
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straight line drawn from the vértez at right
angles .to the equal side.

Let ABC be an isosceles A, baving the side

B¢ T E — D

ABz== AC, and let AD, drawn i to AB, meet BC,
produced, if it be necessary, in D; also, let BD
be bisected in E: Then BC: AB:: AB:BE.

For draw AE; and (S. 29.1.) EA=EB; .-
(E. 5. 1.) the £ EAB== £ ABE = £ ACB; ..
(E. s2.1.) the £ AEB= LBAC, <. (E.46.)
CB:BA::BA:BE.

‘ ‘ Prop. IV,

8, TuroreM. The diameter of a circle is a mean
proportional between the sides of an equilateral
triangle and hexagon described about the circle.

Let DEF be an equilateral A, described about
the circle ABC, of which the centre is K ; let the
sides of the A DEF touch the circle in the points
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E . ‘ ¥
A, B, C; let D, B be joined, cutting the circum-
ference in G, and‘let LM be drawn touching the
circle 'in G; so that (S. 1. 4. cor. 2.) LM is the

side of a regular hexagon described about the cir-
cle ABC, and GB passes through the centre K;
Then, DE: GB ::GB: LM.

For join A, K; .. (E.18:1,) the £ DAK,
DGL, are right £, and the £ ADK is common to
the twon DAK, DGL, which (S. 26. 1.) are, .-,
equiangular ; . )

~ (E.4.6)DA:AK::DG:GL:
But (S. 1. 4. and cor. 1. 2.) DE is double of DA ;
the diameter GB is double of AK, or of DG, which
(S. 1. 4. cor. 1.) is equal to AK ; and LM is double
of LG:

. (E. 15.5) DE:GB::GB: LM.
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Prop. V.

9. Tueorem. Equiangular parallelograms have to
one another the same ratio as the rectangles con-
tained by the sides about equal angles in each.

Let AC, DF, be two equiangular parallelograms,
- H G

M- L Cg o1 ‘
!/ /P F
A B E

having the ¢« ABC = «DEF: Then AC: DF::
‘AB X BC:DE X EF.

For draw (E.11.1.) BG and ET | to AB and
DE, respectively ; make BG=BC, and EI=EF; -
and complete the rectangles ABGH and DEIK ;
and produce the sides of the given @, that are
opposite to AB and DE, to meet. AH and DK,
in M and P, respectively.

And, since (kyp.) the £ ABC = 2 DEF, and
(constr.) the 2 ABL = 2 DEN, ... the 2 LBC=
-2 NEF; also(hyp.) the 2 LCB= £ NFE;..(S.26.
1.) the two . LBC, NEF, are equiangular:

< (E.4.1.) BL: BCor BG::EN: EForEI:
But (E.1.6.) BL:BG:: AL:AG;

" Also, EN:EI::DN:DI;

<~ (E.11.1.) AL:AG:: DN: DI;

.~ (E.16.5) AL:DN::AG:Dl1:
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But (E. 85.1.) 0 AL =0 AC; and O DN =
o DF: _
. AC:DF:: AG or ABX BC: DI or~DE X EF.

10. Cor. Triangles, having equal vertical
angles, are to one another as the rectangles con-
tained by the sides about those equal angles.

Pror. VI

11. TaeroreM. The straight lines, drawn from the
bisections of the three sides of a triangle to the
opposite angles, meet in the same point.

Let the sides AB, AC, of the A ABC, be bis

sected (E.10.1.) in E and F; and let BF and CE
cit one another in the point R The straight line
which is drawn from A, to the bisection of BC,
shall also pass through R.

For JOlll A, R, and produce AR to meet BC in
D; join, also, E, F; and through R draw (E. 3l1.
1.) PRQ  parallel to BC.  And, since (¢onstr. and
E.2.6.) EF is parallel to BG . % (Ec29.1.) the
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two 2 BFE, BRP, are equiangular; as are, ako, -
the o CEF, CRQ.
.~(E.2.6.) BF:BR::CE:CR:
Also (E. 4.1.) BF:BR::EF: PR;
And CE:CR::EF:RQ;
<~ (E.11.5) EF: PR:: EF: RQ;
-~ (E.9. 5) PR=RQ; .
.~ (8.61.1.) BD=DC;
., D i8 the bisection of BC; and there cannot be

two straight lines joining the same two points A
and D, which do not coincidé; .= the straight

line, drawn from A to the bisectno‘n of BC, pasbds
through the point R, :

Pror. VII.

12. ProsreM. . " To find; within a given rectilineal
angle, first, the locus of all the pbmis Jioi eah

" of which, if two straight Btes be driioh, 'to the HnES
containing the gi'oen angle, so as alwafys' o B¢
parallel to two striight lines given in position,
they shall bé Yo ‘ome another in a given rafiv:
And secondly, to jind the locus of all the points,
ﬁom each of whieh '§f° two straight lines be dravn,
in like manner, they shall cut off from twom
parts of the straight Nnes cositdirting the gwen
angle, segvhents thit xhail be to ome ahbtkb)' in.a
gwm ratio. - e
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Let CABbe the given £ ; let AK, AL, be the two

R B

straight lines given in position ; and let AL be to
AK in the given ratio : It is required, first, to find,
within the £ CAB, the locus of all the points, from
which, if straight lines be drawn to AC and AB,
parallel to AL and AK, respectively, they shall be
to one another as AL to AK.

Through K and L draw (E. s1.1.) KM, and
IM, parallel to AB and AC, respectively, and
meeting in M ; draw AM, and produce it, inde-
finitely, toward X; AX is the locus which was to
be found.

For take any po point P in AX, and from P draw
2qQ parallel to AL, and PR parallel to AK: And,
since (constr. and E. 29. 1.) the o APR, KAM
are equiangular, as are, likewise, the 2« APQ,
MAL.

< (E.4.6) PR: AK:: AP: AM::PQ:AL
‘.*. (E.11.-5.) PR: AK::PQ: AL :
-~ (E.16.5.) PR:PQ:: AK: AL.



ELEMENTS OF EUCLID. 303

Secondly, let B and C be two given points in
AB and AC: It is required to find the locus of

all the points, from which if straight lines be
drawn parallel to AK and AL, they shall cut off
from CA and BA two segments, which are always
to one another in the same ratio as the given
finite straight lines AK and AL,

From CA cut off CE= AK, and from BA cut
off BF=AL; from C and B, draw (E. 1. 1.)
CD parallel to AL, and BD parallel to AK, and
let CD and BD meet in D ; likewise from E and
F draw EG parallel to AL or CD, and FG parallel
to AK or BD, and let EG and FG meet in G:
Through D and G draw the straight line DGX :

Then is DGX the locus which, in this case, was to
be found. ‘

For take any point in it, as P; and draw PH
‘parallel to DC, and PI parallel to DB : Then it is
manifest froin the demonstration of E. 10. 6. that

x
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HC:EC::PD:GD::IB:FBj
*. (E. 16. 5.) HC : IB:: EC: FB:

That is (constr.) HC is to IB in the given ratio:
And it is easily shewn, exr absurdo, that no point
-which is out of the Jocus so determined, has the
property described in the proposition.

13. Cor. The intersection of the one lcus
with the other, determines a point, from which if
two straight lines be drawn to ABand AC, in the
given directions, they shall be to one another in

- the same given ratio as the segments are, whnch
they cut off from CA and BA.

Pror. VIII.

14. TueoreM. Jfa circle be touched, in the same

. point, both externally and internally, by two other
circles, and through the point of contact two
straight lines be drawn, the parts. of them inter-
cepted between the circumference Qf the given

. circle, and that of the circle which touches it in-
sernally, shall have to one another the same ratio
as the parts which are chords of the other circle.

Let the given circle ABC be touched in the
same point A, internally by the circle DAE, and
extermally by the circle FAG ; and through A let
there be drawn any two straight lines, BAG, CAF,
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C L

each cutting the three circles ABC, DAE, FAG

Then BD:CE:: AG:AF. -

~ For, draw BC, DE, and FG ; and through A
draw (E. 17. 1.) HAL touching the circle BAC,
in A, and .- touching the two cireles DAE, FAG:

And since (E. 15.1.) the z DAH=/ LAG, and
that. (E. 32. 8.) the ¢ DAH=(DEA, and the -
¢ LAG= £ AFG, .. the ¢DEF=v EFG, and
2. (E.27. 1,) FG is parallel to DE : Also, since
(E. 32 8.) the £ DAH or BAH, is equal to each
of the z DEA, BCA, they are equal to one an-
other, and .~ (E. 28. 1.) BC is parallel to f)'E'

<. (E. 2.6) BD CE::AG:AF.

, " Paar. e o
13 ProsLem. ~From the centreqf a'given circle;
to draw a straight line to meet a given tangent to

‘the circle, so that the segment of the line begypen
X 2
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the circle and the tangent shall be any reguired
part of the tangent.

Let ABC be a given circle, of which K is the

centre, and let BD touch the circle int B: It is re-
quired to draw a straight line from K to BD, so
that the segment of it, between the circle and BD
shall be any required part of the segmrent BD.
Draw KB; divide (S. 49. I.) KB into 2 number
of equal parts, equal to the number of times.

which the segment of BD is to contain the seg-
ment of the straight line to be drawn from K to

BD; and from BD cut off BF equal to one of
them ; from F draw (E. 17. 8.) FC touching the
circle ABC in C; through C draw KCD: Then
shall CD be the required part of BD.

For (constr. and S. 26. 1.) the two 2 KBD,
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DCF, are equiangular; also (constr. and 8. 19. 8.
cor. 1.) FB=FC;
..(E. 4. 1)KB BD::CF or BF: CD;
*. (E. 16. 5.) KB:BF :: BD:CD;
(comtr. and S.4. 5.) CD is the requn'ed part

- of BD.

Pror. X.

16. ProBLEN. From a given triungle to cut off a
rhombus ; the base of the rhombus being part of

the base of the triangle, and having its exiremity

in a given point of that base.

Let ABC be the given A,and D the given

B~ c

point in its base BC: It is required to cut off from.

the A ABC a rhombus, having its base in BC, and
terminated by the given point D. .
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“ Draw AD, and prddtice it; from the centre B,
at the distance BC, describe a circle, cutting AD
produced in E, and join B, E; .- BE=BC;
through D ‘draw (E. 81. 1.) DF parallel to EB;
also through F draw FG pArallel to BC, and
_ through G draw, GH parallel to ¥D or BE; .
the figure FDHG is a ©1: And since (constr. a.nd
E. 23. 1.) the 2, BAC, FAQ, are equiangular, as
are, also, the . ABE, AFD,

2. (E. 4 6.) AB:BC or BE:: AF:FG:
And AB:BE::AF:FD;
-~ (Ev11. 8) AF:FG:: AF: FD
. (E. 9. 5) FG=FD: ~
But (E. 84.1.) FG = DH, and FD = GH;
" the figure FDHG, having its base DH in’ BC, and
terminated by the given point D, is a thombus.

" Prop. XI. ‘

17. Tueorem. If two triangles have one angle of
the one, equal to one angle of the other, and also
another angle of the one, together with another
angle of the other, equal to two right angles, the
sides about the two remaining angles shall be pro-
portionals.

Let the two . ABC, DEF, have the 2 BAC=
¢ EDF, and another £, as ACB, of the one &,
together with another 2, as DEF, of the other,
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A - B D G E

equal to two right angles: Then AB: BC:: DF:
FE. ‘

From F draw (S. 25. 1.) FG making with DE
an .FGE=/FEG; .. (E. 6. 1.) FG—=TFE:
And ‘since (hyp.) the £ ACB + / DEF = two
right #, and that (E. 18. 1.) the L DGF+ ~
FGE= two right #, ... the 2 ACB + 2 DEF=
£DGF + £ FGE; but (constr.) the 2 FGE =
LFEG; .. the 2 ACB= 2 DGF; and (hyp.)
the L BAC=/GDF; ... (S. 26. 1.) the two s

ACB, DGF, are équiangular; .-, (E. 4.1.) AB.:.
BC::DF:FG or FE.

Pnog. XII.

18. TurorEM, If, from the extremities of the base
of a given triangle, there be drawn two straight
lines, both on the same side of the base, and each
equal 1o the adjacent side, and making with that
side an angle equal to the vertical angle of the
triangle, then the straight lines which join. the ez.
tremities of the Lines so drawn, and the further
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estremities of the base, shall cut off, from the
sides, equal segments towards the verter ; and
cack gf those segments shall be a mean propor-
tional between the other segments, that are to-
wards the base.

From the extremities B and C of the base BC,

of the A ABC, let—BT) be drawn (E. 81. 1.)
parallel to AC, and made equal to AB; and let
CE be drawn parallel to AB, and made equal to

AC; so that (E. 29. 1.) each of the 2 ABD,
ACE, is equal to the vertical 2 BAC; also, let
DC and EB be drawn, cutting AB and ACin L
and M, respectively: Then AL = AM and
BL:LA::AM or LA:MC.

For (constr. and E.15.1.) the » DLB, ALC,
are equiangular, as are, also, the o EMC, AMB;
(E 4. 6.) DBor AB: AC::BL:LA;

.. (E.18.5.) AB+AC:AC::AB: AL: -
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Agam (E. 4. 6.) CEor AC:AB::CM: MA
. (E.18.5)) AC4+ AB:AB:: AC:AM;
. (E. 16.5.) AC+ AB:AC::AB:AM;
* (E. 9. 5.) AL=AM.
Also, since it has been shewn, that
AB:AC:: BL :LA,
. and AC:AB::CM :MA,
< (S. 8. 5)AB:AC:: AM:CM;
<. (E.11.5)BL:LA :: AM or LA:MC.

