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PREFACE.

THE present work is the result of an attempt to
supply a want which has been long felt by teachers and

 students. '

In it will be found a large collection of important
Ppropositions investigated after the manner of Euclid, which
are valuable as Gieometrical Exercises, and are often re-
quired in other branches of Mathematics, ,

The first half of the volume is confined to the Ancient
Pure Geometry, and the remainder to the Modern Pure
.Geo'metry.

In the latter part will, I trust, be found a very ele-
mentary and, at the same time, a tolerably complete treatise
on the Modern Geometry of the Point, Straight Line, and
Circle. Indeed, throughout the work I have aimed at sim-
plicity rather than originality or novelty, and I have been
more anxious to illustrate principles than to throw together
a crude and undigested mass of isolated propositions, which

only tend to disgust a learner with Geometry.
M, G, b



vi PREFACE,

The Principles of Harmonic and Anharmonic Pencils and
Ranges have been fully explained, and applied to a variety
of interesting and useful Propositions. Radical Axes and
Centres, Geometrical Involutidn, Centres and Axes of Simi-
litude, Poles and Polars, and Reciprbcal Polars, have next
received a proportionate share of attention.

The methods of Modern Pure Geometry have sometimes
been characterised by able Mathematicians as Semi-Geo-
metrical, because, it is asserted, they are not confined within
the limits of the Ancient Pure Geometry. A very slight
- examination of the present work will, I believe, convince the
reader that it is not liable to such a charge, but that I have
strictly adhered to Euclid’s methods.

As the work is intended chiefly for Schools, Private Stu-
dents, and Junior University Students, I have given much
more explanation than is usual in Cambridge Text Books,
which are meant to be read with a private tutor.

An acquaintance with the present work will greatly faci-
litate the study of the excellent recent analytical works on
the Higher Geometry.

J. M°DOWELL.

PeEMBRORE CoLLEGE, CAMBRIDGE,
March 20, 1878,
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If a line be divided internally into unequal segments, the distance
of the point of section from the middle point of the line is half
the difference of the segments; but if it be divided externally,
the distance of the point of section from the middle point of the
line is half the sum of the segments. DEF.......cccuuureeiirnrnnnne .

Given the sum and difference of two straight lines, find them......

T(()} divide & given straight line into any number of equal parts,

OR. ....

The strmght line j ]ommg ‘the middle pomts of two sides of a trmngle
is parallel to the third side and equ4l to half of it. ..................

The straight lines drawn from the vertices of a triangle to bisect
the opposite sides pass through the same point and ocut each
other in a point of trisection, and the three triangles with this
- point as common vertex, and the sides of the glven triangle as
bases, are equal. DEF. .........c.ccoiiviiiiiiiiniiiniiiiveinioeeiaeiiens

The perpendiculars to the sides of a triangle through their middle
points meet in the centre of the circle circumscribed about the
triangle. N B. ..ceiieniiiiiiiiiiiiiienii i e e

If one triangle have its sides respectively double the sides of another
triangle, the radius of its circumseribed circle is also double that
of the other, and a perpendicular from the centre of its circum-
scribed circle on any side is double the corresponding perpen-
dicular in the other triangle. DEF. .......c.ccocevviiiieniiniiniananns

The perpendiculars from the angles of a triangle to the opposite
sides pass through the same point, and the segment of any per.
pendicular fowards an angle of the triangle is double the perpen-
dicular from the centre of the circumscribed circle on the side
opposite to that angle. DEF. .........cccceiviiiiniiiiiiiiciiniicaninians
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The centre of the circumscribed circle, the intersection of the bi- .

sectors of the sides and the intersection of the perpendiculars of
a triangle, lie in the same straight line...............ccccccvvueennnnna.n.
If from the ends and the middle point of a finite straight line
three parallel straight lines be drawn meeting any indefinite
_ straight line, the middle parallel is half the sum of the two ex-
treme parallels when the indefinite line does not meet the finite

line ; but when it meets it the middle parallel is half the differ-

_ ence of the other parallels. N.B. ..o.cociiiiiiinininniniiciinnee
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The diagonals of a parallelogram bisect each other, and if the
diagonals of a quadrilateral bisect each other it is a parallelo-
gram. Also if the opposite sides of a quadrilateral be equal, it
is & parallelogram. ..........ccceseviunniieinnieniiiiiiiiiiienenns

The diagonals of a rectangle are equal to one another .........

The diagonals of & square bisect one another at right angles ......

The square on a straight line is four times the square on its half

If two squares be equal, their sides shall also be equal ...............

The pexépendieula.r from the vertex on the base of an isosceles tri-
angle bisects the base and the vertical angle.........ccc...ceunennn.ne

If the same straight line bisect the base and the vertical angle,
the triangle is i808CElEB .........cceueuiiiiiieiiniiii it e

If two isosceles triangles have a common base, the straight line
(produced, if necessary) which joins their vertices bisects their
common base, and is at right angles to it. Com......................

Half the base of a triangle is greater than, equal to, or less than
the bisector of the base, according as the vertical angle is greater
than, equal to, or less than a right angle. DEr. .....................

Ggen the base and area of a triangle, find the locus of its vertex.

EF. ooiiiiueiieinieenaetre e et et et te st et b e st seebnnseranaten

Given the bases of two triangles which have a common vertex, in

. magnitude and position, and the sum or difference of their areas,
find the locus of the common vertex. N.B., Der. ...............

The middle points of the three diagonals of a complete quadri-
lateral lie in the same straight line...................cccvvviieniinnnn.en

Given the base and the difference of the two sides of a triangle;
find the locus of the foot of the perpendicular from either end of
the base on the bisector of the internal vertical angle...............

Given the base and the sum of the two sides of a triangle; find

- the locus of the foot of the perpendicular from either end of the
base on the bisector of the external vertical angle. Cok. .........

G]i)ven the three bisectors of the sides of a triangle; construct it.

3 PP OUPR PPN

If two triangles have two sides of the one respectively equal to two
sides of the other, and the contained angles supplemental, they
Are equAl il AYeA.........ccoieuiiinuiieniiiiiiiiiet e e seaes

If squares be described on the sides of any triangle as in ‘Euclid 1.
47, and if AP, FM and KN be drawn perpendicular to BC or BC
produced, prove that BM and CN are each equal to 4 P, and that
the sum of FM and KN is equal to BC, that the triangles GAH,
FBD and KCE are each equal to 4B(, and that CF and BK
intersect on the perpendicular 4P. ..........cocevurvereeennnieennnnnnnen

If squares be described on the sides of any triangle ABC, as in 1.
47, and if HG, FD and EK be joined and perpendiculars drawn
from the angles A, B, C to these lines respectively, these per-
pendiculars produced bisect the remote sides of the triangle
4 BC, and therefore pass through the same point, and the joining
lines are respectively double the bisectors of the remote sides of
the triangle ABO...........c.ccouveeieieeiiniiirrrireieieeeivneeseeneesens

In the figure to (28) given in magnitude the three joining lines
HG, FD and EK, construct the original triangle ABC ............

To bisect a triangle by a straight line drawn from a given point in
one of I8 81deB .......ceuiiviiiiiiiiiii e
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To draw a straight line from an angle of a triangle to the opposite
side, cutting off from the triangle any given area.....................
To divide a polygon into any number of equal parts by strmght
lines drawn from a given point in one of its sides. N.B..........
The rectangle under two lines together with the square on half
their difference is equal to the square on half their sum, or the
rectangle under the sum and difference of two lines is equal to
the difference between their squares. CoR. .............c.ceeieeeneene
The sum of the squares on two lines is equal to twice the square
on half their sum together with twice the square on half their
difference, or the sum of the squares on the segments of a line is
equal to the square on half the line together with the square on
the distance of the point of section from the middle point of the
Line. COR. ..oecociiuiiiiiniiiiiiuniiiiniiiirieee et reesreeneaes
Given the rectangle under two lines ; find them when their sum
I8 & MINTMUM ...oooniiiiiiieiiiiiiiiiieci e e
Given the sum of the squares on two lines ; find them when their
BUI I8 & MATIMUM ....ovnenneniiniiniiiniiiiiiie e cceeeer s
The square on the sum of two lines is equal to the sum of their
squares, together with twice their rectangle ...................ccc.cee.t
The sum of the squares on two lines is equal to twice the rect-
angle under them, together with the square on their differ-
@IICE ...eiiuuniriruneeirunieeressesrustesrieerarrtesstesestanesnnssesertnerenns
In a right-angled triangle, the square on the perpendicular from
the right angle on the hypotenuse is equal to the rectangle under
the segments into which it divides the hypotenuse, and the
square on either side of the triangle is equal to the rectangle
under the hypotenuse and its adjacent segment .....................
The difference of the squares on the sides of a triangle is equal to
the difference of the squares on the segments of the base, made
by the gerpendjcular from the vertex on the base or the base
produced, and also to twice the rectangle under the base and the
distance of its middle point from the foot of the perpendicular
on the base ...........cceiiiiiiiiiiiiiiiiiii
The sum of the squares on the sides of a triangle is equal to twice
the square on half the base, together with twice the square on
the bisector of the bage ................ccocevvviiiiiiiiiiiniiiniiiie
The sum of the squares on the diagonals of a parallelogram is
equal to the sum of the squares on its four sides.....................
Three times the sum of the squares on the sides of a triangle is
equal to four times the sum of the squares on the bisectors of
the sides. COR, DEF. ..........ccovivruniiiiiniiiiiniiiiiniiiiiiieenanns
The sum of the squares on the sides of any quadrilateral is equal
to the sum of the squares on its two diagonals, together with
four times the square on the line joining the middle points of the
AIAGONAIS .....vetiiiiiiiiiii i e e
Given the area of a rectangle and one side, find the adjacent side...
Divide a given straight line internally or externally into parts
such that the difference of their squares shall be given ............
Divide a given straight line internally or externally into two parts
such that their rectangle shall be given. N.B. .....................
Given the base and the difference of the squares on the sides of a
triangle, find the locus of its vertex ..............c.ccccceerreirirnnnne
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Given the base and the sum of the squares on the sides of a tri-
angle, find the locus of its Vertex ............icccccevenieiriiieniinne.e
If a straight line be drawn from the vertex of an isosceles triangle
to the base or the base produced, the difference between its
square and the square on a side of the triangle is equal to the
rectangle under the segments of the base ..............ccccrveeiinienene
It two triangles with equal vertical angles stand on the same base
and at the same side of it, the circle circumscribing one of the
triangles will also circumscribe the other ............ccoceevieaneennee
If the opposite angles of a quadrilateral be supplemental, it is
circumscribable by a eircle..............covuiiiiiiiiiiiiiiiin e
Given the base and vertical angle of a triangle; find the locus of
its vertexX. N.B.....ccoieiiiiiimiiiiiiiiiiiiiiiiciincr e
Given the base and vertical angle of a triangle; find the locus of
the intersection of its perpendiculars .............cceeueeniiieeereneeenns
The sum of one pair of opposite sides of a quadnlateml circum-
scribing a circle is equal to the sum of the other pair, and the
straight line which joins the middle points of the diagonals of
the qua.dnlatera.l passes through the centre of the circle .........
Through a given point within a circle, draw the minimum chord...
Through a given point within a circle to draw a chord of a given
length, but which must not be less than the minimum chord
through the point, nor greater than the diameter.............c.......
Through a given point (P) without a circle, to draw a secant so
that the intercepted chord shall be of a given length, not greater
than the diameter of the eircle. COR..........cccovevivericinenisiienns
To divide a given straight line internally into segments, such that
the rectangle under the segments shall be equal to the square on
8 given line. COR. .....ceceuuiieiiiinienniiiiieiiieenceneneneennerenssennees
To divide a given straight line externally into segments, such that
their rectangle shall be equal to the square on a given straight

If the three perpendiculars of a triangle 4 BC intersect in O, and
(produced, if necessary) meet the circumseribed circle in G H
and K; prove that the distances 0G, OH and OK are bisected by
the sides of the triangle, and that the rectangle under any per-
pendicular and its segment, which meets one side only, is equal
to the rectangle under the segments into which the perpendicular
divides that 8ide ..........ccoceriiniiiiiiiiiiiiciiiiireci e

If two triangles be on (the same or) equal bases and between the
same parallels, the two sides of each triangle intercept equal seg-
ments on any straight line parallel to the bases. DEF. ............

To inscribe a square in a right-angled triangle having one of its
angles coinciding with the right angle, and to prove that the rect-
angle under a side of the square and the sum of the base and
altitude is equal to twice the triangle .............coeeeuvieeniieniinanes

To inscribe a rhombus in a triangle, having one of its angles co-
inciding with an angle of the triangle ...........ccceeeeveerreneenennens

To inscribe a square in any triangle, and to prove that the rect-
angle under its side and the sum of the base and altitude of the
triangle, is equal to twice the triangle. DEF. ..........cc.ccvvuneeee

To inscribe a rhombus of given species in any triangle ...............

To escribe a square to & right-angled triangle, the sides of the tri-
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angle being produced through an acute angle, and to prove that
the rectangle under its side and the difference of the base and
altitude is equal to twice thetriangle. N.B................. ccc.oe...
To escribe a square to any triangle, the sides being produced
through a vertex of the triangle, and to prove that the rectangle
under its side and the difference between the base and altitude of
the triangle is equal to twice the triangle ............ cc.ccveenn.n.
If two sides of a triangle be unequal, the sum of the greater side
and the perpendicular upon it from the opposite angle is greater
than the sum of the less side, and the perpendicular upon it from
the opposite angle ...........c.ceeerveeiiveannnen. reereerterrneeeeraaaenis
If two sides of a triangle be unequal, the inscribed square which
stands upon the greater side is less than the inscribed square
which stands upon the less side...........cccevererrueiiiiienennnrnnnns o0
To inscribe in any triangle a parallelogram of given species. N.B.
The circle through the feet of the perpendiculars of a triangle
bisects the sides of the triangle and the segments of the perpen-
diculars towards the angles, Also, its radius is half the radius of
the circumscribed circle, and its centre is the middle point of the
straight line joining the centre of the circumscribed circle and
the intersection of the perpendiculars. (The Nine-Point Circle.)
NB. DEF. ..oocviieiiiiiiiiiiiiiiii e et e see see s seaes
The bisectors of the three internal angles of a triangle meet in the
centre of the inscribed circle; and if two sides be produced
through the extremities of the third side, the bisectors of the twe
external angles and of the angle opposite to the third side meet
in the centre of the circle escribed to the third side, and the
straight line joining any two centres (produced, if necessary,)
always passes through an angle of the triangle. Dkr................
The four points in which the inscribed and the three escribed
eircles of a triangle touch any side, and that side produced, form
two pairs of points equidistant from the middle point of that
side. The distance of a point of contact of the inscribed circle
from an angle is less than the semiperimeter by the side opposite
to that angle. The distance of an external point of contact from
the remote angle is equal to the semiperimeter. The distance
between two internal points of contact on any side is equal to the
difference of the other two sides, and the distance between the
two external points of contact on any side is equal to the sum of
the other two sides of the triangle. The distance between a
point of contact of the inscribed circle and an external point of
contact of an escribed circle is equal to the side of the triangle
intersecting the line joining these two points. N.B..................
The circumscribed circle of a triangle bisects the six straight lines
which join the centres of the inscribed and of the three escribed
circles ; and the same circle passes through the centres of the in-
scribed circle, of an escribed circle, and the ends of the side
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through the extremities of any side, and the two centres of the
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circumference of the circumscribed circle g
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If from the greater of the two sides of a triangle a part be cut off
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equal to the less and conterminous with it, and if the point of
section be joined with the opposite angle, each of the equal
angles of the isosceles triangle thus formed is equal to half the
sum of the base angles of the given iriangle; the angle between
the base of the isosceles triangle and the base of the given tri-
angle is half the difference of the base angles. Also the angle
between the perpendicular on the base and the bisector of the
internal vertical angle is half the difference of the base angles,
and the angle between the base and the bisector of the external
vertical angle is half the difference of the base angles...............

The bisectors of the internal and external vertical angles of a tri-
angle produced, meet the circumscribed circle in the middle
points of the arcs of the segments into which the base divides
the circle; the line joining these points is the diameter which
bisects the base at right angles; and if perpendiculars be let fall
from these two points on the two sides, the distances from the
feet of these perpendiculars to the vertices of the triangle are
either half the sum or half the difference of the two sides. Cor.

Given the base and vertical angle of a triangle, find the locus of
the centre of the inscribed circle and of the centres of the three
escribed eireles ..........cpeviiiriiiiiireniiiiiiinieir e

In equiangular triangles the rectangles under the non-correspond-
ing sides about equal angles are equal (VL. 4, 16)...................

If two triangles have the three pairs of rectangles under the sides
about each of the three pairs of angles respectively equal, a side
of each triangle being taken to form a rectangle, then shall the
triangles be equiangular (VI. 5, 16).......cc.cvevemureevunenerenceneenns

If two triangles have an angle of the one equal to an angle of the
other and the rectangle under the sides about the equal angles
equal, a side of each triangle being taken to form a reetangle, the
triangles shall be equiangular (VL. 6, 16).........ce000uueiuueennenennncns

It two triangles have one angle in each equal, the rectangles under
the sides about another pair of angles equal, a side of each tri-
angle being taken to form a rectangle; the remaining pair of
angles shall be either equal or supplemental (VL. 7, 16). N.B..

If two triangles have an angle in each equal and the rectangle
under the sides about one of the equal angles equal to the rect-
angle under the sides about the other, the triangles are equal in
ared (VI 15, 16) ....coovenrinniiiniieniiicireecrinenioneecrnueennrreeenennes

If two triangles have equal vertical angles and equal areas, then
shall the rectangle under the sides of the one be equal to the rect-
angle under the sides of the-other (VI. 16, 16) ...............cuveeees

Given the vertical angle and area of an isosceles triangle; con-
BEruCt M. e

Prove that the rectangle under the distances of the points in which
the bisector of the vertical angle and the perpendicular on the
base meet the base from the middle point of the base is equal to
‘the square on half the difference of the sides ...........c.ccc.ceveen

The rectangle under the distances of the points in which the
bisector of the external vertical angle of a triangle and the
perpendicular meet the base from the middle point of the
base is equal t{o the square on half the sum of the two sides
of the triangle
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The rectangle under the sides of a triangle is equal to the square
on the bisector of the vertical angle together with the rectangle
under the segments of the base made by the bisector of the

_ vertical angle (VL. B).......cooeeueiiiniiiuniisrnncrinnereinneesssnnnes

The rectangle under the sides of a triangle together with the
square on the bisector of the external vertical angle is equal
to the rectangle under the segments into which the bisector
of the external vertical angle divides the bage .....................

In any triangle the rectangle under the sides is equal to the
rectangle under the perpendicular from the vertex on the base
and the diameter of the circumscribed circle (VI. C) ............

If the bisector of the vertical angle of a triangle be produced
through' the base to meet the circumscribed cirele, and if the
point in which it meets_the circle be joined to either end of
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the-base, the square on the joining line is equal to the rectangle _:

under the whole produced bisector and the produced part ......
If the bisector of the external vertical angle of a triangle be

61

produced through the vertex to meet the circumscribed circle, =~ -

« .and if the point in which it meets the circle be joined to either
end of the base, the square on the joining line is equal to the
rectangle under the whole produced bisector and its produced
PAIE oo e b

The rectangle under the diagonals of a quadrilateral inscribed
in & cirole is equal to the sum of the rectangles under its
opposite sides (VL. D).......c.cceieviiiiiiiiieiiieriniureesnrenssnenn.

of any quadrilateral to the other diagonal, the sum of the
perpendiculars on the first diagonal is to the sum of the per-

61

61

If perpendiculars be drawn from the extremities of each diagonal |

pendiculars on the second diagonal, as the second diagonal . .

is to the first .......... e eteteteeeeiebeetie e s htsautre b bae e natneras
The diagonals of & quadrilateral inscribed in a circle are as the
sums of the rectangles under the pairs of sides terminated in
. mh AIBGONAL .....vieeiiiiitiiiiiiiiriere e e e aen seera
If p, p/, p” denote the perpendiculars from the centre of the
circumseribed circle to the sides of a triangle, ¢, ¢/, ¢” the
parts of these perpendiculars (produced) between the sides
and the circumscribed circle, prove that

q+¢ +q'=2R-1,
and p+p'+p"=R+r.
Also, prove that r,+7,+ry—r=4R. (See 73, Def.) N.B..
I D, Dl, D,, D, denote the distances of the centre of the cir-
cumscribed cirele of any triangle from the centres of the four
circles touching the sides ; prove that

D*=R3-2Rr, D*=R*+2Rr,, D?=R+2Rr,
D =R+ 9Rr,, and D* 4 D3+ Dj+DF=12R%. NB. ...ccoe....

To inscribe in & given triangle a parallelogram of given area
not exceeding half the given triangle. iSee VI 27, 28.) Cos.
To a given triangle to escribe a parallelogram of given area.
(80 VL. 29) .ooeeinniieiiriiriiiiiiiie ittt eeerer e re e
Given the vertical angle and the sum or difference of the two
sides of a triangle, the circumscribed circle (besides passing
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through the vertex) always passes through a fixed point on
the bisector of the internal or external vertical angle. Coz.
If the lower angles of a square described externally upon the
base of a triangle be joined with the vertex of the triangle,
the joining lines will intercept on the base the side of the
inseribed square which stands upon the base. N.B. ............
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EXERCISES ON EUCLID

AND IN

MODERN GEOMETRY.

Der. If a point be taken on a line or a line produced,
the distances of the point from the extremities of the line
are called the segments of the line made by the point, and
when the point is on the line, the line is said to be divided
internally by the point, but when the point is on the pro-
duced part of the line, it is said to divide the line externally.

1. If a line be divided internally into unequal segments,
the distance of the point Of section from the middle pount of
the line 18 half the difference of the segments; but if it be
dwided externally, the distance of the point of section from
the middle point of the line is half the sum of the segments.

Let AB be bisected in C, divided internally in D and ex-
ternally in £, Make AF equal to BD, and produce B4 until

%t ¥ 9 2 3 2

AG equals BE. Because AB is bisected in C and AF equals BD,
therefore FC' equals CD, and FD is the difference of 40 and L B.
Hence CD is half the difference of the internal segments 4D and
DB.

Because 4G and BE are equal, and 4B is bisected in C,
therefore GC' and CZ are equal, and G'£ is the sum of AE and
EB; therefore CF is half the sum of the external segments 4%
and £B. o

M. G. v 1
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2. Given the sum and difference of two straight lines,
Jind them.

Fig. to (1). Let AB be the given sum, C the middle point of
AB, and CD half the given difference of the required lines, then
by (1) 4D and DB are obviously the required straight lines,

8. To divide a given straight line into any number of
equal parts.

Let 4B be the given straight line. From either end (4) of
it draw an indefinite straight line ’
AG, in which take any point Z, c
and take ZF, F@G, &c. each equal ¥
to AZ until the number of equal
parts in 4@ is equal to the num-
ber of parts into which 4B is to
be divided. Join GB, and draw & © p B
EC, FD parallel to GB; then 4B
is divided by these parallels in ' and D as required.

For draw EH, FK parallel to 4B, and therefore also parallel
to one another.

Since AC and FH are parallel, and AF meets them, therefore
the angles £AC, FEH are equal, and because £C, FD are parallel,
and AG' meets them, the angles AEC and EFH are equal ; also
AL is equal to EF ; therefore by (I. 26) AC is equal to £H and
EC to FH ; but ED is a parallelogram (by construction), therefore
£ H is equal to CD and therefore AC is equal to CD. In like
manner, from the triangles £FH and FGK, it is proved that CD
equals DB. Hence 45 has been divided into the required number
of equal parts.

Cor. Hence the straight line drawn from the middle point of
any side of a triangle parallel to another side bisects the remain-
ing side,

For E is the middle point of the side AF of the triangle AFD,
EH is parallel to AD, and FH and HD have been each proved
equal to £C, therefore FH and H.D are equal.

X

4. The straight line joining the middle points of two
sides of a triangle is parallel to the third side and equal to
half of it. :

In the Cor. to the last proposition it is proved that the straight
line ZH joining the middle points of the sides 47 and FD of the
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triangle A FD is parallel to the third side 4D. Also it has been
proved in the same proposition that £H is equal to AC or CD,
therefore £H is half of AD.

6. The straight lines drawn from the vertices of a triangle
to bisect the opposite sides pass through the same point and cut
each other in a point of trisection, and the -three triangles
with lthis point as common vertex, and the sides as bases, ure
equal.

Let ABC be the given triangle, D, E, F the middle points of
its sides, and let BE, CF intersect in 0. Bisect BO in @ and CO
in H'; join FE, GH. Because FE joins
the middle points of two sides of the
triangle A BC, FE is parallel to BC and
half of it, and becausc GH joins the
middle points of two sides of the tri-
angle BOC, GH is parallel to BC and

= half of it by (4), therefore FE and GH
are equal and parallel, and since the
straight lines ¥ and GE meet these
two parallel lines, the angles #£0 and OGH, EF0 and OHG are
equal, therefore (I. 26) GO and OF are equal and HO and OF are
equal. -But- BG and GO are equal (constr.), therefore OF is one-
third of BE, that is, CF cuts off from BE towards AC one-third.
In the same way it can be proved that the straight line joining
the points 4 and D cuts off from BE one-third part also towards
AC, therefore the three bisectors pass through the same point O
and cut one another in a point of trisection.

Join GC. Because BG, GO and OF are equal, the triangles
BGC, CGO and OEC are equal, therefore the triangle BOC is
two-thirds of BEC ; but the triangles BEC and BAE are equal,
since AX and EC are equal, therefore BOC is one-third of the
whole triangle AB('; and in the same way it is shewn that if
40 be drawn, the triangles AOB and AOC are each one-third of
the triangle 4 BC.

v -

DEF. I shall often call the straight lines drawn from the
angles of a triangle to bisect the opposite sides simply the
bisectors of the sides. '

6.. The perpendiculars to the sides of a triang’e through
their middle points meet in the centre of the circle circum-
scribed about the triangle.

1—2
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Let 4BC be the given triangle, D, E, F the middle points of
its sides. Draw FX, EY perpen-
dicular to 4B and AC respectively.
These lines must meet in a point O ;
for draw FE, then since the angles
AFX and AEY are right, the angles ) \J

L£FX and FEY are together less than
two right angles, and therefore #.X y
and £Y if produced must meet (Axiom

12).

Join OD, 40, BO and CO. 1In the triangles 4A0F and
BOF the sidées AF and BF are equal (hyp.), #0 is common,
and the angles A#0 and BFO are equal being right angles, there-
fore the sides 40 and BO are equal (I. 4). Similarly from the
triangles'AOE and COE the sides A0 and OC are equal, therefore
B0 and OC are equal, and BD and DC are equal (hyp.), therefore
(L. 8) the angles BDO and CDO are equal, and therefore each of
them is a right angle. Hence the three perpendiculars to the
sides from their middle points meet in the point O, which is equi-
distant from the three angles 4, B, C, and is therefore the centre
of the circumscribing circle. .

N.B. The other two cases in which the triangle 4 BC is right
or obtuse-angled, may be similarly proved; but I shall net often
occupy space in examining the various cases of a proposition
unless when there is some peculiarity likely to present a difficulty
to the mere beginner.

7. If one triangle have its sides respectively double the
sides of another triangle, the radius of its circumseribed
circle 18 also double that of the other, and a perpendicular
Jfrom the centre of its circumscribed circle on any side is double
the corresponding perpendicular in the other triangle.

DEF. Sides of equiangular triangles opposite equal
angles are called corresponding (or homologous) sides, and
lines similarly drawn in similar figures are called correspond-
ing lines.

. Let O be the centre of the circumscribed circle of the triangle
ABC, G, H, K the middle points of the radii 40, BO, CO re-
spectively, and D the middle point of BC.
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Because HK joins the middle points of two sides of the tri-
angle BOC, HK is parallel
to BC and equal to half of
BC, therefore the angle
OHXK is equal to OBC. In
like manner the side HG
is half of 4B and parallel
to it, therefore the angle
GHO is equal to 4 BO, and
therefore the angles GHK
and 4BC are equal. Simi-
larly, the angles HGK and
BAC, GKH and ACB are B D ¢
equal and GK is half AC. Also O is obviously the centre of
the circle described about the triangle GHKX, the sides of which
are the halves of the sides of ABC respectively.

Because H is the middle point of BO and HX is parallel to
BD, therefore (3, Cor.) OL and LD are equal. Hence the radius
OB of the circle circumscribing the triangle 4 BC' is double the
radius OH of the circle circumscribing the triangle GH K, and the
perpendicular 0D is double the corresponding perpendicular OL.

8. The perpendiculars from the angles of a triangle to
the opposite sides pass through the same point, and the segment
of any perpendicular towards an angle of the triangle is
double the perpendicular from the centre of the circumscribed
circle on the side opposite to that angle.

Let ABC be the given triangle. Through the vertices draw
three straight lines respectively
parallel to the opposite sides so g A X
as to form the triangle DEF;
then AFBC and ABCE are pa-
rallelograms (by construction), X :
therefore 4 and AE are each P
equal to the same B(C, and
therefore FZ is bisected in A. B & A
Similarly ZD is bisected in C,
and DF in B.

Draw AG perpendicular to FE
and meeting BC in G.

Because 4@ meets the two D

parallels FZ and BC, the angles
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F£AG and AGC are together equal to two right angles, but £4G is
a right angle, therefore 4GC is also a right angle, or if a straight
line be perpendicular to either of two parallel straight lines, it is

also perpendicular to the other. N

Hence the three perpendiculars to the sides of the triangle
DEF from their middle points are also the perpendiculars from
the angles to the opposite sides of the triangle 4BC, and therefore
(6) these perpendiculars meet in the same point.

Let them meet in 2. Since (6) P is centre of circle cir-
cumscribed about triangle DEF, and FE in triangle DEF is
double of corresponding side BC' in triangle 4BC, P4 must (7)
be double of the perpendicular from centre of circle circumscribing
ABC to side BC.

DEr. The perpendiculars from the angles of a triangle
to the opposite sides I shall often call simply the perpen-
diculars of the triangle. The point of intersection of these
perpendiculars is called the arthocentre of the triangle.

9. The centre of the circumscribed circle, the intersection
of the bisectors of the sides and the intersection of the perpen-
diculars of a triangle, lie in the same straight line. .

Let 4BC be the triangle, D the middle point of BC, AH the
perpendicular on BC, P the in-
tersection of the perpendiculars, A
0O the centre of the circumseribed
circle, and 4D the bisector of
the side BC. Join OP meeting
4D in G. X]

Bisect 4G in X and 4P in
Y, and join X7Y.
Because XY joins the mid- 0
dle points of two sides of the
triangle AG P, XY is parallel to
GP and equal to half PG by 3 D = c
(4), therefore the angles 4XY

and AGP are equal, but AGP and OGD are also equal (I 15),
and 4Y and 0D are equal (8).

Also AH and 0D are perpendicular to BC, and therefore they
are parallel ; therefore the angles X4 Y and OD@ are equal.
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Hence (1. 26) OG is equal to XY or to half GP, and GD is
equal to AX or X@, therefore (5) G is the point of intersection
of the bisectors of the sides. Therefore the three points are in
the same straight line. Q.E.D.

10. If from the ends and the middle point of a finste
stratght line three parallel straight lines be drawn meeting any
andefinite straight line, the middle parallel vs half the sum
of the two extreme parallels when the indefinite line does mot
meet the finite line ; but when it meets 1t the middle parallel is
half the difference of the other parallels.

Figs. 1 and 2. Let 4B be the finite line, € its middle point,
DE the indefinite line, 4.D, C'F, and BE the three parallel straight

Fig1. B »
C Fig.2.
A ' C
) /r
D 2 E
A [ H

lines ; draw AH parallel to DE meeting CF in @ and BE in H,
CF and BE being produced, if necessary.

_ Fig. 1. Since, in the triangle 4 BH, C@ is drawn from C the
middle point of 4.8 parallel to the side BH, CQ is half of BH;
and because AF and GF are parallelograms, GF is equal to 4D
or HE, and is therefore half the sum of 4D and HE. Therefore
CF is half the sum of 4D and BE.

Fig. 2. (@ is half of BH, that is, half of BE and EH ;
and F'G is half of 4D and EH ;
therefore CF is half the difference of BE and 4AD.
N.B. 'We may write this latter part more concisely thus:
CG=3}BH=1} (BE + EH),
FG=AD or EH=} (AD + EH);
<. CG@-FG=CF=}(BE-A4D), QE.p.

If the learner be accustomed to vivd voce, which I consider by
far the best method of teaching Euclid, the above symbolical method
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will be inadmissible ; but if a proposition in Euclid is to be written
out, I cannot see how it affects the reasoning whether it be written
out in Algebraical language (so called) or in the Greek, French,
or English language. In whatever language a proposition is written
or printed, the learner should be required by the teacher to go
through it vivd voce in his native language.

Otherwise thus. Draw CL parallel to AH. Then BL = LH,
and therefore by (1) in Fig. 1, LE or CF equals half the sum of
BE and (EH or) AD, and in Fig. 2, LE or CF equals half the
difference of BE and (EH or) AD. Q.E.D.

11. The diagonals of a parallelogram bisect each other,
and if the diagonals of a quadrilateral bisect each other it 1s
a parallelogram. Also if the opposite sides of a quadmlateml

be equal, it is a parallelogram. .
Let ABCD be a parallelogram, and let its diagonals intersect
in £. Because AB and DC are parallel B

and BD meets them, the alternate angles 4

ABD and BDC are equal, similarly the v
angles BAC and DCA are equal, and
the sides AB and CD are equal since /.
they are opposite sides of a parallel- P €
ogram, Therefore (L 26) the triangles 4 £B and CED are equal in
all respects, and therefore A% = EC, BE = ED.

Again, let ABCD be a quadrilateral in which the diagonals 4C
and BD bisect one another, then shall ABCD be a parallelogram,

Because, in the triangles AEB and CED the two sides AFE,
EB are respectively equal to the two CE, ED, and the contained
angles are equal, therefore (I. 4) the triangles themselves are
equal in all respects, and 4B =DC, and the angle ABE = EDC,
therefore 4B and DC are parallel, and therefore 4BCD is a
parallelogram.,

Lastly, let AB=DC and AD=BC, then shall ABCD be a
parallelogram. For the triangles A BC and 4CD are equal in all
respects by (I. 8), therefore the angles BAC' and ACD, BCA and
CAD are equal. Therefore A5 is parallel to CD, and BC to 4.D.
Q E.D.

12. The diagonals of a rectangle are equal to one another.
In the figure to (11) suppose 4 BCD a rectangle.
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Becanse 4B and B( are respectively equal to DC and C'B, and
the angles 4 BC and DCB are each right, therefore (I. 4) AC and
DB are equal. .

18. The diagonals of a square bisect one another at right
angles.

Let ABCD be a square, and let its dia-
gonals meet in &, '

In the triangle ABD, AB=AD, and the o
angle BAD is right, therefore (I. 5, 32) the
angles ABD and ADB are each half a right
angle. Similarly, the angle BAC is proved
to be half a right angle ; therefore the angle D c
AEB is a right angle, and therefore also (I 13) BEC is a right
angle, and the angles vertically opposite to these are right (L. 15).
Also the diagonals bisect one another by (11). Q.E.D.

14. The square on a straight line 18 four times the square
on its half. ' .

Let ABCD be a square on the straight line 4B, and let the
straight lines joining the middle points of its :

opposite sides intersect in O. D L

Because AE and DG are equal and parallel,
therefore EG is parallel to 4D or BC. In like
manner HF is proved parallel to 4B or CD,
therefore the figures 40, BO, CO and DO are & B B
parallelograms ; and since these parallelograms
have the angles at 4, B, C, D right, and the containing sides each
equal to half of 4B, they must be the squares on the half of 45,
Therefore the square on 4B is four times the square on its half,
Q. E. D.

H 0___ip

16. If two squares be equal, their sides shall also be
equal.

For if possible let the equal squares BD and FH not have their
sides equal, and suppose 4B greater than EF¥, and make BL and
BM each equal £F. Draw the diagonals AC and EG bisecting
the squares (I. 34) so that the triangles ABC and EF@Q are equal,
but the triangles LZBM and EFG are also equal since the sides LB
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and BMY are equal to EF and F@ each to each, and the contained
angles are equal, being right, therefore the triangle LBM is equal

D (s} H [e]
18
A L i B E ¥

the triangle 4 BC, which is impossible, therefore 4B and EF are
not unequal, that is, they are equal. Q.E.D.

16. The pmgendicular Jrom the vertex on the base of an
180sceles triangle bisects the base and the vertical angle.

Let ABC be an isosceles triangle, and 4D the perpendicular
from its vertex to its base BC. The angles

ABD and ADB are respectively equal to ACD A

and 4DC (hyp.), and 4D is common to the two

triangles ABD, ACD, therefore the triangles

ABD and ACD are equal in all respects, and c
the sides BD and D( are equal, and the angles D

BAD and CAD.

17. If the same straight line bisect the base and the
vertical angle, the triangle 1s 1sosceles.

Let the same straight line 4D bisect the base BC and the
vertical angle BAC of the triangle 4 BC, then shall
the triangle 4. BC be igosceles.

Produce AD until DE=AD, and join CE. .

. In the two triangles ADB and CDE the two

sides 4D, DB are equal to the two £D, DC ‘each

to each, and the contained angles at D are equal, 4
therefore (I. 4) AB = CE and the angles BAD and

CED are equal ; but BAD and CAD are also equal (hyp.), there-
fore the angles CAD and CED are equal, and therefore (I 5)
AC = CE, therefore AC = AB, or the triangle 4 BC is isosceles.

A

18. If two 1sosceles triangles have a common base, the
straight line (produced, if necessary) which joins their vertices.
bisects their common base, and 13 at right angles to it.
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Let ABC and DBC be isosceles triangles on the same base BC.
Join 4D meeting BC in E.

Because AB=AC, BD=CD and AD is A
common to the two triangles 4BD and ACD,
the angles BAD and C4.D are equal (I. 8).

Again, because 4B and AC are equal, AF
is common to the two triangles BAE and CAE; B C
and the contained angles BAE and CAE have
been proved equal, therefore (I. 4) BE =EC
and A X is perpendicular to BC.

Cor. Hence the bisector of the vertical
angle of an isosceles triangle also bisects the base perpendicularly,
and the diagonals of a rhombus bisect one another at right angles.

D

19. Half the base of a triangle is greater than, equal to, or
less than the bisector of base, according as the vertical angle is
greater than, equal to, or less than a right angle.

Let AE bisect the base of the triangle ABC in E, and produce
AE until DE=FEA, and join CD. Because * a
AE, EB are respectively equal to DE, EC,
and the vertically opposite angles AZB and
CED are equal, therefore (I..4) AB and CD
are equal, and the angles BAE and CDE are B C
equal, therefore (I. 27) AB and CD are
parallel, and therefore (I. 29) the angles BAC
and ACD’ are together equal to two right
angles. Therefore when BAC is a right angle,
ACD is also a right angle, and therefore in the triangles BAC and
ACD the sides BA and AC are respectively equal to DC and C4,
and the contained angles are right, therefore (I. 4) BC and AD
are equal, and therefore their halves BE and 4 £ are equal,

‘When the angle BAC is acute, ACD is obtuse, and therefore
(I. 24) BC is less than 4D, and therefore also BE less than AE ;
and when the angle BAC is obtuse, ACD is acute, and therefore
(L. 24) BC is greater than 4D, and therefore also BE greater than
AE. Q.E.D.

D

DeF. When the conditions of a problem are not suf-
ficient to determine a point absolutely, but restrict it to a
certain line (or lines), this line is called the locus of the
point.
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. 20. Ghven the base and area of a triangle, find the locus
of 1ts vertex.

Upon the given base AB construct a parallelogram ABCD
equal to twice the given area (I. 45).
DC produced indefinitely both ways is b & ¢

the required locus. For take any point /
E in DC orin its production either way, !
and join AE, BE. A ;

The triangle 4 EB is half the paral-
lelogram ADCB (I. 41), and therefore equal to the given area.
Hence, since any point taken in C.D as vertex of a triangle with
base 4B satisfies the conditions of the problem, DC is the required
locus.

DEF. A straight line is said to be given in position when
its direction only is given, and n magnitude and position
when both its direction and length are given. When a line
is given in magnitude and position it is often simply said to
be given. When a figure is said to be given in area, it
is meant that a square or some other figure of the same area
is given.

S
* 9 ¥'21. Given the bases of two triangles which have a common
\ ¥ verter, an magnitude and position, and the sum or difference
.+ of their areas, find the locus of the common vertez.

Let AB, CD be the given bases,

First, Fig. 1, suppese the bases, produced, if necessary, to
meet in 0, and let P be any point in the required locus. Make
OE=AB and OF=(CD. Join the point P with the points
4,B,C, D, E, F, 0. '

The triangles OPF and CPD, OPE and 4 PB are equal (I. 38),
therefore the figure FPEO is equal to the given sum of areas, but
FOE is a fixed triangle; and therefore the triangle FPE has a
given area and a given base FE. Hence (20) the locus is a fixed
straight line PQ parallel to ZF, but when the sum of areas is
given we must only take the part of this line within the angle
DOB, for take any point @ on PQ without the angle DOB. Join
Q with the points to which P was joined. The difference of the
triangles QCD and QAB is equal to the difference of the triangles
QOF and QOE, that is, to the figure QFOE. Therefore when the

i
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Fig. 1.

difference of areas is given, the locus consists of the two parts of
£Q produced indefinitely outside the angle DOB.

Again, on BO and DO produced through O, take OE' = AB
and OF =CD and join E'F', E'F and EF. If we now take a
point within the angle £’0F" and on the side of £'F” remote from
P, we shall find, in exactly the same way as before, that a straight
line parallel to £'F" and at the same distance from it that PQ is
from EF is another part of the required locus; that the part of
this line within the angle Z'OF" belongs to the given sum of areas
and the parts outside to the given difference of areas.

Further, suppose P’ a point in the locus, and join it with the
points £, O and F#. In the same manner as before, it may be
shewn that a straight line parallel to £'F is another part of the
locus, that the part of this line within the angle E'OF belongs to
the given sum of areas, and the two parts without this angle to the
given difference of areas. Also the fourth and remaining part of
the locus is the straight line parallel to £F", at the same distance

_ from it that the locus of P’ is from E'F, and at the side remote
from P,

Since EFE'F" is a parallelogram by (11), the four distinct
straight lines which constitute the locus are parallel two by two,
and each pair of parallels is at the same distance from the point 0.

Next, suppose the two given bases AB and C'D to be parallel.
First, let the bases be equal, join 4C, BD, and let the given sum
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or difference of areas be half the parallelogram ABDC  Suppose
P a point in the locus. Join P to the points 4, B, D, C, and

Fig. a.

through P draw ZF parallel to AB or OD and meeting AC and
BD, produced, if necessary, in £ and F. The triangle 4PB is
half the parallelogram AEFB and the triangle CPD is half the
parallelogram CKFD, therefore in Fig. 2, the sum of the two
triangles ABP, CPD is half the parallelogram ABDC, and in
Fig. 3 the difference of the two triangles APB, CPD is half the
parallelogram ABD(C. Hence when the two parallel bases are
equal and the given sum is equal to half the parallelogram 4BDC,
the required locus is any point between the purallel bases 4B and
CD. If the sum of the areas be less than half the parallelogram
ABDC, the problem is obviously impossible. When the given
difference of areas is equal to half the parallelogram 4BD(, the
required locus is any point outside the two equal and parallel
bases 4B, CD.

If this difference of areas be greater than half the parallelogram
ABDC, the problem is impossible,

The bases being still equal and parallel, let the sum of given
areas be greater than half the parallelogram 4 BDC, or the given
difference less than half this parallelogram. Bisect AC in @ and
BD in H, and join GH. It will be seen exactly as in (1) that the
parallelogram GEFH is in Fig. 3 half the sum of the parallelo-
grams AEFB and CEFD, and in Fig. 2 half their difference.
Therefore in Fig. 3, the parallelogram GEFH is equal to the given
sum of areas, and in Fig. 2 equal to the given difference of areas;
hence when the sum is given, the locus consists of two straight
lines given in position, parallel to the given bases and at equal
distances from GH, and each straight line is outside the parallels
AB, CD, and when the difference is given, the locus consists of
two straight lines within 4B, CD, equidistant from G'H and paral-

-lel to the given bases.
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Secondly, let the parallel bases be unequal and CD less than
AB. Make AE =CD, and suppose P, within 4B and CD, to be a
point in the locus, when the sum of Fi
the areas is given. From P draw 8- 4
straight lines to 4, B, C, D and E. C D
Since the sum of the triangles A £P,
CPD (as already proved) is always
half the parallelogram AEDC, it is
clear that this case of the problem is
impossible when the given sum of
areas is less than half the parallelogram AEDC. It isalso obvious
that the point P cannot be within the parallel bases, when the
given sum of areas is greater than the triangle ADB. Let then
the given sum of areas lie between those two limits. Since the
sum of the two triangles APE and CPD is constant, and the sum
of the triangles A PB and C'PD is also constant or given, therefore
the area of the triangle ZPB is given, and its base EB is also
given ; hence the locus of its vertex P is a straight line parallel
to AB or CD by (20).

If the given sum of areas be greater than the triangle 4 DB,
let P be a point in the locus. Join Fig
AC, and draw BE parallel to AC. - &

Draw through P, FG parallel to T P o
4B, meeting AC and BE produced in
Fand G. A c ®

Bisect DE in H, and draw the
other straight lines in the figure.

The triangle 4 DB is half the pa-
rallelogram ACEB (1. 41), which is
given, and the triangle A PB is half
the parallelogram AFG B ; therefore

the triangle 4 PB ~ ADB = half the parallelogram CFGE
=the triangle CPE,

But the sum of the triangles APB and CPD is given, therefore
the sum of the triangles CPE and CPD is also given; but as in
(1) the triangle CPH is half this sum, dnd therefore the triangle
CPH has a given area and a given base C'H, therefore the locus of
its vertex P is (20) a fixed parallel to 4B or CD. In the same
manner, it can be shewn that the remaining part of the locus in
this case is a stra.lght line parallel to AB and at the side remote
from C'D. :

A E B
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Let the given difference be greater than the triangle ADB,
then it is plain that the locus cannot lie Fi
between AB and CD. Let P be a poing ig. 6.
in the locus.” Take AG=CD. Through
P draw EH parallel to 4B, and through
B draw BH parallel to AC and the other
straight lines as in the figure. The tri-
angle APB is half the parallelogram
AEHB, and the triangle CPD is half
the parallelogram CEFD (1. 41), there-
fore the given difference of the tnangles
APB and CPD is half the parallelograms
AL and LF, but the parallelogram ACDG is also given, therefore
the pa.rallelogra.m GFHB is given in area and its base GB is given,
therefore FH, that is, the locus of P, is a fixed parallel to 4B.
A similar discussion will shew that another straight line parallel
to A B, at the side remote from P, forms the remaining part of the
locus in this case.

Lastly, let the given difference of areas be less than the tri-
angle ADB. Let P be a point in the Fi
Iocus; on-BA produced take AE=CD, 8- 7
and draw the other straight lines in the G D
figure. The sum of the two triangles
APE and CPD is half the given pa-
rallelogram A DCE, but the difference
of the triangles APB and CPD is -
given. Add to this difference the \
two triangles APE and CPD, and the
triangle £ PB is given in area and its
base £B is also given. Therefore the locus of P is a fixed straight
line parallel to AB. When the given difference of areas is not
only less than the triangle ADB but also less than the triangle
CAD, another part of the locus will be a fixed straight line paral-
lel to AB and between 4B and CD. This straight line is deter-
mined in the same way as the last.

‘When the given difference lies between the triangles ACB and
CAD, or is less than the triangle C 4D, besides the straight lines
already found (in Fig. 7) which are parts of the locus of P, a fixed
straight line parallel to 4B and at the side remote from P will
form the remaining part of the locus. This may be found in a
manner similar to the locus of P.

N.B. TUnder the first case of equal and parallel bases, it has
been seen that the locus is a plane when the sum or difference of

B A B



22.] AND IN MODERN GEOMETRY. 17

the areas of the two triangles is half the parallelogram ABDC.
The definition of locus (19) may be extended so as to embrace this
and similar cases, or the problem may, in such cases, be considered
indeterminate. 'When the base and avea of a parallelogram are
given, the locus of the side parallel to the base is an indefinite
straight line parallel to thé base and at a given distance from it.
This is manifest from (20), and is also an extension of the term
locus as defined under (19).

In such figures as Fig. 1, where a great number of lines is
likely to perplex a beginner, it will be advisable for the learner
only to make, for each case, so much of the figure as that case
requares. .

DEr. If the two pairs of opposite sides of a quadrilateral
be produced to intersect, the straight line joining the two
goints of intersection is called the third diagonal of the whole

gure, which is called a complete quadrilateral.

22. The middle points of the three diagonals of a com-
plete quadrilateral lie in the same straight line.

Let ABCD be the quadrilateral, EF its third diagonal, and
L, M, N the middle points of its three diagonals. Join L, M, ¥
with the points 4, B, C, D, and draw NG parallel to 4B and NH
parallel to DC. Join AG, DH. The triangles ALB and ALD
are equal, since they have a common vertex 4 and equal bases BL
and LD. Similarly, the triangles DLC and BLC are equal, there-

fore the triangles ALB and DLC, which have the common vertex
L and 4B and CD for bases, are together equal to half the quadri-
lateral ABCD ; similarly, the triangles A B and DMC with com-

M G, 2
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mon vertex M and the bases 4B and CD are also together equal
to half the quadrilateral 4 BCD, and the points L and M are with-
in the bases 4B and CD.

Because ZN and NF are equal and NG is parallel to 45,
therefore BF is bisected in @ (3 Cor.), Bimilarly, CF is bisected
in H, )

The triangles ANB and AGB are'on the same base 4B and
between the same parallels 48 and NG ; they are therefore equal,
but BG@ and GF are equal, and therefore the triangle AGB is half
of the triangle AFB, therefore also the triangle ANB is half of
the triangle AFB. Similarly, the triangles DNC, DHC and DHF
are equal, therefore the triangle DNC is half the triangle DFC.

Therefore the difference of the triangles ANB and DNC is half
the difference of the triangles A#B and DFC, that is, half the
quadrilateral ABCD), and the common vertex N of the triangles
ANB, DNC is without the bases 48 and CD ; hence, by (21), the
three points L, M, N lie in the same straight line, for when the
bases 4B and CD are given and the sum or difference of the areas
is also given (here equal to half the quadrilateral 4BCD), the
locus of the common vertex is a fixed straight line.

23, Given the base and the difference of the two sides of
a triangle, find the locus of the foot of the perpendicular from
either end of the base on the bisector of t;:e wnternal vertical

angle. .
Let ABC be any triangle satisfying the conditions of the
problem, that is, having the given A

base B(, and such that the differ-
ence of the sides 4B and AC is
equal to the given difference.

Bisect BC in D,and draw AH 5 D
bisecting the vertical angle BAC.
Draw CG and BH perpendicular
to AH, produce CG to meet 4B in
E, and BIf to meet AC produced
in F. Join DG, DH. Because AG
is common to the two triangles AGE and AGC, and the angles ad-
jacent to AG are equal, therefore (I. 26) EG'=GC and AE=AC;
therefore BE is equal to the given difference of sides; similarly,
BH = HF, and C'F is equal to the given difference of sides.
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Because D@ joins the middle points of the sides of the triangle
BCE, DG is parallel to BE and equal to half BE (4), that is, DG
is equal to half the given difference of sides.

Similarly, DH is also half the given difference of sides, and D
is a fixed point, therefore the required locus is a circle with the
middle point of the given base for centre and radius equal to half
the given difference of sides.

24. Given the base and the sum of the two sides of a
tn'angli:dﬁnd the locus of the foot of the perpendicular from
either end of the base on the bisector of the external vertical
angle.

Let ABC be any triangle on the given base BC, and such that
the sum of its sides 4B and AC is P
equal to the given sum., Let D be
the middle point of BC, and HG
the bisector of the external vertical
angle CAE or BAF formed by pro-
ducing B4 to E or C4 to F.

Draw BH and CG perpendi- H
cular to H@, and let them be pro-
duced to meet the sides produced
in ¥ and E. Join DG and DH. G
Because 4G is common to the two
triangles CAG, EAG, and the ad-
jacent angles are equal, therefore o ¢
CA=AFE and CG=GE; therefore BE equals the given sum of
sides, and by (4) D@ =} BE ; similarly, DH equals half the given
sum of sides; therefore the required locus is a circle with the
middle point of the base for centre and radius equal to half the
given sum of sides.

Cor. Since in this proposition and the last D@ is parallel to
AB and DH to AC, the feet of the perpendiculars from either end
of the base on bisectors of internal and external vertical angles,
and the middle point of the base lie in the same straight line ; also
the line joining the foot of any of the four perpendiculars, with
the middle point of the base, is half the sum or half the difference
of the sides according as the perpendicular is drawn to the bisector
of the external or of the internal vertical angle.

2—2
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25. Given the three busectors of the sides of a triangle;
construct .

Suppose 4BC the required triangle, and let the bisectors.of its
sides intersect in @ so that GD is half
AG (5). Produce 4D until DH = DG, A
and join HC.

The two triangles BDG@ and CDH o)
have the sides BD and DC, GD and DH
equal and the angles at D equal, there- ) o
fore BG and C'H are equal. ’

Therefore the triangle HG(C has its
sides respectively two-thirds the given bisectors of sides, and is
therefore given ; hence the following construction.

Construct the triangle HG'C' with its sides respectively two-
thirds of the given bisectors of sides. Bisect HG in D, join CD,
and produce it until DB= D(C. Produce HG until G4 =HG@G or
twice @D, and join 4B, AC. ABC is the required triangle. For
join B@ and C'G' and produce these lines to meet the sides 4C, 4B
in £ and F.

Because BD = DC and DG =DH, and the angles BDG and
HDC are equal, therefore BG'=CH equals two-thirds one of the
given bisectors, but 4D bisects BC and GD =4 AG, therefore (5)
BE and CF are the bisectors of the sides 4C and 4 B, and since
B@G, CG and AG are respectively two-thirds of the given bisectors,
therefore the triangle 4 BC has the bisectors of its sides equal to
the given bisectors, and therefore is the required triangle.

Der. Two angles are called supplemental when their
sum equals two right angles, and complemental when their
sum equals one right angle.

26. If two triangles have two sides of the one respectively
equal to two sides of the other, and the contained angles supple-
mental, they are equal in area. -

Let the triangles 4AB(C and DEF

A
have the sides AC and CB respec- r
tively equal to DE and EF, and the
angles ACB and DEF supplemental,
then shall the triangles ABC and DEF
be equal in area.
In BC produced take CG=EF or ° Ay

BC, and join 4G.
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The angles ACB and DEF are equal to two right angles (hyp.),
and ACB and ACG are equal to two right angles (I. 13), there-
fore the angles ACG and DEF are equal, and the sides about
these angles are equal, therefore (L. 4) the triangles ACG and DEF
are equal in all respects. But the triangles 4BC and ACG are
on equal bases BC and C@, and have a common vertex, therefore’
the triangles 4 BC' and 406 are equal in area by (I. 38), therefore
the triangles ABC and DEF are also equal.

27. If squares be described on the sides of any triangle
as in Buclid 1. 47, and +f AP, FM and KN be drawn perpen-
dicular to BC or BC produced, prove that BM and CN are.
each equal to AP, and that the sum of FM and KN is equal
to BC, that the triangles GAH, FBD and KCE are each
equal to ABC, and that CF and BK intersect on the perpen-
dicular AP. '

- Produce P4 until 48 =PL or CE, and join BS, CS.
In the triangles ABP and FBM the sides 4B and BF are

équal, the angles APB and FMB are right, and the angles ABP
and FBJM are together equal to a right angle, since the angle 4 BF"
is right, but ABP and BAP are together equal to a right angle,
since the angle APB'is right, therefore the angles BAP and FBM
are equal, and therefore the triangles A BP, FBM are equal in all
vespects; therefore B and AP are equal, and FU/ and BP are.

0
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equal. In the same manner, it can be proved, that the triangles
APC and KCN are equal in all respects; and that AP and CN
are equal and CP and KN,

Therefore BM and CN are each equa.l to AP, and FM and KN
axe together equal to BC.

Because the angles ACK and BCE are right angles, the angles
ACB and KCE are supplemental (I. 13), and AC, (B are respec-
tively equal to XC, CE, since the sides of a square are equal ;
therefore (26) the triangles 4 BC' and KCE are equal, and in the
same manner it can be proved that each of the triangles HAG
and FBD is equal to the triangle 4 BC.

The two triangles #BC and ABD have the sides FB, BC
respectively equal to 4B, BD, and the contained angles are equal,
since the angles #B4 and DBC are right, therefore the triangles
FBC and ABD are equal in all respects, and the angle F#CB is
equal to BDA. .

. Therefore, in the triangles XCZ and BZD the angles XCZ and

XZC are respectively equal to BDZ and BZD, therefore the re-
maining angles ZX(C and DBZ are equal; but DBZ is a right
angle, therefore ZXC is also a right angle.

Again, because the alternate angles DBP and SPB are right,
the straight lines BD and SP are parallel, but BD and S4 are
equal ‘(constr.), therefore BS and 4D are parallel (I. 33), and
therefore the angles AXC and SRC are equal, but AXC is right,
therefore SREC is a right angle, and in the same manner it can be
proved that the angle SQB is a right angle, therefore SP, B¢ and
CR are the perpendiculars of the triangle SBC, and therefore pass
through the same point by (8).

3 28. If squares be described on the sides of any triangle

ABC, as wn 1. 47, and if HG, ¥D and EX be joined, and per-
pendiculars drawn from the angles A, B, C to these lines
respectively, these perpendiculars produced bisect the remote
sides of the triangle ABC, and therefore pass through the same
point, and the joining lines are respectively double the bisectors
of the remote sides of the triangle ABC.

Draw CL perpendicular to ZK, and produce it to meet the
remote side 48 in M. Draw AR and BN perpendicular to CM.

In the triangles 4 RC' and CKL, the angles ARC and CLK are
right; also ACR and KCL are complemental, since ACK is a
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right angle, and ACR and RAC are also complemental, since A RC
is a right angle, therefore the angles KCZ and RAC are equal, and
the sides AC and CK are equal, therefore (I. 26) the triangles 4 RC
and KLC are equal in all respects; therefore 4R and CL, CR and
KL are equal.

In the same manner it can be proved, from the triangles BNC
and CLE, that BN and CL, NC and LE are equal.

Therefore BN and AR are each equal to the same CL, and
therefore they are equal to one another; therefore (I. 26) the
triangles AMR and BMN are equal in all respects, and therefore
AM and BM are equal, and NM and MR; therefore (1) CHM is
half the sum of NC and CR, that is, half the sum of EL and LK
or of EK.

G

D ¥

Hence the perpendicular CL produced bisects 4B in M, and

EX is double the bisector C#. In the same manner it can be

proved that the perpendiculars from 4 and B to HG and FD

bisect the sides BC and CA, and that GH is twice the bisector of
B(, and FD twice the bisector of CA. Q. E. D,

29. In the figure to (28) giwen in magnitude the three
Jjoining lines HG, ¥D and EK, construct the original triangle
ABC. _

Since the lines #@, FD and EX are by (28) twice the bisectors
of the sides of the required triangle, the problem is reduced to (25).

Otherwise thus—The angles ACB and KCE are together equal
to two right angles, since ACK and BCE are each right angles,
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Similarly, the angles GAH and BAC,
FBD and ABC are together equal to two
right angles, therefore the three angles
HAG, FBD and ECK together ‘with the
angles of the triangle ABC are equal to
six right angles, and therefore the angles
HAG, FBD and ECK are together equal
to four right angles ; therefore these three
angles can be placed with their vertices at Z
the same point so as exactly to fill up the
angular space about that point, and so that HG', FD and EK shall
form a triangle, since 4G and BF, BD and CE, CK and AH are
equal two by two.. But the triangles HAG, FBD and ECK are
equal by (27). Hence by the help of (5) we have the following
construction for this problem, as well as for (25).

Construct a triangle XY Z, having its sides equal to the joining
lines, that is, to twice the bisectors of the sides of the required
triangle. Let the bisectors of the sides of the triangle XYZ meet
in O, then 0X, 0Y, OZ are the sides of the required triangle 4BC.

80. To bisect a triangle by a straight line drawn from
a gwen point tn one of its sides.

Let ABC be the given triangle, P the given point in its side
BC, and D the middle point of BC.

Join A P, AD, draw DE parallel to 4P, A
and join PE, PK bisects the given B
triangle.

The triangles DPE and DAE are
on the same base DE and between the
same parallels DE and AP, therefore
they are equal (L. 37).

To each of these equals add the triangle DCE, and the triangle
PEC( is equal to the triangle DAC, which is half the triangle 45C,
since BD and DC are equal.

81. To draw a straight line from an angle of a triangle
to the opposite side, cutting off from the trangle any given
area.

Let ABC be the given triangle, and let it be required to draw
from B a straight line to AC cutting off a given area.
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On BC construct any parallelo- A
gram BDEC equal to twice the given
area, and let DA meet ACin F. Join /\p .
BF. The triangle BFC is half the \/ :

B c

parallelogram BDEC (I. 41), and
‘therefore BF cuts off BF(C equal to
the given area. ’

82. To divide a polygon into any number of equal
parts by straight lines drawn from a given point in one of its
sides. '

Let ABCDE be the given polygon, and P the given point in
one. of its sides. Join P with the
angular points of the polygon, thus
dividing the polygon into the tri- Q R
angles 1, 2, 3, &c. (o]

D

. Construct parallelograms MG,

GS, SK, KV respectively equal to ’
these triangles, and so that FL

shall be one straight line (L. 45).

Divide (3) FL into the
required number of equal
parts FX, XY, YL, and
complete the parallelograms
MX, XZ, &c. which are
evidently each equal to one
of the equal parts into which the given polygon is to be divided.

A
)

F_G XH Y

1

MN S Z T v

‘We see that the point of division X is on the side GH of the
parallelogram HX or 2 corresponding to the triangle PZD or 2.

From the triangle PED cut off by (31) the triangle P@QD equal.
to the parallelogram XS, then because the figures PAED and FS
are equal, if the equals P@QD and XS be taken from both, the
remainders PAEQ and MX are equal.

From the triangle PDC cut off PRC equal to the parallelogram
ZK, and the figures PQDR and XZ are obviously equal, and so on.

. Therefore PQ, PR divide the given polygon into the required
number of equal paits, . :
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N.B. If the polygon is required to be divided into parts
which shall have given ratios to each other, divide (VI. 10) #L in
X, 7,... into parts in the given ratios, and the rest is exactly the
same as above,

83. The rectangle under two lines together with the
square on half their difference vs equal to the square on half
their sum, or the rectangle under the sum and difference of
two lines vs equal to the difference between their squares.

- Let ' AD be bisected in B, and cut unequally in C, therefore
(IL. 5) the rectangle AC. CD together with - B ¢ D
the square on BC is equal to the square
on AB.

Now consider AC' and CD as two distinct lines, then 4B is
half their sum and BC half their difference. Hence the first
enunciation is true, ,

Again, consider 4B and BC as the lines, then 4C is their sum
and CD their difference, therefore the second enunciation is true,
Q. E.D.

Cor. Hence the rectangle under the segments of a line is a
mazimum (that is, the greatest possible) when it is bisected, for
the rectangle AC.CD is less than the square on 4B (which is
constant) by the square on BC, and therefore this rectangle is a
maximum when B(' vanighes.

Hence also given the sum of two lines; find them when their
rectangle is a maximum. The lines must obviously be each half
the given sum.

- 84, The sum of the squares on two lines ts equal to turce
the square on half their sum together with twice the square on
half their difference, or the sum of the squares on the segments
of a line is equal to the square on half the line together with
the square on the distance of the point of section from the
middle point of the line.

In the figure to (33) let AC and CD be the two lines, then 4B
is half their sum and BC is half their difference,

___Since 4D is bisected in B and cut unequally in C, therefore
(I1. 9) the sum of the squares on AC and CD is equal to twice
the square on 4B together with twice the squa.re on BC, which
proves the first form of the theorem.
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If we consider 4D as a line divided into the two segments 4C
.and CD, then AB is half the line and BC is the distance of the’
point of section from the middle point of the line. This proves
the second form of the theorem.

Cor. Hence the sum of the squares on the segments of a line
is a minimum (that is, the least possible) when the line is bisected.
For the sum of the squares on AC and C'D is equal to twice the
squares on A8 and B(, and since 4B is constant, the sum of the-
squares on the segments must be least when BC vanishes or the
point C coincides with B,

85. Given the rectangle under two lines, find them when

their sum v @ minimum.

By (34) the square on half the sum of two lines is equal to
the rectangle under them together with the square on half their
difference ; and since the rectangle is given, the square on half
their sum is a minimum when the difference vanishes or the lines
are equal ; therefore, when the lines are equal, their sum is also a
minimum. Now, construct a square equal to the given rectangle.
Each of the required lines is equal to a side of this square.