Pror. XIII.

19. TeroreM. [f af the extremities of the hypote-
nuse of a right-angled triangle two straight lines
be drawn, on the same side of the hypotenuse as
the right angle, each equal to, and eack perpen-
dicular to, the adjacent side, the two straight lines

Joining each of their exiremities and the further
extremity of the hypotenuse, shall cut each other
in the same point of the perpendicular drawn to

the hypotenuse from the right angle.

~ From the extremities A and B, of the hypo-
D

. . F B b K C G
tenuse BC of the right-angled A ABC, let BD
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and CE be drawn 1 to AB and AC; and equal to
AB and AC; respectively, and let AK be drawn
1 to BC: Thenif D, C and E, B be joined, DC
and EB shall cut one another in the same’ point
of AK. : '

For, if it be possible, let DC cat AK in P, and
let EB cut AKX in'H; and from D and E draw
(E.12.1.) DFand EG 1 to BC produced both
ways; .~ (S 88. 1.) FB=GC, and ... FC=BG:
And, since (constr.) the 4z PKC, DFC, are right
4, and that the < PCK is common to the two
A PCK, DCF, .- (8. 26. 1.) the two 2 PCK,
DCF are equiangular ; and, in the same manner,
the two & HKB, EGB may be shewn to be equi-
angular; .. (E. 4. 6.) CF:FD::CK:KP.

But (S. 88. 1. cor.) FD—=BK, and CK =GE;
and it has been shewn that CF=BG;

.. BG;BK::GE:KP:
But (E.4.6.) BG:BK::GE:KH;

.~ (E.9.5.) KH=KP; which is absurd; .-
DC and EB cannot cut the perpendicular drawn
from A to BC, in two different points. ‘

Pror. XIV.
20. TaEoREM. The semi.circumference of a circle
having been divided into any number of equal
parts, dnd chords having been drewn, from cither
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Catrdniity'of the dimmeler, to the several points of
division; the first chord has 1o the second, the same
rulid which the second has do the aggregate of the

Sirstand ihird ; or the same ratio which any other

. i¢hord has-to the aggregate of the two chords that
\ rare nca't {04t

AR

Let. the . semi-circudxférenée 'AEL o'ﬁ a. circle‘,

A L
be divided into any number of equal p’arts,’ in the
points B,C, D, E, F, &c. ; and let AB, AC, AD,
AE, AT, &c., be drawn: Then

AB:AC::AC: AB+AD:: AD: AC+ AE, and
80 on.

For, from C, as a centre, at the distance CA,
describe 8 circle cutting AD, produced, in' M,
and join B, C, and C, D, and C, M; and since

(hyp) AB=HC, .. (E. '20. 8.) AB= BC; also
(E. 27. 8.) the LBAC=_,CAD; .. (E. 5. 1.
and S. 26. 1.) the isosceles A ABC, ACM are’
equiangular.; . : =
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<. (E.4.6.) AB:AC:: AC:AM, or DM4-AD:
Bnt (E. 22. 8.) since ABCD is a quadrilateral
figure inscribed in a circle, the 2 ABC4 2 ADC=
two right £; also (E. 18. 1.) the 2ADC+4 ¢
CDM = two right £; .". the 2CDM=¢, ABC;
and the 2 BAC= < CAD, or (constr.and E. 5. l.)
£ CMD; and the side CM, of the ACDM, is
equal to the side CA, of the A ABC; .. (E. 26.
1.) DM=AB; and it has been shewn that
AB:AC::AC:PM+AD; ‘
. AB:AC::AC: AB+AD:
And, by a similar construction, and a similar me-
- thod of proof, the remaining part of the proposi-
tion may be demonstrated.

Prop. XV.

21. ProBLEM. From a given point, either within
or without a given rectilineal angle, to draw a
straight line cutting off from the lines which con-
tain the angle, segments, towards the summit of
the angle, which shall be to one another in a given

ratio.

Let PAQ be the given 2, and first let Bbea .
ngen point without it: It is required to draw, .
from B, a straight line which shall cut off from

AP and AQ, two segments, towards A, which
shall be to one another in a given ratio.

From AP and AQ cut off AC and AD, equal
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to the two straight lines which exhibit the given
ratio, each to each; join D, C; -and through B
draw (E. 81.1.) BEF parallel to DC: Then, since
(constr. and E. 29.4d.) the two o ADC, AEF are
equiangular, - ' v

<. (E.4.6.) AF:AE::AC:AD;

.. (constr.) AF is to AE in the given ratio.

And the problem may be solved in the same

manner, when the given point is within the given
angle., '

Pror. XVL

23. ProsLEm. 79 draw through a given point a -
straight line cutting the lines 'which contain a
given rechilineal angle, so that the segment of it,
between those lines, shall be divided by the straight
line that bisects the given angle, into two paris,
which are to one another in a given ratio.
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Let PAQbe the given < ; let K_IT be drawn (E. 9.

1.) bisecting it ; and let B be the given point : It is
required to draw, from B, a straight line cutting AP
and AQ, so that the segment of it, between AP
and AQ, shall be divided by AR, into two parts,
which are to one another in a given ratio.

Draw (S. 15. 6.) BEF, so that AF shall be to
AE in the given ratio, and let BF caut AR in H;
then, (E. 3. 6.) since AH bisects the 2 FAE, FH
:HE:: AF:AE; that is, FG .is to GE in the
given ratio.

Pror. XVII.

23. Turorem. If two trapeziums have an angle
of the one equal to an angle of the other, and if,
also, the sides of the two figures, about each of
their angles, be proportionals, the vemaining angles
of the one shall be equal to the remuining angles
of the other.
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Let the two trapeziums ABCD, EFGH, which

E
AN
B C F G
have the sides about each of their # proportignals,
have the < ABC equal to the 2 EFG: The two

figures shall be equiangular.

. Fordraw ACand EG: Then (hyp. and E. 6.6.)

the o ABC, EFG, are equiangular, and have
their equal angles opposite to the homologous
sides. i

< (E. 4. 6.) BA:AC:.FE :EG;

and (kyp.) DA:BA::HE:FE;

~.(E.22.5.) DA:AC:: HE:EG:

And in the same manner it may be shewn, that
DC:CA::HG:GE:
And (hyp.) AD:DC::EH : HG;

*. (E. 5. 6.) the s» ADC, EHG, are equiangular,
and have their equal £ opposite to the homolo-
gous sides; and it has been shewn, that the 2.
ABC, EFG, are likewise equiangular’; .-. the tra-
peziums ABCD, EFGH are equiangular.

Prop. XVIII.

24, THEOREM. If two straight lines touch a-circle
' at opposite extremities of its diameter, any other
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tangent of the circle, terminated by them, is so
divided in its point of contact, that the radius of
the circle is a mean proportional between its seg-
. ments.

For (S. 20. 8. cor.) the tangent, so terminated,
subtends at the centre of the circle a right <, and
(E. 18. 8.) the straight line drawn from the centre
to the point of contact, meets that tangent at
right-# , and is, .*,, (E. 8. 6. cor.) a mean propor-
tional between the segments of the tangent.

Prop. XIX.

25. TaeorenM. If two given circles touch each
other, and also touch a given straight line, the
part of the line between the points of contact, is a
mean proportmnal between the diameters qf the
circles.

Let the two circles ABC, EBD, which touch
" E
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one another in B, be each of them touched by CD
in the points C and D: Then is CD a mean pro-
portional between the diameters of the two clrcles
ABC, EBP.

. For draw the diameters CA and DE, whlch (E.
18. 8.) are | to CD; also draw (E.17. 8.) BF
touching each of the circles in B, and join A, B,
and C, B, and E, B, and D, B: Then, since (S.
19, 8. cor. 2.) FB = FC, and FB=FD, a circle
described from the centre F, at the distance FB,
would pass through C and D ; ... (E. 31. 8.) the
«CBD is aright 2, as is, also, the 2EBD; .-
(E. 14. 1.) CB and BE are in the same straight-
line; and, in the same manner, it may be shewn
that AB and BD are in the same straight line;
but (E.8.6.) the £CAD = «¢DCB or DCE; .-
(S. 26. 1.) the two right-angled & EDC, DCA,
are equiangular; ... (E. 4.6.) ED:DC::DC:CA.

Prop. XX.

26. ProBLEM. Two straight kines being given,

" which are the two first of a serics of proportionals,

to find the rest; and, if the series decrease, to find

a line which shall be greater than the aggregate

"t of any number, whatever, of its terms, but to whick
the aggregate may approzimate indefinitely.

- Let A, B be the two first of a decreasing series
of proportionals: It is required. to find a line
. Sy :
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which shall be the limit of the aggregate of the
proportionals. ,
Make CD = A, and EF=B; and let EF be
drawn (E. 81. 1.) parallel to CD; join C, E and
D, F, and let CE and DF be produced, so as to
meet, in G ; join E, D, and through G draw GL
_parallel to ED, and let it meet CD, produced, in
L: Thenis CL the line which was to be found.
For, through F draw HFQ parallel to ED; and
through H draw HI parallel to EF or CD :

Then (constr. and E. 84. 1.) DQ=EF; also,
(constr. and E. 2. 6.)

"CD:DQ::CE:EH::DF:FI:
But since (constr. and E. 27. 28. 1.) the 2 EFD,
HIF are equiangular. :
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« (E. 4 6) DF:FI:: EF: HI; .
<(E.11.5) CD:DQorEF::EF:HI:

So that HI is the next of the proportionals to
EF; and, by a similar construction, the next of
them NP, may be found; and so on: ButCL =
CD 4+ DQ+ QR, + &c.; and, by the construction,
DQ, QR, &c. are equal to the several proportionals:
It is manifest, .-, that CL is their limit.

27. Cor. " The first term of a decreasing series
of proportionals is'a mean between the excess of
the first term above the second, and the line which
is the limit of all the terms.

For draw EV -parallel to DG; then since (E.
29. 1)) the o CVE, CDG are eqmangular, as are,
also, the 2 CED, CGL,

.~ (E. 4. 6.)CV:CD::CE:CG::CD:CL;
(B 11 1.) CY:CD::CD:CL.

And since (E. 84. 1.) VD= EF, .. CV =

CD—EF. )

Pror. XXI.

28, ProBLEM. To describe a square which shall
have a given ratio to a given rectilineal figure.

Find (E. 14 2.) a square that shall be equal to
the given rectilineal figure, and from its side, pro-
~ duced if it be necessary, cut off (E. 10.6.) a part,
which shall be to the side itself in the given ratio:

- The rectangle, contamed by the side of the square
Y 2 .
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and the part so cut off, will (E. 1.6.) have to the
given square the given ratio : If, .., lastly, a square
be found (E. 14. 2.) that is equal to the rectangle,
it will have to the given square the given ratio.

29. Cor. Hence a square may be cut off from
a given square, which shall be any required part
of it.” ’

\

Pror. XXIL »
20. ProBLEM. 70 divide a given finite straight
line into two parts, the squares of which shall be
- {0 one another in a given ratio.
Let AB be the given finite straight line: It is
A E B

X

required to divide it into two parts, the squares of
which shall be to one another in a given ratio.
~Draw (E. 11, 1.) AX | to AB; find (S. 21.6.)

the sides of two squares, which shall be to one an-



ELEMENTS OF RUCLID. v 325

other iti the given ratio, and from AX cut off AC
equal to one of them, and CD equal to the other ;
join D, B; and from C draw (E. 81. 1.) CE parallel
to DB: Then is AB divided in E, so that the
squares of AE and EB are to one another in the
given ratio.
For(constr andE 2.6.) AE :EB :: AC :CD;
~. (S. 1. 6. cor. 1.) AE :EB’::AC":CD"*
But (comtz'.‘) AC’is to CD"in the given ratio;
.. AE'is to EB’ in the given ratio.

-

Prop. XXIII.

81. ProBLEM. T find two poinis, situated in two
adjacent sides of a given oblong, at equal distances .
Jrom two opposite angles, from which, if two
straight lines be drawn parallel to the sides of the

JSigure, they shall cut off from it any part re-
quired.

Let ABCD be a given oblong: It is required to

.
PRt LYY
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find in two of its adjacent sides, as ip AB and BC,
two points equidistant from the £ A and C, from

which if straight lines be drawn parallel to BC and

BA, they shall cut off a given part of the oblong
ABCD.

From AB cut of AE=BC; produce CB; find
(S. 21. 6.) a square which shall be the same part of
the given oblong, as that which is to be cut off,

.and in CB, produced, make BF equal to the side
of that square; bisect EB in G; from the centre
G, at the distance GF, describe the circle HFL,

cutting AB produced in L, and AB in H; from
" CB cut of CM=AH : Then are H and M the
- points which were to be found.

.For, since (constr.) AE=BC, and AH = (,M
.., HE==BM: Again, since (corstr.) HG=GCGL
and EG=GB, .. HE=BL; and it has been
shewn that HE = BM A BL= BM; but (constr.
and E. 85.3.) HB X BL=BF'; .. HBX BM =
BF'; ;. (constr.) HBXBM is the required part of
ABXBC; and the points H and M are equi-
distant from A and C.

Pgor. XXIV..

82. ProBLEM. Within a given oblong, to describe
another oblong which shall be any required part. of
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§t, and sha¥l have its four sides all equally distant
Jrom the four sides of the given rectangle.