86. Given the sum of the squares on two lines, find them
when their swm 18 @ maximum.

By (34) twice the square on half the sum of two lines is less
than the sum of their squares by twice the square on half their
difference ; therefore, since the sum of the squares is given, the
square on half the sum is a maximum when the lines are equal,
and therefore the sum of the lines is also a maximum when they
gre equal. . :

. Now construct a square equal to half the given sum of squares:
Each line is equal to a side of this square.

~ 87. The square on the sum of two lines 18 equal to the
sum of their squares, together with twice their rectangle.

For in Fig. to (33) let AC and CD be the two lines, then
(IL 4) the square on the sum 4D is equal to the squares on AC,
OD together with twice the rectangle 4C, CD.

88. The sum of the squares on two lines is equal to twice
the rectangle under them, together unth the square on their
difference.
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In Fig. to (33) let 4D and DC be the two lines, then AC
is their difference. Since 4D is divided into two parts in C,
therefore (II. 7) the sum of the squares on AD and DC is equal
to twice the rectangle 4D, DC' together with the square on AC.
QE.D.

89. In a right-angled triangle, the square on the per-
pendicular from the right angle on the hypotenuse is equal
to the rectangle under the segments into which it divides the
hypotenuse, and the square on either side of the triangle 1s
equal to the rectangle under the hypotenuse and its adjacent
segment, :

Let 4BC Vbe a triangle, having the angle BAC right. Draw
AE perpendicular to BC, and draw 4D to D A

the middle point of BC.
By (19) 4D is equal to BD or DC, since
the angle BAC is right. Because BC is bi-
sected in D, the square on BD or 4D is equal ® »E

to the rectangle BE, £C together with the square on DE (IL 5),
but the square on 4D is equal to the squareson AZ and DE (1. 47),
therefore the square on 4Z is equal to the rectangle BE, EC. -

Again, the square on AB is equal to the squares on 4 X and
BE (I. 47), that is, to the rectangle BE, E(C together with the
square on BE, but the rectangle BE, EC with the square on BE
is equal to the rectangle O#, BE (II. 3), therefore the square on
4B is equal to the rectangle CB, BE. Q. E.D.

40, The difference of the squares on the sides of a triangle
18" equal to the dzjferenczn:)zf the squares on the segments of the
base, made by the perpendicular from the vertex on the base,
or the base produced, and also to twice the rectangle under the
base, and the distance of its middle point from the foot of the
perpendicular on the base. '

Let 4BC be the triangle, D) the middle point of its base, and
AE the perpendicular on the base. Then, in Fig. 1, D& is half
the difference of the segments BE and EC, and in Fig. 2, DK is
half the sum of the segments BE and EC by (1). The square on
AB is equal to the squares on BE and AE, and the square on AC:
is equal to the squares on CE and 4Z (L. 47), therefore the dif-,
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ference of the squares on 4B and AC is equal to the difference of
‘the squares on BL and CE.

Fig. 1. - Fig. 2.
A
B D X C B D C B

Again, the difference of the squares on BE and CZ is equal to
the rectangle under their sum and difference by (33), that is, to
the rectangle under BC, and twice DE, or to twice the rectangle
under BC and DE. Therefore the difference of the squares on
AB and AC is equal to twice the rectangle under BC' and DE.
QE.D.

41. The sum of the squares on the sides of a triangle is
equal to twice the square on half the base, together with twice
.the square on the bisector of base.

. In the figures to (40), the triangle 4DB is obtuse-angled at D,
therefore (II. 12) the square on 4B is equal to the squares on
4D, DB together with twice the rectangle BD, DE. Also the
triangle ADC is acute-angled at D, therefore (IL. 13), the square
“on AC together with twice the rectangle CD, DK is equal to the
squares on AD, DC. Therefore, by adding these equals, the
squares on 4B, AC, with twice the rectangle C.D, DE, are equal
to twice the squares on BD and DA, together with twice the
rectangle BD, DE, but the rectangles CD, DE and BD, DE are
equal, since BC is bisected in D.

Therefore the squares on 4B and AC are together equal to
twice the squares on BD and D4. Q.E.D.

42. The sum of the squares on the diagonals of a parallelo-
‘gram s equal to the sum of the squares on its four sides.

Let the diagonals of the parallelogram 4 BCD intersect in O.
By (11) O is the middle point of 4C"and BD,
therefore by (41) the squares on 4B and AD A B
are equal to twice the squares on 40 and DO, v
.and CD and CB are equal to B4 and 4D re- .
spectively, therefore the sum of the squares on &
the four sides is equal to four times the squares
on A0 and DO, that is, by (14), to the squares on the diagonals
AC and BD. Q.E.D.
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43. Three times the sum of the squares on the sides of @
triangle is equal to four times the sum of the squares on the
bisectors of the sides.

Let the bisectors of the sides of the triangle ABC meet in G,

Since 4D bisects the side BC in D, A
therefore by (41), twice the sum of the
squares on 4B and AC is equal to four
times the squares on AD and DB, that ¥
is, to four times the square on 4D to-
gether with the square on BC, or as I o
shall write it for brevity, B D

24 B + 240° = 44D* + BC".
Similarly, 2A4B' + 2BC*=4BE* + AC",
and 2BC* + 24C°=4CF* + AB;

therefore, adding these equals, and taking away the sum of the
squares on the sides from the sums, the remainders are equal, viz.
three times the sum of the squares on the sides is equal to four
times the sum of the squares on the bisectors of the sides. Q.E.D.

Cor. The sum of the squares on the sides is equal to three
times the squares on 4@, B@ and CG.

Since (5) 4G is two-thirds of 4.D, therefore three times 4G is
equal to twice 4D, and therefore four times the square on 4D is
equal to nine times the square on AG. Therefore three times the
sum of the squares on the sides is equal to nine times the squares
on AG, B@ and C@, therefore the sum of the squares on the sides
is equal to three times the squares on 4@, B@ and CG.

_DEF. It may be sometimes convenient to call G (the
point of intersection of the bisectors of the sides), the centre
of gravity of the triangle.

44. The sum of the squares on the sides of any quadri-
lateral 18 equal to the sum }£ the squares on its two diagonals,
together with four times the square on the line joinming the
middle points of the diagonals.

Let ABCD be the quadrilateral, ZF the_straight line joining
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the middle points of its diagonals,
Join BF, DF. A B

Because 4C is bisected in 7, the v

sum of the squares on 4B and BC is

equal to twice the squares on 4# and \ 4
BF (41), and the sum of the squares ,
on AD and DC is equal to twice the
squares on A F and DF, therefore the T

sum of the squares on the four sides C
is equal to four times the square on

AF with twice the squares on BF and DF, or to four times the
square on A, with four times the squares on BE and £F, since
4 is the middle point of the base BD of the triangle BDF ; also
the square on AC is four times the square on A7, and the square
on BD four times the square on BE, therefore the sum of the
squares on the four sides is equal to the sum of the squares on the
diagonals, together with four times the square on £F, joining the
middle points of the diagonals. Q.E.D.

45. Given the area of a rectangle and one side, find the
adjacent side.
To the given side 4B apply the rectangle 4D ¢ D

equal to the given area (I. 45), then AC or BD is
clearly the required adjacent side.

: A B
46. Divide a given straight line internally or externally
wnto parts such that the difference of their squares shull be
grven.
A D ¢=B A4 2 s ¢
Let AB be the given straight line, D its middle point, and
suppose C to be the required point of section.

The difference of the squares on AC and C'B is equal to twice
the rectangle under 48 and CD (33); therefore the rectangle
under 4B and DC is given, and 4B is also given,

Hence the following construction; upon 4B describe a rect-
angle equal to half the given difference of squares (L 45), and
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take 1C equal to its adjacent side: C is the required point of
section.

It is plain that if the given difference of squares exceed the
square on 4B, the point of section C will lie on 4 B produced.
Also, in all cases, two points of section equidistant from D will
answer the conditions of the problem,

47. Divide a given straight line 'iniemally or externally
into two parts, such that their rectangle shall be given.

In the figures to (46) let 4B be the given straight line, D its
middle point, and suppose C' the required point of section.

Since 4B is bisected in D, therefore (II. 5, 6) the rectangle
AC.CB is equal to the difference of the squares on CD and DB,
but the rectangle AC. CB and the square on DB are each given,
therefore the square on CD is known, and therefore the line CD
is also known, therefore since the point D is given, the point C'
can be found by cutting off from DB or DB produced a part equal
to a known line.

N.B. A different solutlon of this problem will be given farther
on, in (59), (60).

48. Given the base and the difference of the squares on
the sides of a triangle, find the locus of its vertex.

In the figures to (40) let BC be the given base, D its middle
point, and let A BC be any triangle answering the given conditions
of the problem, that is, on the given base BC and having the
difference of the squares on its sides equal the given difference.
Draw 4E perpendicular to BC. The given difference of the squares
on AB and AC is equal to twice the rectangle under BC and DE
by (40); but BC is given, therefore DE is known by (45), and
therefore, sirice D is a fixed point, the point £ and the perpen-
dicular £4 are given; therefore the required locus is the perpen-
dicular 4 £ produced indefinitely both ways.

49.  (iven the base and the sum of the squares on the sides
of a triangle, find the locus of its vertex.

In the figures to (40) let ABC be any triangle on the given
base BC, and having the sum of the squares on its sides 4.5 and
AC equal to the given sum.

Let D be the middle point of BC.
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By (40) the sum of the squares on AC' and BC is equal to
twice the squares on BD and DA, therefore DA is known, and
therefore the locus is a circle with D the middle point of the base
for centre and a known radius.

60. If a straight line be drawn from the vertez of an
1s08celes triangle to the base or the base produced, the difference
between its square and the square on a side of the triangle 1s
equal to the rectangle under the segments of the base.

Fig. 1. Fig. 2.

Let ABC be an isosceles triangle and AE any straight line
drawn to the base or the base produced. Draw 4D perpendicular
to BC, and therefore (16) bisecting BC in D. The perpendicular
AD divides the base CL of the triangle ACE into the segments
CD and DE, and therefore (40) the difference of the squares on -
AC and AK is equal to the difference of the squares on CD and
DE.or (33) to the rectangle under the sum and difference of C.D
and DE, that is, to the rectangle under BE and EC, since BD and
DC are equal. QED/ = : -

61. If two triangles with equal vertical angles stand on
the same base and at the same side of it, the curcle circum-
scribing one of the triangles will also circumscribe the other.

Let the triangles ABC' and DBC have equal vertical angles
BAC and BDC, and, if possible, let the circle
circumscribing the triangle A4BC not pass
through D, but cut BD or BD produced in Z.
Join CL. Because the angles BAC and BL(C
are in the same segment, they are equal
(III. 21), therefore the angles BLC and BDC
are equal, which is impossible (I. 16), there-
fore the circle circumscribing the triangle
A BC must pass through the vertex D of the
other triangle. Q. E.D.

M. G. 3
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62. If the opposite angles of a quadrilateral be supple-
mental, 1t 18 circumscribable by a circle.

Let the quadrilateral A BCD have its opposite angles B and D
supplemental, and, if possible, let the circle
circumscribing the triangle 4DC not pass A
through B, but cut 48 or 4B produced in Z.
Join EC. Because AECD is a quadrilateral
in a circle, therefore (ILL. 22) the angles
AEC and ADC are together equal to two A
right angles, but 4BC and 4ADC are also ©
equal to two right angles (hyp.), therefore
the angles AEC and 4ABC are equal, which
is impossible (I. 16). Therefore the circle

described about the triangle 4 DC must pass through the- point B.
QED.

D

63. Given the base and vertical angle of a triangle, find
the locus of tts vertex. _

‘On the given base AB describe a segment of a circle, ACB,
capable of containing the given angle (IIL.

33), then the arc ACB is the required locus;
for take any point C' in the arc of the
segment and join AC, BC. The triangle 4 '

ACB is upon the given base 4B, and its vertical angle ACB is
equal to the given angle, therefore the segment ACB is the re-
quired locus of the vertex.

N.B. Since it is plain that an equal segment on the other
side of AB will also answer the conditions of the problem, the
Jocus really consists of two equal arcs on opposite sides of 4.5 ;
but cases of this kind must be so apparent to the reader, that it
will generally be unnecessary to occupy space in pointing them out.

54. Given the base and vertical angle of a triangle, find
the locus of the intersection of its perpendiculars.

Let ABC be a triangle on the given base BC, and having its
vertical angle BAC equal to the given verti-
cal angle. Let its perpendiculars intersect A
in O.

Because the four angles of a quadrilateral
are together equal to four right angles (I. 32, =
Cor.) and the angles A £O and AFO0 are right B
angles, therefore the angles FAE and FOE b ¢
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are together equal to two right angles; but the angle FAZ is
given, therefore the angle O£ or its equal BOC is known. Hence
in the triangle BOC the base BC and the vertical angle BOC are
given, and therefore (53) the locus of O is a segment upon BC
containing an angle equal to the supplement of the given vertical
angle.

65. The sum of one pair of opposite sides of a quadri-
lateral circumscribing a circle 18 equal to the sum of the other
pair, and the straight line which joins the middle points of the
d?agtgnals of the quadrilateral passes through the centre of the
circle. :

Let the quadrilateral ABCD circumscribe the circle with centre
0, and touch it in the points £, F, @, .
H. Join O with the angular points R
of the quadrilateral and the points of
contact.

Because the angleés AF0 and 4E0
are right (III. 18), the square on 40
is equal to the squares on 4 # and FO, iy
or on AE and EO (L. 47), therefore
the squares on AF and AL are equal, A
and therefore the lines A# and 4 X are E
equal, that is, the two tangents from D
any point to a circle are equal.

Similarly BF and B@ are equal, therefore 4B is equal to AX
and B@ together,

In like manner CD is equal to G and DE together, therefore
AB and CD together are equal to 4D and BC together.

Because the three sides of the triangle A #O are respectively
equal to the three sides of the triangle 4 £0, therefore (I. 8) the
triangles are equal in all respects.

Similarly the triangles BFO and BGO are equal, therefore the
triangle A0B is equal to the sum of the triangles 4Z0 and BGO.
Similarly the triangle DOC is equal to the triangles DEO and CGO
together, therefore the triangles AOB and DOC are together equal
to 40D and BOC, therefore A0B and DOC are together equal to
balf the quadrilateral 4 BCD, but the triangles having 4B and C/)
for bases and the middle point of either diagonal for common

3—2
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vertex have been proved (22) to be together also equal to half the
quadrilateral ABCD, therefore (21) the middle points of tl.le
diagonals and the centre O of the circumscribing circle, must lie in
the same straight line which is the locus of the common vertex of
two triangles on the bases 4B and D, and having the sum of
their areas equal to half the quadrilateral ABCD. Q.E.D.

56. Through a given point within a circle, draw the
manvmum chord. :

Let P be the given point within the circle whose centre is O.
Draw the diameter CD, and through P
draw the chord 4 B perpendicular to C.D.
A B is the minimum chord, for through 2
draw any other chord £F and OG per-
pendicular to it from the centre. In the
right-angled triangle OPG, OG is less

" than OP, and therefore (III. 15) EF is
greater than AB; therefore 4B is the
minimum chord through P.

67. Through a given point within a circle to drow a
chord of a given length, but which must not be less than
the minvmum chord through the point, nor greater than the
diameter.

In the given circle with centre O place any chord 4B of the
given length, draw OF perpendicular to it,
and with the centre O and radius OF de-
scribe the inner circle. - Through P the
given point draw the chord CD touching
the inner circle at the point #. CD is the
required chord. ‘

Join OF. Because the chords 4B and
CD are equally distant from the ceutre,
they are equal (IIL. 14). Therefore C'D is
of the given length, and it is drawn through the given point P.

68. Through a given point (P) without a circle to draw a
secant so that the intercepted chord shall be of a given length
not greater than the diameter of the circle.
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Let O be the centre of the given circle. In the circle place
any chord 4B of the given
length, and draw OE perpen-
dicular to 43.

* From the centre O at the
distance OF describe the inner
circle.

From P draw PD touch-
ing the inner circle at the
point ¥ (III. 17). .

The chord CD is of the given length, for it is equal to 4B,
since CD and 4B are at the same distance from the centre.

Cor. All chords of the outer of two concentric circles which
touch the inmer circle are equal and bisected at the puints of
contact. )

69. To divide a straight line internally into segments,
such that the rectangle under the segments shall be equal to the
square on a gien line.

Let AB be the line which is to be divided.

On AB as diameter describe the
circle with centre O ; draw AC perpen-
dicular to 4B, and equal to the other
given line,

Through ' draw CD parallel to 4B,
meeting the circle in the points D and H.

Draw DEG and HF perpendicular
to 4 B,then 4B is divided as required in
either £ or F. Because OF is drawn from the centre perpendicu-
lar to D@, D@ is bisected in E (IIL. 3), therefore (ILI. 35) the
rectangle AE . EB equals the rectangle DE . EG, that is, the
square on DE or AC.

Similarly the rectangle 4# . FB equals the square on HF or
AC. See (47).

Cor. Hence, if a perpendicular be drawn from any point in
the circumference of a semicircle to the diameter (or base of the
semicircle), the square on the perpendicular is equal to the rect-
angle under the segments into which it divides the diameter.
See (39). A _
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60. To diwide a given straight line externally into seg-
ments, such that their rectangle shall be equal to the square on
a gwen straight line.

Let AB be the given line which is to be divided externally,
and let AC perpendicular to 4B be the
other given line. On AB as diameter
describe a circle, and join its centre O
with the point C. From the centre O at
the distance OC, describe a circle cutting
A B produced in £ and . Then 4B is
divided in £ or F as required, for 04 and
OB, OK and OF are equal, therefore BE
and AF are equal. Therefore the rectangle '
BE . EA (under the segments into which 4B is divided in ), is
equal to the rectangle £4 . A F, that is, by (59 Cor.) to the square
on AC. See (47).

61. If the three perpendiculars of a triangle ABC inter-
sect in O, and (produced, if necessary,) meet the circumscribed
ctrcle in G H and K; prove that the distances OG, OH and
OK are bisected by the sides of the triangle, and that the
rectangle under any perpendicular and its segment, which
meets one side only, 18 equal to the rectangle under the segments
into which the perpendicular divides that side.

Join CG. In the triangles ODC and OFA the angles at D
and F are right, and the angles at O are
equal (L. 15), therefore (I. 32) the remain-
ing angles OCD and FAO are equal, but
FA40 and DCG are equal, since they stand
on the same arc BG, or are in the same
segment BACG (III. 21), therefore the
angles OCD and DC@ are equal, and since
the angles at D are right, and the side DC
common to the two triangles 0DC, DCG ;
therefore OD and DG are equal (I 26).
Therefore the rectangle 4D . DO equals the rectangle 4D, D@,
which equals BD . DC (IIL 35). q.E.D.

62. If two triangles be on (the same or) equal bases and
between the same parallels, the two sides of each triangle inter-
cept equal segments on any straight line parallel to the bases.
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Let the triangles 4BC, DEF be upon equal bases BC, EF

A D

[ //\\
B C B F

and between the same parallels BF and 4D, and let GL be parallel
to BF, then shall GH and KL be equal.

For, if possible, let GH be greater than KZ, and make GM 4
equal to KL, '

Join AM, BM, CM and LE. Because the triangles G4 M and
KDL are on equal bases GM and KL and between the same
parallels, they are equal (L. 38).

Similarly, the tria.ngles GBM and KEL, BMC and ELF are
equal ; : -

therefore the figure 4 BCM is equal to the triangle DEF,

but the triangles 4 BC' and DEF are equal, therefore the figure
ABCM is equal to the triangle 4 BC, which is impossible. There-
fore GH and KL must be equal. In the same manner, if the
parallel to the bases cut the sides produced through the vertices 4
and D, or through the ends of the bases BC and EF, the inter-
cepts made on the parallel by the sides are proved to be equal.
QE.D.

DEerF. A parallelogram is said to be tnscribed in a
triangle when one of its sides is upon the base of the triangle,
and the extremities of the opposite side are upon the two
sides of the triangle, and when these two extremities are on
the sides produced through the vertex or the ends of the
base, the parallelogram is said to be escribed (or exscribed) to
the triangle,

63. Toinscribe a square in a right-angled triangle having
one of its angles coinciding with the right angle, and to prove
that the rectangle under a side of the square and the sum of
the base and altitude s equal to twice the triangle.
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Let ABC be the triangle right-angled at C. Bisect the angle
ACB by the straight line CD, and draw DE and  ,
DF perpendicular to BC and CA4 respectively.
CEDF is the inscribed square. Because CD
bisects the right angle ACB, DCE is half a right
angle, but C£D is a right angle, therefore COE is F
half a right a,ngle, and therefore CZ and KD are
equal (L. 5). \

Because the angles DEC and FCE are right, therefore (I. 28)
DE and CF sre parallel; similarly, CE and FD are parallel,
therefore EF is a parallelogram, and since the adjacent sides C &
and £D have been proved equal, and the angle DEC is right, there-
fore ZF is a square.

Again, the rectangle DE. OB is equal to twice the triangle
CDB (1. 41), and the rectangle DF . AC is equal to twice the tri-
angle A.DC, therefore the rectangle under D and the sum of AC
and CB is equal to twice the triangle ACB. ¢.E.Dp.

64. To inscribe a rhombus in a triangle, having one of its
angles coinciding with an angle of the triangle.

Let it be required to inscribe in the triangle 4BC a rhombus
having an angle coinciding with the angle N
ABC.-

Draw BD bisecting the angle 4 BC, and
through D draw DE and DF parallel to ¥ D
AB and BC respectively. Then £F is the
required rhombus, Since DE and BF are
parallel, therefore the alternate angles BDOE g b o
and DBF are equal, but DBF and DBE
are equal (constr.), therefore the angles BOE and DBE are equal,
and therefore BE and ED are equal, therefore £F is a rhombus
(L 34). -

66. To inscribe a square in any triangle, and to prove
that the rectangle under its side and the sum of the base and
altitude of the triangle, 1s equal to turice the triangle.

Let ABC be the given triangle, and AP its altitude.

In BC produced take EF equal to BC, and draw ED per-
pendicular to EF, meeting 4D parallel to B( in L. Join DF,
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Inscribe (63) the square GX in the right-angled triangle EDF.
Produce HG to meet ABand AC A D

in Z and M, and through Z and
M draw LR and MN perpendicu- .
larto BC. Then LMNRisthere- L M =
quired inscribed square. Because /
the triangles ABC and DEF are :

on equal bases BC and £F, and " ¥ N ¢ F k& F
between the same parallels, and LH is parallel to BF, therefore
(62) the intercepts L3} and GH are equal; also XN and GE
are equal, since /% is a parallelogram.

Therefore LN is a square equal to the square GX.

Again, AP and DE are equal since 4 is a rectangle, and the
rectangle under £K and the sum of DE and EF is equal to twice
the triangle DEF ; therefore the rectangle under a side of the
square LN and the sum of BC and AP, the base and altitude of
the triangle 4 BC, is equal to twice the triangle ABC.

DErF. A figure is said to be given in species when its
angles and the ratios of its sides are given.

66. To inscribe a rhombus of given species in any tri-
angle. o
Let ABC be the given triangle, In BC produced take EF

A D .

B R N C E K F

equal to BC, make the angle FED equal to one of the angles of
the rhombus, and draw 4D parallel to BC to meet £D in D. Join
DF. . .

In the triangle DEF inscribe the rhombus GK having an angle
coinciding with the angle DEF (64). Produce HG to meet AB
and AC in L and M, and draw LR, MN parallel to GE. Then
(62) LN is obviously equal to the rhombus GX, and it is inscribed
in the given triangle and of the given species, Therefore LY is
the required rhombus, .
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. 67. To escribe a square to a right-angled triangle, the
sides of the triangle being produced through an acute angle,
and to prove that the rectangle under its side and the difference
of the base and altitude 1s equal to twice the triangle.

Let ACB be the triangle, right-angled at C. Produce C4 and -

D E
¥ C ; B

BA indefinitely through 4, BC' through C. Draw CD bisecting
the angle ACF and meeting B4 in J. Draw DE and DF respec-
tively perpendicular to 4 and BF. Then EF is the required
square. Because DF(C is a right angle and DCF half a right
angle, therefore #DC is half a right angle, and therefore DF and
F( are equal ; therefore £F is a square.

Again, the triangle BDC is half the rectangle under BC and
DF (1. 41), and the triangle 4 DC is half the rectangle under AC
and DE or DF; therefore the difference of the triangles BD( and
A DC, that is, the triangle 4BC, is half the rectangle under DF and
the difference of BC and CA. '

N.B. Since the angle BAC is greater than the interior angle
ACD, and the angle 4CD is half a right angle, therefore BAC is
greater than half a right angle, and therefore 4BC is less than
half a right angle. Therefore AC is less than CB. Hence the
escribed square, which has one angle coinciding with the right
angle, is always upon the greater side about the right angle. In
fact, if AC' be less than CB, then the angle CAB is greater than
half a right angle and therefore greater than AC'D, therefore the
angles AC'D and DAC are together less than DAC and C'4B, that
is, less than two right angles, therefore (Axiom 12) CD and 4D
will weet as in the figure, ’

68. To escribe a square to any triangle, the sides being
produced through a vertex of the triangle, and to prove that
the rectangle under its side and the difference between the
base and altitude of the triangle is equal to twice the triangle.

Let A BC be the given triangle, and let the side BC be greater
than the altitude 4P (see N.B. in 67). :
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In CB produced take FE equal to BC, and draw ED perpendi-
cular to £F, and meeting 4.D parallel to BC in D. To the right-

G H L M

K E F B R P N [

angled triangle DEF escribe the square HK (67), and produce GH
to meet CA and BA produced in Z and M respectively. Draw LR
and MN perpendicular to KC. Thus LMNRE is the requn-ed
square, for LM and GH are equal (62).

Again, the rectangle under HE and the difference of FE and
ED is equal to twice the triangle DEF (67); therefore also
the rectangle under LR and the difference between BC. and AP,
the base and altitude of the triangle 4BC, is twice the trmngle
ABC.

69. If two sides of a triangle be unequal. the sum of the
greater side and the perpendicular upon it from the opposite
angle 1s greater than the sum of the less side, and the perpen-
dicular upon it from the opposite angle.

In the triangle ABC let the side' 4B be greater than AC, and
let CF and BE be the perpendiculars
upon these sides; then shall 45 and
CF together be greater than 4(C and
BE together.

. Because the angle BA(' is common
to the two triangles BAE, CAF, and
the angles at £ and F are right, there-
fore (L. 32) the two triangles are equi-
a.ngula.r, and therefore (V1. 4),

AB : BE . AC : OF 5
therefore AB : AB-BE :i AC : AC—CF;
therefore, alternately, 4B : AC :: AB-BE : AC-CF;
but 4B is greater than AC, therefore 4B — BE is greater than
AC—-CF. Add BE + CF to these unequals, then

AB + CF is greater than AC + BE. Q.E.D.
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70. Iftwo sides of a triangle be unequal, the inscribed
squure which stands upon the greater side 1is less than the
wnscribed square which stands upon the less side.

For the rectangle under a side of an inscribed square and the
sum of the side on which it stands and the perpendicular is equal
to twice the triangle (65), but the sum of the greater side and its
perpendicular is greater than the sum of the less side and its
perpendicular (69), therefore the side of the square standing upon
the greater side is less than the side of the square standing upon
the less side. Q.E.D.

71.  To inscribe in any triangle a parallelogram of given
spectes.

Let ABC be the given triangle.

Divide (VI 10) BC in D, so
that CB : BD shall be in the
ratio of two adjacent sides of the

parallelogram.

. Join 4D, and in the triangle
ABD inscribe (66) the rhombus
EFHG, having the angle GEF
equal to an angle of the parallelo-
gram given in species. Produce g ¥ DL c
GH (if necessary) to meet AC in

K, and draw KL parallel to GE, then GELK is the required
parallelogram, for its angles are equal to the given angles,
and GH : GK :: BD : BC, since GK is parallel to BC, that is,
EG : GK :: BD : BC, but BD : BC is the given ratio of the
sides of the parallelogram given in species, therefore the inscribed
parallelogram £ X is of the given species.

N.B. Because GK is parallel to BC, therefore (I. 29) theg tri-
angles AGH and ABD, and AGK and 4BC are equiangular, and
therefore (VI. 4) GH : HA :: BD : DA, or alternately,

GH : BD :: HA : AD.
Similarly, GK : BC :: KA : AC :: HA : AD,
but ratios which are equal to the same ratio are equal to one

another (or ratios which are the same to the same ratio are the
same to one another, V. 11);
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therefore GH : BD :: GK : BC,
or alternately, GH : GK :: BD : BC, as assumed above,
Similarly, HK : DC :: HA : AD;
therefore GH : BD :: HK : DC,
or alternately, GH : HK :: BD : DC.

72. The circle through the feet of the perpendiculars of a
triangle bisects the segments of these perpendiculars towards
the angles, and the sides of the triangle. Also its radius t8
half the radius of the circumscribed circle, and its centre is
the middle point of the straight line joining the centre of the
ctrcumscribed circle and the intersection of the perpendiculars.
(The Nine-Point Circle.)

Let (Figs. 1 and 2) ABC be the given triangle, D, E, F' the
Fig. 1. ) Fig. 2.

B B

D

middle points of the sides; @, H, K the feet of the perpendiculars
intersecting in Z, and O the centre of the circumscribed cirele.

Fig. 1. Because Z is the middle point of 4C, and the angle
AGC 1s right, therefore AE and EG are equal, and therefore "the
angles AGE and KAG are equal ; similarly, the angles AGF and
FAG can be proved equal, therefore the angles FGE and FAE
are equal.

Because AFDE is a parallelogram (4), therefore the angles
FAE and FDE are equal, and therefore the angles #DE and FGE
are equal.

Therefore the circle through F, D, E also passes through &
(51).

In the same manner the circle through F, D, E can be shewn
to pass through the feet of the other two perpendiculars.
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Fig. 2. Join OL, bisect D@ in P, draw PM perpendicular to
BC meeting OL in M, join DM and produce it to meet 4L in Q.

Because DO, PM and GL are parallel, and P is the middle
point of D@, therefore (see 10) M is the middle point of OL.
Similarly, the perpendiculars to £H and KF through their middle
points can be proved to pass through the middle point of OL,
therefore these three perpendiculars intersect in M, but each of
these perpendiculars passes through the centre of the circle through
D, E, F, since DG, EH and KF are chords of this circle, and the
perpendicular to a chord through its middle point passes through
the centre of the circle (III. 1, Cor.), therefore M is the centre of
the circle through the points D, £, and F.

~ Because OM and ML are equal, and the triangles ODM and
MLQ are equiangular, for DO and QL are parallel, therefore DM
and M@ are equal (I. 26), and therefore @ is a point in the circle
through D, E, F, and D@ is a diameter of it. Also OD and QL
are equal, but 4L is twice O D (8), therefore ¢ is the middle point
of AL, or the circle through D, £, F also passés through the middle
point of AL 1In the same manner it can be proved to pass
through the middle points of BL and CL.

Join 40, then A0DQ is a parallelogram, since 4Q and DO
are equal and parallel, therefore A0 and D@ are equal, but D@ is
a diameter of the circle through D, E, F, and 4O is a radius of
the circumscribing circle. Q.E.D.

N.B. For a geometrical proof of the theorem that ¢ the
circle through the middle points of the sides of a triangle touches
the inscribed circle and the three escribed circles” the reader is
referred to a paper by the author of this work in the Quarterly
Journml of Mathematics for June, 1862, pp. 269, et sqq.

DEF. A circle is said to be escribed (or exscribed) to any
side of a triangle when it touches that side and the other two
sides produced.

78. The bisectors of the three internal angles of a triangle
meet in the centre of the inscribed circle; and if two sides be
produced through the extremities of the third side, the bisectors
of the two external angles and of the angle opposite to the third
stde, meet in the centre of the circle escribed to the third side,
and the straight line joining any two centres (produced, if
necessary) always passes through an angle of the triangle.
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Let ABC be the given triangle. Draw BO and CO bisecting
the angles ABC and ACB, and meeting in 0. Join 40. Draw

E;

C0,, bisecting the external angle BCE, and meeting 40 in 0,
and join BU,. From O and O, draw the perpendiculars 0D, 01],
OF and 0 D,, O.E,, O,F, to the sides of the triangle 4BC or those
sides produced.

It is proved in (IV. 4) that O is the centre of the inscribed
circle, and that D, E, F are its points of contact with the sides of
- the triangle 4.BC.

The tangents AF and AZ from the same point 4 to the in-
‘scribed circle are equal, therefore the triangles 4#0 and AXO are
equal in all respects (I. 8), and therefore AO bisects the angle
BAC. Therefore the three bisectors of the internal angles of a
triangle meet in the centre of the inscribed circle.

Again, because 40, bisects the angle BAC, the perpendiculars
0.E and O F, are equal, and because O C bisects the angle D C'E,
the perpendiculars 0,1, and O E, are equal, therefore 0, D, and
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O, F, are equal, and therefore the triangles 0 D B and O F B are
equal in all respects, therefore O B bisects the angle CBF ; there.
fore the bisectors of the two external angles BCK, CBF and of
the internal angle BAC' meet in the same point O, and since the
three perpendiculars 0, D, O,E,, and O F from this point to the
sides are equal, therefore O, is the centre of the circle escribed to
the side BC of the triangle 4BC. )

Further, produce O,C and BO to meet in 0,, and O,B and CO
to meet in O, -

Join 40, and A0,. It can be proved, in like manner, that
A0, and A0, bisect the vertically opposite angles CAF, and BAE,,
and therefore that 40, and 40, form one continued straight line,
and that O, and O, are the centres of the circles escribed to the
sides C4 and AB respectively. The perpendiculars from O, meet
the sides in D,, £, F,, and from O,in D,, £,, F,.

It has also been proved in the above that the six lines 00,
00,, 00,, 0,0,, 0,0,, 0,0,, joining the centres of the four circles,
two by two, pass each through an angle of the given triangle
ABC.

Der. It will be sometimes convenient to denote the
sides of the triangle 4 B C opposite to the angles 4, B, C by
a, b, c respectively ; the radii of the circles escribed to these
sides by r,, r,, 7, and the radii of the inscribed and circum-
...ycribed circles by r and R respectively. Also put 2s=a+b+¢
5o that s is the semiperimeter of the triangle. ~

74. The four points in which the inscribed and three
escribed circles of a triangle touch any side, and that side pro-
duced, are two by two equidistant from the middle point of
that side. The distance of a point of contact of the inscribed
circle from an angle is less than the semiperimeter by the side
opposite to that angle. The distance of an external point of
contact from the remote angle is equal to the semiperimeter. The
distance between two internal points of contact, on any side, 18
equal to the difference of the other two sides, and the distance
between the two external points of contact on any side s equal
to the sum of the other two sides of the triangle. The distance
between a point of contact of the inscribed circle and an ex-
ternal point of contact of an escribed circle is equal to the side
of the triangle intersecting the linc joining these points,
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N.B. When the distance between two points is mentioned,
the points are, in the above, always supposed to lie in the direc-
tion of the same side of the triangle.

Fig. to (73). Since the tangents to a circle from the same
point are equal, therefore CD and CE, BD and BF, AE and AF
are equal ; therefore BC and 4Z or AF are together equal to the
semiperimeter of the triangle ABC. Therefore A% or AF is less
than the semiperimeter by BC. Again, BD, and BF , AE, and
AF_ are equal, therefore 4 B is equal to the sum of BD and AE
therefore adding AC and CB to these equals, the sum of oD, and
CE, is equal to the perimeter of the triangle 4.BC, but O'D and
C’E are equal ; therefore CD, or CE, is equal to the semlpen-'
meter of the tna.ngle ABC, Slmllarly, BD, or BF, is equal to
the semiperimeter.

Therefore BD, and CD, are each less than the semiperimeter
by BC, and therefore BD =CDy=AE =AF=g8—a. Therefore
also D, and D, are equldmta.nt from the middle point of BC.

Because CD, and BD, are each equal to the semiperimeter,
therefore D, D, together with BC is equal to the perimeter, and
therefore DD is equal to the sum of 48 and AC, or D,D,=b +e¢,

_ It has been proved that CD and 4B together are equal to the
semiperimeter, that is, to C'D,, therefore by taking away C.D from
these equals,

the remainders DD, and 4 B are equal, or DD,=c.

Because BD, and BF, are equal, and 4F is equal to the semi-
perimeter, therefore BD, is less than the semiperimeter by 4 B,
. and therefore BD, and CD are equal. Therefore D and D, are
equidistant from the middle point of BC. Since CD and BD are
equal, therefore DD, is the difference between C'D and BD, ‘that
is, the difference between CE and BF, or between C'4 and BA for
AE and AF are equal, or DD, =b~c, (here DDl=c—b); or,
which is the same thing, the distance of the middle point of the
base from either internal point of contact is half the difference of
the sides of the triangle.

The results proved above may be thus briefly stated,

CE=CD=BD=BF =AE=4F=s—c ............ (a),
DD, =b~Ceeveeeerrrs e ®),

DD,=DD,=b coovrerreeverercrrannn. @),

DD,=b+C evverererenrerarnnns @)
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75. The circumscribed circle of a triangle bisects the siz
straight lines which join the centres of the inscribed and of the
three escribed circles. The same circle passes through the
centres of the inscribed circle, of an escribed circle, and the
ends of the side between these two centres, and has its centre
in the circumference of the circumscribed circle. The same
ctrcle passes through the extremities of any side, and the two
centres of the escribed circles on the same side of 1t, and its
centre 18 tn the circumference of the circumscribed circle.

Fig. to (73). Because the angles 04C and 0AB, 0,AC and
0,4 F, are equal, therefore (I. 13) the angle 040, is a right angle.
Therefore in the triangle 0,0,0,, 0,4 is the perpendicular from
the angle O, to the opposite side, similarly 0,B and 0,C are the
other two perpendiculars, and 00,, 00,, 00, are the segments of
these perpendiculars towards the angles, therefore (72) the circle
through 4, B, C, the feet of these perpendiculars, that is, the
circle circumscribing the triangle ABC bisects the six lines 00,
00, 00, 0,0, 0,0,, and 0,0,

Again, since 0CO, and OBO, are each right angles, therefore
(52) the quadrilateral 0BO,( is circumscribable by a circle, and its
centre is at the middle point of the diameter OO0, that is, on the
circumference of the circle which circumscribes the triangle 4 BC.

Also the angles 0,B0, and 0,00, are right, therefore the four
points O0,, B, C, O, lie in the circumference of a circle with its
centre at the middle point of 0,0, which point is on the circum-
ference of the circumscribed circle. Q. E. D.

76. If from the greater of the two sides of a triangle a
part be cut off equal to the less and conterminous with it, and
if the point of section be joined with the opposite angle, each
of the equal angles of the isosceles triangle thus formed is equal
to half the sum of the base angles of the triangle; the angle
between the base of the isosceles triangle and the base of the
given triangle is half the difference of the base angles. Also
the angle between the perpendicular on the base and the bisector
of the internal vertical angle is half the difference of the base
angles, and the angle between the base and the bisector of the
external vertical angle is half the difference of the base
angles. - ‘

In the triangle 4 BC let the side 4B be greater than AC. Cut
cff AF equal to AC and join CF. Draw the perpendicular 4.£
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from 4 to BC, and draw 4D and AKX bisecting the internal and
external vertical angles, and therefore including the right angle

B DE C — X

DAK. Because AG bisects the vertical angle FAC of the iso-
sceles triangle FAC, therefore the angle AGC is a right angle,
but GAK is also a right angle, therefore AX and F(C are parallel
(L. 28), and therefore (I. 29) the angles ACF and CAK, AFC and
HAK are equal, but CAH is equal to the sum of the base angles
ABC and ACB (1. 32), therefore AFC and ACF are each half the
sum of the base angles. ’

Again, AFC, the external angle of the triangle BFC, is equal
to the sum of the angles 4 BC and BCF (1. 32), therefore ACF is
also equal to the sum of the angles 4 BC and BCF, and therefore
AC B is equal to ABC together with twice the angle BCF, therefore
BCF is half the difference of the angles ACB and ABC.

In the triangles AGI and 7E(C the angles AGI and IEC are
right, and the vertically opposite angles at I are equal, thercfore
the remaining angles G4/ and ICE are equal, but JCZ is half the
ditference of the base angles, therefore.the angle DAZ is also half
the difference of the base angles. Because #C and AK are parallel,
the angles #CB and AKB are equal, therefore the angle AKB is
half the difference of the base angles.

77. The bisectors of the internal and external vertical
angles of a triangle, produced, meet the circumscribed circle tn
the middle points of the arcs of the segments into which the
base divides the circle; the line joining these points is the
diameter which bisects the base at right angles; and if per-

" pendiculars be let fall from these two points on the two sudes,
the distances from the feet of these perpendiculars to the
vertices of the triangle are either half the sum or laif the
difference of the two sides.

Let ABC be the given triangle circumscribed by a circle. Let
AD the bisector of the vertical angle BAC meet the circumferceace
in D, and AE the bisector of the external vertical angle in .

A
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Join DE, DB, DC, EB and EC. Draw DG and EK perpendicular
to 4B, and DH and KL perpendicular to AC produced.

Because 4D bisects the angle BAC, and AE bisects the angle

KAL, therefore the angle £AD is a right angle, and therefore £.D
is a diameter,

The angles £AL and EAK are equal, but £AL is the exterior
angle of the inscribed quadrilateral 4ZBC, therefore (IIL 22) the
angles £AL and EBC are equal, therefore the angles £4AB and
EBC are equal, and therefore (ITI. 26, 29) the arcs BME and
CNE and the straight lines BE and CE are equal. Therefore £
ig the middle point of the arc BEC. Again, the angles BAD and
CAD are equal, therefore the straight lines DB and D(C and the
arcs which they cut off are equal. Therefore D is the middle
point of the arc BDC. Because DE joins the vertices of the two
igosceles triangles BEC and BDC on the same base BC, therefore
DE bisects BC at right angles in F (18).

The trisngles AD@ and ADH are equiangular and have the
side 4 D common, therefore they are equal in all respects (I. 26).
Therefore 4G and AH, DG and DH are equal. DCH is the
external angle of the quadrilateral 4BDC; therefore the angles .
DCH and DBG@ are equal (II1. 22), and the angles at H and G
are right, and DC' and DB are equal, therefore (I. 26) the two
triangles DCH and DBGQ are equal in all respects, and therefore
BG and CH are equal. Therefore AG@ and AH are together equal
to AB and AC, and therefore AG and AH are each half the sum
of the two sides of the triangle ABC. Therefore BG and CH are
each half the difference of the sides 4B and AC, For the differ-
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ence between the greater or less of two lines and half their sum
is equal to half their difference. Thus, AC is less than half the
sum AH or AG by CH, and half the sum AG is less than the
greater AB by BG@, therefore AC is less than 4B by CH and
Bg together ; therefore CH or BG is half the difference of 4.8 and
4C.

In the same manner, as in the above, the triangles AEZL and
AEK, EBK and ECL are proved to be equal in all respects. -
Therefore BK and CL are together equal to 4B and AC, and
therefore BK and CL are each equal to half the sum of 4B and
Ag, and AK and AL each equal to half the difference of 4B and
AC. :

Cor. The angles BDG, CDH, EBA and ECA are each equal
to half the difference of the base angles, and BDF, CDF, EBF
and ECF are each equal to half the sum of the base angles of the
triangle 4.BC.

For EBA and ECA are each equal to the angle £DA, since
they stand upon the same arc 4Z. But £DA4 is half the difference
of the base angles, since the angle between a perpendicular to the
base and the bisector of the vertical angle is half the difference of
the base angles (76), therefore the angles ZB84 and ECA are each
half the difference of the base angles.

The angle £BD in a semicircle is right and therefore equal to
the angles GBD and BDG@ taken together, therefore, taking away
the common angle GBD, the angles £BA4 and BDG are equal.
Therefore BDG and CDH are each equal to half the difference of
the angles ABC and ACB. The angles CDF and DCF are to-
gether equal to the right angle Z4D, but DCF and DAB are
equal, since they stand on the same arc BD, therefore the angle
CDF is equal to 4B, which is half the sum of the base angles.
The angles CDE and C'BE are equal, since they are in the same
segment CDBE.

78. Given the base and vertical angle of a triangle, find
the locus of the centre of the inscribed circle and of the centres
of the three escribed circles.

Fig. to (73). Let ABC be a triangle on the given base BC,
and with the given vertical angle BAC, the rest of the construction
being the same as in (73).

Because the angles 0,40,, 0,BO, are right, therefore the
quadrilateral 0, BAO, is circumscribable by a circle, and the angles
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0,0,B and 0,4 B which stand upon O B are equal. But 0, 4B is
hulf the given vertical angle, therefore the angle CO_B is also half
the given vertical angle, and the base BC is given, therefore (53)
the locus of O, is a segment on BC capable of containing an angle
equal to half the given vertical angle, and since the angles BO,C
and BO,C are obviously equal, the locus of O, is also the same
segment.

Again, because the angle 0,B0, is right, therefore the angle
BO,C is equal to the complement of half the vertical angle.
Therefore the locus of O, is a segment on BC capable of contain-
ing an angle equal to the complement of half the given vertical
angle. .

The angle BOO, is equal to the sum of B40 and 4580 (1. 32),
and COOQ, is equal to the sum of C4A0 and ACO, therefore the
angle BOC is equal to the angles BAC, 4 B0, and ACO together,
that is, to half the sum of the angles of the triangle 4 BC together

. with half the angle BAC, or to a right angle together with half
the given vertical angle. Therefore the locus of O is a segment
upon BC capable of containing an angle equal to a right angle
together with half the given vertical angle. . In fact, the segments
of the same circle constitute the loci of O and 0,, since the quadri-
lateral BOCO, is circumscribable by a circle.

79. In equiangular triangles the rectangles under the
non-corresponding sides about equal angles are equal (VI.
4, 16).: '

Place the triangles 480, CDO so that the equal angles at O
shall be vertically opposite, and that
the non-corresponding sides 40 and
CO, BO and DO, shall be in the
same straight lines. Join AD. The
angles 4B0 and DCO opposite the
corresponding sides 40 and DO are
equal, therefore (51) the circle about
- the triangle 4 BD will pass through
C, and therefore (IIL. 35) the rect-
angle 40.0C equals the rectangle
BO.0OD, q.E D.

80. If two triangles have the three pairs of rectangles
under the sides about each of the three pairs of angles respec-
twely equal, a side of each triangle being taken to form a
rectangle, then shall the triangles be equiangular (VI. 5, 16).
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Let ABC.and DEF be two triangles, having the rectangles
AB.DF and AC.DE, AC.FE and CB.DF, CB.ED and
BA . FE equal ; then shall the angles 4, B, C' be respectively equal
to the angles D, E, F.

Draw A@ and CG making the angles @AC and EDF, ACG and
DFE equal. ’

Because the triangles AGC' and EDF are equiangular, there-
fore (79) the rectangles AC' . DE and AG.DF are equal, but
AC.DE=AB.DF (hyp.), therefore AQ.DF=AB.DF, there
fore AG =AB.

Fig. 1. Fig. 2.

® c A
. E '3

In the same manner it can be proved that C@ equals C'B.

. Therefore (L. 8) the triangles 4BC and 4GC are equiangular,
but the triangles ACG and DEF are equiangular (constr.), there-
fore ABC and DEF are also equiangular. Q. E. D.

81. If two triangles have an angle of the one equal to an
angle of the other, and the rectangles under the sides about the
equal angles equal, a side of each triangle being taken to form
a rectangle, the triangles shall be equiangular (V1. 6, 16).

Fig. to (80). Let the two triangles 4B(C' and DEF have the
angles BAC and EDF equal, and let the rectangles 4B.DF and
AC . DE be equal.

Then shall the triangles ABC' and DEF be equiangular.

Draw A@ and C@, making the angles CAG and ACQ respec-
tively equal to ZDF or BAC and DFE, so that the triangles GAC
and EDF are equiangular.

Therefore 4G, AC correspond to DE, DF, and therefore (79)
AGQ.DF=AC.DE,but AB. DF=AC . DE (hyp.),

therefore AG.DF=AB.DF, and therefore AG and AB are
equal. .
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Therefore the two triangles BAC' and GAC have the two sides
AB, AC respectively equal to the two 4G, AC, and the contained
angles BAC and GAC equal, and therefore (I. 4) the triangles
ABC and AGC are equal in all respects. But GAC and EDF are
equiangular (constr.), therefore 4BC and DEF are also equi-
angular. Q. E. D.

82. If two triangles have one angle in each equal, the
rectangles under the sides about another pair of angles equal,
a side of each triangle being taken to form a rectangle ; the
'E‘%t}m;ning pair of angles shall be either equal or supplemental

.7, 16).

Let the two triangles ABC and DEF have the angles 4 and
D equal, and the rectangles AB. EF and BC' . DE about the
angles ABC, DEF equal; then shall the angles ACB, DFE be

Fig. 1. Fig. 2.

A

e} ¥
B C
either equal or supplemental. If the angles ABC and DEF are
equal, the angles ACB and DFE must be equal, but if the angles
ABC and DEF be unequal, let ABC be greater than DEF. Draw
B@ making the angle 4 BG equal to DEF. Therefore the triangles
ABG.and DEF are equiangular, and the sides 4B, BG correspond
respectively to DE, EF ; therefore (79) AB., EF =BG . DE. But
AB. EF=BC . DE (hyp.), therefore BG . DE=BC . DE, and
therefore BG and BC are equal. Therefore the angles AGB and

BCA are supplemental, but 4GB and DFE are equal (constr.),
Therefore the angles ACB and DFE are supplemental. Q. E.D.

N.B. If any circumstance be given which determines that
the angles ACB and DFE are both acute or both obtuse, then
they must be equal, since they cannot be supplemental. If one of
the angles AC'B, DFE be known to be right, then they are both
equal and supplemental, and the triangles are equiangular.
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83. If two triangles have an angle in each equal and the
rectangle under the sides about one of the equal angles equal to
the rectangle under the sides about the other, the triangles are
equal in area (V1. 15, 16).

Let the two triangles ABC and ADE be placed so that the
equal angles shall coincide and form the
angle DAC. Let the rectangles AB. AC A
and AD . AE be equal. Then shall the
. triangles ABC and ADE be equal. Join
BE, DC. Since AB. AC=AD. AE (hyp.),
therefore the triangles 4 BE, ADC have the
rectangles under the sides about the common
angle 4 equal, a side of each triangle being
taken to form the rectangle, therefore (81)
the sides 4B and AE correspond to 4D and AC respectively.
Therefore the angles ABE and ADC, AEB and ACD are equal,
and therefore BE and DC are parallel. Therefore (I. 37) the
triangles BDE and BCE on the same base BE, and between the
same parallels, are equal. Add the triangle A BE to these equals,
then the triangles ADE and 4BC are equal. Q. E.D.

84. If two triangles have equal vertical angles and equal
areas, then shall the rectangle under the sides of the one be
equal to the rectangle under the sides of the other.

Fig. to (83). Place the equal triangles ABC, ADE with their
equal vertical angles coincident and forming the angle DAC. Then
shall the rectangles 4B . AC, AD . AE be equal. Join BE, DC.

Because the triangles ADE, ABC are equal, if the common
triangle ABC be taken away from both, the triangles BDE and
BCE are equal, and therefore (I. 39) DC and BE are parallel;
therefore the triangles ABE, ADC are equiangular, and therefore
(79) AB. AC=AD . AE.

86. Given the vertical angle and area of an tsosceles
triangle ; construct it.

Let DAC be the given vertical angle. Take any point D and
(31) draw DE cutting off DAE equal to the A
given area. Find (IL 14) a line AB or AC
such that the square on it shall be equal to
the rectangle AD . AE, and join BC. The
isosceles triangle 4BC is (83) equal to the B R
triangle ADE, since AD . AE =the square
on AB=AB. AC, Therefore ABC is the

required triangle.
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86. Prove that the rectangle under the distances of the
points in which the bisector of the vertical angle and the per-
pendicular on the base, meet the base, from the ')mddle point of
th; base, is equal to the square on half the difference of the
sides.

Let 4BC be the triangle, D the middle point of the base, 4G
the bisector of the vertical angle and

AH the perpendicular on the base. A
Make A £ = AC, and join CE, cutting
AG in F., Join DF, HF., B,
It is proved in (23) that DF is o
parallel to AB, and equal to half the DGH

difference of the sides AB and AC. Therefore the angles DFG
and BAG or CAG are equal (I. 29). Because the angles AFC and
AHC are right, therefore (51) the quadrilateral AFHC is circum-
scribable by a circle, and therefore the external angle FHG equals
the angle FAC (II1. 22).

Therefore the angles DFG and FHD are equal, and therefore
DF is a tangent to the circle cu'cumscubmg the triangle FGH
(II1. 32).

Therefore (I11. 36) HD . DG equals the square on DF, that is,
the square on half the difference of the sides.

87. The rectangle under the distances of the points in
whach the bisector of the external vertical angle of a triangle
and the perpendicular meet the base from the middle point of
the base vs equal to the square on half the sum of the sides of
the triangle.

Let ABC be the given triangle, AH the perpendicular on the

B

B D H C G

base, AG the bisector of the external vertical a.ngle CAE, and D
the middle point of the base,
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Join DF, HF, and produce DF to K. It is proved in (24)
that DF is parallel to 4B and equal to half the sum of the sides
4B, AC.

Because DF and BE are parallel, the angles DFA or KFG,
and £AG or CAF are equal. Because the opposite angles 4 FC
and AHC are right, therefore (52) the quadrilateral AFCH is cir-
cumscribable by a circle. Therefore the angles FHC and CAF are
equal, and therefore the angles KFG and FHG are equal. There-
fore DF is a tangent to the circle about the triangle HFG (III.
32), therefore (III. 36) GD . DH equals the square on DF, that
is, equals the square on half the sum of the sides. q.E.D.

88. The rectangle under the sides of a triangle vs equal to
the square on the bisector of the vertical angle together with the
rectgngle under the segments of the base made by the bisector
of the vertical angle (VI. B.).

. Let ABC be the given triangle, and let 4.D the bisector of the
vertical angle be produced to meet
the circumscribed circle in Z. Take
AF equal to AC, and join DF, BE.

In the triangles AFD, ACD the
two sides 47 and AC are equal, 4D
is common and the angles F4D,
CAD are equal, therefore (I 4) the
angles AFD and ACD are equal,
but ACD and AEB are equal, since
they are in the same segment ACEB
(I1I. 21), therefore the angles A#D
and AEB are equal, and therefore
(52) the quadrilateral #BED is cir-
cumscribable by a circle.

Therefore BA . AF=EA . AD (II1. 36),

but BA.AF=A4B. AC,
since 4 F and AC are equal, and £4 . 4D equals the square on 4D
together with the rectangle AD. DE (IL. 3), _ '
and AD.DE=BD.DC (IIL. 35).

Therefore the rectangle under 4B and AC is equal to the square
on 4D together with the rectangle under BD and DC. q.E D.

89. The rectangle under the sides of a triangle together
with the square of the bisector of the external wertical angle is
equal to the rectangle under the segments into which the bisector
of the external vertical angle divides the base.
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Let 4BC be the given triangle, and let 4D be the bisector of
the external vertical angle CAF ; produce 4D to meet the circum-
scribed circle in &) and take AF equal to AC. Join BE, DPF.
The triangles CAD and FAD are obviously equal in all respects

B n

G

(1. 4), therefore the angles ACD and AFD are equal, but ¥CD
and AEB are equal (III. 22), therefore the angles AEB and AFD
are equal, and therefore (51) the same circle passes through the
points B, E, F, D.

Therefore (III. 35) BA.AF=EA. AD,

that is, BA.AC=FEA. AD.

Add to each of these equals the square on the bisector 4D,
then, since (I1. 3) the square on 4D together with the rectangle
EA . AD equals the rectangle £D. DA, and this rectangle equals
BD.DC (II1 36), therefore AB. AC together with the square on
AD equals the rectangle BD . DC, under the segments into which
the bisector of the external vertical angle divides the base. Q.E.D.

90. In any triangle the rectangle under the sides is equal
to the rectangle under the perpendicular from the vertez on
the base and the diameter of the circumscribing circle (VL. C).

Let 4BC be the given triangle, 4D the perpendicular, and 4 &
a diameter of the circumscribing
circle. Produce £4 until 4 F equals
AD, and BA until 4G equals 4C.
Join FG, BE and EC.

The angle AC'E in a semicircle
is a right angle (IIL. 31), and
therefore equal to DAC and DCA
together, therefore the angles £C'B
and DAC are equal, but £C'B and
EAB are equal, since they are in
the same segment BACE; there-
fore the angle DAC is equal to
EAB or FAG. Therefore the tri-
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angles DAC and FAG are equal in all respects (I. 4), therefore,
since 4.DC is a right angle, A#G is a right angle, but B4 in a
semicircle is also right, therefore the four points £, B, F, G are in
the same circumference (51), and therefore (II1. 35),
BA.AQ=EA.AF,
that is, BA. AC=EA.AD, Q.E.D.

91. If the busector of the vertical angle of a triangle be
produced through the base to meet the circumscribed circle, and
if the point in which it meets the circle be joined to either end
of the base, the square on the joining line vs equal to the rect-
angle under the whole produced bisector and the produced part.

Fig. to (88). Let G be the middle point of the arc BAC so
that the diameter £ bisects BC at right angles in # (77). Join
BG, GA.

Because ZB@ in a semicircle is a right angle, and BH is per-
pendicular to EG, therefore (39) the square on ZB is equal to the
rectangle GE . EH, but the rectangle GE . EH equals the rectangle
AE . ED,since the opposite angles GAD, GHD of the quadrilateral
GHDA are right, and it is therefore circumscribable by a circle

(52). Therefore the square on £B equals the rectangle 4£ . £D,
Q.E.D.

92. If the bisector of the external vertical angle of a
triangle be produced through the vertex to meet the circum-
scribed circle, and if the point in which it meets the circle be
Joined to either end of the base, the square on the joining line
- 18 equal to the rectangle under the whole produced bisector and

s produced part.

Fig. to (89). Let the bisector D4 of the external vertical
angle be produced to meet the circumscribed circle in Z, and let ¢
be the middle point of the arc BGC so that EG is the diameter
which bisects BC at right angles in H (77). Because the angles
GHD, GAD are right, therefore (51) the same circle will pass
through the points @, H, A, D; therefore (IIL. 36) DE.EA
=GE.EH,but (39) GE. EH equals the square on BE, since GBE
and BHE are right angles. Therefore the square on £B is equal
to the rectangle under DE and £4. Q.E.D.

. 98. The rectangle under the diagonals of a quadrilateral
inscribed in a circle vs equal to the sum of the rectangles under
118 opposite sides (VL. D.).

Let ABCD be any quadrilateral inscribed in a circle.
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Make the angle ABE equal to CBD. The angles BAE and
BDC in the same segment BADC are
equal (ITI. 21). Therefore the triangles
ABE, CBD are equiangular, and the
sides AB AE correspond to BD, DC, c
therefore (79),

AB.DC=AE. BD.

Again, because the angles CBE and
ABD, BCE and BDA are equal, the
triangles CBE, BDA are equiangular,
and the sides CB, C'E correspond to
BD, DA, therefore (79) CB. DA =
CE.BD. Therefore

AB.DC+CB.DA=AE.BD+ CE.BD=AC.BD. QED.

94. If perpendiculars be drawn from the extremities of
each diagonal of any quadrilateral to the other diagonal, the
sum of the perpendiculars on the first diagonal is to the sum
of the perpendiculars on the second diagonal as the second .
diagonal is to the first.

Let ABCD be any quadrilateral, and call AC its first diagonal,
BD its second. Draw AE, CF per-

pendicular to BD and BG, DH per- B
pendicular to 4C.

Draw AK parallel to BD meet- A
ing CF produced in K, and BL par- Jo

allel to AC meeting DH produced
in L. AEFK and BGHL are ob- -
viously rectangles. K

Therefore DL is the sum of the
perpendiculars on the first diagonal
AC, and CK is the sum of the per-
pendiculary on the second diagonal
BD. The triangles. CMH, DMF b
have the angles at M equal and the
angles at H and F right, therefore the remaining angles HCM
and F DM are equal. Therefore the right-angled tna.noles BDL and
ACK are equiangular, and therefore (VI. 4) DL : DB : CK : C’A
or alternately, DL : CK :: DB : C4. QE.D.
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95. The diagonals of a quadrilateral inscribed in a circle
are as the sums of the rectangles under the pairs of sides
terminated in each diagonal.

Fig. to (94). Suppose 4BCD to be any quadrilateral capable
of being. inscribed in a circle, and let AE, CF, BG, DH be the
perpendiculars from its angular points on the dlagouals

The rectangle 4B . AD equals the rectangle under 4% and
the diameter of the circumscribing circle (90). Simila.rly, CB.CD
= rectangle under CF and diameter.

Therefore AB. AD + CB . CD equals rectangle under diameter
and AE + OF.

Similarly, B4 . BC + DA . DC equals rectangle under diameter
and BG + DH.

Now, the rectangle under diameter and AE + CF : rectangle
under diameter and BG + DH :: AE+CF : BG +DH (VI 1),

and " AE+CF : BG+DH :: AC : BD (94).

Therefore
AB . AD+CB.CD : BA.BC +DA.DC :: AC : BD. q.E.D.

96. If p,p, p” denote the perpendiculars from the centre
of the circumscribed circle to the sides of a triangle, q, q', q”’
the parts of these perpendiculars (produced) between the sides
and the circumscribed circle, prove that

q+q+q "=2R -,
and p+p'+p"=R +r.
Also prove that r, + 1, +1,—~r=4R. (See 73, DEF.)

Let M, O, 0,, 0,, O; be the centres of the circumscribed, in-
scribed and escribed circles of the triangle ABC. The rest of
the notation and the construction are sufficiently explained by the

figure, a .
EF i the diameter bisecting BC' and also GH at right angles
in D (77, 74),
and 0,G, FD and O,H are parallel,
therefore (10) ra+73=2DF. '
Also 00, is bisected in £ and OK, ED and O,L are parallel,
therefore (10) r—-r=2DE =2q.

.



64 EXERCISES ON EUCLID [97.

Hence, by adding these equals,
1473+ 73-7=2DF+2DE=2FE=4R...... T (a).
It has been proved above that

29=r—-7
1
Similarly, 29’ =rp—7,
and 29" =131,
therefore  2¢ + 29" + 2¢" =7, + 7, + 73 — 3r=4R — 2r by (a);
therefore g+ @ +q¢"=2R—rcucecniiiiiiiiennnnne. B3)-

-Now, obviously p+p +p"+g+¢ +4¢"=3R,
since  p+¢=R (or g—p= R if the angle BAC be obtuse),
therefore P+P +P =R reciiiiiiiiiiinniiinienann, ).
N.B. ) ‘When p, p’ or p” is drawn in the opposite direction to
that in the figure, where M is within the triangle ABC, we may

consider p subtractive (or negative). Thus the enunciation in the
proposition will include every case,

97. If D, D,, D,, D, denote the distances of the centre
of the circumscribed circle of any triangle from the centres of
the four circles touching the sides ; prove that
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D*=R’-2Rr, D*=R*+2Rr,, D;’=R'+2Rr,,
D,'=R'+ 2Rr,, and D*+D,+ D'+ D=12R".
Fig. to (96). Since ZCF is an angle in a semicircle, it is a
right angle.
Also the angles £AC and ZFC in the same segment are equal.

Therefore the right-angled triangles OAN and EFC, 0,AP and
EFC are equiangular, and 04, ON correspond to EF, EC and
0,4, O\P to EF, EC,

therefore (79) OA .EC=0ON.EF and O,4.EC=0,P. EF;
but  0CO, is a right angle and £ is the middle point of 00,,
therefore OA.EC=0A.0OFE and 0,4.EC =0,4. O,E.
Therefore 0 .OE=ON.EF and 0,4.0,E = O,P. EF.
Now, AM=ME=R,
therefore (50) OA.OE=ME*~OM*=R'-D’,
and 0,4.0F =0M ~ME*=D}- .
Therefore R*—-D*=ON.EF=2Rr or D'= R’ —2Rr,
and Df~R*'=0P.EF=2Rr or D*=R'+2Rr.
Similarly, D!=R'+2Rr, and D’=R'+2Rr,.
Therefore

D+ D?+D2+ D! =4R + 2R (r, +r,+7,~r) = 12R* by (96).
Q. E. D.

N.B. Since the triangles OAN and E#C,and O, AP and EF(’
are equiangular, therefore (VI. 4) A0 :OXN :: FE : (EC or) £O and

40,:0P::FE :(EC or) EO,.
Therefore (VL. 16)  A0.E0=0X. FE,
and  40,.E0,=0,P. FE, as before,
and so in all similar cases.
M. G. 5
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98, To inscribe vn a given triangle a parallelogram of
gwen area not exceeding half the gwen triangle. (See- VL
27, 28.)

. Let ABC be the given triangle, D, £, F the middle points of
its sides, and suppose BG'HL the required A
parallelogram,

Join FE, ED. Draw CM parallel to
AB meeting FE produced in M. Pro-
duce LH to meet FM in X and GH to
meet CM in N,

The parallelogram BFED is clearly
half the given triangle. Also the paral-
lelograms BE and DM are equal, since
they are on equal bases BD, DC and be-
tween the same parallels, but DA and HJ are also equal (L. 43).