Let ABCD be a given oblong: It is required |
F

A H E B )
o TP
Vv WM
R T
~ c
P X

to describe within it another oblong, which shall
be a given part of ABCD, and have its -sides
equally distant from the sides of ABCD, each
from each. B

From ABCD cut off (S.23.6.) the oblong
HBMYV, the same part of it as that which is to be
described, is required to be, and having the ex-
tremities H and M, of its sides BH and BM,
equally distant from A and C; let HV, pro-
duced, meet DC in I; bisect.(E. 10. 1.) DI in K,
and CM in N; .-. DK = CN; from K draw (E.
81. 1.) KQ parallel to BC, and from N draw NR
parallel to AB; from BC and NR cut off BP and
‘ NS, each equal to DK or CN; through P driw
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PQ parallel to AB, and through S ‘draw ST pa-
rallel to BC; .- the figure QRST is an oblong :
And it is mamf'est, from the construction, that
RS=HB and RQ=BM, and that, ."., the gno-
mon QRW is equal to the gnomon HBW, for the
one may evidently be applied to the other so as to
coincide with it ; add to these equals the rectangle
VT, anditis plam that the oblong QRST is equal
to the oblong HM, which was made the required
part of the given oblong ABCD. :

Pror. XXV.

33. ProBLEM. The base, the vertical angle, and
the ratio qfthctwoudcsqfa triangle being given,
to consiruct it.

Let EF be a given straight line: Upon EF, as
’ K

a base, it is required to construct a A, having its
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vertical 2 equal to a given £, and its two‘re,-
maining sides in a given ratio to one another.

Upon EF describe (E. 33.3.) a segment of a
circle EKF, capable of containing an 2 equal to
the given £, and complete the circle EKFG ;
divide (E. 10. 6.) EF in H, so that EH is to HF
in the given ratio ; bisect (E. 30. 8.) @in G;
draw GH, and produce it to meet the circumfe-
rence in K ; lastly, join E, K, and F, K : Then is
EKF the A which was to be constructed.

For since (constr.) ﬁb:i‘a, o (E. 27. 8,) the
£ EKG = £ FKG, so that the £ EKF is bisected
by KH;;

.. (E.8.6) KE:KF:: EH: HF:
That is (constr.) KE is to KF in the given ratio, -
., and the vertical 2 EKF is equal to the given
angle.

~ Prop. XXVI. .

84. ProBLEM. A given finite straight line being -

*  divided into any two given parts, to divide it

again, so that the rectangle contained by the two

. Jormer given parts shall have a given ratio to the
rectangle contained by the two latier parts.

Describe (S. 21. 6.) a square which shall be to
- the rectangle, contained by the given parts of the
given line, in the given ratio ; and divide (S. 71. 8.)
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" the given line into two parts, so that the rectangle

contained by them shall be equal to the square so
described : It is manifest that this rectangle will
be to the rectangle, contained by the two given
parts, in the given ratio.

Prop. XXVII. ;

85. ProsLEM. To drow a straight line to touch a
given arch of a circle, so that being terminated by
the semi-diameters, produced, which bound the
arch, it shall be divided by the point of contact,
into two parts that are lo one another in a given
ratio.

Let LBM:be a given arch of the circle ALBM,

terminated by the two semi-diameters KL and
KM : It is required to draw a tangent to the circle,
so that, being terminated by KL and KM, pro-
duced, it shall be divided, by the point of its
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contact, into two segments, that are to one an-
" other in a given ratio.
Take any straight line CD and dlvxde it (E. 10.
6.) in H in the given ratio; draw (E. 11. 1.)
HE ; to CD, and let HE be cut in E, by a seg-
ment of a circle described (E. 33.3.) upon CD,
capable -of containing.an £ equal to the given
L LKM; and join C, E, and D, E; .. the ¢
CED = 2LKM; lastly, draw (S. 8. 3. cor.) FBG
touching the cirele ALBM, and making with KL,
.produced, an 2 KFG = 2 ECD: Then is the
tangent FG divided in B so that FB is to BG in
the gnven ratio.
For join K, B; .. (constr. and E. 18. 8.) the 2
at B are right £ ; as are, also, the £ at H; and
(constr.) the £ ECH =< KFB; .- (8. 26. 1.) the
& ECH, KFB are equiangular; and since the
£ CEH = KB, and that (constr.) the whole ¢
CED = whole/ FKG, ... the £ HED =2 BKG,
and (8. 26. 1.) the o EHD, KBG are equnangular,
as are, hkewnse, the » CED, FKG; '
<. (Es4.6.) CH: HE::FB:BK}}
and HE: HD::BK: BG;
.~ (E.22 5)yCH:HD ::FB:BG:
But (constr.) CH is to HD in the given ratios -
- FB is to BG in the given ratio. :
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Prop. XXVIII.

36. PropLEM. Two points being given, ome in
each of two parallel straight lines, and a third
point being also given, without them, to draw,
Jrom that third point, a straight line so to cut the
- parallels, as that the segments of the parallels, be-
tween it and the two first points, shall be to one
another in a given ratio.

Let PQ and RS be the two given parallel

straight lines; A and B the two given points in
them; and C a given point without them: It is
required to draw from C a straight line cutting
PQ and RS, ‘so that the segments of PQ and RS,
between the cutting line and the given points A
and B, shall be to one another in a given ratio.
Join A, B; and divide (E. 10. 6.) ABin D, so
that AD is to DB in the given ratio; through D

draw CEF, cutting PQ and RS, in E and F: Then
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is CEF the straight line which was to be drawn.

For, since PQ is (hyp.) parallel to RS, .- (E. 29
1.) the ~ AEF=_,EFB; and the £ EAB=1¢
ABF; also (E.15.1.) the - ADE = £ FDB; °
so that the ». ADE, BDF are equiangular;

< (E. 4.6.) AE:BF:: AD:DB:

But (constr.) AD is to DB in the given ratio;
.. AE is to BF in the given ratio. -

Pror. XXIX.

87. ProBLEM. To find a point within a given
triangle, from which if. three straight lines be
drawn to the three angles of the triangle, it shall
thereby be divided into three parts that are each
20 each in given ratios.

e~

Let ABC be the given A, and let PQ, QR, R
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in the same straight line, be three given
straight lines: It is required to find a point within
the A ABC, from which if straight lines be drawn
to A, B and C, the A shall thereby. be divided
into three parts that ‘are to oie another as PQ,

QR, and RS. ,

. .Through A draw (E 31.1.) DAE para\lel to
" BC, and from B and C draw (E.11.1.) BD and
CE 1 to BC; in like manner, describe upon AB
another rectangle ABGF, about the- A ABC;
divide (E. 10.6.) DB in H, so that PS:PQ::
DB : BH ; divide, also, BG in K, so that PS:
QR ::BG: BK ; through H draw HI panllel to
BC, and through K draw KL parallel to BA, and

let HI and KL cut one another in M: Then
is M the point which was to be found.

For draw MA, MB, and MC: And since (E 41,
1.) each of the rectangles DBCE, ABGF, is
" double of the A ABC, they are equal to ome
another; also (E. 41.1.) AK is double of the A
AMB, and HC is double of the A BMC:
But (E. 1. 6.)
HBCI:DBCE:: HB:DB:: PQ:PS;
~ and ABGF: ABKL:: KB:GB::PS:QR;
.~ (E.22.5) HBCI : ABKL:: PQ: QR
.% (E. 41.1. and E. 15. 5.) ’
. ABMC: A AMB::PQ:QR:
Whence it follows, also, that the A AMB:
A AMC::QR: RS.
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Pror. XXX,

38, ProsLEM. To divide a given circular arch
into two paris, -0 that the chords of these parts
shall be to each other in a given ratio.

Let EKF be the given circular arch : It is re-
K

G

quired to divide it into two parts, the chords of

which shall be to one another in a given ratio.
Join E, F; and describe (E. 25. 8.) the circle

KEGT, of which EKF is a given segment ; bisect

(E. 80. 3.) EGP in G ; divide (E.10.6.) EF in
_H, so that EH shall be to HF in the given ratio;

- draw GH, and produce it to meet the circumfe-

rence in K ; lastly join E, K and F, K.

Then, since (constr. and E. 27. 8.) the ~ EKF
is bisected by KHG, .. (E.8.6.) KE: KF: :
EH: HF; that is, (constr.) KE : KH in the given
ratio.
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Pror. XXXI.

89. ProsLem. To inscribe a square in a given
- trapezium, which has the two sides abowt any
angle equal to one another, and the two sides
about the opposite angle also equal to one
- another.

Let.- AKCL be a trapezium having the' side

A

o/
A L

\

G

.- G

KA =KC, and also the sidle LA=LC: It is
required to inscribe in AKCL a square.
_« Draw the diameters of the figure, AC and KL;
divide (E.10.6.) AK in F, so that AF: FK::
AC:KL; draw (E.81. 1.) FG parallel to AC,
" and GI and FH parallel to KL ; and join H, I:
Then is the inscribed figure FHIG a square.

‘For (8. 1. 8. cor.) KL bisects AC at right «£ ;
. (constr. and E. 34. 1.) the £ at F and G are
* right £ : Again the 2 AFH, AKL (E. 29. 1.)



zw’uxrs OF EUCLID. 337

are equlangular, as are, also, the & KFG, KAC;
. (E.4.6.) AK:KL:: AF:FH: ‘
And (constr.) KL : AC:: KF: AF;
-. (E. 23.5.) AK:AC::KF: FH
But (E.4.6.) AK:AC:: KF:FG;
. (E.9.5.) FG=FH: -
And since (E.2.6.) CG : GK : : AF : FK, it may,
in like manner, be shewn that GI=GF; and
(constr.) GI is parallel to FH; ... (E.3s.1.) IH
is equal and parallel to GF; .-. the figure FHIG
is an equilateral 3; and its # GFH, FGI, have
been ‘shewn to be right # ; ... (E. 84. 1.) 4dll its
4 are right £; . (E. 80. def. 1.) FHIG is a
square,

Pror. XXXII.

0. ProBiem. To inscribe a square in a given
trapezium.

. Let ABCD be the given trapezmm s Itis re-
quired to inscribe in it a square.

Since (E. 84. def. 1.) ABCD is not a £3, one
pair, at least, of its opposite sides must meet if
they be far enough produced let, .., DA and CB
be produced so as to meet in T : Take any straight
line fZz and upon it describe (E. 46. 1.) the square
JZhi; joinf; h; and upon if;, kg, and & describe
(E. 88. 3.) segments of circles, ich, fth, and gbh,
capable of cortaining # equal, respectively, to
the #z T, B, and C, andlet %, /, and m, be the se-

z
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veral centres of the circles ; draw &m, and divide
it (E. 10. 6.) in p, so that mp: pk::CB: BT;
also join p, /; through k draw (E.12.1.)ckg 1
to pl produced, and meeting it in ¢; also let cg,
produced, - meet the circumference f?& in #,
the circumference gbk in b, and the circumfe-
" renceich in ¢: Again, divide (E. 10. 6.) BCin H,
- 80 that BH: HC :: bk: hc; make (E.28.1.), at
the point H, in BH, the ~ BHG = ¢ big, the
¢-BHF = ¢ bhf, andthe £ CHI = £ chi; lastly,
join F, G and F, I: Then is the inscribed figure
FGHI a square.

For draw (E. 12.1 )lcrandpq, L tozc: Then,
since (constr. and E. 8. 3.) bk =2gh, and i
== 2ks, it is manifest that Bc = 2¢s; and, in-the
same manner, it may be shewn that % = 2rg;

oo (Ba15.5.) thibeiirg:gs:
But (consir. and E. 10.6.)

rg:gs::kp:pm::TB:BC;

(B 11.5.) #h:be: TB BC.
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- Again (constr. and 8. 26. 1.) the &\ gbh, GBH
are equiangular, as are, also, the 2 ich, ICH ;
‘. (E.4.6)hg:hb:: HG: HB:
And (constr.) hbi1hc:: HB: HC:
Also (E. 4.6.) he : ki : : HC: HI 5
- (E. 92, a)hgxkt:' HG:HI:
But (consirs) hg=hi; - HG=HI; and it is
manifest, also, from the constructnon, that the
¢ GHI = £ ghi, of the square jfzhi; ... the
tGHIisa rlght L.
Agam, since (constr.) bk : he: : BH : HC,
*. (comp. and dév.) th: bk :: TH : BH:
Lastly, (constr. and S. 26, 1.) the two o\ tfh, -
TFH, are equiangular, as are, also, the two \ bkg,
- BHG;
oo (E.4.6.) fh:th:: FH: TH:
And th:bh::TH:BH;
Also (E.4.6.) bh:hg::BH: HG
*. (E. ag.s.)ﬂxhg::FH:HG:
Whepefore, the tweo & fkg, FHG, having their
sides about the equal £ fhg, FHG, proportionals,
are (E.4.6.) equisngular; .. the « FGH is a
right engle; and (E. 4. 6.) FG = GH, because
(eonsir.) fz = gh: And, as hath been shewn, the
£ ¥GH, GHI, arenght 4 7 (E 28.1.) GF is

pamlleltom

It has been shewn, also, that HI....HG,..
(E. 38. 1. and E. 84. 1.) the figure FGHI is equi-
iutendanductaugdarz’l‘hat:s(E.sodefl)at
. is‘a square.
z 2
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Pror. XXXIiI.

. 4]. ProBLEM. To determine the locus of the
summits of all the triangles which can be described
on a given base, so that each of them shall have its
two sides in a given ratto :

I.et ABbea given finite straxght line: It is re-

quired to determine the locus of the summits of
aH the 2. which can be described upon AB, as'a
base, having their two remaining sides, in  each,
in'a given ratio to one another.

Divide (E. 10. 6.) AB in C, so that AC shall be
to CB in the given ratio s from the greater seg-
ment AC, cut off CD'=CB; find (E. 11:6.) a

“third proportional to AD and CB, and in AB, pro-
duced, make B,K equal to it; from the centre K,
at the distance KC, describe the circle CPE: The

‘circumference CPE is the locus whlchxwasto be
~ determmed
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. ¥or, take any point P, in the circumference
"CPE, .and draw PA, PB, PC, and PK= Then
since, ‘
: (constr.) AD:CB:: CB:BK,
% (E.18. 5)AD 4+CBor AC:CB::CK:BK;
*. (E.16.5.) AC:CK:: CB: BK;
.~ (E.18:5) AK:CK::CK: BK»
ie (E 15. def. 1.) AK:KP::KP:KB;
.*. (E.6.6.) the two o, APK, BPK, are equlangular:.
*.(Ec4.6.)PA:PB:: AK:PK or CK
_And 1t bas been shewn that
AK:CK::CK:BK:: AC; CB;
~ «~ (E. 11.5) PA:PB:: AC:CB:
(And (com‘tr) AC is to CB in the given ratio; .-
PA is to PB in the given ratio, wherever, i in the
circumference CPE, the point P is taken.*

‘ i’nor. XXXIV.

.42. ProBLEM. The base, the perpendicular di-
. stance of the vertex from the base, and the ratio
of the two sides of a triangle being given, to con-
struct it.

Draw (E. 81. 1, and E. 11. 1.) a straight
line parallel to the given base, and at a per-
- pendicular distance from it equal to the given
perpendicular distance; draw, (S. 88. 6.) the

* If the given ratio be a ratio of equality, the locus to be de-"
« termined is, manifestly, the straight line drawn at right angles
to AB, through the point which divides AB into two equal parts,

4
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Jocus of the sammits bf all the 2. which can
be desciibed on the given base, having -their
sides to one another in the given ratio; and it
is manifest that the point, in which this locus
meets the line drawn parallel to the base, will
be the summit of the A which was to be de«
. scribed.

Pror. XXXV,

.4-3.. ProsLEM. The segments into whick the pér.
pendicidar, drawh from the veriex to the base of
ah'tmtgle divides the base, and the rakio of the

two Fenvdining  skdes bemg gtven, 2o consty'met
the triangle.

The segments being placed in the same stra_igbt
Jine, upon their aggregate draw (S. 83.6.) the
locus of the summits of all the 2\, which can be
deseribed on that line, as a base, 5o as to have
their remaining sides in the given ratio: And it
ig evident that a perpendieular drawn (E. 11, 1.)
to this base, from the point, which is ¢onmmen to
the two segments, will cut the Jocus in a point,
which -is the vertex of the A that was to be
desciibed. ‘

Pror. XXXVI.

44. ProsLEM. T find a point, from which if
three strasght lines'be drawn to three given points,
tquchallbemk.toeach in given ratios.
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Upon the straight lipe joining two of the given |
points, describe (S. 88. 6.) the locus of the sum-
" mits of all 2 having that line for a base, and
'havmg their sides to one another in one of the
given ratios ; upon the straight line; also, joining
the third given point, and either of the other two,
describe the locus of the summits of all 2 having
that line for a base, and having their sides in an-
- other of the glven ratios : Then it is manifest,
that the point, in which the one locus cuts the -
- other, is the point which was to be found.

Pror. XXXVII.

45. Puosiem. A straight line being divided into
three given parts, to find a point without it, at
which the three parts shall subtend equal angles.

Upon the aggregate of the first and second of
the given parts, describe (S. 33. 6.) the locus of
the summits of all 2\ having that line for a base,
and having their sides to one another, as the first
is to the second of the given parts: Again, upon
the aggregate of the second and third of the given
parts, describe the locus of the summits of all p\ -
having that line for a base, and havmg their sides
to one another as the second of the given parts is
to the third :* Then it is manifest, from E. 8. 6.,
that the point, in which the one locus cuts the
other, is the point which was to be found.
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Pror. XXXVIIL.’

46. ProBLEM. To find a point in a given line,
Jrom which, if two straight lines be drawn to twa
given points, both on the same stde of the given

. line, they shall be to each other in a given ratio,

Upon the straight line joining the two given
points, describe (S. 83. 6.) the locus of the sum-
mits of all s having that line for a base, and
having their sides in the given ratio; and it is
evident, that the point, in which the locus, so de-
scribed, cuts the given line, is the point which
was to be found."

Proe. XXXIX.

A41. PnonLEM In a given parallclogram to in-’
scribe a paralleh)gram that ' shall have its two

. adjacent sides in a given ratio lo one another,
and that shall be the hajf of the given parallelp- ‘

gram..

Let ABCD be the given 01: It is required to
inscribe in it a 3, which shall be the half of
ABCD, and which shail have two adjacent sides
in a given ratio to one another.

Bisect (E. 10. 1.) AB in E, and through E draw

(1:. 1. 1.) EF parallel to_AD or BC: And, first,
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G D

Y M 4

if the given ratio be a ratio of equality, bisect,
also, EF in K; through K draw (E. 11. 1.) LKM
4 to EF; and draw EL, LF, FM, and ME:
Then ELFM is an equilateral 3, and it is ‘the
“half of the 3 ABCD.

For (E. 10. 6.) m is divided, in K, in the same
_ manner as AB is divided in E; ... KL=KM;
.. (constr. and E. 4. 1.) EL, and LF, and FM, and
ME, are equal to one another ; and .-. (S. 18. 1.)
the figure LEMF is a C0: And since’ (E. 4. 1.)
the A ELF is the half of the @3 AEFD, and the
A EMF is the half of the 0 EBCEF, .. the whole
figure ELFM is the half of the given 3 ABCD.

. But, secondly, let the given ratio be not a ratio
of equality : In this case, upon EF describe (S. 33.
6.) the locus of all the o\ having EF for a base,
and having their sides in the given ratio, and let
it cut ADin G; join E, G, and F, G; from CB
cut of CH = AG, and join E, H and F, H: Then
is EGFH the 2 which was to be described.

~ For (constr. and S. 43. 1.) EGFH is a 3; and
it may be shewn to be the half of the given O3
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ABCD in the same manner as ELFM was shewn
. tobe the half of ABCD; and (constr.) the adJa.cent
- sides EG and GF, are to one another in the given
ratxo

Pror. XL.

48. ProsLEw. PFrom a given point, cither within
or without a given rectilineal angle, % draw a
siraight kine cuiting the two lines which contain
the angle, so that the distances of the two énter-
sections firom the given point, shail bc o ons .
another in a given ratio,

Let PAQ be the given rectilineal 2, and, first,

let B be a given point without it: It is required
te draw from B a straight line cutting AP and AQ, -
so that the distances of its intersections with AP
and AQ, from B shall be to one another in a

‘ gwen ratio.
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" Through B draw BC to any point C in AP;
find' (E. 12. 6.) a fourth proportlonal to the two
straight lines, which exhibit the given ratio, and
to BC; and from BC cut off BG equal to that
fourth proportnonal through G draw (E. 381..1.)
GE parallel to AC, and meeting AQ in E; join
B, E and produce it to F: Then shall FB be to
EB in the given ratio.

For (constr. and E. 29. 1.) the two A BFC,
BEG, are equiangular:

<. (E.4.6)FB:EB::CB:GB:

But (constr.) CB is to GB in the given ratio;
.. FB is to EB in the given ratio. '

And, by the same method of constructnon, the
problem may be solved, when the given point is
within the given angle.

49, Cor. It is manifest that the problem
admits of the same method of solution if one of
the given lines, as AP, be a straight line of inde-
finite length and if the other AQ be a line of
any kind, in the same plane mth AP.

.- Prop. XLI.

50. ProBLEM. To find, between two given paral-
lel straight lines, the locus of all the points, from
each of which if two straight lines be drawn to the

_ two gtven parallels, so as always to make with
them, towards the same parts, given angles, they
shall be to one another in a given ratio.
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Let VW and XY be the two given parallels;
‘ V. ., C R
. \

A Q

1
let AB and AC, drawn from any point A in XY,

be in the two given directions : It is required to

find, between VW and XY, a locus, from any
'points’of which if two straight lines be drawn to
VW and XY, the one parallel to AC and the other
parallel to AB, they shall be to one another in a
. given ratio.

Find (E. 12. 6.) a fourth proportional to the two
straight lines, which exhibit the given ratio, and to

AB5 and from CA, produced, cut off ADequalto
that fourth proportional; join B, D; through A
draw (E. 81. 1.) AE parallel to DB, and through E
draw EF parallel to CA, and let it meet ABin F;
‘lastly, through F.draw SFT parallel to VW or to
XY: Then is ST the locus which was to be

found. L
For take any point P, in ST, and from P draw

PQ parallel to . AB, and PR parallel to AC.
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' ‘And since (constr. and E. 29. 1.) the a; AEF, .
ABD are equiangular, . :
.~ (E.4.6.) FA:FE: AB AD:

But (constr and E. 84. 1.) FA=PQ, and FE =
PR ; also (constr.) AB is to AD in the given
ratio; .*. PQ is to PR in the given ratio.

t -Prop. XLII.

51. Prosrem. To divide a given straight line
into two parts, such, that the rectangle contained
by the whole line and one of its parts, shall have
a given ratio to the square of the other part.

Let AB be the given straight 'line: It is re-

L

. C,
A . B

quired .to divide it into two parts, such that the

_rectangle.contained by AB and one of the parts
shall have to the square of the other part a given
ratio.

Find (E. 12. 6.) a fourth proportional, L, to the
two straight lines, which exhibit the given ratio, .
and to AB; and divide (S. 81.'3.). AB into two
parts, in C, so that AC X L =<CB’: And since,

- (E.1.6.) ACXAB: ACXLor CB':: AB:L,
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it is manifest that AD has been divided in C, so -
that AC X AB is to CB’ in the given ratio.

Pror. XLIII.

52. ProBLEM.  One given circle lying within an-
other, to find a point from which, if two tangents
be drawn, one to each of the given circles, they
shall be to each other in a given ratio.

Let ABC, DEF, be two given circles, of which

DEF lies within ABC: It is required to fird &
point from which if tangents be drawn to touch
the two circles ABC, DEF, they shall be to one
another in a given ratio.

Draw (E. 1. 8.) AL touching the lesser clrcle
DEF in any. point E, and let AT meet the circym-
ference of ABC in A and B; bisect (E 10. 1.)

AB in G, and from E draw (E. 11. 1. YEH i to
AB; find (E.12. 6.) a fourth proportional to the
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two straight lines, which exhibit the given ratio,
‘and to AG; and make EH equal to it; from the
centre G, at the distance G A or GB, describe the
circle AKB; from H draw (E. 17. 8.) HK touch-
ing the circle AKBin K; and produce HK to .
‘meet AB, produced, in L: Then is L the point
which was to be found.

. For, from L draw LC touchmg the circle ABC
in C;.and join G, K; ... (constr. and E. 18. s.)
the 2 GKL'is aright 2, asis, also, (consir.) the
¢ LEH; ... (S. 26. 1.) the o LKG, LEH, are
eqmangular ; -

<. (E.4.6.) LE:LK: :EH :GK or GA:
But,emce (E. 86.8.) AL X LB is equal to LK
and also to LC’, .». LK = LC; and (constr.) EH
is to GA in the given ratio ; .. the tangent LE is
to the tangent LC in the given ratio.

Pror. XLIV.

53. ProsrLem. From a given point, to draw a
straight line to cut a given circle, so that the di- -
stances of the two intersections firom the given
point, shall be to each other in a given ratio.

Let CFE be the given circle, and A the given .
point without it: It is required to draw from A
a straight line cutting CFE, so that the dlstances
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of its two intersections from A shall be to one
another in a given ratio.

‘From A draw (E. 17. 8.) AT touching the cir-
- cle CFEin F; find (S. 21. 6.) a square, which
shall be to the square of AF, in the given ratio ;
-from the centre A, at a distance equal to the side.
of the square thus found, describe a circle cut-
ting the circumference of CFE in Q; and draw
AQ, which is, .., equal to the side of that square;
produce AQ to meet the circumference of CFE
againin P : Then shall APbe to AQ in the given
ratio.

For (E. 1. 6.) AP: AQ:: AP X AQ: AQ":
But (E. 36. 3.) AP X AQ=ATF ; and {constr.)

AF is to AQ’ in the given ratio; .. AP is to AQ
m the given ratio. X

L
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' Prop. XLV.

54. ProBLEM. Two given circles lying wholly
- without one another, through a given point, whick
15 between the two circles, and which is posited in
the straight line joining their centres, to draw a
straight line that shall be terminated by the convex
.circumferences, and divided, . by the given point,.
into two parts, that are to one another in a given
ratio. .

Let BD and EF be two given circles, and A a

given point in CK, which joins the two centres
C and K: It is required to draw, through A, a
straight line, which being terminated by the con-
vex circumferences of the circles BD and EF,
shall be divided by A into two parts, that are to
one another in a given ratios
" Produce CK indefinitely toward X : Find (E.
12. 6) a fourth proportlonal to the two lines,
whnch exhibit the givenratio, and to CA, and
. 2aA
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from AX cut off AH equal to it; find, also, a
fourth proportional to the same two given lines
and any semi-diameter, CD, of the circle BD;
and from HX cut off HI equal to it; from the
centre H, at the distance HI, describé a circle,
and let it cut the circumference of EF in G; draw
HQ@, which ... is ‘equal to HI; draw (E. 31. 1.)