Therefore DN and LM are equal, but DN and DG are equal,
therefore DG and LM are equal, and therefore LG is equal to the
gnomon DNX, which is less than DM or DF by XY, therefore
L@ is less than half the given triangle by the parallelogram XY
therefore the area of the parallelogram XY, and therefore of the
triangle XEH or EYH is known. Now the triangle ZYH is
obviously similar to 4BC. Hence the following construction.
Construct by (VI. 25) a triangle similar to 4B(C, and having
twice its area equal to the excess of half the given triangle over
the given area. From Z the middle point of AC take EH
equal to the side of this triangle corresponding to AC. Draw
HL parallel to AB and HG to BC. Then LG is the required
parallelogram.

If we had taken EH in the opposite direction, the resulting
parallelogram would have also been of the required area, so that
two parallelograms of the required area can be inscribed.

Cor. Hence the maximum parallelogram which can be
inscribed in a given triangle has its area equal to half the triangle,
and two of its vertices always at the middle points of two sides.
Thus the vertices £ and /' must always be at the middle points of
AC and AB, but we may take the side of the parallelogram, equal
to FE, anywhere on BC, or the vertices D and £ may remain fixed,
whilst the side opposite DE and equal to DE may be taken any-
where on 4B. :

99. To a given triangle to escribe a parallelogram of
given area.



100.] AND IN MODERN GEOMETRY. 67

Let ABC be the given triangle, D, E, F the middle points of
its sides. Suppose BGHL the required escribed parallelogram,
and complete the other parallelograms as in the figure.

CX and CY are equal (1. 43), and DG and C'Y are on equal
bases BD, DC and between the same parallels, therefore DG and
C7 are equal, and therefore D@ and CX areequal. Add to these
equals the parallelogram LY, then the parallelogram LG is equal
to the gnomon YLM, but DM and DF are each equal to half

/V//
//N

the given triangle ; therefore the area of the parallelogram
XY is known, for it exceeds the given area by half the given tri-
angle,

Therefore construct (VI. "5) a triangle similar to 4.BC, and
such that double its area shall be equal to the given area, together
with half the given triangle. From E, the middle point of AC,
take EH equal to the side of this triangle, corresponding to AC,
and draw HL and HG parallel to 4B and BC respectively. Then
BGHL is the required parallelogram, (See VI. 2Y.)

100. Grven the vertical angle and the sum or difference of
the two sides of a triangle, the circumscribed circle (besides
passing through the vertez) always passes through a fizxed point
on the bisector of the internal or external vertical angle.

Fig. to (77). Let ABC be any triangle with the given vertical
angle BAC, and the given sum or difference of sides, and let the
bisectors of the internal and external vertical angles meet the
circumscribed circle in D and Z, the construction being precisely
the same as in (77). If the sum of sides be given, then since 4G
half the given sum and the angles of the triangle AG'D are given,

5—2
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therefore D is a fixed point. If the difference of the sides be
given, then 4K half their difference is known, and therefore the
perpendicular KE meets the fixed bisector AE in the fixed point
E. QE.D.

Cor. Hence, given the vertical angle and the sum or differ-
ence of the sides, the locus of the centre of the circumscribing
circle is a fixed straight line,

For AD or AE arefixed chords of all the circumseribing circles,
and therefore the centres lie in the perpendicular to 4D or 4Z,
through its middle point (III. 1 Cor.).

101. If the lower angles of a square described externally
upon the base of a triangle be joined with the vertex of the
triangle, the joining lines will intercept on the base the side of
the inscribed square which stands upon the base.

Let ABC be the given triangle, and let the joining lines inter-
cept F'G. FG is the side of the inscribed
square upon BC. A

Draw FH and GX perpendicular to
BC, and join HK. H K

Because F'H is parallel to BE, there-
fore the triangles A H¥ and 4 BE are simi-
lar. Therefore ' B &

EB:EA :: FH : FA,
or alternately, £B : FH :: E4 : FA.

Similarly, from the similar triangles
AFG, AED,

' ED: FG :: EA : FA.
But ratios which are the same with -
D

the same ratio are the same with one .
another, therefore

EB : FH :: ED : F@, and EB and ED are equal,
therefore FH and FG are equal.

In the same manner it can be proved that FG@ and GK are
equal. Therefore LG is a square. Q.E.D.

N.B. In the same way, 4 F and A@ intercept on HK the side
of the square inscribed in the triangle 4 HK, and so on.
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102. Straight lines are drawn from a given point to a
given indefinite straight line and cut in a given ratio ; find the
locus of the points of section.

Let A be the given point, and BC the given indefinite straight
line.

Draw AB perpendicular to BC' (or
any line 4B from 4 to B(C), and cut c
AB in D in the given ratio, that is, so /
that 4D : DB is the given ratio (VI. B
10). Through D draw DE parallel to
BC.

DE indefinitely produced both ways A B
is the required locus,

For, draw any line 4C from 4 to
BC, meeting DE in E.

Because DE is parallel to the base BC' of the triangle 4BC,
therefore (VI. 2) AE : EC :: AD : DB, Hence £ is a point on
the locus,

103. Straight lines are drawn from a given point to @
- given straight line, and cut so that the rectangle under the
whole line and the distance of its point of section from the given
point 18 constant (that vs, equal to a given square); ﬁnd the
locus of the point of section.

Let 4 be the given point, and BC the given straight line.

Draw AB perpendicular to BC,
and draw 4AC any line from 4 to
BC, cut AC in E, so that the rect-
angle AC . AE is equal to the given \
quantity. Then E is a point on
the locus. Through £ draw ED
perpendicular to AC, meeting 4B
in D. Because the angles at B and
E are right, the quadrilateral CBDE & I)\

B8

is circumscribable by a circle, there-
fore '

CA.AE=BA . AD,
but C4 . AE and BA are known,
therefore also 4D is a known line. Therefore the required locus
is the circle on 4.D as diameter.
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104. One vertez of a triangle given in species turns round
a fized point, and another vertex moves along a fized straight
line; find the locus of the remaining vertex.

Let O be the fixed point, BF the given straight line, and OBC
any triangle of the given species. The
locus of (' is required.

From any point D in BF, draw DE
making the angle EDF equal to the
angle BCO. Through O draw O4 pa-
rallel to DE, and join AC.

Because the exterior angle 0AD of
the quadrilateral 4BCO is equal to the
remote angle BCO, therefore (52) the
quadrilateral is circumscribable by a
circle, and therefore the angles OAC
and OBC are equal (III. 21), but OBC
is a given angle, therefore 0AC is
known, and since 04 and the point 4
are fixed, therefore the locus of (' is the fixed straight line AC.

B

105. Straight lines are drawn from a gien point to the .
circumfference of a given circle and cut in a given ratio; find
the locus of the points of section.

Fig. 1. Let 4 be the given point, and O the centre of the given
circle.

Draw any line 4B to the circle and cut it in D, so that AD : DB
is in the given ratio. The locus of D is required.

Join 40, and make AC : CO also in the given ratio. Join
0B, CD.
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Because AD : DB :: AC : CO, therefore (VI. 2) CD is
parallel to OB, and therefore the triangles 4DC, ABO are
similar, therefore AOQ : AC : OB : CD, but A0, AC and OB
are given lines, therefore C.D the fourth proportional to them is
known (V1. 12). '

- In like manner, if A8 be cut in 2 in the given ratio, it is
proved that CD’ is the fourth proportional to 40, AC and OB
Therefore C'D and CD’ are both equal and known, and therefore
the required locus is a circle with its centre at the fixed point C,
and its radius of a kmown length.

Fig. 2.
D
C
\B _F¥
A
G
H

N.B. To divide a line internally or externally in a given ratio
is only a particular case of (VL 10). Thus, let AB be the given
line, First, for internal section, fig. 2, draw 4D, and take 4C,
CD equal to the terms of the given ratio. Join DB, and draw CF
parallel to DB. Then AB is divided in £ as required (VL. 2),
since C'Z is parallel to the base BD of the triangle ABD. Next,
for external section. Draw any line 4H, and take AH equal to
the greater term of the given ratio, ZG@ equal to the less. Join
GB, and draw HF parallel to GB, meeting AB produced in F.
Then AF : FB :: AH : HG (V1. 2), since HF is parallel to BG
the base of the triangle GAB.

106. A straight line is drawn from a given point to the
circumference of a given circle and divided, so that the rect-
angle under the whole line and vts segment between the point of
section and the given point is constant; find the locus of the
pont of section.

Fig. 1 to (105). Suppose 4B drawn from the given point to
be divided in D, so that B4 . 4D is constant. The locus of D is
required. Because 4 is a given point, the 1estangle B'A . 4B is
constant (IEL. 36), therefore the ratio of B4, 4B : BA.AD is
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given, that is (VL 1), B4 : AD. Therefore the problem is
reduced to the last, and the locus is therefore a fixed circle,
with its centre on the straight line passing through 4 and O.

107. A triangle is given in spectes, one vertex turns round
a fized point, whilst another vertex moves along the circum-
Jerence of a given circle ; find the locus of the third verter.

Let 4 be the fixed point, O the centre of the given circle, and
let ABC be any triangle of the given species. It is required to

D
C

find the locus of €. Join 40, and make the angles D40, DOA
respectively equal to the angles C 4B, CBA, so that 40D is a fixed
triangle. Because the angles D40 and CAB are equal (constr.),
therefore the angles BAO and CAD are equal.

Because the triangles DAO and CAB are equiangular, there-
fore (VL. 4).
AO : AD :: AB: AC,

or alternately, A0 :AB: AD: AC.

Therefore the triangles BAO, CAD have the angles BA0, CAD
equal, and the sides about these angles proportional, therefore they
are similar (VI. 6).

Therefore (VI. 4) A0 : 0B : AD : DC,

that is, DC is a fourth proportional to three given lines, therefore
(VI 12) DC is a known line. Hence, the required locus is a
circle with centre D and radius equal to & known line,
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108. One vertez of a rectangle turns round a fixed point
and the two adjacent vertices move along a given circle; find
the locus of the remaining verte.

Let 4 be the fixed point, O the centre of the given circle, and
ABCD any rectangle satisfying the conditions of the problem.

Since (11, 12) the diagonals of a rectangle bisect one another
and are equal, AE, EC, BE, ED are equal, and because OF is
drawn from the centre to the middle point of DB, OF is perpen-
dicular to DB.

The sum of the squares on O4 and OC is equal to twice the
squares on OF and EA or ED (41), that is, to twice the square on
0D (I. 47).

Therefore the square on OC is equal to the excess of twice the
square on the radius 0D over the square on the given line 04 ;
therefore OC is known, and therefore the required locus is a circle
concentric with the given circle.

109. Through a given point within a given angle draw a
strasght lLine cutting the legs of the angle, so that it shall
be dwided at the point in a given ratio.

Let P be the given point within the given angle BAC,
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Draw PD parallel to any side 4 B, meeting
the other side of the given angle in D, Make
AD : DC in the given ratio. Join CP, and
produce CP to meet AB in B. Then BC is
the required line.

Because PD is parallel to AB a side of
the triangle 4 BC, therefore (V1. 2)

BP : PC :: AD : DC,
that is, in the given ratio. Otherwise thus. B C
Draw PE perpendicular to AC, and produce
EP g0 that EP : PF shall be in the given' [ ¥
ratio, Draw FB parallel to AC, join BP, )
and produce it to meet AC in C. Then BC is the required line.
F‘(;r th)e triangles EPC, BPF sare clearly equiangular, therefore
L4
( CP : PB :: EP : PF.

DEr. The angle between two circles which intersect is
measured by the angle contained by the two tangents to the
circles at a point of intersection, or, which is the same thing,
by the angle between two radii drawn to a point of intersec-
tion, since a radius is perpendicular to the tangent at its
extremity.

- Two circles are said to cut orthogonally (or at right
angles) when a pair of radii drawn to a point of intersection
contains a right angle.

110. If from any point a tangent be drawn to a given
circle and another circle be described with the point as centre
and the tangent as radius, the two circles will cut one another
orthogonally.
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From P any point outside the circle with centre O, draw the
tangent P4, and from the centre P at the distance P4 describe
the circle PAC, intersecting the other circle in 4 and €. Join
PO, 04. Because P4 is a tangent to the circle 4BC, therefore
(ITL 18) the angle PAQ is right. Q.E.D.

111. If a quadrilateral be inscribed in a circle and the
Jfigure completed, the square on the third diagonal s equal to
the sum of the squares on the two tangents from its extremities,
the tangents from the middle point of the third diagonal are
each equal to half the diagonal, and the circle on the third
diagonal as diameter cuts the given circle orthogonally.

Let ABCD be the inscribed quadrilateral, K the middle point
of EF its third diagonal, and O the centre of the circle.

F

Draw the tangents £G, FH and KL, and join the points of
contact with 0. From C draw C'V making the angle CNF equal
to ABC (see 104). Therefore CBFN is circumscribable by a
circle (III, 22). Because the angles ABC and ZDC are equal
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(ITI. 22), therefore the angles EDC and CNF are equal, and
therefore DCNE is circumscribable by a circle.

Because DCNE is circumscribable by a circle, therefore (III.
36) EF. FN equals DF . F(C, which equals the square on the tan-
gent FH (II1. 36).

Similarly, EF . EN equals BE . EC, which equals the square
on EG.

Therefore the sum of the rectangles EF. FN and EF. EN,
that is, (II 2), the square on £ F equals the sum of the squares on
FH and

Because £ZGO and FHO are right angles, therefore (L. 47) the
squares on EG, GO, OH, HF are together equal to the squares on
EO, OF, but the squares on EG, HF have been proved equal to
‘the square on EF, or to four times the square on its half FK.

Because X is the middle point of EF, therefore (41) the squares
on EO, OF are together equal to twice the squares on £K and KO,
but the square on KO is equal to the squares on KL and L0, since
the angle KLO is right.

Therefore four times the square on ZK, and the squares on
GO, OH are together equal to twice the squares on EK, KL
and LO.

Therefore taking away equals from these equals, the re-
mainders are equal, viz. twice the square on ZK is equal to
twice the square on K L.

Therefore ZK and KL are equal, and therefore (110) the
circle on ZF as diameter cuts the original circle orthogonally.
Q. E.D.

112. The perpendiculars from the middle point of the
base of a triangle on the bisectors of the internal and external

vertical angles, cut off from the two sides portions equal to
half the sum or half the difference of the sides.

Let BAC be the given triangle, AU the bisector of the internal
vertical angle, GF the bisector of the external vertical angle, BO
and CK perpendiculars on GH, meeting the sides produced in O
and X, BU and CI perpendiculars on the internal bisector AU,
and let DP be drawn from D the middle point of the base per-
pendicular to AU, and meeting the sides in 2 and V. Let DM
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perpendicular to GF meet the sides in @ and N. Join DJ, GD,
DU, DX and XH,

GDU and DXH are straight lines (24, Cor.) parallel to C'4 and
A B respectively.

Also PR and AH are parallel since the angles APR and PAH
are right angles, therefore DRAH is a parallelogram. In like
manner it can be proved that DQKH is a parallelogram; therefore
AR=DH= QK. But DH and DG are each half the sum of the
sides (24, Cor.), and DX and DU half their difference.

Therefore AR is half the sum of the sides.

Because AS=4C and DR is parallel to 'S, and D is the
middle point of BC, therefore BR = RS =half the difference of
the sides.

Again, DQAX and DNAU are obviously parallelograms, there-
fore AN = DU, and 4Q =DX. In the triangles DBU and CDV
the sides BD, DC and the adjacent angles are respectively equal,
therefore (I. 26) DU and C'V are equal. Therefore AR, AV, B
and CXN are each half the sum of the sides, and 4@, AN, BR and
CV are each half the difference of the sides.

113. The rectangle under the perpendiculars from the
extremities of the base of a triangle on the bisector of the
ewternal vertical angle, is less than the square on half the sum
of the two sides, by the square on half the base; and the rect-
angle under the perpendiculars on the bisector of the internal
vertical angle 18 less than the square on half the base, by the
square on half the difference of the sides.
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The same construction being made as in (112), the triangles
BDI and IDC are clearly isosceles, therefore (50)

BG .CH=BG .GI=DG*- DB,
and BU.CX=I1IX.CX=DC"-DX" Q.E.D.

114. The rectangle under the perpendiculars from the
ends of the base of a triangle on the bisector of the external
vertical angle, 1s equal to the rectangle under the perpendicular
Jfrom the middle point of the base on the same bisector, and the
bisector of the internal vertical angle ; and the rectangle under
the perpendiculars on the internal bisector of the vertical angle
s equal to the rectangle under the perpendicular from.the
mrddle point of the base on the same bisector, and the bisector
of the external vertical angle.

In the fig. to (113), because BA and DH, AE and HC are
parallel, therefore BF : FD :: AF : FH :: EF : FC.

Again, because BG@, DM, EA and CH are parallel, the tri-
angles BGF, DMF, EAF and CHF are equiangular, therefore
(VL 4), .

. BF : BG :: DF : DM ; or, alternately, BF : FD :: BG : DM,
and EF : FC :: E4A : CH.
Therefore BG : DM :: E4 : CH.

Therefore BG . CH = DM . EA, or PA . AE, which proves the
first theorem.

Again, because the triangles BUE and DPE are equiangular, -
therefore

BU : DP :: BE : ED, but BE : ED :: AE : EX,
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because AB and DX are parallel, and 4% : EX :: AF : (X,
because the triangles 4 EF and XEZC are equiangular. Therefore
BU : DP :: AF : (X,

therefore BU.CX=AF. DP, or AF. AM,

which proves the other theorem,

Cor. Hence by (113) PA. AE equals the difference between
the squares on half the sum of the sides and half the base, and
AF . AM equals the difference between the squares on half the
base and half the difference of the sides.

1156. If a perpendicular be drawn from the point where
the bisector of the internal vertical angle of a triangle meets the
base to either side, the rectangle under the intercept between
the perpendicular and the vertex, and half the sum of the sides,
18 less than the square on half the sum of the sides by the
square on half the base; and if a perpendicular be drawn
Jrom the point where the bisector of the external vertical angle
meets the base to either side, the rectangle under the intercept
between the perpendicular and the vertex, and half the
difference of the sides is less than the square on half the base
by the square on half the difference of the sides.

Let ABC be the given triangle, AZ and AF the bisectors of
the internal and external vertical angles. Draw DM perpen-

dicular to AF, DP to AE, EL to AB, and FT to AC. Then
(112) AR is half the sum of the su]es and AN is half their dif-
ference.
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Because the opposite angles ZLE and EPR of the quadrilateral
RLEP are right angles, therefore it is circumscribable by a circle,
and therefore B4 . AL= P4 . AE (III. 36), but PA . AE is equal
to the difference between the square on half the sum of the sides
and the square-on half the base (Cor. 114). Again, because the
angles #MN and FTN are right, the four points ¥, 7, M, ¥, lie
on the same circumference, therefore A7'. AN =FA4 . AM (III.
35), but F4 . AM is equal to the difference between the square on
half the base and the square on half the difference of the sides
(Cor. 114). q.E.D.

116. If perpendiculars be drawn from any point on the
circumference of a circle to two tangents and their chord of
contact, the square on the perpendicular to the chord s equal
to the rectangle under the other two perpendiculars.

Let AB, AC be two tangents to the given circle, and BC the
straight line joining their points of contact.

Let OD, OFE, OF be perpendiculars
from any point O on the circumference
to the two tangents and their chord of
contact.

Join ED, DF, BO and OC.

Because the angles at D, £ and F
are right, the quadrilaterals DOEC and
DOFB are each circumscribable by a
_circle.

Therefore (III. 21) the angles ODE
and OCE, OBD and OFD are equal, but
the angle OCE is equal to the angle OBD
in the alternate segment (III. 32); there-
fore the angles ODE and OFD are equal, and in the same manner
it can be proved that the angles OED and ODF are equal; there-
fore th;a triangles ODE and ODF are equiangular, and therefore
(VI 4

FO : OD :: OD : OE.
Therefore (VI. 17) OD*=FO0 . OF. Q. E. D.

117. If perpendiculars be drawn from any point on the
curcumference of a circle to the sides of an inscribed quadri-
* lateral, the rectangle under the perpendiculars on two opposite
gﬁf{ 18 equal to the rectangle under the other two perpen-

ars.
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Let ABCD be any quadrilateral inscribed in a circle, O, OG,
OF, OH perpendiculars on its sides
from any point O on the circum-
ference of the circle. Then shall

OFE . OF = 0G . OH.

Draw- the other straight lines as
in the Fig.
Because the angles at £ and G are
right, the quadrilateral OEBG is cir-
cumscribable by a circle, therefore the
angles OGE and OBE are equal, but
OBCD is a quadrilateral in the given
circle, therefore (IIL. 22) the angles OBE and ODH are equal.

Also the quadrilateral OHDF is circumscribable by a circle,
thérefore the angles ODH and OFH are equal,

Therefore the angles OGE and OFH are equal.

Again, the angles OEG and OB@ are equal, but OBG and ODF
are equal, since they stand on the same arc 40, and the angles 0D F
and OHF are equal. Therefore the angles OEG and OHF are
equal, and therefore the triangles OEG and OH F are equiangular;
therefore (VI. 4) OG : OF :: OF : OH.

Therefore (V1. 16) OF . OF = 0G . OH. Q. E. D.

118. If perpendiculars be drawn jfrom any point on the
circumference of a circle to the sides of an inscribed triangle,
their feet are in the same straight line.

Let the perpendiculars 0D, OE, OF be drawn from any point
O on the circumference to the sides of
the inscribed triangle 4 BC'; then shall
the points D, E, F lie in the same
straight line.

Join OB, 04, DF, FE.

Because the angles at D, £ and F
are right, the quadrilaterals DOEC,
OEAF and OF DB are circumscribable
by circles; therefore the angles BOD
and BFD; AOE and AFE are equal,
and the angles DOE and DCE are

M G, S
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together equal to two right angles, but BO4 and DCE are also
together equal to two right angles, since BOAC is a quadrilateral
inscribed in the given circle; therefore the angles DOE and BOA
are equal; therefore the angles AOE and BOD are equal. There-
fore also the angles AFE and BFD are equal, but BFA is a
straight line, therefore DF and FE must form one continued
straight line. Q. E.D.

Cor. If the straight lines drawn from O make equal angles
with the sides, in the same order, it can be proved in the same
manner that the three points D, E, F are still in the same straight
line. :

119. The circles circumscribing the four triangles formed
by four vntersecting straight lines all pass through the same
pownt, and this pownt and the four centres lie in the same cir-
cwmference. .

Let the four straight lines AE, ED, AF, FB form the four

. Fig. I
triangles AED, DFC, CEB and BAF. Let the circles circum-
scribing the triangles BEC and CFD intersect in O.
Join EO, BO, CO, DO, FO. .
Because (Fig. 1) BEOC is a quadrilateral in a circle, the angle.
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COE is equal to ABF (IIL 22) and the angles DOC and CFD in
the same segment are also equal; therefore the angle DOE is equal
to the sum of the angles ABF and AFB.

To these equals add the angle BAF, therefore the angles DOE
and EAD are together equal to the angles of the triangle 4 BF,
that is, to two right angles; therefore (52) the circle circum-
scribing the triangle AED passes through the point 0. In the
same manner it can be proved that the circle circumscribing the
triangle A BF also passes through the point O. Therefore the four
circles pass through the same point O.

A

(s

X/ >
\ =¥

o

E

Fig. 2.

. Aga,in. (Fig. 2), let 0,, 0,, 0,, O, be the centres of the circles
circumscribing the triangles CDF, FBA, ADE and EBC re-
spectively.

Join £0,, 0,0, 00,, 0,D, 0,0, meeting OD in @ and 0,0,
meeting O in H. .
The angle £0,0 is double the angle ECO at the circumference
(ITL. 20), and HO,0 is clearly half the angle £0,0 ; therefors oo
‘ S—2%
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angles H0,0 and ECO are equal, but ECO is the external angle
of the inscribed quadrilateral CDFO ; therefore the angles ECO
and DFO are equal. And DFO at the circumference is equal to
half the angle DO 0 at the centre, that is, to the angle G0,0.
Therefore the angles Z0,0 and 0,0,0 are equal, and therefore the
angles 0,00 and 00,0, are together equal to two right angles.
Therefore (52) the circle circumscribing the triangle 0,00, passes
through the point O,.

In the same manner it can be proved that the circle circum-
scribing the triangle 0,00, also passes through the point O,.
Therefore the point O in which the four circles intersect, and their
four centres 0,, 0,, 0,, 0,, all lie on the same circumference. Q.E.D.

Cor. Hence (118) the feet of the four perpendiculars from
O on the four intersecting straight lines lie in the same straight
line.

120. Given base, difference of sides, and differerce of base
angles ; construct the triungle.

Let BC be the given base; draw C'Z making the angle BCE
equal to half the given difference of base
angles, and from the centre B at a dis-
tance equal to the. given difference of
sides, describe a circle cutting C£ in D
and £. Join BD and produce it to 4.

Draw C'4 making the angle DCA
equal to DA and meeting BD produced
in 4. Then ABC is the required tri- B C
angle. For AD and A(C are equal (I. 6). Therefore the angle
DCB is half the difference of the buse angles ACB and 4 BC, and
BD is the difference of the sides. Therefore the triangle 4.BC
has the given base, given difference of sides, and given difference
of base angles, Q.E.F.

A

DEerF. I shall sometimes call drawing a line, which shall
be equal to a given straight line, from a given point to a
given line, inflecting a line of the given length between the
given point and given line.

121. Given base, sum of sides, and difference of base
angles ; construct the triangle.
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Let BC be the given base. Draw CE, making the angle BCE
equal to half the given difference of
base angles, and draw CF perpendi-
cular to CE. From B inflect to CF
the straight line BF equal to the
given sum of sides, and let BF and
CE meet in D. Bisect DF in 4, and
join AC. ABC is the required tri-
angle for DA=AC=APF.

B [+

122. Given base, difference of base angles, and area ; con-
struct the triangle.

Since the base and area are given, the locus of the vertex is a
straight line parallel to the base '
(20). Let GH be this locus. Draw »
CD perpendicular to GH, and pro- )
duce it until DE=CD. Join BE, L~
and on BE describe a segment of
a circle capable of containing an D
angle the supplement of the given
difference of base angles. Let this
segment meet GH in A, and join # 2
AB, AC. ABC is the required tri-
angle. For join £4 and produce B4 to F. The angles CAD and
EAD are equal (1. 4), and DAC and ACB, FAD or GAB and ABC
are equal, since BC and GH are parallel. Therefore the angle
EAF is the difference of the base angles ABC' and ACB. But
EAF is equal to the given difference of base angles, since £4AB is
the supplement of the given difference of base angles. -

H

123. Given base, difference of base angles, and locus of
vertex a gwen straight line intersecting the base ; construct the
triangle.

Let HD the given locus of vertex intersect the base BC' (pro-
duced, if necessary) in D, and G
suppose BA( the required tri-
angle.

Draw CE perpendicular
to HD, and produce it until
EF=CE.

Join AF, BF, and produce
BA to any point G, B <
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The angles CAE and FAE are equal (L. 4), and the angle ACB
is equal to the sum of the angles ADC and 04D (L. 32), and
/{4 B is equal to the sum of the angles ABC and A4DC. There-
fore, since 4 DC is a known angle, and the difference of the angles
ACB and ABC is given, the difference of the angles HAB and
CAD, or of GAD and FAE, must also be given. Therefore the
angle GAF is known. Hence the following construction. On BF
describe a segment of a circle, cutting HD in 4, and capable of
containing an angle equal to the supplement of the difference be-
tween the given difference of base angles and twice the angle ADC.

Join 4B, AC. Then BAC is the required triangle.

124. Draw a common tangent to two given circles.
Let O and O’ be the centres of the given circles. On 00’
describe the semicircle OCO'. Place in the semicircle OC (Fig. 1)

equal to the difference of the radii of the two given circles (IV. 1),
and OC (Fig. 2) equal to the sum of two radii of the circles. Let

Fig. 1.

OC (produced, if necessary) meet the circle in 4. Draw O'B
parallel to 04, and join 4B, 0'C. Then 4B is a tangent to both
circles. For AC and O'B are clearly equal and they are parallel
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(constr.), and the angle OC'0’ in a semicircle is a right angle
(III. 31), therefore (I. 33, 34) ABO'C is a rectangle,

Therefore AB is a tangent to both circles (IIL. 16).
Cor. Let AB and 00’ (both produced, if necessary) meet in D.

Because the triangles 04D and 0'BD are equiangular, there-
fore OD : DO :: 04 : O'B.

Therefore in Fig. 1, 00’ is cut externally in the ratio of the
radii of the two circles, and in Fig. 2, 00’ is cut internally in D,
in the same ratio.

It is evident that two tangents can be drawn intersecting in D
in Fig. 1, and also two intersecting in D in Fig. 2. Hence, four
common tangents can always be drawn to two circles, which do
not intersect, and which are external to one another.

Der. The tangents in Fig. 1 are called direct common
tangents, and in Fig. 2 transverse common tangents.

125. Produce a given finite straight line both ways, so
that the rectangles under the parts into which the whole pro-
duced line vs divided at the extremities of the finite line shall
be equal to given squares. '

Let AB be the given finite straight line. Draw AD and BE

perpendicular to 4B, and

equal to the sides of the D

given squares. Join DE and

bisect it in #. Draw FC per-

pendicular to DE and meeting

ABin C. Join CD, CE, and

from the centre C at the dis-

tance CD or CK describe the G 3 )

semicircle GDEH, meeting

' 4B produced in ¢ and H. Then 4B is produced as required.
Because DA and BE are perpendicular to GH the base of the

semicircle, therefore G4, AH=AD", and GB. BH=BE*. Q.E.F.

126. Describe a circle, which shall bisect three given cir-
cumferences. '

Let 4, B, and C be the centres of the three given circles.
Join 4B, AC and (125) produce 4B, AC both ways, so that
MB.BL equals the square on the radius of circle (B), M4 . AL
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equals the square on the radius of circle (4), N4 . AP equals the
square on the radius of circle (4), and NC.CP equals the square

on the radius of circle (C). Through M, L and P describe the
circle whose centre is O. The circle (0O) bisects the three given
circumferences.

Because the rectangles MA. AL, NA. AP are each equal to
the square on the radjus of the circle (4), therefore the circle
through the points M, L, P will also pass through the point X,

Again, join FB. FB produced will pass through @, for, if
possible, let #'B produced meet the two circles (B) and (0) in the
points R and @ respectively.

Because FBQ, MBL are two chords of the circle (O) inter-
secting in B, therefore MB.BL=FB.B@ (III. 35), but MB. BL
=FB.BG (constr.); therefore #'B.BG=FB. BQ, and therefore
BG@ or BR =B@, which is impossible. Therefore FB produced
must pass through @. Therefore the circle (0) bisects the circum-
ference of the circle (B). In the same manner it can be proved,

that the circle (O) bisects the circumferences of the other two
circles (4) and (C). Q. E.F.

127. Describe a circle, which shall touch a given straight
line, and pass through two given points on the same side

of it.
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. Let 4, B be the two given points, and CD the given straight
line.

First (Fig. 1), suppose the
straight lines 4B and CD pa- A ol
rallel. Bisect 4B in £, and
draw EF perpendicular to 4B
or CD, meeting CD in F. The
circle described through the
points 4, B, F is the required
one. For EF passes through .
the centre of this circle (IIL 1, Fig. 1.
Cor.), and therefore C'D is perpendicular to a diameter through its
extremity #. Therefore (IIL 16, Cor.) CD touches the circle.

Next (Fig. 2), let 4B produced meet CD in @. Take GF
such that GF* =BG . G4, which is a given rectangle. The circle

C (¢ F D
Fig. 2.

passing through the points 4, B, ¥ is clearly the required circle
(IIL. 37).

N.B. If GF be taken in the direction GC equal to GF it is
evident that the circle through 4, B and #”, will also touch CD at
the point 7.

Hence, in general, two circles can be described through two
given points on the same side of a straight line so as to touch the

straight line,

128. Describe a circle, passing through a given point, and
touching two given straight lines.

First (Fig. 1), let the given straight lines LM, P@Q be parallel,
and let 4 be the given point. Through 4 draw FE perpendicular
to LM or PQ, take BF equal to AE and FC*=AF.FB (IL 14).
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Describe the circle with centre O through the points 4, B, C.
This is the required circle.

L ¥ c M

Fig. 1.