CB parallel to HG ; and j Jom B, A,and G, A:
Then shall BA and AG be in the same straight -
line; -

" for (constr. andE 11.5.) CA: AH :CB:GH;
: *(E.16.5)CA:CB:: AH: GH

and (consir. and E. 29. 1 Jthe BCA=, AHG
and two remaining £ BAC, HAG, of the 2, CBA,
AGH, are of the same species, each of them being,

necessarily, less than a right 2; .. (E. 7. 6.) the-
£BAC= £ GAH; .. BA and AG are in the
same straight line; o‘therwise (E. 15. 1.) the
greater of two £ would bé equal to the less:
And since (E. 7. 6.) the two o CBA, AGH, are
equlangular,
v (E. 4.6.) BA: AG::CA: AH;
that is (comtr ) BA is to AG in the given ratio.”

Pnp‘p. XLVI.

85. ProsLem. To find & point, from which if
three straight lines be drawn to meet as many
given straight lines, which cut one another, so ¢s
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. td'make, each with the line on whick it falls, an
angle equal 1o a given angle, the lines so dravm
shall be, each to each, in given ratios. '

Let AB, BC, and CA, be the three given

B . M O
straight lines, and D the given ¢ It is required
‘fo find a point from which if three straight lines
be drawn to AB, BC, and CA, each making with
each an 2 equal to the 2 D, they shall be to one
another in given ratios.

Straight lines being supposed to be drawn at :
the point B making, with AB and BC, angles each
_equal to the 2 D, draw (S. 7. 6.) the locus BK
of all the points from which if parallels be drawn
to them meeting AB and BC, these parallels shall
be to oue another in the firat of the given ratios;
then (F. 9. 1.) shall the parallels so drawn make
- with AB and BC, angles each eqml to thegiven
¢ D

242
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- In like manner draw the locus CK of all the
points from which' if straight lines be drawn to"
AC and CB, making with them angles equal each
to the given 2 D, they shall be to one another
in the second of the gnven ratios : And let BK
and CK meet in K. It is manifest that K is the
point which was to be found. '

.

Pror. XLVIL

56. ProsLEM. To make an isosceles triangle,
whick shall be, equal o a scalene triangle, and
shall also have an equal vertical angle with it.

Let ABC be the given scalene triangle: Itis

\

required to make an equal isosceles A, which
shall have the £ BAC for its vertical angle.

. Find (E. 18.6.) a mean propertional between
the two unequal sides AB and AC, - of the given
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A ABC, and from AB, the greater side, cut off
AD equal to the mean proportional so found ; also
‘produce AC to E, so that AE== AD, and join D,
- E: Then is ADE the A whlch was to be de-
- scribed.

For (constr.) BA: AE:: AD: AC; . (E.ls.s)

the isosceles & ADE is equal: to the given A
ABC.

Pror. XLVIIL.

57. TREOREM. ' If a straight line, drawn from the
vertex Qf an isosceles triangle cutting the base, be
produced to meet the circumferénce of a circle
described about the triangle, the rectangle con-

. tained by the whole line so produced, and the part

- gf it between the wertex and the base, shall be
equal to the square of cither of the equal ade: o
the triangle. .

Let AD drawn from tbe vertex, A, of the
isosceles A ABC, inscribed in the circle ABDC,
cut the base of the A in E; and the circumference

of the circle in D: Then DA X AE=AS"
For join B D, and since (kyp.) AB=AC, .-
(E 28. s) AB— AC, and .~. (E. 27. 8.) the £
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A

D

BDA, of the A ABD, is equal to the £ ABE, of
"the A AEB; and the £ BAD is common to the
twon 3 -+« (S. 26. 1.) they are equiangular ;
. (E.4.6)DA:AB:: AB: AE;
~ (E.17,6)DA X AE=AB’,

Prop. XLIX. !

58. TueoreM. [f-from a given point, without a
czrcle, two straight lines be drawn to the concave
circumference, they shall be reciprocally pro-
portional to the paris of them detween the given
point and the conves circumference.

For (E. 6.3. cor.) the rectangle contained by the
one of the lines, so drawn, and the part of it with.
out the circle, is equa.l to the rectangle contained
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by the other line and the part of it withont the
gircle ; ... (E. 16. 6.) the two straight lines so
drawn are reciprocally proportional to the parts
of them, between the given point and the convex
circumference,

Prop. L.

59. ProBLEM. ' To divide a glven finite straight .
line. into two parts, such, that another given
straight line, not greater than the half of the
Jormer, shall be a mean proportional between
‘hm)

Let AC be the given straight line which is to

A
B
| L\J']Z:
C

be divided into two parts, and let CG, placed at

right £ to AC, be the line which is to be a mean
proportional between the parts of ACD.

~ Upon AC, as a diameter, describe the circle

ACB; through G draw (E. 31, 1.) GF parallel

\
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to CA, and let GF meet the circumference of
AECF in F; through F draw the chord: FDE
parallel to GC, and .~ Y(E. 29. 1.) 1 to AC; .-.
(E. s. 3.) FE is bisected in D; .- (E. 85. 3.) AD
X DC=DF*; but (constr. and E. 84. 1.) CG=
DF; .. AD X DC=CG'; .~ (E.17.6.) the
- given straight line CG is a mean proportional
between AD and DC. -

Prorp. L1.

60. ProsLeM. Of four straight lines whick . are
continual proportionals, the two extremes being
given, and also a line which is equal to the
difference of the other two, fo Jind those two
lines.

) Let‘AB;x;md BC, placed in the same straight




ELEMENTS OF EUCLID. ‘ 361

line, be the two given extremes, and L the given

difference of the two mean terms, of four propor-
tionals: It is required to determine the two mean
terms.

Bisect (E. 10.1.) AC in D, and from the centre
D, at the distance DA or DC, describe the circle
AECF; likewise, upon DB, as a diameter, de-
" scribe the circle DGB ; and, since (S. 4. 5. cor.
and kyp.) DB is greater than L, in the circle
DGB place (E. 1.4.) BG equal to the half of L ;
and produce GB both ways to meet the circumfe-
rence in E and F: Then are BE and BF the two
mean proportionals, which were to be found.

For join D, G; and because the 2 DGB is in
a semicircle, it is (E. 81.8.) a right 2 ; ... (E. 8.
8.) GF = GE ; whence it is manifest that BG,
which was made equal to the half of L, is the
difference between BF and BE; also (E. ss. s.)

ABXBC BF X BE;
. (E. 16.6.) AB: BF::BE: BC.*

Prop. LII.

61. 'P'nom.zu. To make a triangle, which shall
have its two sides equal to two given straight
lines, each to each, and shall have its base equal

- * The method used in this proposition furnishes another, and
perhaps a neater, mode of solving the problems contained in
.S. 86. 8. and its corollary.
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to the perpendicular distance of the vertex fm
tke ) baseo v

1 -»

Let AC and CB be two given straight lines : It

is required to describe a A which shall have its
base equal to the | drawn to it from the vertex,
and shall have its two remaining sides equal to
AC and CB, each to each.

Let AC and CB be placed in the same straight
line; and from the centre C, at the distances CA
and CB, describe the circles ADE, BFG ; from
the centre A, at the distance CB, describe a cir-
cle cutting the . circumference BFG in ¥; and
join A, ¥; so that AF==CB; produce FA to
meet the circumference BFG again in G ; upon
AC as a diameter describe the circle AHC, and
in it place AH=AG; draw CH and produce it
to meet the circumference BFG in I; lastly, join
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‘I, A, and produce TA to meet the circumference
BFG in K: Then is CAK the A which was to be
described.

For, draw (E. 12. 1.) CL ) to AK; ... (E.81.
8. and S. 26.1.) the i CLI, AHI, are equian-
gular ; and since (E. 85. 3.) AT X AK=AG X
AF, i.e. (constr.) AT X AK = AH x CK,

. (E. 16.6.) AI: AH::CK: AK:
But (E.4.6.) AI: AH::CIorCK: CL;
- (E. 9. 5) AK = CL:
And the glven straight line AC is one of the sides
of the A CAK; and CK, which (E. 15. def. 1.) is
equal to CB is tbe remammg side.

-

Pror. LIIIL

62. Tueorem. If from any point in the diameter,
*or the diameter produced, of a given parallelo-
- gram, perpendiculars be let fall on the two adjacent
sides, produced, if mecessary, 'which meet the di-
ameter, the perperdiculars shall be reciprocally
proportiongl to the sides on which they fall.

Let AB be the diameter of the -3 ABCD ;
* Jet P be any point in AB, and Q any point in AB
' produced ; and let PK and QM be ; to AB, and
PL and QN } to BC: Then
AB:BC::PL:PK::QM: QN
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For draw AC, and AP, and PC; and let AC
cut BD in E; :
. < (S. 42. 1.) AE=EC.
.. (E. 88.1.) '
", A ABE = ACBE; and A APE = A.CPE;
. ' .. AAPB= ACPB; .
<. (E. 41.1.) AB X PK=BC X PL;
<. (E.16.6.) AB:BC:: PL:PK.

Again, since (constr. E. 15. 1. E. 82. 1.) the &
BKP, BNQ, are equiangular, as are, also, the
BLP, BMQ, . :

<. (E.4.6.)QM:BQ:: PL: PB;
and BQ:QN:: PB: PK,
o (E.22.5) QM:QN:: PL: PK:
And it has been proved that AB:BC::PL:PK;
~ (E. 11. 5) AB:BC; : QN: QM.

In the same manner, also, the proposition may
be shewn to be true, if perpendiculars be let fall
from Q on the sides DA, and DC, produced.
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Prop. LIV.

63. ProBLEM. From a given point, in the base of
a scalene triangle, to draw a straight line, which
shall cut off equal segments from the two remain-
ing sides, the less of those sides having been pro-
duced.

Let D be a given point in the base BC of the

scalene A ABC: It isrequired to draw from D a
straight line which shall cut.off from the greater
side AC, and from the less side AB, produced,

equal segments.

" * From AC cut off (E. 3.1.) CE= AB; through
D draw (E. 31. 1.) DF parallel to AB, and DG
-parallel to AC; and, accordingly as the point F
falls between E and C, or between E and A, take
in AG, or in GA produced, AH = EF; produce
HG, or GH, (8. 78. 3. cor.) to K, so.that GK X.
KH=GA X AF; lastly, join D, K: Then shall
DK cut off from AC a segment CL equal ‘to the
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segment BK, which it cuts off from AB produced.
For, since (constr.) GK X KH is equal to GA
X AF or (constr. and E. 84. 1.) to DF X GD,
*(E:16.6.)GK:GD:: DF:KH:
But (comtr. E.29.1. and S. 26. 1.) the two 2
KGD, LFD, are equiangular;
. (E.4.6) GK:GD::DF:FL:
*. (E.9.5) KH=FL:
But (constr.) BH=CF; to these equals add
. the equals HK, and FL, and it is manifest, that
the segment CL is equal to the segment BK.

Proe. LV.

64. TaeoreM. If an angle of a -triangle be bi-
sected by a straight line, which also cuts the base,
the rectangle, contdined by the sides of the tri-
angle, is equal to the rectangle contained by the
segments of the base, together with the square of
the straight line bisecting the angle.

Let ABC be a A, and let the ~ BAC be bi-
;_ged by AD; then BA x AC=BDXDC+

Describe (E. 5, 4.) the circle ACB about the
triangle ; produce AD to the circumference in E,
and draw EC. And, because (E. 21. 8.) the £
ABC = « AEC, and (hyp.) the £ BAD = ¢
" CAE, .. (E. 32. 1.) the s ABD, AEC, are equi-
- angular;
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' - (B. 4. 6) BA: AD:: EA: AC;

. (E.16.6.) BAX AC==EA X AD; i. e (K.
3.2.)BA X AC=ED x DA + AD': But (E.
85.8) ED X DA=BD X DC; .. BAX AC
=BD x D€ 4+ AD". .

Pror. LVI. '

65. Tueorem. If from any angle of a triangle a
straight line be drawn perpendicular to the base,
the rectangle contained by the sides of the triangle,
65 cgual to the rectangle contained by the perpen-
dicular and the diameier of the circle deseribed
about the triangle.

Let ABCbea A,and AD the } from the 2 BAC
to the base BC; then is BA X AC equal to the
rectangle contained by AD, and the diameter of
the circle daseribed about the A ABC.

Describe (E. 5. 4.) the circle ACB about the
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triangle ; -draw its diameter AE, and join E, C¢
Because the 2 ECA in a semi-circle is equal (E.
31. 3.) to the right 2 BDA, and that (E.21.3.)
‘the 2 AEC=2 ABC, .. (E. 32.1. ) the 2 ABD,
AEC are equiangular,

= (E'4. 6.) BA: AD::EA:AC;

(E 16.6.) BA X AC= E—xAD

Pror. LVIL

66. THEOREM. The rectangle contained by the
diagonals of a quadrilateral rectilineal figure,
inscribed in a circle, is equal to both the rectan-
gles contained by its opposite-sides. ‘

Let ABCD be any quadrilateral rectilineal
figure, inscribed in a circle ACB, ard let AC,
BD, be its diagonals; then ACXBD = ABX
- CD + AD X BC.

Make (E. 28. 1.) the ~ ABE== 2 DBC; add
.to each the common 2 EBD; ... the 2 ABD =
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2EBC; and (E. 21. 8.) the £ BDA= « BCE;
. (E. 82. 1) the 2 ABD, BCE, are equiangular ;
. (E. 4. 6,) BC:CE:: BD:DA;

- (E. 16. 6.) BCX AD—=BD X CE: Again,
because (constr.) the - ABE= « DBC, and -
(E. 21. 8,) the £ BAE = £ BDC, the a ABE,
BCD, are equiangular;

-« (E.4.6.)BA:AE::BD:DC;
<~ (E.16.6.) BAXDC=BD X AE: And it
has been shewn that BC X AD=BD X CE;
- (E..1. 2) ACx BD = ABX CD + AD X
BC. . '

Prop. LVIIIL

67. Taeorem. If, from the centre of the circle,
described about a given triangle, perpendiculars
be drawn to the three sides, their dggregate
shall be equal to the radius of the circum-
scribed circle, together with the radius of the
circle ‘inscribed in the given triangle.

Let ABC be the given A; bisect (E. 10.1.)

28 :
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B\\i /u
AB, BC, and AC.in the points D, E, and F; and
from D, E, and F draw (E. 11. 1,) DG 1 to AB,
EG J to BC,and FG } to AC; then (S.4.1.)
_these perpendiculars meet in the same point G,
which is the centre of the circle that can be de--
scribed about the A ABC ; find, also, (E. 4. 4.)
the centre K, and the semi-diameter KH, of the
circle that can be inscribed in the A ABC; and
- draw GA: Then* GD + GE + GF=GA +
KH. ’
- For draw DE, EF, and FD, .. (S. 69. 1.-cor. 1.
and E. 34.1.) § AC,CF = 4 AB,and FD=X }
BC; draw GB, and GC; And, since (constr.) the
4 at D, E, F, are right #, ... (E. 82. 1. cor. 1.)
the two 2 DAF, DGF, are, together, equal to
two right 4 ; .. (S. 28. 8.) a circle may be de-
scribed about the trapezium ADGF ; and in the
same mauner it may be shewn that circles may
be. described about BDGE, and CFGE:

— — mt— — cm—

= (5.57.6.) AGX DF+BG X DE++ CG X FE =

* The straight lines GD, GE, GF, are wanting in the figure.
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AFX DG+AD X GF+BD X GE+BEX DG +
CEXGF+CFXGE: And if to the doubles
of these equals be added the rectangles GE X BC
+ GF X AC + GD X AB, which (F. 41. 1.) make
up the double of the A ABC, it will be manifest,
from E. 1. 2., that the rectangle contained by the
perimeter of the A ABC, and by GA, together
with the double of the A ABC, is equal to the
rectangle contained by the perimeter of ABC, and
by the aggregate of GD, GE, and GI': But (S. 2.
4.) the double of the A ABC is equal .to the rect-
angle contained by the perimeter of the A and
the semi-diameter, KH, of the circle inscribed in
it; .. (E. 1. 2.) the rectangle contained by the
perimeter, and by the aggregate of GA and KH,
is equal to the rectangle.contained by the perime-
ter, and by the aggregate of GD, GE, and GF;
& GD +GE + GF=GA + KH.

Pror. LIX.

68. Prosrem. To find a poird, from whick if
. thiree - siraight Bnes be dranon to three given
points, their défferences shall be severally equak
o three given straight knes; the difference gf

- amy two of the straight lines to be drawn, hot

- being greater than the distance of #he two
posnts %o which they are tv be dnawn.

Let A, B, C, be the three given points, and R, S,
- 2B 2
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B. M G E_ Sreeans. c

two of the given differences: It is required to
find a point, from which if three straight lines be
drawn to A, B, and C, the difference of the first
and second shall be equal to R, the difference be-
tween the second and third equal to S, and .-. the
difference between the first and third equal to the’
third of the given differences.

. Draw AB, BC, and CA ; bisect (E. 10. 1.) AB
in D, and BC in E; from DB cut off DF, equal
to a third proportional (E.11.6.) to 2AB, and to
S ; likewise from EB cut off EG, equal to a third
proportlonal to 2BC, and to R; and through F
and G draw (E.11.1.) FH 1 toAB and GH

‘to BC, and let them meet in H ; find (E. 12. 6.)
a fourth proportional, (T,) to K_E, S, and BC;
through H draw (S. 7. 6.) the locus, IH, of all the
points, from which if perpendiculars be drawn to
AB and BC, respectively, they shall cut off from
GB and FB segments that are to one another as
R is to T ; lastly, in IH find (S. 96. 8.) a point K,
such that the difference of its distances from C
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and B, shall be equal to R : Then is K the point
which was to be found.

For if not, let P be the point; and, if it be pos-
sible, let the point P be out of IH ; join P, A, and
P, B, and P, C; and draw, from P (E.12.1.) PL
1 to AB, and PM ; to BC: Theén (constr. E. 17.
8. and S. 96. 8. cor. 1.)

FLXAB=BPXS; andGMXBC:BPXR;

. (E. 16. 6. and constr.)

" BP:FL:: AB:S::BC:T;
and GM:BP::R: BC;
*. (E.28.5)GM:FL::R:T:
, «'- (constr. and 8. 7. 6. cor.) the point P cannot
be out of IH ; ... (constr. and S. 96. 8. cor. 2.) K
is the point whlch was to be found.

Pror. LX.

69. ProBLEM. To0 d;mbe a circle, which shall
pass through a given pomt, and touch two given
circles. :

Find a point (S. 59. 6.) such that the difference
between its distance from the centre of the one
~ circle, and its distance from the given point, shall
be equal to the semi-diameter of that circle; and
that the difference between its distance from the
other centre, and from the given point, shall like-
wise be equal to the other given semi-diameter :
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It is manifest (8.6. 8.) that the point, so deter-
mined, is the point which was to be found.

\

Let BCD and EFG be the two given circles,

and A a given point without them : It is required
to describe a circle which shall pass through A,
and touch the two circles BCD, EFG. )
. - Find (E. 1. 8.) the centres, K and L, of the
two given circles; draw KL and let it, produced,
meet the circumference of BCD in B, and the
circumference of EFG in E and G; and let it
meet CH, which is drawn (S. 52. 8.) 80 as.to touch
both the circles, in H; join H, A; find (E.12.6.) a
fourth proportional to AH, HB, and HG, and
from HA cut off HI equal to it; so that (E. 16.
6.) BHX HG = AH X HI; knstly, describe (S:
 95.8.) a circle AMI, passing through A and I,
and touching either of the given circles BCD, in
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some pomt, M ;-it shall, also, if HM be drawn,
pass through the point N, in which HM cuts the
circumference of the circle EFG, and shall touch
EFG in the point N.

For, if it be possible, let the circumference of
the circle AMI cut HM in some other point, as
P: Then- (E. 36.3.) MH X HP = Kﬁ XITIT;,
but (constr.) AH X HI = BH X HG, and (E. sé.
3.) BHXHG=MAxXHN; .. MHXHP =
MHX fﬁl; .. HP is equal to HN, the léss to
the greater, which is absurd; ... the circumfe-
rence of the circle MIA cannot but meet the
circle EFG in the point where it is cut by MH ;
and it touches. the circle EFG in that point.

For draw KM, KC, KD, LQ, LF, and L.P, and"
let MK and PL, produced, meet in R: Then’
since (comstr. and E. 18. 8.) the o HFL, HCK,
baving a common 2 at H, have.the £ HFL,
HCK, right 2, they are (S. 26. 1.) equiangular}
<. (E.24.6.) HL:LF or LQ:: HK:KC or KM :
And the A HLQ, HKM, have a ¢ommon 2 at
'H, and have the two remaining # HQL, HMK
of the same species; for since MH cuts both the
circles, the 2 HQL, HMK, are (E. 186.3. cor.)
each of them less than a right 2; .. (E.7. 8.)
the « HQL = ¢« HMK; ... (E. 15.def. 1. and E.
5. 1.) the 2LNQ, or RNM, = < HMK, or NMR ;
~ (E.6. 1) RM = RN; but, since the eircle
AMI1 touches the circte BCD, of which K is the
centre, .. (E. 11. or 12. 3.). the centre of AMI




376 A SUPPLEMENT TO THE

must be in MR; and since RM=RN, that
centre (E. 7.3.) must be in R; since, .-., the
diameters of the two circles MAI, EFG, have a
common extremity at N, the two circles (S. 6. 3.)
touch one another.*

Pror. LXI1.

70. ProsLEM. T describe a circle that shall touch
three given circles.

Find a point (S. 59. 6.) such that the difference
between its distances from the centres of the first
and second of the given circles, shall be equal to
the difference of the diameters of those circles,
and such that the difference between its ‘distances
from the centres of the first and third of the given
circles, shall be equal to the difference of the
diameters of those circles: Then it is manifest,
that the difference between its distances from the
centres of the second and third of the given
circles, will be equal to the difference of their
diameéters; and that, if from the point so deter-
mined, as a centre, a circle be described touching

* It is evident that Prop. 59 may be deduced from this pro-
position, as it is thus independently demonstrated; and that the
proposition immediately following, which is one of some cele-
brity, may be deduced from either of them.
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‘any one of the given circles, it will (S. 6. 3.) also
touch the other two. s \

“Pror. LXIL

71. ProBLEM. Upon a given finite straight line,
to describe an equilgleral and equiangular figure,
having the number of its sides equal to four, eight,
sizteen, &c. ; or to three, siz, twelve, &c. ; or to

JSove, ten, twenty, &c. ; or to fifteen, thirty, sizty,
&ec. sides.

In any cirele inscribe (S. 14. 4. cor. 8.) an equi-
lateral and equiangular rectilineal figure of any
pumber of sides that is specified in the proposi-
tion; then upon the given finite straight line
. describe (E. 18. 6.) a rectilineal figure similar to
it, and the problem will have been solved.

Prop. LXIII.

72. Tueorkm. Similar iriangles, and similar po-
lygons, are to ome .another as any rectilineal
-Jigure described upon any side of the one, is to a

similar rectilineal figure similarly described upon
the homologous side of the other.

For (E. 20. 6.) the two given figures, and two
similar figures thus similarly described, will have
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to one amother the same duplicate ratio of that
which the homologous sides have.

Pror. LXIV.

73. ProLem. To cut off from a given triangle
' any part required, by a straight line drawn
parallel to a given straight line.

Let ABC be the given A, and AX a given

straight line : It is required to cut off, from the A
ABC, any assigned part, by a straight line drawn
parallel to AX. |

, Firsty let AX be pdrallel to BC; find (S. 21.6.)
8 square which shall be the same pdrt of the
. square of AB, that the A, to be cut off; is required
to be of the given A, and make AD equal to its
side ; through D draw (E. 31. 1.) DE parallel to
AX or BC: Then is ADE the A whloh was to
be cut off from ABC.
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For, (constr. and E. 29. 1. ) the& ADE, ABC,

are equiangular;
. (E. 4. 6. and 8. 63. 6.) AD": AB . A ADE:
AABC
. (constr. and S, 4. 5.) the A ADE is the re-’
qttired part of the A ABC.

Secondly, let AX be not parallel to BC, and
let it meet BC, produced, if necessary, in F: Find
(S. 21. 6.) a square which shall be the same part
of the rectangle FB X BC, that the A, to be cut
off, is required to be of the A ABC, and make
BG equal to its side ; through G draw GH paral-
lel to FA: Then is BHG the A which was to be
cut off from ABC. .

For (comstr. and E. 29, 1.) the » BHG, BAF,
are equiangular ;

<. (E. 4. 6. and S. 63. 6.)

BG :BF :: ABHG : A BAF;
And (E. 1. 6. and E. 11. 5.)

BF:BF X BC:: A BAF: ABAC;
~.(E. 22.5.)

. BG':BFX BC:: ABHG: ABAC;
.. (constr. and S. 4. 5.) the A BHG is the re-
quired part of the A ABC.

Prop. LXV

74 Prosuea. 7' describe a polygon, similarto @
given polygon, and having a given ratio to it.
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Upon any side of the given polygon describe
(E. 46. 1.) a square; find (S. 21. 6.) a square
which shall have to the square first'described the
given ratio ; and upon its side describe (E. 18. 6.)
a polygon similar, and similarly situated, to the
given polygon: It is manifest, from E. 20. 6.,
that it will have to the given polygon the given
ratio.

Prop. LXVI.

75. Tuzorem.. Any regular polygon, inscribed in
a circle, is a mean proportional between the
inscribed and circumscribed regular polygons of
half the number of sides.

. Let BGFA. be a polygon inscribed in the cir-

C

H .
¥ D

cle BG, and let EH and CD be polygoﬁs of half
the number of sides, the one EH inscribed in the

.
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circle (S. 14. 4. ¢or. 8.) by joining the sides of the
‘figure BGFA, and the other CD described about
the circle, by drawing tangents to it through the
angular points A, B, G, and F; so that (E. 18. 8.
E.28.3. E.27.8. E. 26. 3. and S.19. 8.) it is
equilateral and equiangular : Then is the polygon
BGFA a mean proportional between the polygens
EH and CD.

Fmd (E. 1.8.) the centre K of the circle BGFA,
and Jom K, B, and K, C : It is manifest, from the
construction, that KB bisects, at right #, the
sides of the figures EH and CD, which it cuts, and
that KC passes through the angular point E :

And (E. 1. 6. and E. 4. 6.)

A CBK: A EBK::CK:EK::CB:EL:
But, the figure CD is the same multiple of the A
CBK, that the figure BGFA is of the A EBK;
also a side of CD is double of CB ; and a side of
EH is double of EL; ... (E.15.5.) CD is to
BGFA as a side of CD !s to a side of EH ; and
(E. 20. 6.) CD has to EH the duplicate ratio, of )
that which a side of CD has to a side of ' EH ;
CD has to EH the duplicate ratio, of that'which
it has to BGFA; i.e. (E. 10. def. 5.) the figure
BGFA is a mean: proportional between CD and
EH. -
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Pror. LXVII.

76. TuroreM. If from two points similarly
situated, one in each of any two homologous sides
of two similar polygoms, two straight lines be
drawn making equal angles with those sides,
they shall cut off from. the polygons two similar
figures ;. and the one shall be the same pert of
the one pelygan, What the other is of the atker.