Join CO and produce CO to meet PQ in D. Bisect AB in H
and join HO. It is clear that #O and OF are rectangles, and
since FH and HE are equal, therefore CO and OD are equal,
therefore CD is a diameter, and therefore P@ touches the circle
at D.

Next (Fig. 2), let the given straight lines meet in Z. Draw
LH bisecting the angle M L@, and through 4 draw EHF perpen-
dicular to LH.

" Make FB=FEA, and take F(C such that FC* = AF.FB (IL. 14).

T

VAN
Vs =

Describe a circle through 4, B, C. This is the required circle.
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Through €' draw CGD perpendicular to LH and meeting LY
in D.

Because AF . FB=CF", therefore (IIL 37) LQ touches the
circle at the point C. It is plain (L 26) that CG and GD, CF
and DE are equal; therefore £D*'=BE.EA, and therefore LM
touches the circle at D). Q.E.F.

N.B. It is obvious, that, by taking a line C'F equal to CF in
the opposite direction, the circle through the points 4, B, " also
touches both the given lines. Hence, two circles can be described
answering the conditions of the problem. The first case when the
lines are parallel may also be solved thus. From the centre 4 at
a distance equal to HE or HF describe a circle, cutting HO in the
points O and O'. These points are the centres of the required
circles.

129. Describe a circle, touching two given straight lines
and a given circle.

Let A be the centre of the given circle, BE and CF the two
given straight lines, First, let the given lines be parallel. Through
A draw BC perpendicular to BE or CF, and bisect BC in D.
Through D draw OO’ parallel to BE, and from the centre 4 at a

B p_| .

V4
O/Hén .

~

»
Fig. 1.

distance equal to the sum of BD, and the radius of the given circle
(4), describe a circle cutting OO’ in O and 0.

Join 40, meeting the given circle in 6, and through O draw
EF perpendlcular to BE. From the centre O at the distance OG
describe a circle. This circle will touch the given circle (d) at ¢
and the two given lines at £ and 7.
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For A0 equals AG and OF together (constr.); therefore OG =
OE = OF.

Therefore the circle (O) touches the two given lines at E and
F and it also touches the circle (4) at @, since the two circles
have evidently the same tangent at ¢. In like manner it can be
proved, that the circle described from the centre O’ at the distance
O'H also touches the two given lines and the given circle. It
may be shewn, in like manner, that when the circle lies entirely
between the two given lines, the circle described from the centre
4 at a distance equal to the difference between BD and the radius
of the given circle cuts DO in the centres of two circles, which
touch the two given lines and the given circle.

Fig. 2,

Next, let the two given lines meet in D. Draw LH and LK
parallel to the two given lines BD and DC, respectively, and at a
distance equal to the radius of the given circle (4). Describe
(128) a circle with centre O passing through the point 4, and
touching LH and LK in H and K. Join OH, OK and 04, meet-
ing the given lines in &, ¥ and the given circle in G. The circle
described from the centre O at the distance OG will touch the two
given lines at £ and ¥ and the given circle at @. For HE=FK=AG
(constr.). Therefore OG = OF = OF. '
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N.B. When the two given lines are parallel and the given
circle is wholly between them, four circles can be described as
required. When the given circle touches the two given lines
only two circles can be described. When it touches only one
of the lines and lies between them, three circles can be de-
scribed.

‘When it touches one line and lies without both, only one circle
can be described as required. When it meets one or both of the
given lines, two circles can be described. In Fig. 2, since (128)
two circles can be described passing through the point 4 and
touching the straight lines LH and LK, another corresponding
circle can also be described passing through 4 and touching the
given lines. If the parallels to the given lines BE and CF had
been drawn on the other side of them at the same distance, two
other circles could have been described touching these latter
parallels and passing through A4, and consequently two other
corresponding concentric circles, also passing through 4 and
touching the given lines. Thus, in all cases it will be found
that four circles can be described through a given point and -
touching two intersecting straight lines, produced indefinitely
both ways. It will be well for the learner to examine care-
fully all these various cases and to make separate figures for
each case.

130. If circles be described passing through two given
points and cutting a given circle, the chords of interscction all
pass through a fixed point on the straight line passing through
the two given points or are parallel to this line.

Let 4, B be the two given points, and C DFE the given circle.
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Describe any circle passing through 4, B, and intersecting the
given circle in the points €, D. Join 4B and CD, and produce
AB, CD to meet in P.

Describe any other circle A BFE, intersecting the given circle
in £ and F. Join PF. PF produced will pass through E. For,
if possible, let PF produced cut the given circle, and the circle
ABFE in H and @ respectively.

From the circle ABDC, AP. PB=CP.PD (IIL 36),

but CP.PD=HP, PF from the circle CDFH,

and AP.PB=@GP.PF from the circle ABFG.
Therefore HP. PF=GP.PF, and therefore HP =GP, the less
equal to the greater, which is impossible. Therefore PF produced
must pass through E, that is, any chord of intersection EF passes
through the fixed point P on the line joining 4 and B.

Since the line joining the centres of the circles ABDC and

CE'FD is perpendicular to CD their chord of intersection, if this

line bisect 4B at right angles, that is, if the line joining

the centre of CEFD and the middle point of 4B be perpendicular
to AB, it is clear that 0D will be parallel to AB. Q. E.D.

131. Describe a circle passing through two given points
and touching a given circle.
Let 4, B be the given points and C'DF the given circle,

Describe any circle through 4 and B cuttmg the given circle in
the points C, D.
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Join 0D, and produce CD, AB to meet in P. From P draw
PE and PF touching the given circle in the points & and F.

Describe a circle through the points 4, B and Z. This will
touch the given circle at Z. ’
- From the circle ABDC, AP.PB=CP.PD, and from the
circle CDF, CP.PD=PE’ Therefore AP.PB=PE’ and
therefore (IIL. 37) PE touches the circle ABE at the point Z,
but it also touches the given circle at the same point. Therefore
the circles ABE and CDF touch at the point Z.

In the same manner, it can be proved that the circle described
through the points 4, B, F also touches the given circle.

N.B. We have seen that generally two circles can be described
through the two given points 4, B touching the given circle CDF,
but if 4B touch the given circle, it is obvious that only one circle
can be described as required. Of course, the problem is impos-
gible, unless the two points 4 and B be both outside or both inside
the given circle.

If the line joining the middle point of 4B and the centre of the
given circle be perpendicular to 4B, the points £ and ¥ are the
points in which the perpendicular to 4B through its middle point
meets the given circle CDF.

Cor. Since, if we join 4AZ, BE, the angle AEB is greater than
any angle subtended by 4B at any point outside the segment 4 £B,
the angle AE B is the maximum angle, which AB subtends at any
point on the circumference of the circle CDF, Also, 4B subtends
at F, the minimum angle.

182, Describe a circle passing through a given point, and
touching a given straight line at a given point.

Let 4 be the point in the given straight line 4B, and C' the,
other point.
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Join AC, and draw 40 perpendicular to 4B. Make the angle
ACO equal to CA0. The circle described from the centre O at the
distance 40 or OC is evidently the required circle,

133. Describe a circle touching a given circle, and a given
strasght line at a given point.

Let O be the centre of the given circle, and 4 the given point
in the given straight line 4B. Through O draw DB perpendicular
to AB and meeting the given circle in the points D and £. Join
AD and AE, meeting the given circle again in ¥ and ¢. Draw
AC perpendicular to 4B, and meeting OF and OG produced in C

D
H
e
a
B
N
A B
Li M_

and H respactively. The circles described with centres C' and &
and radii CF and HG respectively, will be the required circles.

Because C'4 and DB are perpendicular to the same line 4 B, they
are parallel,

Therefore the angle DO is equal to FAC. DOF is an isosceles
triangle, therefore ACF is also an isosceles triangle and AC' equals
CF. Therefore the circle (C) clearly touches the circle (0) at F,
and the given straight line at the given point 4.

In like manner, it can be proved that the circle described from
the centre H, at the distance H 4, touches the given circle at G and
the given straight line at 4. Q. E.¥.
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- N.B." Otherwise'thus. In C4 produced take AL=0LF, and
through L draw LM parallel to AB Describe a circle touchmg
LM at L and passing through O (132). The centre of this circle
will be C, the centre of one of the required circles.

" In like manner, by making AN = OF, and drawing through ¥
a parallel to 4B, the circle described touching this parallel at N
and passing through O will have its centre at H, the centre of the
other required circle, .

134 To describe a circle touchmg a given circle, passing
through a given point and having 1ts centre in a given stravght
line passing through this point.

* "Let O be the centre of the given circle, D the given point, and

D
E C
0

&
A B

DB the given straight line. Draw the diameter A% parallel to
DB, and the tangent AB. Join AD, meeting the given clrcle
again in F, and D meeting it in G.

Join OF, OG, and produce these lines to meet DB in C and H
respectively. C and H are the centres of the required circles.
For the triangles CFD and AOF are obviously equiangular, and
AOF is isosceles; therefore CF and CD are equal, and the circle
described from the centre C at the distance C'D or O'F must touch
the given circle at #, for CO the distance between their centres is

ual to the sum of their radii. In like manner, it can be proved
that the circle described from the centre H at the distance HD or
HG@ touches the given circle at G.

M G, 1
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N.B. That the circles (O) and (C) touch externally at F may
be thus shewn indirectly. For, if possible, let them have another
point X in. common. Draw the radii OK, CK. Therefore the
triangle OKC has the two sides OK, KC tooether equal to the’
third side OC, -which is impossible (1. 20). In like manner, it can
be proved tha.t, if the distance between the centres of two circles.
be equal to the difference of their radii, one of the circles must
touch the other iternally. .

-185. . To-describe .a .circle passing through a given point,
and touching a given straight line and a given circle, the circle.
and point lying on the same side of the straight line.

Let P be the given point, 4B the given straight. line, and 0

the centre of the given circle. Through 0 draw DEB perpendl-
cularto 4B, =

: Join PD, PE and make PD. DQ BD, DE which is given,
and PE. ES= DE.EB, which is given. Through P, @ two
circles can-be described touching the given line 4B, and through
P and § two circles can also be described touching 4B (127).
These four circles will pass through the given point ﬁ and touch
the given straight line and given circle.

Let APQ be one of these circles, touching the given line at 4.
Join 4D, and let it meet the given circle (0) in F. Join AC, CF,
FO and FE. Because the angle DFE in a semicircle is a nght

angle, and DBA is right, therefore the quadnlateml ABEF is
circumscribable by a circle, .
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Therefore AD.DF=BD.DE (III 36),
but BD.DE =PD . DQ (constr.).

Therefore AD. DF = PD . D@, and therefore F is a point on
the circle 4PQ.

(For, let AD meet this circle in #”, then,
- PD.DQ=AD.DF',
therefore AD, DF AD.DF', and therefore DF = DF",

that is, the points, # and #’ comclde, or Fis also on the circle
APQ.)

Again, because AC and CF, FO and OD are equal, therefore
the angles CAF and CFA, OFD and ODF are equal. But C4
and DB are parallel, and the straight line 4D aeets them, there-
fore the alternate. angles CAF and ODF are equal; therefore the
angles CF4 and OFD are equal, and AFD is a straight line, there-
fore CFO is a straight line. Therefore the distance between the
centres of the circles APQ and DFE is equal to the sum of their
radii, therefore the CII‘C].OS touch one a.nother externa.lly at the
point #.

In the same manner it can be proved, that the other three
circles described through P, @ and £, § touchmg the g1ven line
A B, also touch-the given carcle (0): -@.E.F.

136. To describe a circle touching a given strazght lme
and two given circles.

Let CD be the given straight hne, 4 and B the centres of the
two given circles GKL and HNM respectively. Let the radius of-
the circle HNM be greater than that of GKL, and from the centre
B at a distance equal to the difference of the radii of GKL and
HNM describe the circle £SX. Draw EF parallel to CD and at
a distance equal to the radius of the circle GKL.

Describe (135) a circle (0) through the point 4 touching EF
in ¥ and the circle RSX in R. Join 04, OFE, 0B, and from the
centre O at the distance OH describe a circle, This will touch
the given line at ' and the two given circles at G and H. For
CE and RH are each equal to G4 (constr.). Therefore OC, OH
and O@ are equal, and the circle CGH manifestly touches CD at
C and the given circles at G and H. Q. E.F.

N.B. Four circles can generally be described touching a given
stralght line and two given circles on the same side of it. Itia

T—2
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unnecessary to occupy space in discussing the different cases and
modifications of the problem, as the above solution will enable the

intelligent learner to reduce every case to the problem (135) of
describing a circle through a given point touching a given straight
line and a given circle. : ,
137. Given a straight line and two points on the same
-gide of 1t; find a point in the given line at which the two given
points shall subtend a maximum angle. ‘
. Let CD be the given straight line, and 4, B the given points.

Describe (127) a circle passing through 4, B and touching CD at
F, Then F is the required point. For, join AF, FB, AD, DB

and BE, D being any point in CD except F. The angle AEB
is greater than BDE (1. 16) ; therefore also the angle 4 B, which
is.equal to 4EB, is greater than 4DB,

e T,
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N.B. Since (127) another circle can be- described. passing
through 4, B and touching CD on the side of 4B remote from 7,
there are, ¢n general, two points which satisfy the conditions
of the problem. The angle BFA is greater than any angle BDA
on the same side of AB as F, and the angle at the point of contact
on the other side of 4B is also greater than the angles subtended
by 4B at any point of CD on the same side of AB as the pomt of
contact.

138. AE bisects the angle A of a triangle ABC, and 1
g‘oduced to P, so that the difference of the angles PBC and
BCB 8 a maximum, shew that their sum 8 half the angle

AC,

Take AD=AC, and join CD, cutting 4P in E, therefore CE
and ED are equal and the angles at £ are right. Describe a
circle about the triangle BPC, meeting PA produced in #. Join
BF, DF and CF.

The angles PBC and PFC in the same segment are equal, and
the angles PCB and PFB in the same segment are equal. Also
the angles DFE and CFE are equal (I. 4). Therefore the angle
BFD is the difference of the angles PBC and PCB, and is there-
fore a maximum. Hence the circle described through the points
B, D, F touches PF at the point F (137).

Again, the angle DFE contained by the chord DF and tangent
FP is equal to the angle DBF in the alternate segment of the
circle FDB. Therefore the angle BAP is equal to the sum of
AFB and AFD, or AFC, that is, half the angle BAC is equal to
the sum of the a.ngles PO’B and PBC. QE. D. .
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" 189. If any point on the circumference of a circle be
joined to the three angles'of an inscribed equilateral triangle,
the straight line drawn to the remote angle is equal to the sum
-of the other two.

Let 4 BC be the inscribed equilateral triangle, and P any point
on the circumference. Take P.D equal
. ‘to P4, and join 4.D.

. . Because AP and PD are equal and
‘the angle 47D is equal to the angle
ACB of an equilateral triangle in the
same segment,. therefore .4PD. is an
equilateral triangle. Because the an-
. gles BAC and DAP are equal, there-
fore the angles BAD and PAC are

equal. Therefore in the triangles B (V]
BAD, CAP the two sides B4, AD \_/
and the contained angle BAD are re-

spectively equal to the two sides C4,

AP and the contained angle CAP, Therefore (I. 4) BD and CP

are equal, and therefore PB is equal to P4 and PC together.
QE.D. : :

140. Find the locus of a point such that if straight lines
be drawn through it cutting a given circle, the rectangle under
the intercepts between the point and the circle shall be constant.

Let O be the centre of the given circle, and suppose P (within
or without the circle) to be a point in the required locus, so that

PA. PBis equal to a given rectangle or square. Because 403
is an isosceles triangle, therefore (50) PA . PB is equal to the dif-
ference of the squares on POand 40. But the rectangle P4, PB
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and the square on 40 are both given, therefore also the square on
PO is known, therefore PO is of a given length, and therefore the
locus of P is a circle concentric with the given circle,

- 141, Given' the base of a triangle, the sum of its szdes
a/nd the locus of its vertex a jia:ed strmght line ; constmct
the triangle.

Let 4B be the given base, and CD the given locus of vertex.

From either extremity 4 of the base as centre and at a
distance equal to the given sum of sides, describe the circle GFH.
DBme BD perpendlcula.r to CD, and produce it'until DE equals

Through the pomts B and E. describe (131) a circle touching
the circle GFH intérnally at F, and _]om AF, meeting C'Dm C.
Join CB.

ACB is the required triangle. Because C'D bisects BE at right
angles, CD passes through the centre of the circle BEF (IIL. 1,
Cor.), and because F is the point of contact of the two circles and
A the centre of one of them, therefore (ITL. 11) AF passes through
the centre of the other circle BEF. Therefore (' is the centre of
‘the circle BEF, and therefore AC and CB together are equal to
AF, the given sum of sides.

In like manner, by describing a circle from the centre B, with
a radius equal to 4F, and drawing a perpendicular from 4 to C'D,
another triangle can be described satisfying the conditions of the
problem.

Hence, in geneml two triangles can be described as required. .
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142. Given the base of a triangle, the difference of the
sides and the locus of vertex a fixed straight line; construct the
triangle. -

Let 4B be the given base and C'D the given locus of vertex.

From the centre 4 at a distance equal to the given difference
of sides describe the circle GFH. Draw BD perpendicular to CD

and produce it until DE equals BD. Describe a circle through B,
£ and touching GFH externally at F (131). Join AF, and pro-
duce it to meet CD in €. Join CB. Thén ACB is the required
triangle. The proof is exactly the same as in the last proposition.

If a circle with centre B and radius equal to 4 F be described,
and if a perpendicular be drawn from 4 to CD, another triangle
may be described satisfying the conditions of the problem. Hence,
in general, two triangles can be described as required.

143. In a given circle inscribe a triangle having its base
parallel to a given straight line and 1its sides passing through
two given points in this straight line.

First (Fig. 1), suppose the two given points P, @ outside the
given circle.

Make PQ. QG equal to the square on the tangent from Q to
the given circle,

From G draw the tangents GC and GF, meeting the given
circle at the points C' and F respectively. Join QC and @QF and
produce these lines, if necessary, to meet the given circle again
in 4 and D. Join AP, PD meeting the circle again in B and £.
Join BC, FE. The triangles ABC and DEF are the required
ones. -
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Because PQ . QG = AQ. QC (constr.), therefore the quadri-
lateral APGC is circumscribable by a circle, and therefore

P - [4 G Q
Fig. 1. :

(IIL, 22) the angles CGQ and CAB are equal, but C& is & tangent
4o the circle at C, and CB is drawn from the.point of contact,
‘therefore (III. 32) the angle BCG is equal to the angle (4B in
the alternate segment. Therefore the angles CGQ and BCG are
equal, and therefore (I. 27) the straight lines BC' and - PQ are
parallel. Therefore the triangle ABC has its bage BC parallel to
the given line P¢), and its two sides AB, AC passing through the
#wo given points P and.Q.

Again, because PQ. QG =FQ . QD (constr), therefore the
four points F, P, @, D lie in the same circumference, and therefore
the angles GFD and GPD in the same segment are equal, but
F@ is a tangent to the given circle at ¥, and FD is drawn from
the point of contact, therefore (III. 32) the angles GFD and DEF
ave equal. Therefore the angles GPD and DEF are equal, and
therefore £F and PQ are parallel. Therefore the triangle DEF
is also described as required.

Next (Fig. 2), let the two given points P and  be within the
given circle.

. Produce PQ indefinitely both ways
to meet the circle in # and K.

On PQ produced take QG such-
that PQ. QG = HQ . QK. Therefore,
since K@ is greater than P, QG is
also greater than QX, therefore the
point G is outside the 'given circle. -
Through G draw .GC and.GF touch- .
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ing the circle at ¢ and 7, Join Co, FQ and produce these lines
to meet the circlé again in 4 and D. Join AP and DP, meeting
the circle again in B and £, and join BC, £F.

The two triangles 4ABC and DEF are the required ones.

Because PQ. QG =AQ. QC (constr.), therefore the four
points 4, P, C, G lie on the same circumference, and therefore
the antrles ACG and APG in the same segment are equal, but GC
touches the given circle at C, therefore the angles ACG and ABC
are equal. Therefore the angles 4PG and ABC are equal, and
therefore (I. 28)" BC and P are parallel. In like manner, it
can be proved that ZF and P@ are parallel. Therefore either
of the tna.noles ABC’ DEF satisfies the conditions of the pro-
blem.

Further, the same two inscribed triangles are obtained by
making QP. PG'=HP. PK, and proceedmva.sabove. For, _]0111
G'B, G'E.

Because G'P.PQ=AP. PB, therefore the four points 4, B
@', @ lie on the same cu'cumferenoe, and therefore the a.ngles
ABG’ and AQG" in.the same segment are equal, but AQP is equal
to AC B, therefore the angle 4BG' is equal to the angle ACB in
the alternate segment. Therefore G'B is a tangent to the given
circle at B.

In the same manner, it can be proved that G'Z touches the
given circle at £. -

Hence, the same two trmncles are obtamed whether tangents
be drawn from @ or @. In like manner, it can be proved in
Fig. 1, that if QP . PG’ = AP . PB, the tangents from G' meet the
given circle in the points B and £.

Hence, in both cases, only two distinct triangles can be in-
scribed as requlred.

- It is evident, that one point- P cannot be within the given
circle and the other without it. The learner may examine the.
simple cases in which both points are on the circumference, one
point on the circumference and the other on the tangent at this
point, and the case in which the line P@ touches the circle at a
point different from 2 or ¢.

N.B. If the circle about the triangle 4PG (Figs. 1 a.nd 2)
do not pass through C let it cut CQ in S.

Therefore PQ.QG=4Q. @S, :
_but PQ.QG=A4Q. QC (constr.), . s
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therefore QS = QC, which is impossible ;
therefore if PQ.QG=4Q.QC,
the four points 4, P, &, C must lie in the same circumference.

-144. In a gwen circle inscribe a triangle, having its base
parallel to a given line and its two sides passing through two
given points, nos both situated on a line parallel to the given
line. . A :
. Let P, @ be the two given points, and PM the line to which
the base is required to. be parallel.

At any point ¥ in the circumference of the given circle, make
: A . .

—~—M
the angle RVS equal to the given angle GPY, then the chord RS
is constant. :

Make PQ. QG equal to the square on the tangent from @ to
the given circle, and through G draw GH and GF such that HC
and FK shall be each equal to RS (58).

Join QC and @F, and let these lines (produced, if necessary)
meet the circle again in 4 and D. Join 4P, PD, meeting the
circle again in B and E. Join BC and FE. ABC and DEF are
two trianglés inscribed as required. For join BH and EK, and
produce BC and PQ to meet in L.

Because PQ.QG=A4Q.QC (constr.),
therefore the quadrilateral A PG(C is circumscribable by a circle,
and therefore (IIL. 22) the angles CG'Q and BAC are equal, but
BAC and BH(C in the same segment are equal. Therefore the
‘angles CG'Q and BHC are equal, and therefore (I. 27) BH and
PQ are parallel. . . o :
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Therefore the angles HBC (or RVS) and CLP are equal, but
HBC and GPM are equal. Therefore CLP and GPM are equal,
and therefore BC is parallel to PM,

Hence, ABC is a triangle inscribed as required.

Again, because PQ. QG = FQ. QD (constr.), therefore the four
points F, D, P, @ lie in the same circumference, therefore the angles
FGP and FDP in the same segment are equal, azid therefore their
supplements #GL and FDE are equal.

But FDE and FKE in the same segment are equal. There-
fore the angles FGL and FKE are equal, and thérefore (L. 28) P@Q
-and KK are parallel, but the angle F£K is equal to GPM. There-
fore FE and PM are parallel. ’

It may be shewn, in nearly the same manner as in the last
problem, that if a point @' be taken on PL such that QP. PG’
equals the square on the tangent from P, and if we proceed as
above, then we shall obtain the same two triangles ABC and DEF.
The learner may also treat separately, as is done in the last
problem, the various pessible positions of the given points P and
@ with respect to the given circle, -

145. In a.given circle inscribe a triangle whose sides shall
pass through three given points.

Let P, @, R be the three given points.

Msake PQ.QG equal to the
square on the tangent from @ to
the given circle. Inscribe (144) a
triangle BCH in the given circle,
having its two sides BC, HC pass-
ing through the fixed points R, @
and its base BH parallel to the
given line PQ. Join QC, and pro-
duce it to meet the circumference
again in 4, and join 4B. "Then °
ABC is a triangle inscribed as re-
quired. For, if possible, let 4B pro-
duced not pass through P but meet
PG in P

Because BH and PQ are parallel
{(constr.), therefore the angles BHC and CGQ are equal, but BHC
and BAC in the same segment are equal. Therefore the angles
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BAC and CGQ are equal, and therefore the quadrilateral 4 PQC is
circumscribable by a circle, therefore 4Q . QC'= P'Q. QG,
but PQ. QG =A4Q . QC (constr.).

Therefore P'Q. QG =PQ.QQG, and therefore P'Q=P@Q, which is
impossible. Therefore 4B produced must pass through P. There-
fore the triangle ABC is inscribed as required. Since, ¢n general,
two triangles can be inscribed in the circle, having two sides
passing through @, R and the third side parallel to P@Q, therefore
another triangle can be inscribed as required in the given circle.
‘Q. E. F. : !

146. If two opposite sides of a parallelogram be the bases
of two triangles with a common vertex, their sum 18 equal to
half the parallelogram, when the point is within the bases, but
tf the pount is outside the bases the difference of the triangles
18 equal to half the parallelogram. Also, if two adjacent sides
of a parallelogram and the diagonal between them be the bases
of three triangles, with a common vertex, the triangle with

1agonal for base 1s equal to the difference or sum of the other
two according as the point is within or without the angle (or
its vertically opposite). contained by the two sides.

Let 4BCD be the given parallelogram.

A D »
Fig. 1. Fig. a.

In Figs. 1 and 2 let AB and CD be the bases of triangles with
common vertex 0. Through O draw OEF parallel to 4.8, meeting
the sides BC and 4D (produced, if necessary) in £ and F.

The triangle 40B is half the parallelogram BF (I. 41), and
the triangle COD is half the parallelogram CF. Therefore in
Fig. 1, the triangles 4 OB and COD are together half the parallelo-
gram ABCD, and in Fig. 2 the difference of the triangles is half

the given parallelogram.
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Agam, in Fig. 3, the triangles 40B- and C’OD are together
Fig. 3.

équal to the triangle BCD. Take awsy the common trmnn'le coD,

and there remains the triangle 408 equal to the tmangles BOG

and BOD. -Therefore the trmrnole BQD is equal to the dlﬁ'erence
of the triangles 40B and BOC.

¢ Further, in Fig. 4 the triangles AOB and COD are tooether
equal to the triangle BCD. To these equals.add the trmngle BoOC:
Then the triangles 408, BOC and COD are together equal to the
ﬁgure BOCD. Take away the common triangle COD and there
remains the sum of the t.v:mngles AOB and BOC’ equal tg the tri:
angle BOD. Q.E.D.

147. Given an mdeﬁmte strazght liné and two points on
the same side-of . Find a point in the line such that the
straight lines drawn from it to the two given points shall be
equally inclined to the given line, and prove that the sum of
these straight lines i3 a minimum.

Let CD be the given line, and 4, B the two given points.
Draw 4G perpendxcular to CD, and produce it until GZ equals -

. Fig. 1.
AG. 'Join BE, meeting CD in ¥. F is the required point. For,
join AF, and join 4 and B with any other point H in CD. The
angles AFG and GFE are equal (I. 4). Therefore AFG and BFD
are equal (L 15). -Also, AF and FB are together equal to £B,
and AH and HB are together equal to EFF and HB. But EB is
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less than ZH and HB together (I. 20). Therefore the sum of 4F
and FB is less than the sum of AH and HB, q. E. D.

Cor.  Hence, of all triangles on the same base and with a
given area the isosceles has the least peri- c
meter. Since the base and area are given,
the locus of the vertex is known (20).
Let then AB be the given base, D its
middle point, and CF parallel to 4B the
locus of vertex. Draw DC perpendicu- A D B
lar to 4B and j Jom AC, CB, AE, EB, Fig. 2.
E being any point in CE except C.

" AC-and CB are evidently equally inclined to CE, and therefore,
by the proposition, AC and CB are together less than AE and EB,
Therefore the perimeter of the isosceles triangle ACB is less than
that of any other triangle 4 £B on the same base 4B and between
the same parallels. Q. E.D,

148. If a quadrilateral be mot circumscribable by a circle,
the rectangle under its diagonals is less than the sum of the
rectangles under its opposite sides.

Let ABCD be the given quadrilateral. Now, since it is not
circumscribable, the angles BAC and BDC
must be unequal. Let BAC be the greater,
and draw AE, making the angle BAE
equal to BDC, and BE making the angle
ABE equal to CBD. Join EC. '

The triangles ABE and CBD are equi-
angular, therefore (VI. 4)
. AB : AE : BD : CD.
Therefore (VL. 16) AB.CD =BD.AE,
¢ Agiin, because the triangles ABE and C’BD are sxm.llar,
AB : BE :: BD : BC, or alternately, AB : BD :: BE : BC;

but the angles 4BD and CBE are equal, therefore (VL 6) the tri-
angles ABD and CAE are similar, and therefore

4D : BD :: CE ; BC, therefore AD.BC=BD.CE.

Therefore the sum of the rectangles under the opposite sides
is equal to the rectangle under BD and the sum of 4% and CE,
but AC is less than the sum of AZ ahd CE. Therefore the rect-
angle under the diagonals BD, AC is less than the sum of the rect-
angles under the opposite sides. . E. D,
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Cor. Hence, if the rectangle under the diagonals of a quadri-
lateral is'equal to.the sum of the rectangles under the opposite
sides, it is circumscribable by a circle ; for if it be not circpm-
scribable, the rectangle under its diagonals will be less than the
sum of the rectangles under its opposﬂ;e sides, contrary to the
hypothesis.

149. If any two chords be drawn through the middle
point of a given chord of a circle, the straight lines joining
their extremities, which are on opposite sides of the bisected
chord, cut off equal parts from its ends. (See 243.)

Let AB be the given chord bisected in ¢, Through C draw

any two chords FK and HG, and join F@, HK, meeting 4B in
D, E. Then shall 4D and BE be equal, or (D and CE. :

Through K draw KL parallel to 4B and join CL, LD, LG.
Through the centre draw a straight. line perpendicular to 4B
and LK. This line will pass through their middle points C
and M. Therefore (I. 4) the triangles CLM and CKM are equal
in all respects, and therefore 'L and CK are equal, and the angles
CLM and CKM, LCM and KCM are equal,

Therefore the angle DCL is equal to ECK or FCD. But FCD
is equal to CKL since 4B and LK are parallel. Because FGLK
is a quadrilateral in a circle, therefore the angles CKL and DGL
are together equal to two right angles, Therefore also'DCL and
DGL are together equal to two right angles, and therefore the
quadrilateral DGLC is circumscribable by a circle. Therefore the
angles DGC and DLC are équal, but DGC and CKE are equal,
since they stand on the same arc #H. Therefore the triangles
DCL and ECK have the gides CL and CK equal, and the angles
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adjacent to those sides equal. Therefore (I 26) CD and EC
are equal. Q. E. D.

160. If CD be the perpendicular from the centre C of a
gwven circle on an indefinite straight line AB, and if DE be
made equal to the tangent DL, then shall BE be always
equal to the tangent BG, where B s any point on the given’
line AB. -

For join CL, CB, CG.

The square on BE is equal to the squares on BD, DE (1. 47).
To these equals add the square on
CL. Therefore the squares on BA
and CL are together equal to the
squares on BD, DL and LC, since DE
is equal to DL. Therefore the squares
on BE and CL are together equal to
the squares on BD, DC, that is, to
the square on BC or the squares on
B@ and GC. Therefore the square on
BE is equal to the square on BG,
and therefore BA and BG are equal,
QE.D.

N.B. Take DF equal to DE or
DL, and join FB. Since BF is equal
to BE, it is evident that the tangent
from any point B is always equal to
BF.

¥

DEF. In geometry, the reciprocal of a line is the third
proportional to it, and any assumed line which is called the
linear unit.

151. If a perpendicular be drawn from the right angle
of a triangle to the hypotenuse, the square on its reciprocal
18 equal to the sum of the squares on the reciprocals of the
sides.