Let AC agd FH be two. similar polygens, and P
A "

P D 2 ¢ K

and Q two: poins similasly sitnated in the two ho.
mologous. sides CDand HK: If from P and Q
straight lines be drawn, making equal £ with.CD
and HK, they shall cut off similar figures from the
polygons ; and the one shall be the same part of
the one polygon that the other is of the other.

First, let PM and QN, making the ~ MPD =
< NQK, cut the sides DE and KL, adjacent to
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CDand HK : And since (kyp. and S. 26. 1.) the
two o MPD, NQK, are equiangular, they are
(E. 4. 6.) similar to one another, and they are to
one another (E. 19. 6,) in the duplicate ratio of
their homologous sides PD and QK, that is (kyp.)
in the duplicate ratio of CD and HK ;. .. (E. 20.
6.)'they are to one another in the same ratio as
the polygons are, and ... whatever part the A
MPD is of the polygon ABCDE, the same part is
the A NQK of the polygon FGHKL.

Secondly, let PR and QS cut any other sides of
the polygons, as AE and FL, which “are -not ad- .
jacent to the sides CD and HK: Draw PE and
QL ; and since (hyp. and E. 26. 1.) the » EPD .
and LQK are equiangular, the 2 RPE and SQL
are also equiangular; whence it may be shewn, (as
- in E. 20. 6.) that RPDE, SQKIL, are similar
figures ; .. (E 20. 6,) they are to one another in
the duphcate ratio of the homologous sides DE
and KL ; or in the ratjo of the polygon ABCDE

to the polygon FGHKL; .. RPDE is the same

part of ABCDE that SQK'L is of FGHKL.

Prop. LXVIII.

'?’1 Tnaonzu If any two chords g’aarele intey-
sect each other, the straight lbines joining their ea~

tremities shall cut off equal segments from the - .

chord which passes through the common inter-
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section of the two jformer chords and is there
bisected. :

Let AB and CD be two chords of the circle

ACBD, cutting one anotherin E; through E draw
(S. 2. 8.) the chord FG, so that FG is bisected in
E; and join C, Band A, D : Thenshall HE = EL
For through I draw (E. 81. 1.) KIL parallel to
BC, and meeting CD in K, and BA, produced,
in L: Then (constr. and E. 29. 1.) the 2 CBL =
¢z BLK, and that (E. 21.8.) the £ CBA= 2
CDA, ..the £ ALI = 2IDK; and (E. 15.1.)
the 2 AIL, of the A LAl, is equal to the 2 KID,
of the A DKI; ... (S. 26. 1.) these two A\ are
equiangular, as are also (constr. and E. 29. 1.)
_ the two /A CEH, IEK, and the .two . .HEB,
IEL, '
» (E.4. 6.) AI.IL..KI.ID;

o (E.16.6)ILX KI= Al X ID:
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Agam (E. 4. 6.) CH:HE:: IK:IE,

and BH:HE:: IL:IE,
»~ (E. 22. 6.)

CHXBH:HE:: IKXILorAIXID IE;
< (E.18.5)

CHX BH+HE : HE AIXID+1E‘ IE';
.. (E. 85. 8.)

FHXHG+HE : ﬁTa FIXIG+1E .IE’:
But (kyp. and E. 5. 2.) FHXHG+HE and FI

X IG+1IE", are each of them equal to EF or EG"
and ... they are equal to one another ; 3o (E.14.5.)

HE'=IE'; ... HE = IE,

Pror.. LXIX.

78. ProBLEM. Two similar rectilineal figures
being given, to find a third figure also similar
to them and a mean proportzonal between them.

- Find (E. 18. 6.) a mean proportmnal between
any two homologous sides of the .given figures,
and upon it describe (E. 18. 6.) a rectilineal
figure similar to either of them, and ... (E.21.6.)
similar, also, to the other : Then (E. 22. 6.) will
the rectilineal figure, so described, be'a mean pro-
portlonal between the two given figures. -

2c
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Prop. LXX,

79. ProBLEM. If two sides of a trapezium be
parallel, and a straight line be drawn cutting

- them, and meeting also the other two sides, (any
of the sides being produced, if necessary) the two
rectangles contained by the respective segments of
the parallel sides, have to each other the “same
ratio, as the two rectangles centained by the scg-
ments into which the line, so drawn, is severally
divided by each of the two parallels.

Let the side AD, of the trapezium ABCD, be

» B\/H ~C
i)aréllel to the apposite side BC, and let EF cut
AD and BC, in G and H, and AB and DC, pro-

duced, in F and E Then AG X GD: BH X HC
::GF X EG:HF x EH.
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For (hyp. and E. 29. 1.) the A AGF, BHF,and °
the & EGD, EHC, are equiangular ; .. (E. 4. 6.)
AG:BH::GF:HF;
and GD:HC:: EG: EH
- (S. 1.6.)
Which' conclﬂston may also be arnved at by means
of E. 23, 6.

" Prop. LXXI.

86 Pndm.xk To cut off from a given parallelo- ,

. grem a similar pmllelom, which shall be any
required part of it. o
‘Let ABCK be the given 03: It is required to

L ' KX

. cut off from it-a similar O, wh:ch shall be any

* required part of it.

Draw the diameter AC, and ﬁ'om the A ABC
cut off (S.64.6.) by a straight line DE, drawn
parallel to AK, the A ADE the same part of
ABC as the 3 to be cut off is required to be of

. 2 c 2
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the given-O1; through E draw (E. s1. 1) EL
. parallel to AB: Then, since (E. 34. L) the 3

ADEL is the double of the A ADE, it is (constr.
and E. 15. 5.) the required part of the O ABCK;
and (E. 24.6.) the @ ADEL is, also, similar to.
- the .7 ABCK. :

8l. Corn. Hence, a gnomon may be cut off
from a'given 3, which shall be any required -
part of it.

Pror. LXXIL

89. TueoreM: A given straight line being cut in
extreme and mean ratio, if from the greater seg-
ment ‘the less be taken, the greater segment also
will thus be cut in extreme and mean ratio ; and
if a straight line, equal to the greater segment, be
added to the given line, the line which is made up
of the given line and this segment, is also cut in
extreme and mean ratio.

Let AB be a given finite straight line ; let it be

AP,Q'B‘I

cut {E. 30. 6. ) in extreme and mean ratio in the
poiat C; from the greater segment, AC, cut off
CD =CB; and to 'AB add BE = AC: Then
shall AC be cut in extreme and mean ratio in the
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point D ; and AE shall be cut in extreme amd
mean ratio in the point B.
* For since (kyp.) AB:AC:: AC:CB or CD
Lo% (E 17. 5.) CBorCD:AC:: AD:CD;
*(S.2.5.) AC:CD::CD:AD;
) (E. 8. def. 6.) AC is cutin extreme and mean
ratlo in the point D.
Again, since.
(kyp. and S. 2. 5)ACorBE AB::CB: AC,
*. (E. 18. 5.) AE:AB:: AB: ACor BE;
o (E. s. def. 6.) AE is cut in extreme and mean
ratio in the point B.

Psor. LXXIII.

83. ProsLem. Upon a given straight line, as an
hypotenuse, to describe a right-angled triangle,
which shall have its three sides continual propor-
tionals.

1

Let BC be the given finite straight line: It is

required to describe upon it a right-angled A, the

sides of which shall be continual proportionals.
Cut ‘(E. 80. 6.) BC in extreme and mean

ratio, in the point D ; bisect (E. 10.1.) BCinE;
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from the centre E, at the distance EB or EC,
describe the circle BAC, and let DA, drawn from
D, (E. 11.1.) 1 to BC, meetits circumference in
A, and join A, B and A, C: Then is ABC the A
which was to be described.

For (constr. and E. 31. 3.) the « BAC is a right
L ; . (constr. and E. 8. 6..cor.) AC is a mean
proportional between BC and DC, as is also
(constr.) BD; ... AC =BD; .. but (E. 8. 6. cor.)
AB is a mean proportional between BC and BD ;

<. AB is a mean proportional between BC and
AC. '

Pror. LXXIV.

84. ProBLEM. The perimeter being given of a
right-angled triangle, having its three sides pro-
portionals, to construct the triangle.

Let AB be a given straight line: It is required
E .

A - G
to describe a right-angled A, which shall have its
gides continual proportionals, and equal together
to AB, I
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Upon AB describe (S. 73. 6.) the right-angled
- A AEB, having its sides coatinual .propor-
_tionals; bisect (E. 9. 1.) the £ EAB, EBA, by
two straight lines AF and BF, which meet in F;
and through F draw (E. 31. 1.) FG parallel to EA,
and FH parallel to EB: Then is FGH the A
which was to be described.

For it may be shewn, as in S. 84. 1., that the
perimeter of the A FGH is equal to AB; and
since (constr. E. 29. 1. and 8. 26. 1.) the » FGH
and EAB are equlangular, and that the sides of
the A EAB are proportionals, it is manifest from
E. 4. 6., and E. 11. 5, that the sides of the A
- FGH will, also, be proportionals.

Pror. LXXV.

85. THEOREM. The semi-diameter of a given circle -
having been divided in extreme and mean rqtio,
the greater segment shall be equal to the side of
an equilateral and equiangular decagon inscribed

" in the circle.

For (S. 14. 4. cor. 1.) if the semi-diameter ‘of
" the circle be so divided, as that the rectangle,
contained by the whole and the lesser part, may
- be equal to the square of the greater part, that -
greater segment will be equal to the side of an
equilateral and equiangular decagon to be in-
scribed in the given circle; and (E.17.6. E. 8.
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def. 6) when the semi-diameter has been so di-
vided, it is cut in extreme and mean ratio.

Peor. LXXVL
86. TueoreM. Any rectangle is the half of the
rectangle contained by the diameters of the squares
of its two sides. '
Let ABCD be any given rectangle; produce
A B

F

AD to F, and make DF=DC; produce, also,
CD to E, and make DE=DA; join A, Eand C,
F; .~ AE and CF are the diameters of the squares
of AD and DC: Then is the rectangle ABCD
equal to the half of AE X CF. '
For (constr. E. 5. 1. and E. 82. 1) the two
ADE, CDF, are equiangular; -
. (E. 4. 6.) CF:AE::CD:DEor.DA;
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. the rectangle contained by CF and AE is (E. 1.
def. 6.) similar to the rectangle contained by CD
and DA ; and since (kyp. and E. 10. def. 1.). the
¢ FDC is a right £, .. the rectangle CFX AE,
which is on CF, is equal (E.31.6.) to the two
similar rectangles CD X DA and FD X DE, which

‘are on the equal sides CD and DF; that is, the

' rectangle CF X AE is double of the rectangle

)

CD X DA ; or this latter rectangle is equal to the
half of the former.. '

Pnon‘LXXVII. ~

87. ProsLeM. Through a given point, to draw a -
straight line, cutting two given straight lines,
which meet one another, so that the triangle con-
‘tained by the segment of that line and the ‘seg-

. ments which it cuts off from the given lines, shall
be equal to a given rectilineal figure.

Let AP and AQ be two given straight lines,
which meet in A, and, first, let B be a given point
without the "2 PAQ: It is required to draw
through'B a straight line-cutting AP and AQ, so
that the A, contained by the segments. of the
three lines, shall be equal to a given square.

Through B draw (E. 31.1.) BR parallel to AQ,
and let it meet AP in C; to AC apply (E. 45. 1.
cor.) the 3 ACDE, having the 2 .ACD for one
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of its #, and equal to the given figure ; from E
draw (E. 11.1.) EF | to AQ, and make it ‘equal
to BC; from the centre F, at a distance equal to
BD, describe a circle cutting AQ in G, and join
F,G; ... FG=BD; lastly ‘draw BG, cutting
AP in H Then is BG the line which was to be
drawn.

For, let BG cut ED in K ; the o BCH, BDK,
EKG, are (constr. E. 29. 1. and E. 15. 1.) equi-
angular, and .. (E. 4. 6.) similar to one another ;
and (constr) BC =EF, BD = FG, and the ¢«
FEG is a right £ ; it is manifest, .-., that the three
homologous sides BC, BD, and EG, of the three
similar A BCH, BDK, EKG, are the sides of a
right-angled A; ... (E. 51. 6.) the A BDK=A
BCH + A EKG ; take away the A BCH, and -
there remains the trapezium HCDK = A EKG ;
add to both these the trapezium AHKE, and it is
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evident that the A AHG is equal to the (o
ACDE, or (constr.) to the given square.

And, in a similar manner may the problem be
solved, when the given point is w1thm the given
rectilineal £ PAQ. ,

88. Cor. Hence, and from S. 21.6., a stranght
line may be drawn througb a given point, which

shall cut off from a given A any required part of
it.* .

Pror. ‘LXXVII‘I.

89. ProsLew. Through a given point o drew &

. Straight line, s0 as o cut off from two straight. °
lines, that meet one dnother, two segments, toward
their point of comcourse, which shall contain @
rectangle equal to a given square.

- Let the iwo given straight lines AP and AQ
meetin A; and let B be a given point either
* within or without the .~ PAQ: It is tequired to
draw through B a straight line, 80.as to cut off
from AP and AQ two segments, towards A,

~ ®*Hence, and by the help of Trigonometry, any given rectilineal
ﬁgure may be divided jnto two parts, which are to each other in_

any given ratio, by a straight fine drawn from & given pomt,,
situgted without the gwen figure. .
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which shall contain a rectangle equal to a given

square. : :
From AP and AQ cut off AC and AD each of

them equal to a side of the given square, and join

C, D; through B draw (S.77. 6.) BEF cutting off

the A AEF, equal to the A ACD: Then, since

the two 2. EAF, CAD, have the same vertical 2,

. (S. 5. 6. cor.)

A EAF ACAD::EAXAF: CAXADor AC'
But (constr.) the A EAF= A ACD;

« EAX AF=AC"; i. e. (constr.) the rectangle

EA X AF is equal to the given square.

Paor. LXXIX.

- 90. TaeoreM. In different circles the semi-diame-
- ters which bound equal sectors contain angles

—. e N e ¥
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reciprocally proportional to_their circles; and
conversely.

In the circles ABC, DEF, of which ABC is the

A'C .
‘ 'D F
B E

greater, first, let AKC, DLF, be two equal sectors
Then sha]l the 2~ AKC be to the £ DLF, as the
_circle DEF is to the circle ABC. .
. For (E. 33.6.)

¢ AKC:four right £ ::sector AKC:circle ABC '

and,
four right 2 : 2 DLF::circle DEF:sector DLF:

. But (hyp.) sector AKC =sector DLE ;
~ (E. 28. 5.)
¢ AKC: £ DLE:: circle DEF:circle ABC.
Secondly, let the 2 AKC be to the 2 DLE, as
. the circle DEF is to the circle ABC: Then shall
the sector AKC be equal to the sector DLE.
For it may be shewn as before that
four right # : 2 DLF :: circle DEF:sector DLF ;
and (kyp. and 8. 8. 5.)
. DLF: £ AKC:: circle ABC : circle DEF
and*
L AKC four right £ : lector AKC circle ABC;
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*. (E. 23. 8.) four right £ : four right £ ::sector
AKC sector DLF;

*. sector AKC =sector DLF.

Paor LXXX.

91. PhosLEM. 4 given space bemg bounded by
two arches of circles, subtending, at their respect-
tve centres, angles reciprocally proportional to
the circles, to find a square that shall be equal
to it. ,

Let the space ABCDA be bounaéd by arches

ABC, ADC, of circles ABCE, ADCF, ‘the centres
of which are K and L; lét the 2 AKC be to the £
ALC, as the circle ADCF is to the circle ABCE:
It is required to find a square that shall be equal
to the space ABCDA.
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Since (hyp. and S. 79. 6.) the sector ABCK is
equal to the sector ADCL, from these equals take
away the common part ADCK; and there re-
mains the figure ABCDA equal to the rectilineal
figure AKCL: Find, ..., (E. 14. 2.) a square equal
to the figure AKCL, and the problem will have
been solved.

.

Prop. LXXXI., '

92. ProsLem. To trisect a given circle, by di-
viding it into three equal sectors.

Inscribe (E. 1. 1. E. 2. 4.) in-the given circle
an equilateral A : Then it is manifest, from E. 28.
8. and E. 83. 6., that the straight lines drawn
from the centre of the circle to the three angular
points of the inscribed A, will dmde the circle
into three equal sectors.

99, Cor. . In like manner, a circle may be
divided into any required number of equal sec.
tors, in all cases in which an equilateral figure,
havmg that same number of sides, can be inscribed
in the circle. ‘ '

Pror. LXXXII.
9}. TreoreM. If, from the greater of two unequal
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sides qfagwen triangle, be cut of a partcgual
to the less, that segment shall have to the remain-
ing segment, & ratio greater than the ratio which
the.angle adjacent to the remaining segment, has
to the angle adjacent to the segment first cut off.

Let the side AB, of the triangle ABC, be less

than the side BC, and from BC let there be cut
. off BD=AB: Then (BD:DC)>(2ACB: .
ABC).

For draw AD, and complete (E. 1. 1.) the O
ADBE; from the centre A, at the distance AB,
describe the circle BEF, the circumference of
which, since (E. 84. 1. and constr.) AE==BD or
AB, will pass through E; produce CA to meet
the circumference BEF in F, and BE produced in
G; so that (E.29.1.) the » GEA, GBC, are
equlangular

Then, since the sector AEF is less than the A
AEG, and the sector AEB grenter than the A
AEB, .
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(A AEG:sector AEF) > (A AEB: sectorAEB),
*(8.7.5)
(A AEG: A AEB) > (sector AEF :sector AEB):
But (E. 1. 6.) A AEG: A AEB::GE:EB,
and(E 4. 6.and E. 84. 1.) GE:EB::BD:DC;
*. (BD:DC) > (sector AEF:sector AEB).
' A]so (E. 83. 6.)
sector AEF:sector AEB:: 2 EAF: AEAB )

- and (E. 29.1.)

the . EAF =¢£ ACB, and the zEAB=¢ ABC;
o~ sectox: AEF:sector AEB:: 2 ACB: <« ABC;
. . (BD:DC)>(2ACB: 2 ABC).
- 95. Cén. If any part' BP be taken of BC,
that is greater than AB, then, much more, is (BP
: PC)> 2ACB: £ ABC.)

4 Prop. LXXXIII." ‘

96. THeOREM. The greater of any two unequal
archés,” of a given circle, has a greater ratio
to the less arch, than the chord of the greater
has to the chord of the less.

Let AB and AC be any two unequal arches

of the clrcle AECB, and let p be the greater
Then (AB BC) > (AB:BC).

.For join A, C; bisect (E. 9. 1.) the ¢ ABC by
BDE,and let BDE cut AC in D, and the circum-

ference in E ; join,-also, E, C, and E, A; from
Edraw(E-12 1.) EF 1 to AC. |

P

21)
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. ~
And, since (cons#. and E. 26. 8.) CE—Afﬁ,

.-(E. 29.3.) CE = AE; and EF is common to
the two rrght-angled & AFE, CFE; .- (S. 73. 1.)
AF=FC, and .. AD>DC; also (E. 19. 1)
EC>ED, andﬁ > EF; if, .'°., from the centre E,
at the distance ED, a circle GDH be described, it
will cut EC, in H, between E and C, and EF,
produced, in F ; so that the sector DEG > ADEF,
and the sector DEH < ADEC;

« (sector DEG :sector DEH)) > (ADEF ADEC):

<. (E.88.6. and E. 1. 6)

(2DEF: ¢ DEC)>(DF:DC); -

- (S. 10. 5.) (. FEC: £ DEC) > (FC: DC).
In the same manner it may be shewn that

, (£ AEC: . DEC)>(AC: DBC);

. (8.9.5.) (2AED: LDEC))(Eﬁ pC);

i.e.(E.95.6) (AB: B"6)>(AD : DC);
.. (constr, and E. . 6)(@ BC)>(A§ BO). -
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Pror. LXXXIV.

97. TrEOREM. The g;ieater angle, at the base of
a scalene triangle, has a greater ratio to the less
angle, than the greater side Ras to the less side.

Let ABC* be a scalene A, having the 2 BCA '
greater than the 2 BAC: Then (2 BCA: 2 BAC)

> (AB : BC).

. About the A ABC describe (E 5.4.) thecircle
. AECB:

' Then (E- 33.6.) LBCA: £ BAC: :AB:BC:

 But 5. 88.6) (AB: BC) > (AB: BO);
-~ (£BCA: £ BAC)>(AB: BC).

‘ . Pror. LXXXV,

© 98. ProBLEM. To divide a given circle into any
required number of equal parts, by the circum-
Jerences of czrcles described within it, about its
centre.

Let ABC be a given circle: It is rezluired to

‘Seetheﬁgureinp.m.
2D 2
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Cc

divide it into any number of equ;al parts, by the
circumferences of circles described about the
same centre with it.

Find (E. 1. 8.) the centre K of the circle ABC;
take any semi-diameter KA ; divide (S. 49. 1.)
KA into as many equal parts, in the points D, .E,
&c. as those into which the given circle is to be
divided; upon AK, as a diameter, describe the
circle AHK; from D, E, &c. draw (E. 11.1.)
DG, EH, &c. 1 to AK, and meeting the circum-
ference of AHK in G, H, &c.; join K, G and K,
H, &c.; from the centre K, at the distances KG,
KH, &c.-describe the circles GF, HL, &c.: Then
is the given circle divided in the required number
of equal parts, by the circumferences of the cir-
cles so described.’
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. For, join A, H, and A, G; and since (constr.
and E. 81.8.) the 2 AHK, AGK, are nght L,
andHEGDare_LtoAK ) .

.. (E. 8. 6. and E. 20. 6. cor. 2.)

AK :KD:: AK':KG':
But (F. 2. 12. and'E. 22. 6.)
. -AK":KG"::circle ABC : circle GF:
.~ (E.11.5.) AK:KD::circle ABC : circle GF:
Likewise, KE : AK::circle HL : circle ABC;
. (E.28.5.)KE : KD:: circle HL : eircle GF;
- (ES17.8)

KD :DE:: circle HL—circle GF: circle GF;
But (constr.) KD=DE; ... the circle GF is
equal to the space included between the circum-
ferences of GF and HL : And, in the same man-
ner, it may be shewn that this space is equal to -
the space included between the circumferences
of HL, and of the circle next described, according
to the construction; and so on; .. the circle .
ABC is thus divided into the reqmred number
of equal parts, by the circumferences of circles

_that have the same centre with it.

Pror. LXXXVI.

99. Pnonmm To jind a circle, which shall be
equal to the excess of the greater of two gwcn
circles above the less.
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Find (S. 75. 1.) a square which shall be equal to
the excess of the square of the diameter of the
greater circle above the square of the diameter of
the less: It is manifest fromE, 2. 12. and E. 17. 5.,
that the side of the square so found will be the
diameter of the circlg, which is equal to the ex-
cess of the greater of the given circles above the

- Jess.

A}

Pror, LXXXVII,

* 100, ProBLEM. T find a circle. to which a given
circle shall have the same ratio, as that which one
given straight line has to another.

Find (E. 12. 6.) a fourth proportional (L) to the
two-given straight lines (A) and (B) and to the
diameter (D) of the given circle; find, also,
(E. 18. 6.) a mean proportional (M) between the
diameter (D) of the given circle, and the fourth
proportional (L) first found ; .

. (E.20.6.cor.2) D': M ::D:L; . -
‘and (constr.) D:L::A:B;
< (E.11. 5) D': M'::A:B;
. (E.2.12) the given circle has to a circle de-

scribed on M, as a diameter, the same ratio as that
which A has to B. .
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Pror. LXXXVIII.

101. TueoreMm. If, in any given circle, two
chords cut each other at right angles, the four
circles described upon their segments, as di-
ameters, shqll, togcther, be equal to the given

‘circle.

For (S. 50. 8.) the squares of the four segments
are, together, equal to the square of the diameter:
It is manifest, .., from E. 18. 5., and E, 2. 12,
that the circles described on the four segments of
the chords are, together, equal to the given circle.

Pror. LXXXIX.

102. Tnzom:u A circle is equal to the half of
the rectangle contained by its semi-diameter and
by a stmcght line which is equal to its circumpfe-
rence.

Let ABCD be a circle, and let F be the haif of
the rectangle contained by its semi.diameter and

by a straight line equal to its circumference: The
- circle ABCD is equal to the rectangle F.

For if it be not equal, it is either greater, or less,
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than-it. If it be possible, let .F < the circle
ABCD; ... (E.2.12.) a polygon ABCDE may be
inscribed in the circle, which shall be greater
than F. ‘ :
Find (E. 1. 8.) the centre G, and from G draw
(E. 12.1.) GH 1 to any side CD, of ABCDE,
and join G, D. Then it may be assumed that
the circumferénce of the circle is greater than the
perimeter of the inscribed figure ABCDE; and
(E..17. and 19. 1.),GD >GHj; .. the rectangle
contained- by the circumference and the semi-
diameter of the circle is greater than that con-
tained by GH, and the perimeter of -ABCDE,
which latter rectangle (E.41.1.andE, 1.2.) is
the double of.the. polygon ABCDE; ... F>
ABCDE; and it is also less ; ‘which'is absurd.
But, if it be possible, let F be greater than the
circle. - Then (E. 2.12.).a polygon. KLMNX
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* may be described about the circle, which 'shall be
less than F; join the centre G, and any of the
points of contact O ; and since it may be assumed
that the perimeter of KLMNX is greater than the
circumference of the circle, the rectangle con-

tained by the perimeter of KLMNX and GO,
which rectangle is the double of KLMNX, is
greater than the rectangle.contained by the cir-
cumference of the circle and GO .-. the circum-
scrised polygon KLMNX > F; and it is also
less; which is absurd.  Therefore, the circle
ABCD can neither be greater, nor less, than F;-
i.e. itis equalto F.

108. Cor. ' The circumferences of circles are
to one another as their semi-diameters.

Pror. XC.

104. THEOREM. A circle is a mean proportional
between any regular polygon, described about
"it, and a similar polygon, the perimeter of.

. ‘which is equal to the circumférence of the circle.

For if there be taken a straight line (P) equal
to the perimeter of the regular polygon described
about the circle, and another straight line (p)
equal to the perimeter of the similar polygon,.or
(hyp.) equal to the circumference of. the circle,
then (E.20. 6. and E. 22. 6.) the polygon, de-



g — v T n— e e
.

410 A SUPPLEMENT, &c.

scribed about the circle, is to the similar polygon,
2 P is to p*: But (S. 8. 4. cor. 2.) the polygon,
described about the circle, is the half of the rect.
- angle contained by P and the circle’s semi-diame-
ter ; and (S.89. 6.) the circle is the half of the
rectangle conmtained by p; and by the circle’s
semi-diameter ; .*. (E. 1. 6.) that polygon is to the
circle, as P is to p; and it has been shewn to be
to the similar polygon, as B*is to p*; .-. it has to
the similar polygon a ratio, the duplicate of that
which it has to the circle; .. the circle is a mean
proportional between the two similar polygons.

THE END.

T. Davison, Printer, Whitefriars.
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