Let ABC be a triangle having the angle AC'B right. Draw

CD perpendicular to the hypotenuse, and o

take it as the linear unit, Draw DF, ‘ » .
DE perpendicular to AC, CB. There- /m
fore AC . CF = CD* (39), therefore C'F-is

the reciprocal of 4C, and similarly CE

is the reciprocal of BC. Also CD is A b B

M. G. 8
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obviously its own reciprocal, and the square on C'D is equal to the
squares on C'F, CE, since CEDYF is a rectangle. - Q. E. D,

152. Given the vertical angle of a triangle in magnitude
and position, and the sum of the reciprocals of the sides ; prove

that the base always passes through a fized point on the bisector
of the vertical angle. :

Let BAC be the given vertical angle, 4D.its bisector, AH or
’ A

B D [
AK the linear unit, and 4 BC' any triangle satisfying the given con-
ditions,. Make BA.AE=AH* and C4.AF=AK" Therefore
AE is the reciprocal of AB and AF of AC. Therefore the sum of
AF and AF is given (hyp.). Therefore (100) the circle circum-:
scribing the triangle A EF always passes through a fixed point G
on the bisector of the vertical angle.

Because BA. AE and CA . AF are each equal to the square on
the linear unit, therefore ZBCF is circumscribable by a circle.

. _Therefore the angle AEF is equal to FCD, but AEF is also
equal to AGF in the same segment. Therefore the angles AGF
and FCD are equal, and therefore DGFC is circumscribable.
Therefore DA. AG=CA4A.AF=A4K’, But AG and 4K are known.
lines, therefore also 4D is a known line, and therefore the base BC
always passes through the fixed point . In the same manner it
can be proved, when the difference of the reciprocals of the sides
is given, that the base always passes through a fixed point on the
bisector of the external vertical angle. Q. E. D. N

163. Given base of a triangle, vertical angle, and sum
or difference of sides; construct the triangle.

First, when the sum of the sides is given. Draw EB equal to
the given sum of sides and the indefinite line £@, making the
angle BEG equal to half the given vertical angle. Inflect from B
to EG, the straight line ‘BC equal to the given base, and draw

L.
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C4, making the angle ECA equal to CE4A. Then BAC is the
required triangle, for it obviously has the given base, given
vertical angle and given sum of sides. '

Next, when the difference of sides is given. Draw DB equal
to the given'difference of sides, and
DF making the angle ADF equal to
half the supplement of the given
vertical angle. Inflect BC from B
to DF equal to the given base, and
draw C4 making the. angle ACD
equal to ADC. BAC is evidently
the required triangle, B :

N.B. This problem is clearly equivalent to the following.
Find a point in the arc of a& given segment, so that the sum or
difference of the straight lines which join the point to the extremities
of the base of the segment shall be given. In both cases, the learner
will have no difficulty in investigating the limits of the problem,
within which a solution is pogsible,

164. If D be the middle point of the base BC of any
triangle BAC, E and L the points where the perpendicular on
the base, and the bisector:of the vertical angle, meet the base,
and H, S the points of contact of the inscribed and escribed
circles; prove that the rectangles under -the segments into
which L divides SH and DE are equal, and that DH . HE
=DE.HL. Co

DS and DH are each equal to half the difference of the sides
AB and AC (74),

A

B 8§ DLH B c
Thereforoe (86) DL. DE=DH?* or DS,
' Now SL.LH + DI*= DH* (IL b),

end DL.DE=DIL*+DL.LE, (IL 3).
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Therefore SL.LH+DL'=DIL*+DL.LE,
and therefore SL.LH =DL.LE which proves one part of the
proposition.

Again DE.DH=DE.HL+DE.DL, (IL 1),

and DH.DE=DH*'+DH.HE, (IL 3).
Therefore DH*+DH.HE=DE.HL+DE.DL,
but DH*'=DE.DL,
therefore DH.HE =DE.HL. Q.E.D.

155. If the bisectors of the base angles of a triangle be
equal, the triangle s isosceles.

Let ABC be the triangle, BD and CE the equal bisectors of the

4

base angles, then shall 4B be equal to AC.

About the triangle AEC describe a circle meeting 4¥ produced
in O.

The circle about the triangle 48D must also pass through O.
For, if possible, let it meet AF in O’ and join OB, OE, 0D, 0OC,
O'B and 0'D.

Because the chords CZ, BD are equal and subtend the same
angle BAC, therefore (IL1. 24) the segments of circles CAE and
BAD are equal, and therefore the remaining segments on CZ and
BD at the side remote from A4 are equal. Therefore also the
chords of these equal circles, which subtend the equal angles BAF,
CATF are equal, viz. the chords OF, OC, O'B, O'D. 1In the triangle
EAC the bisector of the vertical angle meets the circumscribed
circle in O, therefore (91) 40.O0F= 0E",

Similarly, A40'.0F=0'B"
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But OF and OB are equal, therefore 40 . OF = A(Q’ . O'F, which
is impossible,

Therefore the circle about the triangle 4 BD must also inter-
sect AF in O, and therefore the four straight lines 0B, QZ, 0D,
.OC are equal. Therefore the angles OBE and OEB are equal,
but OEB is equal to the angle OCA, since the quadrilateral
AEOC is in a circle. Therefore the angles OBE and OCA are
equal, but OBC and OCB are also equal, since OB and OC are
equal.

Therefore the angles 4ABC and ACB are equa.]. Q. E.D.

166. Through a given point within a given angle, to draw
a straight line cutting the sides of the given angle, so that the
rectangle under the intercepts between the point and the sides
of the given angle may be equal to a given rectangle.

Let BAC be the given angle, and D the given point. Join
AD, and produce it so that 4D.DE A
shall be equal to the given rectangle.
On DE describe a segment of a circle
capable of containing an angle equal to
the angle BAD, and let this segment cut
ACin C. Join CD, and produce it to
meet AB in B. BC is the required
line,

Because the angles BCE and BAE
are equal, therefore the figure ABEC is
circumscribable by a circle, and there-

fore BD.DC =AD.DE. QE.F.

B

Flg ‘1.

N.B. Let the given point D be outside the given angle BAC.
Make AD.DE equal to the given
-rectangle, and on DE describe a seg-
-ment of a circle containing an a.ngle
equal to DA B, and cutting AC in C.
Join CD, meeting AB in B, Then
DO is the required line. For 4EBC
is circumscribable by a circle, and
therefore CD.DB=AD.DE, the
given rectangle.

Fig.- a.

L]
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The learner should be careful to use the samte letters -at the
corr ing points of the figures, since, in this way, he will
geneially find it easy to deduce ome case of a proposition from
amother. .

167. Through a given point, to draw o straight line
80 as to form with the sides of a gwen angle a triangle of
given areq. : .
Suppose P the given point, and BAC the required triangle. -
o A o

Since the area of the triangle 4 BC' and its vertical angle BAC
are given, therefore (84) the rectangle under its sides 48 and AC
is known, '

Join AP, and draw AD making the angle BAD equal to
CAP, and make the rectangle AP. AD equal to AB.AC. Join
DB, DP, DC. : .

Because  AB.AC =AD. AP (constr.),
therefore (VL. 16) AB : AD :: AP : AC;

but the angles BAD, CAP are equal, therefore (VL 6), the
triangles BAD and CAP are similar, and therefore the angles
BDA and BCA are equal. - i

Therefore the figure ABDC is circumseribable by a circle, and
therefore the angles BAD and BCD are equal. Hence the fol-
lowing construction. On DP describe a segment containing an
angle equal to BAD, and cutting AC in C. Join CP, and pro-
duce it to meet 4B in B. Then BAC is the required triangle. -

The solution is similar, when the point P is without the given
angle BAC. (See the remarks on the last problem.)
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Cor. Hence, if from the vertex of a triangle two straight
lines be drawn equally inclined to the sides, one meeting the base,
and the other thé circumscribed circle, the rectangle under them
is equal to the rectangle under the sides.

For AP.AD=AB. AC.
VI B is a particular case of this Corollary.

158. AB is a common chord of two circles; draw the
strasght line ACD, meeting the two circles in C and D, so that
AC . AD shall be given.

Produce 4B so that AB. AE shall be equal to the given rect-

angle, and draw ED, making the angle BED equal to an angle in
the given segment ACB, and meeting the circle ABD in D.

Join AD. This is the required line. For the quadrilateral
CBED is clearly circumscribable by a circle, and therefore

AC.AD=AB. AE. QE.F.

169. Guren the rectangle under the sides, the bisector of
the base, and the difference of the base angles; construct the
triangle.

Suppose ABC the required triangle circumscribed by a circle.
Draw CE and C@, bisecting the internal and external vertical
:angles, and meeting the circle in £ and 7.

Join EF, which is a diameter, bisecting the base 4B at rlght
angles in D (77) Join EG.

. Because the angles EDG and ECQ wure right, therefore the
figure EDCG is_ circumscribable by g circle. Therefore the angle
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DEC is equal to the angle DGC, which is half the given differ-
ence of the base angles (76). Therefore the angle DH( is given,

r

B

being equal to a right angle, together with half the difference of
base angles.

Also, EC.CH=AC. OB is given. Hence the following con-
struction. Describe on CD the given bisector of base as common
chord, two segments of circles containing arigles equal to half the
given difference of base angles, and the sum of half this given
difference and a right angle, From C draw by (1568) CE cutting
those segments in A and &, so that CH . CE shall be equal to the
given rectangle under the sides. Join DH, and produce it inde-
finitely both ways towards 4 and B. Join £D, and produce it to
meet CF, drawn perpendicular to CE in F. Describe a circle
about ZCF, meeting AB in 4 and B. Join 4C, BC. Then ACB
is the required triangle. For it has clearly the given bisector of
base, given difference of base angles, and given rectangle uuder
the sides. Q.E.F.

160 szven‘the vertical angle, the I;erpendicular on the
base, and the sum of the two sides; construct the triangle.

Let BAC be the vertical angle, given in magnitude and posi-
tion, and suppose BAC the required triangle. Draw A.D, bisect-
ing the vertical angle and meeting the circumscribed circle in D,
and DF perpendicular 1o 4B, so that AF is half the sum of the
sides, and BF half their difference (77). Therefore if AE equals
AC, BF equals FE. Draw the diameter DM, bisecting BC at
right angles in G (77), and draw AN perpendicular to DM, and
AP perpendicular to BC. Because F'G joins the'middle points of
the sides of the triangle BEC, it is parallel to £C, and therefore
F@ produced meets 4D at right angles in H, since 4D cuts £C
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" at n,,ht angles in Z, Therefore from the nght-a.ngled triangle
AFD,

FD*=AD.DH=ND.DG;

.but NG is equal to the given perpendicular AP, and FD is a given
line. Therefore also D@ is a known line, and X is a fixed point.
Hence the triangle DGH can be constructed. Now draw the
‘tangent BC through @ to the circle with centre 4, and radius
equal to the given perpendicular, and this tangent will cut off the
required triangle.

The complete construction then is simply thls Take AF equal
to half the given sum of sides, and draw #D perpendicular to 4B,
meeting the bisector of the given vertical anglé in D. Draw FH
_perpendicular to 4D. Produce the given perpendicular until the
rectangle under the whole produced line and the produced part is
equal to the square on DF.. From D inflect to FH a line DG,
equal to the produced part of the given perpendicular. -Through
G draw the tangent. BC! to the circle with centre 4, a.nd radius
equal to the given perpendicular.

Then 4BC is the reqdired triangle.

The synthetical proof of this construction ma.y be deduced from
the analysis given above. Q.E.F.

N.B. The solution is similar when the difference of the sides
is given, but instead of a fixed point .D on the bisector of the
internal vertical angle, through which point the circumscribed
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circle always passes, it will pass through a fixed' point M on the
bisector of the external vertical angle. (See 152 and 77.)

The remainder of this work will be devoted chiefly to Modern
Geometry.

I will now give some explanations of principles and abbreviated
modes of expression, several of which will be often employed in
the following pages.

AB.CD is to be read, the rectangle under or contained by the
straight lines 4B and CD. -

A B* is to be read, the square on 4B,-

AD.DE=AB. AC is to be read, the rectangle under 4.D and
DE is equal to the rectangle under 4B and AC.

If r, r, 7, r, and B represent straight lines, then

ro+r +r,—r=4R
is to be read the sum of r, r,, and 7, exceeds r by four times R,

or the sum of =, r,, and r, is equal to r, together with four
times R, ‘

AB.DC+CB.DA=AE.BD+CE.BD=AC.BD is to be
read, the sum of the rectangles under 4B and DC and under CB
and DA is equal to the sum 1 of the rectangles under 4E and BD,
anlc)l CE and BD, which is equa.l to the rectangle under AC and
B

DD, =b ~cis to be read, the straight line DD, is equal to the
difference of the two stralght lines b and c.

- 3 (4C+CB) : } (AC—~CB) :: } (AD +DB) : } (AD - DB)

is to be read, half the sum of AC and CB is to half their difference
as half the sum of A0 and DB to half their difference.

AB : BE :: AC : CF is to be read
AB is to BE as AC is to CF.
. ._fBD:DA}. .
BF'FO"lAE-E’C is to be read, ‘ .
BF is to FC in the ratio compounded of the ratios of BD to' D4
and of AZ to £C.

Euclid has proved (VI. 20) that similar polygons:are in the
duplicate ratio of their homologous sides; Now squares are
similar tigures, therefore the er and similarly placed figures



ABBREVIATIONS,]  AND IN MODERN GEOMETRY. 123

upon the straight lines 4B and CD are as the squares upon 4B
and CD.

- pwrallelqnped (z.s defined by Dr Simson, XI. Def. A)isa
solid figure contained by six quadrilateral figures, whereof every
opposite two are pa.rallel.” It is clear that all the six quadrilateral
figures are parallelograms. We may consider any two opposite
and parallel faces (as the six parallelograms are called) the bases of
the solid. When the other faces are at right angles to these bases,
and all the faces are rectangles, the solid is called a rectangular
parallelopiped.

‘When, moreover, these rectangular faces become equal squares,
the solid is called a cube, (XI. Def. 25, Simson’s Euclid.)

Euclid has proved (XI. 33) that ‘similar solid parallelopipeds
are one to another in the triplicate ratio of their homologous sides”
(or edges). Now cubes are similar solids ; therefore if 4.8, C.D be
the homologous sides of two similar paralleloplpeds, the solids are
as the cubes with 4B and CD for edges, or, as we may concisely
express it, as 45° : G, -

Euclid bas proved (VL 23) that rectangles (for they are equi-
angular parallelograms) have to one another the ratio which is
compounded of the ratios of their sides.

If, therefore, BC, CD and CG CE be the adjacent sides of two

rectangles, BC' e ,
BC.CD:(C€¢.CE :: {op CE} |

Therefore the ratio compounded of BC to.C'@ and C.D to CE is
the ratio of the rectangle under the antecedents to the rectangle
under the consequents.

BC : C@ BC : CE
Hence also {CD':C’E} {CD CG} for each of these com-

pound ratios is equal to the ratio of BC', CD to C@. CE.

Dr Simson has proved (XI. D) that rectangular parallelopipeds
‘“have to one another the ratio which is the same with the ratic
compounded of the ratios of their sides” (or adjacent edges).

If then AM, AN, A0, and DL, DK, DH be the adjacent edges
of two rectangula.x\ para.lleloplpeds,

‘AM DL}
the sohds are as t:N DK ;.
0 :DH
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The parallelopipeds may be denoted thus:
AM .AN.AO and DL.DK.DH.
4dM : DL
Therefore {AN :DK} tAM.AN.AO : DL.DK . DH.
\40 :DH ’

We may sometimes find it convenient to say. the solid
AM.AN.AO, instead of the longer expression the rectangular
parallelopiped AM . AN . AO.

Hence the ratio compounded of AM to DL, AN to DK, and
A0 to DH, is the ratio of the solid under the antecedents to the
solid under the consequents. From this enunciation it is also
evident that we may interchange, in any way, the antecedents or
consequents among themselves.

To find two straight lines which have the same ratio as the
rectangular parallelopipeds
AM.AN.A40 snd DL.DK.DH.
Find a straight line BC such that
AN : DK :: DL : BC
and a line DE such that
‘ AO : DH :: BC : DE ; therefore
AM : DL AM : DL I
{AN:.DK} ::{D'L : BC} ::AM.DL.BC : DL.BC.DE,
40 : DH \BC : ED

but the solids AM . DL . BC and DL.BC.DE have equal bases
DL . BC, and are therefore as their altitudes 4 and DZ.

Therefore AM.AN.AO:DL.DK.DH :: AM : DE.
. BD : DA
If BF:FC..{AE:EC},
or, which is the same thing, if
BF : FC :: BD.AE : DA . EC,

then shall
DA.EC.BF=BD.AE.FC,

Br: Foy BD: D4
For {FC'BF} <AE : EC(,
) C : BF
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that is, .
BF .FC :FC.BF :: BD .AE.FC : DA . EC . BF,
4 but BF.FC=FC.BF,

therefore also @ BD.AE.FC=DA.EC.BF.

. ..(BD:DA
Again, BD : CG :: {DA . CG}’
P {BD + DA

T4 : 0@

and these rectangles which have equal altitudes DA are as their
bases BD and CG.

For the ratios BD : DA and D4 : CG we may of course use
any equivalent ratios, and interchange the antecedents or the con-
sequents among themselves,

161. If a straight line AD be divided at any two points
C and B, prove that AB.CD=AC.BD+AD.BC.

. Draw BE perpendicular to 4D and equal to CD, and take B@
equal to BC. Complete the rect-
angles BF, DH, and BL, x r

Because CB and B@, CD and
CL are equal, therefore the rect-
angles DK and BL are equal. To
each of these equals add the rect-
angle CF, then the rectangles DH
and HL are together equal to the
rectangle B, :

But DH is the rectangle under 4D and CB, for CB is equal to
BG or AH, HL is the rectangle under AC and BD, for HK equals
AC and KL equals BD, and BF is the rectangle under 4.8 and C.D,
for BE equals CD. Q.E.D.

DEers. (1) Three magnitudes are in Arithmetical Pro-
gression when the difference of the first and second is equal
to the difference of the second and third.

"~ (2) Three magnitudes are in Geometrical Progression
when the first is to the second as the second is to the third.

(3) Three magnitudes are in Harmonical Progression
when the first is to the third as the difference between the

}::BD.DA:DA.CG,
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first and second is to the dxfference between the second and
third.

(4) When a series of magmtudes is such that every
three consecutive magnitudes aré in arithmetical, geometri-
cal, or harraonical progression, it is called a series of magni-
tudes in arithmetical, geometrical, or harmonical progression.

(5) When a straight line 4D (see Fig. to 161) is divided
at C and B so that AC, AB, AD are in harmonical progres-
sion, the line 4 D issaid to:be'divided harmonically at C and B,

(6) Any number of points lying on a straight line is
called a range, and any number of straight lines passing
through a point is called a penctl, and each of the straight
lines is called a ray or leg of the pencil. The straight lines
will generally be considered as produced indefinitely both
ways through the pomt whlch 18 called the vertex of the
pencil.

(M If three magmtudes be in a,rxthmetlca.l geometncal
or harmonical progression, the first and thlrd magnitudes
(or terms) are called extremes, and the second magnitude (or
term) is called the mean,

(8) Any straight line cutting a system of stralght lines
or circles is called a transversal.

-162. - If a straight line .be divided harmonically at two
points, when the three terms are measured from one end of the
line; 1t is also divided harmonwally when they are measured
Jrom the other end. i

Also, when a line 1s dwzded harmomcally, the mean 1s
divided titérnally and externally in 'the same ratio, and the
rectangle under the whole line and the middle part is equal to
the rectangle under the extreme parts, and conversely, when a
line vs divided internally and externally in the same ratio, or.
. 80 that the rectangle under the whole and the middle part
equals the rectangle under the extreme parts, the whole line is
dwided harmonically.

Let the straight line 4D be divided so that 4C, AB AD are
in harmomca.l progresslon, that is, so that

A 9 < B D
.. 4C.: AD ;; CB ; BD, ..
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Therefore ‘DB ; B.Cl.:.: DA 1 A0, o

or alternately, DB : DA :: BC ; C4, therefore DB, DC, DA

are in harmonical progression, ‘

Again, by (hyp.) and.alternation, AC : CB :: 4D : DB,
therefore 4B is divided internally at C' and externally at D in the.
same ratio. - '

" Therefore also (VI. 16) AD.CB=AC. BD.

The learner will find it easy to prove the converse propo-
sitions, Q. E. D, :

163. If a straight line be divided harmonically, the dis-
tance from the middle point of either mean to the two points of
section and te the end of the line on the same side, are in
geometrical progression, and if three distances measured in the
same direction from a point along a straight line be in geo-
metrical progression, and if a’ length equal to the geometric
mean be measured in the opposite direction from the same
point, the whole line will be divided harmonically.

First, let 4D be divided harmonically at C' and B, and let
O be the middle point of 4B, then shall 0C.0D = 0B’,

’ A 0 ¢ B »

Since (162) AC : CB :: AD : DB, and AD is greater than
DB, therefore AC is greater than OB, and therefore O lies between
A and C.

Therefore also
3(4C-CB) : }(AC+CB) :: }(AD-DB) : (4D + DB),
thatis, OC ; OB :: OB : 0D (1),
therefore (VI. 17)  OC. 0D = 0B

Next, let OC : OB :: OB : 0D, and take 04 equal to 0B,
then shall 4D be divided harmonically at C' and B, .

Because  OC : OB :: OB : 0D (hyp.),
therefore 0B+ 0C : 0B—~0C :: OD+0B : 0D - 0B,

that is, AC : CB :: AD : DB. Therefore AB is divided inter-
nally.and externally in the same ratio; and therefore (162) 40 is
divided harmonically at ¢ and B, .. . CL ‘ Cn
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N.B. Since 0C.0D=0F8, if AB remain invariable, while
the points C and D change their position agreeably to this re-
lation, it is plain that if OC ‘decrease, O.D must increase, and
therefore the two points €' and D will move in opposite directions.
Hence C and D may be called karmonic conjugates with respect to
4 and B, and similarly, 4 and B are harmonic conjugates to one
another with respect to C and D.

This is usually expressed thus, 4 and B are harmonic conju-
gates to C and D, but the learner must distinctly understand that
two alternate pomts, as C and D, are conjugate the one to the other,
since if we take any pomt O on a finite straight line 4B and pro-;
duce it so that AC : CB :: AD ; DB, the position of the point D
depends upon that of C.

164. If any transversal cut a pencil of four rays, the
ratio of the rectangle under the whole transversal and its-
middle segment to the rectangle under its extreme segments, s’
constant.

Let any transversal cut in the points, 4, B, C, D, the rays of
the pencil of which O is the vertex, then shall AD.BC : AB.CD
be constant.

’

Through C draw ECF parallel to the extreme ray 40, and
draw any line LM/ also parallel to 40, )
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Because the triangles CBE and ABO are similar, therefore
BC : AB :: EC : A0, and because C'F' is parallel to 40,
therefore AD : DC :: A0 : CF.

Therefore, compounding these two pairs of ratios,

BC : AB) (EC : 40
{AD ; DC} ::{AO : CF}’
that is, AD.BC : AB.CD :: EC : CF,
but EC : CF :: LM : MN, which is the same for every transversal,
Therefore AD.BC:AB,CD is constant. Q. E. D.

N.B. This property may be thus enunciated—If any trans-
versal cut a pencil of four rays, and if a parallel be drawn to an
exireme ray cutting the other three, the ratio of the rectangle under
the whole transversal and its middle part to the rectangle under its
extreme parts is equal to the ratio of the inner segment of the .
parallel to its outer segment.

Now produce 40 to any point 4’, then 04’, 0B, 0C, 0D form
a pencil, and if we still denote the point in which any transversal
cuts the same indefinite straight line through O by the same letter,
the rectangle under the whole and middle part of the transversal
will now be 4B.CD, and the rectangle under the extreme parts
AD. BC. Also LN is parallel to an extreme ray 0A4’. Therefore,
as we have shewn, AB.CD : AD.BC :: NM : ML, since NM is
now the inner part of the parallel to an extreme ray.

Therefore we have still AD.BC : AB.CD :: LM : MN, that
is, if we follow the same order of the letters in the two rectangles
their ratio remains unaltered. This is a very important principle,

in, since AD.BC : AB.CD :: LM : MN and (161)
AD . BC+AB.CD=AC . BD, therefore

. AD.BC:AC.BD::LM : LN,
and AB.CD : AC.BD :: MN : LN.
But LM : LN and MN : LN are constant ratios.

Hence the three ratios of the three pairs of rectangles which
we have considered and their three reciprocals are each constant,
CD : AB being the reciprocal of 4B : CD,

Any one of these six constant ratios is called, in general, the
anharmonic ratio (a. R.) of the pencil. It is the same with that of

M G, )
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the range 4, B, C, D. The pencil 04, 0B, OC, OD is called an
anharmonic pencil. The pencil 04, 0B, 0€, OD I shall often
express thus,—O0 . 4 BCD, where 4, B, C, D are any points on its
four rays. S : i '

The anharmonic ratio of the pencil is expressed thus—
{0 : ABCD}, and of the range thus—[4BCD]. These ratios, as
we have seen, are equal. It will have been observed that the
antecedents and consequents of any anharmonic ratio contain each
the four letters differently arranged with a°point between each
pair of letters. If we assert that the two anharmonic ratios.
[ABCD] and [MRLN] are equal, and form the ratio 4D.BC :
AB.CD in the first, then taking the letters in the same order in
the other we have the ratio

MN .RL : MR. LN equal to AD.BC : AB.CD.
. 'When 4D is cut harmonically, then AD.BC=AE.(CD, and
therefore £C and CF are equal. In this case the pencil 0.4BCD
ig called an harmonic pencil. The range 4, B, C, D may now be
called an harmonic range.

Either extreme ray of an harmonic pencil is called a fourth
harmonic to the other three, and an extreme point of an harmonic
range is also called a fourth harmonic to the other three points of
the range.

166. If two anharmonic pencils with different vertices
ave a common ray and the same anharmonte ratio, the inter-
sections of the three pairs of corresponding rays will lie in the

. same straight line. '
- Let the pencils 0. ABCD and 0'. ABCD have the same an-
harmonie ratios and the common ray 0’4, then shall B, C, D, the

intersections of the corresponding rays, lie in the same straight
line, . o
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Let OB prodiuced meet 'O4 in A, and, if possible, let it not
pass through D, but meet OD and O'D in F and E.
Because {0. ABCF}={0'. ABCE} (hyp.),
therefore AF .BC : AB.CF : AE.BC : AB.CE,
or alternately, AF.BC : AE.BC :: AB.CF : AB.CE,

therefore AF ; AE :: CF : CE,
and therefore AF : AF-AE :: CF : CF-CE,
that is, AF : EF :: CF ; EF.

Therefore AF and CF are equal, which is impossible.
Therefore the points B, C; D must lie in the same straight
line. Q ED.
166. If two straight lines AB and A'B' be similarly
dwided at C, D and C', D', then shall
[ABCD] =[A'B'C'D].
For AD : AB :: A'D' : A'B,
and BC : CD :: BC" : C'D.
Therefore, compounding these ratios, i
AD.BC : AB.CD :: A'D'.B(C" : A'B'.C'D'. Q.E.D.
Cor. Hence the pencils 0. ABCDand O’ . A'B'C'D’, where O
and O’ are any assumed points, have the same anharmonic ratio,
For {0.4BCD}= [ABO’I)]'and {0'.A'BC'D'}=[4A'BC'D].
. _167. If a transversal cut the sides of a triangle, the seg-
ments of any side are in a ratio compounded, of the ratios of
the segments of the other. sides.
A .
0/ '

B [ X %
’ Fig. 1.
Let the transversal DEF cut the sides of the tnangle ABC in’

the points D, E, F, so that CF, FB, BD, DA, AE, EC are the
six segments taken in order.

—%n
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Through C draw C@ parallel to 4B and meeting DF in G.

Therefore_BF « FC :: BD : C@ :: {

C
Fig. 3.
But D4 : CG :: AE ; EC, since the triangles 4 ED and CEG
are similar.

. . BD : DA
Therefore BF : FC :: {AE»: EC}’
and thereforee CF.BD.AE=FB.DA. EC,

or the solids under the alternate segments are equal. Q. E. D.

N.B. In speaking of a transversal cutting systems of straight
lines, I shall generally consider the straight lmes produced in-
definitely both ways.

The converse of the proposition is true, viz. If three points
be taken on the sides of a triangle (one or all three lying on the
sides produced) so as to satisfy the above relation, then shall the
three points be in the same straight line,

L
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For let D, E, F be three points so taken that-
BF : FC = {BD : DA}

133

AE : ECJ’
and if possible, let (Flg 1) DE produced, not meet BC in F but
in 7.

, ) BD : D4
Therefore BF' : F'C : {AE:EC’}’
and therefore BF' : F'C :: BF : FC.
) Therefore BF'—F'C : F'C :: BF~FC : F(C,
/___/ or BC:FC : BC: FC. ,
ore F'C’ and FC are equal, which is impossible.
we D, E and F are in the same straight line.

Any three straight lines drawn through the angles
(/ rle so as to intersect in the same point, divide the
52« ‘des into segments, such that the segments of any

a ratio compounded of the ratios of the segments of
10 sides.

wraight lines drawn through the angles of the triangle
ctin 0. Then shall

BD : DC :: {BF ; FA}

AE : ECJ’
A
|
( ¢
Because EB cuts the sides of the triangle ADC, and FC' euts‘
the sides of the triangle ABD, therefore (167)
DO : 04 BF : FA
BD : BC ..{AE:EC} and BC : DC = {AO:OD}'
Therefore, compounding these ratios, '
. DO : 04
{BD:BC' . 140 : 0D
BC : DO’}' BF : FA

AE ; EC
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DO : 04
But {AO : OD

and {BD : BC} = BD : DC.

BC : DC
BF : F4A
Therefore 5D : D0 i {4 " pok,
and therefore AF.BD.CE=FB.DC.EA,
that is, the solids under the alternate segments of the sides are
equal. Q. E. D,

N.B. The learner should examine the cases in which the
point O is without the triangle 4BC.

The converse of this proposition is true, viz. If the above rela-
tion holds for three points «l on the sides of the triangle, or fwo -
of them on two sides produced, then the straight lines joining these
points with the opposite angles of the triangle meet in a point.

The proof is similar to the proof of the converse of (167).

Cor. Hence the lines joining the points of contact of the
inscribed circle with the opposite angles of a triangle meet in the
same point,

169. If three straight lines drawn through the vertices of
a triangle meet in'a_povnt, and if the points in which these
lines meet the opposite sides be joined; the joiming lines meet
the opposite sides in three points which are in the same straight .
line. Also, every pencil of four lines in the figure 1is an
harmonic pencil, and every range of four points is an har-
monic range.

Let ABC be the given triangle. Let AD, BE and CF meet
in O, and let EF and BC intersect in L, #D and C4A in M,
DE and 4B in N. Then shall Z, M, N be in the same straight
line, and every four-point range and four-line pencil in the figure
shall be harmonie.

Because the three straight lines 4D, BE, GF pass through the
same point 0, therefore (168)

: BF : FA}

BD:DO’::{AE EC|?

and because the transversal L cuts the sides of the triangle 4 BC,
therefore (167)

} is a ratio of equality,

' BF : FA
BL : LO = {AE:EC}.
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Therefore BD : DG :: BL : LC,
and therefore BC is cut internally in D and externally in Z, in

the same ratio.. Therefore B, D, C, L is an harmonic range, and
the pencils £ . BDCL and F. BD(CL are harmonic pencils.

In the same manner it can be proved, that every other four
points on the same straight line or four lines passing through the
same point are harmonic ranges or pencils.

Again, join ZA. Then L.AECM is an harmonic pencil.
Therefore if ML, LC, LE, and LA be produced to meet any
transversal, they will cut it harmonically, but ZLC, LE, LA
meet BN in B, F, A respectively, therefore ML must meet BN
in the fourth harmonic to B, F, 4, but & is the fourth harmonic.
Therefore ML produced must pass through N. Therefore the
three points L, M, N are in the same straight line. Q.E. D.

N.B. If we consider the quadrilateral BDEF, LN is its third
diagonal. Let R be the point in which BE produced would meet
LN.

Then, since B.AECM is an harmonic pencil, therefore &V, R,
L, M form an harmonic range. That is, the third diagonal is cut
harmonically by the other two. Also, P and B are harmonic
conjugates to B and E, since M.BFAN is an harmonic pencil.
So P, M are harmonic conjugates to #, D. Hence, each diagenal
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of a complete quadrilateral is cut in conjugate harmonic points by
the other two.

DEer. In the harmonic range A, B, C, D, the alternate
points B, D or A, C are called harmonic conjugate points,
or simply, harmonic conjugates, and in the harmonic pencil
0. ABCD, the alternate rays OB, OD or 04, OC are called
Ilt?gr;onic conjugate rays or harmonic conjugates. (See 168,

170. Given three consecutive rays of an harmonic penal
or three consecutive points of an harmonic range; find the
JSourth harmonic. More generally, given any three rays of an
anharmonic pencil or any three points of an anharmonic rangs
and the anharmonic ratio; find the remaining ray or point,
the position of the required ray or point with respect to the
given ones being assigned. ’

Let 04, OB, OC be the three given rays. Through any point
P in OB draw the transversals AF and CE meeting OC and 04

A B C D

in F, C and E, A. Join AC, EF, and let these lines meet in D.
Join 0D. OD is thie required fourth harmonic. This is evident
from (169), since the three straight lines A#, CE and OB drawn
through the angles of the triangle 40C meet in the same point 2.

If three points 4, B, C of an harmonic range be given, to find -
the fourth. Join 4, B, C with any point 0. Draw AF and CP
through the same point > on OB. EF and AC prodyced will
obviously meet in 0 the required fourth harmonic.

Again (see Fig, to 164). Let - O4, OB be two of the given
rays, draw any line LN parallel to 04, then if OC be the third given
ray, take MN so that LM : MN is the same with the given
anharmonic ratio, and join ON, this is the remaining ray. But if
04, OB and 0D be the given rays, then divide L& in M, so that
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LM : MN is the same with the given ratio. Join OM, which is
the required ray. If three of the four points of an anharmonic
range be given, join them with any point O and find, as above, the
remaining ray of the pencil with the given anharmonic ratio.
This ray will cut the line joining the three given points in the
required fourth point,

171. The internal and external bisectors of any angle
of a triangle are harmonic conjugates with respect to the sides
containing that angle, and the three points in which the three
external bisectors of the angles of a triangle meet the opposite
sides are in the same strarght line. Also, the points tn which the
external bisector of any angle and the internal bisectors of the
other two angles intersect the sides respectively opposite to
them lie in the same straight line.

Fig. to 169. Let 4ABC be the given triangle, and suppose 4D,
BE and CF to bé the bisectors of its angles, and AL to be the
bisector of the external angle C AN,

The three internal bisectors pass through the same point O
a. -

Also BD :DC :: AB: AC (VL 3),

and BL:LC :: AB:AC (VL 4),

Therefore BD :DC:: BL : LC,
and therefore B, D, C, L form an harmonic range.

Therefore also 4 . BDCL is an harmonic pencil.

Again (169), FE produced must meet BC in the fourth har-
monic- conjugate to B, D, C. Therefore FE passes through L.
In like manner it can be proved that FD passes through M, and
DE through N, where M and N are the other two points in which
the external bisectors of the angles ABC and ACB meet the
opposite sides. Hence it can be proved, exactly as in (169), that
the three points L, M, V are in the same straight line. In fact,
this proposition is only a particular case of (169).

172. If two alternate rays of an harmonic pencil contain
a right angle, they bisect the angles contained by the other two
rays.

Let 4.BDCE be the given harmonic pencil, and DAE the
right angle. Then shall 4D bisect the angle BAC, and AE bisect
its supplement CAH, '
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Draw CF parallel to AE, and meeting 4D in G and AB in F.

B D C E

Therefore (164, N.B.) CG and GF are equal, and the angle
AGYF is equal to the alternate angle GAE, which is a right anglé
(hyp.). Therefore (I. 4) the angles FAG and CA@ are equal, and
therefore their complements ZAH and EAC are also equal. Q. E. D.

-178.  Given the base and the ratio of the sides of a
triangle; find the locus of its verte.

Let BC be the given base, and divide it internally in D and

B D C
Fig. 1.

externally in £ in the ratio of the sides so that B, D, C, E is an
harmonic range.

On DE describe the semicircle DAE. This is the reqmred
locus. For join any point 4 in the arc of the semicircle to the
points of the range. Therefore 4. BDCE is an harmonic pencil,
and the two alternate rays 4D, AE contain a right angle.

Therefore (1732) A.D bisects the angle BAC, and therefore (VI.
3) AB : AC :: BD : DC, that is, in the given ratio.

Cor. Hence given the base, the vertical angle and the ratio of
the sides, we can construct the triangle. For when the base and
vertical angle are given, the locus of the vertex is a known seg-
ment upon the base (53).- Also when the base and the ratio of
the sides are given, the locus of the vertex is, by the proposition,
& known semicircle,

A point in which these two circles intersect will determine the
vertex. :
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Otherwise thus. On ‘the given base BC describe a segment

BAC containing an. angle equal to the

given vertical angle, and bisect the remain-

ing segment BEC in E. Divide BC in D

in the given ratio of sides. Join ED, and

produce £D to meet the opposite circum-

ference in 4. BAC is the required tri-

angle. Because the arcs BE and CE are

equal, therefore 4D bisects the vertical w

angle BAC, and therefore (VI. 3) Fig. 2.

BA : AC :: BD: DC.

174. If two straight lines drawn from the ends of the
‘base of a triangle to meet the opposite sides intersect on the
perpendicular to the base, the straight lines josning their points
of intersection with the sides to the foot of the perpendicular,
are equally inclined to the perpendicular.

Let 4 BC be the given triangle, 4D the perpendicular on the
base, and BE, C'F the straight lines drawn from
the ends of the base, intersecting in any point ¢ A
on AD. Join ED, FD. These lines are equally
inclined to 4D.

Because three straight- lines drawn from the
angles of the triangle ABC intersect in the Y
same point @, therefore (169) D.BFAEL (or
D.BHGE) is an harmonic pencil, but BD@ is a right angle, there-
fore (172) GD bisects the angle HDE, and BD bisects its supple-
ment. Q. E.D, :

N.B. That the perpendiculars of a triangle bisect the angles
of the triangle formed by joining their feet is only a particular
case of this theorem. It can, however, be easily proved inde-
pendently.

175. The reciprocals of lines in harmonical progression
are in arithmetical progression, and conversely, the reciprocals
of lines in arithmetical progression are in harmonical progres-
ston. "(See 150, Def.)

It will be sufficient to consider three consecutive terms of the
progression, since every other three consecutive terms can be simi-
larly treated.
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Let then AC, AB, AD be in harmonical progression. Draw 40
perpendicular to 4.D and equal to the linear unit,

D B C A D’ B C .

Draw OD', OB, 0C', OA' respectively perpendicular to 0D,
OB, 0C, OA. Therefore OA’' is parallel to 4D, and the angles
DOD', BOB are right angles; therefore, taking away the common
.angle BOD', the angles DOB and D'OB’ are equal. Sjmilarly, the
angles BOC and BOC’, COA and C'O4’ are equal. Therefore the
pencils 0. DBCA and O. D'B'(C’A’ have their angles equal, each to
each, and therefore they admit of superposition. Hence

{0.DBCA}={0.D'B'C’4’}.

Therefore O .D'B'C"4’ is an harmonic pencil, and since A(' is
parallel to its extreme ray O4’, therefore D'B’ and B'C’ are equal,
and therefore 4D’y AB', AC" are in arithmetical progression, but
those lines are the reciprocals of 4D, 4B, AC respectively. For
AD.AD = A0, since DOI) is a right angle and 40 perpendicular
to DD, that is,
- AD : AQ :: A0 : AD',
or A7’ is a third proportional to 4D and the linear unit A0. In
like manner it can be shewn that 4B’ is the reciprocal of 4B and
AC' of AC. '

Therefore the reciprocals of lines in harmonical progression are
in arithmetical progression.

The converse follows at once from the same construction,

'N.B. Since twice the arithmetic mean between two given
lines is equal to the sum of the extremes, if we represent the
reciprocal of 43 by -1, which is o be read, tie reciprocal of AB,
the first part of the above theorem may be expressed thus:—

1 "1 + 1 2 1 1
‘A8~ 40" 4D’ ™ 4B~ 4C T 4D’
which is to be read, twice the reciprocal of the harmonic mean

between two lines is equal to the sum of the reciprocals of the
extremes.

2
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176. Guwven two unequal straight lines; find the arith-
metic, geometric and harmonic means between them, and prove
that the geometric mean 18 a mean proportional between the
other two means.

Let AC and 4D be the given extremes. On CD describe the

P

A [y B 0 D

semicircle with centre 0. Draw the tangent 4P and PB perpen-
dicular to 4D. Join PO.

AO is evidently the arithmetic mean, for the difference between
AC and A0 is equal to the difference between .40 and 4.D.

AP is the geometric mean, for 4P*=A4C . A.D (IIL 36).

Also 4B is the harmonic mean, for PB is perpendlcujar to
the hypotenuse AO of the nght-angled triangle AP0, and there-

fore
OB.04=0P=0C"

Therefore (163) AD is cut harmonically in ¢ and B, that is, 48 is
the harmonic mean between 4AC and 4.D.

Again, from the right-angled triangle AP0, AP'=A40.43B,
that is, the geometric mean is a mean propormona.l between the
other two means. It is also obvious from the figure, that the arith-
metic mean is the greatest and the harmonic the least.

N.B. If we take PB as the linear unit, then BO is the re-
ciprocal of AB, for AB.BO= PB°’. Also, BD is the reciprocal of
CB, and OB of BD, for CB. BD = PB’, but the difference of CB
and BD is twice BO ; therefore twice the reciprocal of the mean
AB s equal to the difference of the reciprocals of the two differences
CB and BD, or, as we may concisely express it,

2 1 1

Again, if we take AP as'the linear unit, the reciprocal of AO
is AD, of AB, AO and of 4D, AC, and these reclprocals AD, A0,
AC are obv1ously in arithmetical progression. .
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This property has been already proved in (175), where it is
2
expressed by -3 = 75+ -

177. If through a fixed point two transversals be drawn,
intersecting two given straight lines, and if the points of inter-
section be joined transversely; find the locus of the point of
intersection of the j ]mmng lines.

A A

Fxg 2.
First, let the two given lines 4B, AC intersect in A.

* Let P be the fixed point. Through P draw the transversals
PDE, PBC, and let the joining lines CD, EB meet in 0. It is
required to find the locus of O.

Join AP, AO. Then A. PBOC is an harmonic pencil (169),
and its thres rays AP, AB, AC are fixed, therefore (170) the
remaining ray 40 is determmed which is the required locus.

Next, let the two given lines 4B, CD be parallel. Through

the fixed point P draw the transversals
PAC, PBD. Join PO, meeting the given

lines in £ and F. Because the triangles A C ‘

DOC and AOB are similar, 5

" therefore DO : 04 :: CD : AB,

but the triangles DOF and AOF aresimilar, P D
therefore DO : 04 :: FO ;: OF.

Therefore FO : OF :: CD : AB. Fig. 3.
Also, because C'D and 4B are parallel, ’
CD : AB :: DP : PB ;: FP : PE.

Therefore O : OF :: FP : PE. Therefore FP is cut har-
monically in £ and O. But P, E and F are given points. There-
fore O is known, and a pamllel to the given lines through O is the
required locus,
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. N.B.  In finding the locus of O, when the two given lines are
parallel, we have proved the case of (169), in which one of the
lines joining the points of intersection of two sides is parallel to
the third side.of the triangle. .

For the three lines drawn through the angles of the triangle
PCD intersect in O, and meet the opposite sides in 4, B, F, and
A B is parallel to the third side CD.

178. Through a given point without two given straight
lines any transversal 1s drawn and a point taken on it, such
that the reciprocal of its distance from the given point s equal
to the sum of the reciprocals of the intercepts between the
given point and the given lines; find the locus of the point of
section.

Let O be the given point, 4B and C'D the given lines.

R VA A
FER

H r D

Draw any transversal though 0, meeting the given lines in 4
and C, and (170) find the point £ such that O, 4, Z, C may be an
harmonic range.” Then the locus of £ is‘a fixed line £F passing
through the intersection of 4B and CD, or parallel to them, if the
given lines be parallel (177). Bisect O& in P, and draw PH
parallel to £ZF. PH is the required locus. Because O, 4, E, C'is
an harmonic range, therefore (175) :

2 = 1 + _]L_ but ._2__ = .L
OE 047 w0’ VE 0P’
since the reciprocal of half a line is evidently twice the reciprocal
of the whole line. ‘ -
' 1L _1.,1
OP 04" 0C’
and therefore PH is the required locus.

Therefore

179. Through a given point within two given straight
lines any transversal is drawn, and a point taken on it such
that the Teciprocal of its distance from the given point 18 equal
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to the difference of the reciprocals of the intercepts between the
gwen povnt and the given lunes ; find the locus of the point of
section. ,

Let O be the given point, and 4B, CD the two given lines.

Draw any transversal CE through O, and find the locus of a
point £ such that £, 4, 0, C is an harmonic range.

This locus EF will either pass through the intersection of 4B
and CD, or be parallel to them, if the given lines be parallel (177).

Bisect OF in P, and draw PII parallel to EF. PH is the

uired locus. Because O and £ are harmonic conjugstes to
C and 4, therefore (176, N. B.)

2 1 1,
0k~ 40~ 00"
1 2 1 1 1
but P = 08" therefore 0P=20°00"
Therefore PH is the required locus,

180. If through a given point without any number of
grven straight lines a transversal be drawn and a point taken
on t, such that the reciprocal of its distance from the given
yount 18 equal to the sum of the reciprocals of the intercepts

tween the given point and given lines; find the locus of the
pownt of section.

Let O be the given point, and 4B, CD, EF, ..... .... the given
lines. '

Draw any transversal through O, outting the given lines in
4,0, E, ...

Find (178) Zf the locus of & point L such that

1.1,
uL 04 " 0C’



182.] AND IN MODERN GEOMETRY. 145

we can now replace 4B and CD by LM, since

1 1.1 1
0_4L+:ﬁ' -..—6"‘4""'6(7 OE...

/B
In this way we finally reduce the problem to (178). Hence
the required locus is a fixed straight line.

181. If through a given point within any number of
straight lines a transversal be drawn, and a point taken on
it, such that the reciprocal of its distance from the given
point s equal to the excess of the sum of the reciprocals
of the intercepts between the given pownt and the lines on
one side of 1t over the sum of the reciprocals of the inter-
cepts on the other side of it; find the locus of the point of
section. :

Let O be the given point, and L@ any transversal through it. .

Find by (180) a line LM such that the reciprocal of OL is
equal to the sum of the reciprocals of the intercepts between O

L/ \u
/
M

R
and the lines to the left of O and a line QR, such that the re-
ciprocal of 0@ is equal to the sum of the reciprocals of the inter-
cepts to the right of 0. The problem is now reduced to finding
the locus of a point on L@, such that the reciprocal of its distance

from O is equal to the difference of the reciprocals of OL and 0@Q.
The locus is therefore (179) a fixed straight line.

182. On the sides of a triangle produced through the
ends of the base, parts are taken in a given ratio, and their

M. G. R\
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extremities joined to the remote ends of the base; find the
locus of the intersection of the joining lines.

‘Let ABC be the given triangle, and let BD : C@, BE : CH,
and BF : CK be taken in the given ratio, Join ., E, F to C, and
G, H, K to B. _

Because the straight lines BF and CK are similarly divided,
therefore (166, and Cor.)

{B.CGHK}={C. BDEF),

and the pencils have different vertices B and C, and the ray BC
common, therefore (165) the three points M, N, R, in which the
corresponding rays Intersect, lie in the same straight line ; there-
fore if we suppose the points M, N fixed, the straight line MN
passes through any variable point B on the locus. Therefore
M N produced indefinitely is the required locus.

DEr. Two triangles are called co-polar when the lines
joining corresponding vertices meet in a point, and this
point is called the pole of the triangles. Two triangles are
called co-azial when the intersections of the corresponding
sides lie on the same straight line, and this line 1s called
the axis of the triangles, : : -
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183. If two triangles be co-polar, they shall also be co-
axial ; and conversely, if two triangles be co-axial they shall
also be co-polar.

First, let ABC, 4'B'C" be the two co-polar triangles, O bemo'
the pole, so that 4 and 4, B and B, ¢ and (' are the corre-
sponding vertices, and the sides BC and BC',CA and C'4', AB
and 4'B', opposite to these vertices, the eorrespondmg sides, :

Let the corresponding sides meet in L, M, &, and join LA'
LM, LA, LO and MN,
Because the transversals LB and LB’ cut the same pencil w1t.h

vertex O, therefore [LODB]=[LC"EB’}, and therefore
{A.LCDB}={4'. LC'EB'}.

Therefore the pencils 4.LCDB and A'. LC"EB have a
common ray AA’ and the same anharmonic ratio, therefore (165)
the intersections of the corresponding rays, AL and A'L, AC and
A'C’y, AB and A'B' lie on the same straight line, that is, the points
L, M, N are in the same straight line, Therefore two co-polar
trumgles are also co-axial.

Next, let the two triangles 4.BC, A'BC" bo co-axial, so that
the pomts L, M, N are now given in the same straight line, Then
shall CC', BB’, a.nd 4.4’ meet in the same point,

\Q—%
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Let C'C and B'B be produced to meet in O.

Now consider the two triangles M('C and NB'B. The lines.
joining the corresponding vertices M and N, " and B, C and B
meet in L, since &N, M, L are in the same straight line (hyp.).
Therefore, by the proposition just proved, the intersections of the
corresponding sides must lie on the same straight line, that is, the
intersections of MC' and N B, C'C and B'B, CM and BN, but
these intersections are the points 4’, O and 4. Therefore 4’4
produced passes through 0. Therefore two co-axial triangles are
also co-polar. Q.E.D.

184. Guven three fixed straight lines meeting in a point,

if the three vertices of a triangle move one on each of these

ines, and two sides of the triangle pass through fized points;

prove that the remaining side passes through a fized point on
the line joining the two given points.

Let 04, OB, OC be the three fixed lines, Z, M the two fixed

points. Take two positions 4BC, 4'B'C” of the triangles, and pro-

duce AB, LM to meet in P. Join PO, PA’. PA’ produced will pass
through B'. For, if possible, let PA’ meet OB in B, and join
OL, OM,

[ONCC]={L.ONCC}={2}.ONCC},
but obviously {L.ONCC'}={L.0SA4’}.
In fact, these are anharmonic ratios of the same pencil.
Similarly {M.ONCC'}={M.OTBB}.
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Therefore [OTBB]=[0844"},
and therefore
OT.BB:0B.BT::08.4'4:04'. 48,
but 0S.4'4 :04'. 48 :: OT.BB : OB. BT,

since each ratio is the anharmonic ratio of the pencil with
vertex P.

Therefore
OT.BB:0B8.BT :: OT.B'B:0B'. BT,
or, alternately,
OT.BB:0T.BB::0B.BT : OB .BT.
Therefore (VI. 1) BB :B'B::08: 0B.
But BB is greater than B'B, therefore Of is also greater than

OB, which is impossible. Therefore P, A’ and B’ must lie on the
same straight line.

Therefore 4'B’ always passes through the intersection of LJf
and 4B. -

If therefore we consider ABC as a fixed triangle, the intersec-
tion of 4B with the fixed line LM will determine the fixed point
through which the base 4’'B’ of any variable triangle 4'B'C’,
satisfying the conditions of the proposition, always passes. Q. E.D.

N.B. In this proposition we have incidentally proved an
important principle, viz. If two anharmonic ranges not formed on
the same straight line have a common point and the same anharmonic
“ratio, the straight lines joining the three pairs of corresponding points
meet in @ point. (Compare 165.)

For [OB'BT] =[04'AS], and we have proved that A'B', 4B
and S7' meet in the same point P,

Cor. Hence we can describe a triangle having each of its
vertices on one of three fixed straight lines meeting in a point, and
each of its sides passing through a fixed point.

Let 04, OB, OC be the fixed lines, L, M two of the fixed
points through which the two sides of the required triangle are to
pass. Omitting the third point, find the point P through which
the base always passes. Join P with the omitted point, and let
the joining line meet 04, OB in the points 4, B. AB is the base
of the required triangle. Join AL and BM meeting in C. A4BC
i3 the required triangle, o
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185. Two vertices of a triangle move on flwed straight
lines, and the three sides pass through three fized points,
which lie on a straight hine; find. the locus of the third
vertex. ’

(o}

Lot LM, LN be the two fixed straight lines, O, P, Q the three
fixed points. Take two positions of the triangle, 4BC, A'B'(",
and join LO, LP, LQ. . :

[MAA'L}=[NBPE'L], since each is the anharmonic ratio of the
pencil with vertex O.

Therefore {P. MAA'L}={Q . NBB'L}.

Therefore the pencils P, MAA'L and Q . NBB'L with different
vertices and a common ray P@Q have the same anharmonic ratio,
therefore (165) the intersections of the corresponding rays P4 and
@B, PA' and QB', PL and QL lie on the same straight line. But
these intersections are the points C, C', L. Therefore if the
triangle 4 BC be considered fixed, the fixed straight line ZC will
always pass through the vertex (' of any variable triangle of the
. system. Therefore the required locus is a fixed 'straight line pass-
ing through the intersection of the straight lines on which the two
vertices move,

Cor. Hence we can inscribe in a given triangle another, so
that its sides shall pass through three given points in a straight
‘line. :

For, let LM, LN be the two sides of the given triangle, O,
P, Q the three given points. Omitting the third side of the given
triangle, we can find the locus of the vertex of the required
triangle. Let this locus meet the omitted side in C. Join CZ,
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CQ meeting LM, LN in A, ‘B respectively.. ABC is the required

triangle,

186. The base of a triangle passes through a fized point,
the base angles move on two fized straight lines, and the sides
pass through two fized points which lie on a straight line
passing through the intersection of the two fixved lines; find
the locus of the vertex. ~

Let O be the point through which the base passes, LM, LN
the two given lines on which the base angles move, P, @ the given
points through which the sides pass, L, Pand @ being in a straight
line,

Take three positions of the triangle, ABC, 4'B'C" and 4"B"C",
and join OL.

[L4A4’A") =[LBB'B"], since each of these ratios is the anhar-
monic ratio of the pencil with vertex 0.

Therefore {P.LAA'A"}={Q .LBB'B"}.

Therefore the pencils P.LAA'A” and Q. LBB'B" have a com-
mon ray P@Q and the same anharmonic ratio, therefore (165) the
intersections of °’4 and @B, PA’' and QB', PA"” and @B, that is,
the points C, ¢, C” lie on the same straight line. Therefore if
the two triangles A BC, A'B'C’ be considered fixed, the fixed straight
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line CC' will always pass through thé vertex C” of any variable
triangle of the system. This fixed straight line is therefore the
required locus.

187. Any quadrilateral is divided by a straight line
tnfo two others; prove that the intersections of the" diagonals
of the three lie in a straight line.

Let ABCD be the given quadrilateral, and Z, F the points in
which the straight line dividing it into two others meets the

opposite sides, (This straight line is not drawn, in order not to
complicate the figure.)

Let the diagonals of the three quadrilaterals intersect in P, 0,
Q; then shall P, O, @ be in a straight line. Join PO, 0Q, £0,
OF.

The transversals DB and (4 cut the rays of the pencil with
vertex F in the points D, @, O, B and C, 4, O, H respectively,
taken in order. .

Therefore {4 . DGOB} ={B . CAOH}.

Again, DE cuts the pencil 4. DGOB, and CE cuts the pencil
B.CAOH. Therefore [DPME]=[CENQ]

Therefore {O. DPME}={0.CENQ}.

Now the two pencils 0. DPME and O.CENQ have the same
anharmonic ratio, the ray OF common, the rays O.D and ON in the
same straight line, and OM and OC in the same straight line;
therefore the remaining rays OP and 0@ must also form one straight
line. Q.E.D. : ,
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N.B. That PO and OQ form one straight line may be thus
proved. " (See also 170, which implies that 2O and 0@ form one
determinate straight line.)

If possible, let PO produced meet CE in a point @' different
from Q. Then {0. DPME}={0.N@CE}. The points Dand ¥
correspond, for the transversals DE and EC cut the same ray OD
in the points D and &N, So P and @ are points on the sams ray,
and M and C.

But {0. DPME}={0.CENQ)}, as has been proved above.
Therefore [CENQ]=[NQ'CE],
and therefore CE.NQ:CQ.NE ::CE.NQ : NE.(CQ),
or, alternately, CE.NQ:CE.NQ ::CQ.NE: NE.CQ'.
Therefore NQ:NQ ::CQ:0Q.

If @' lie between N and @, then N Q' is less than N, from the
figure, and consequently Q' greater than CQ, but since N¢' is
less than NQ, and NQ : N¢' :: CQ : CQ’, therefore C'Q’ is also less
than C'Q, but it has been shewn to be greater than it, which is
impossible.

In like manner, it can be proved that @' cannot lie between Q
and C. Therefore PO produced must pass through @. The prin-
ciple proved in this note is often useful.

The proposition (187) may be enunciated in several other
ways, Thus, (a) Given in magnitude and position the bases AB,
CD of two triangles AFB, CED, and that the vertex of each triangle
moves on the base of the other ; prove that the line PQ joining the
intersections of their sides AF, DE, and BF, CE always passes
through the fimed point O in which the lines joining the ends of the
bases intersect.

Or thus,—(B). If the angles of a variable triangle PFQ move
on three given straight lines ED, DC and CE, whalst the two sides
PF, FQ pass respectively through two fixed points A, B lying on a
stratght line passing through E, the intersection of the lines on which
the base angle moves, the base PQ always passes through amother
Jixced point. :

188. If two circles cut one another orthogonally, any
straight line drawn through the centre of either and meeting
both circles s cut- harmonically by the two circumferences.
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Let the two circles whose centres are O and 0’ cut orthogonally
at . Then shall any straight line AD drawn through the centre
of either be cut harmonically at ' and B.

Because OE(’ is a right angle (hyp.), therefore (IIL. 16) OF
is a tangent to the circle CED, and therefore (IIL. 36) OC.0D
=0FE*= 0B, Therefore (163) _A C, B, D form an harmonic range.
Q.E.D.

N.B. The converse is also true, viz. If a line be cut harmonic-
ally, any circle through one pair of conjugate points 18 cut orthogon-
ally by the circle on the distance between the other pair of conjugates
as diameter.

For, let 4D be cut harmonically in €' and D, Describe any
circle passing through €' and ., and describe a circle on 4B as
diameter intersecting the former in E. Join OE. Because 40
is cut harmonically and AB is bisected in O, therefore (163)
0C.0D=0B=0F". Therefore (IIL 37) OF touches the circle
CED at E. Therefore the two circles cut one another orthogonally.

» DEr. If four fixed points on a circle be joined to any

variable point on the circle, the anharmonic ratio of the
pencil thus formed is called the ankarmonic ratio of the four
points, and if a variable tangent meet four fixed tangents,
the anharmonic ratio of the four points of intersection is
called the anharmonic ratio of the four tangents.

189. The anharmonic ratio of four JSized ponts on a
circle is constant.

Let ABCD be the four fixed points on the circumference, and
O or O’ any variable point on the circumference.
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‘While O remains on the arc 40D it is evident that the anhar-
monic ratio of the pencil 0, A4BCD continues the same, since
its angles continue the same.

.0

Let O pass to O’ between 4 and B, and produce 40’ to 4.

The angles 4'0’'B and 40B are equal (IIL. 22), because 40B0’
is a quadrilateral in a circle. Therefore the two pencils 0. A BCD
and 0. A’BCD have their angles respectively equal. Therefore
{0.4BCD}={0'.A'BCD}, but the pencils 0'. ABCD and 0'. A'BCD
are really the same (164, N. B.):

Therefore {O.ABCD}={0'. ABCD}. Therefore the anhar-
monic ratio of four fixed points on a circle is constant.

190. If a variable tangent meet two fixed tangents, the
antercept on it subtends a constant angle at the centre of the
circle.

D

Ly

Fig. 2..
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Let O be the centre of the given circle, B, C the points of
contact of the fixed tangents which meet in 4, and P the point of
contact of the variable tangent DE. Then shall the intercept DE
subtend at the centre an angle equal to half the angle subtended
at the centre by the points of contact B and C.

From the figures it is clear that the angle DOP is half the
angle BOP, and the angle ZOP half the angle COP. Therefore
the angle DOZ is half the angle BQC. q.E. D.

191, The anharmonic ratio of four fized tangents s
constant.

Let O be the centre of the circle, 4, B, C, D the points of
contact of the fixed tangents, and P the point of contact of any
variable tangent. Let the variable tangent meet the fixed tangents
in L, M, N, R respectively, and join these points to the centre O
by the dotted lines, which do not necessarily pass through any of
the points of contact 4, B, C, D.

The pencil 0. LILVR has all its angles constant by (190).
Therefore {0 . LM.NR} is always constant. Q. E D.

N.B. By comparing (189) and (191) it is obvious that the
anharmonic ratio of any four tangents is equal to that of their four
points of contact, since the angles which the intercepts on the
tangents subtend at the centre are respectively equal to the angles
subtended by the points of contact at a point on the circamference,

192. Prove that the anharmonic ratio of four points on
a ctrcle 18 the same with the ratio of the rectangles under the
opposite sides of the quadrilateral formed by joining the four
points.

Let 4, B, C, D be the four fixed points on the circle.
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Take 4D’ equal to AD, join DD’ and produce it to meet the
circle again in O,

Join 04, OC, OB, and draw .D'C” parallel to CB. Join AC”,
AC.

Because C”C' meets the two parallels D'C", C'B, therefore the
angles D'C""C and OCB are equal, but OCB and OAB in the
same segment are equal, therefore 'C”'C equals O4 B, and therefore
the quadrilateral 40C" D’ is circumscribable by a circle. There-
fore the angles AC”D' and 40D, D'AC” and D'OC' are equal,
but 40D’ and ACD, D'OC” and CAD are equal. Also AD' and
AD are equal (constr.). Therefore (I. 26) the triangles 4.D'C”
and ADC are equal in all respects; therefore D'C"” and DC are
equal,

From the similar triangles C"C""D’ and C"CB,
DC :CB:: (DC"=)DC : OB,
also AB : AD :: AB : AD,
since 4D’ and 4D are equal,
Therefore compounding these ratios, ’
AB.D'C' ; AD'.C'B:: AB.CD : AD.CB. Q.E.D.

193. If any hexagon be inscribed sn a circle, the inter-
sections of the three pairs of opposite sides lie on the same
stratght line. (Pascal’s Theorem.)

Let ABCDETF be any hexagon inscribed in a circle, and Z, M,
N the points in which its opposite sides meet. L, M, IV are in
the same straight line. Join LM, MN, AC, AD, EC, EB and
MC. .
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By (189)  {4.FBCD}={E.FBCD}

But the pencils 4. FBCD and 4. LGCD are identical, and so
are . FBCD and E . NBCH.

Therefore {4. LGCD} = {E NBCH),

Also, clearly, . {4.LGCD}={¥M.LGCD},
and {F.NBCH}={M,NBCH}.
Therefore {M.LGCD}={M.NBCH}.
Therefore (see 187, N.B.), LM and YN form one straight line.
Q E D.

194. The straight lines joining the opposzte angles of
any hexagon described about a circle pass through the same
pownt. (Brianchon’s Theorem.)

Let ABCDEF be the hexagon circumscribing the circle, and
let its two alternate sides AB and CD meet the other four sides in
B, 4, H, G and C, K, L, D, respectively. Join £4, FD,

Therefore (191), [BAHG]=[CKLD].
And therefore {E.BAHG}={F.CKLD}.
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*Also the ray EF is common to the two pencils £. BAI@ and
F.CKLD, therefore (165) the intersections of the corresponding
rays EB and FC, EA and FK, EG and FD lie on the same straight
line, but these intersections are the intersections of the two
diagonals ZB, FC and the two points 4, D respectively ; therefore
the diagonal 4 D passes through the intersection of the other two
diagonals £B and FC. Q. E. D,

x®

N.B. It is worthy of remark, that in (194) we have cut the
same four sides of the hexagon by any two sides 4B, C'D, which
have only one side BC between them, and that the vertices of the
pencils are at the extremities of the side opposite BC.

Again, in (193) the vertices of the pencils are at any two
vertices 4, Z of the hexagon separated by only one vertex F
between them, and ﬁ:he four other vertices of the hexagon:cor-
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respond to the four sides which are cut by the other two in
(194).

In propositions like the present one, the learner is recommended
to place small numbers and small letters at the corresponding points
or lines, as has heen done in (194). Thus the points (1) are both
on BC, (2) on AF, (3) on FE, and (4) on ED, and (v) is placed at
the vertex of each pencil. If it conduce to clearness, (v') may be
used at one vertex for (v), and one set of numbers may also
accents (1), &c. We have then (191) {v. 1234} = {v’'. 12’3’4}, and
the theorem is now manifest by (165).

196. If we assume six points on the circumference of
a circle, and join them in the order ABCDEFA (forming
a figure which we may call, by an extension of the term, an
inscribed hexagon or hexagram), the intersections of the
opposite sides FA and CD, AB and DE, BC and EF lie on
the same straight line.

This is proved by applying to the figure here the words of
the proof of (193).

In like manner, if we join the six points in any other order,
the points corresponding to L, M, & will still be in a straight
line.
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196. Given siz points on the circumference of a circle;
Jind a seventh point on the circumference, such that the an-
harmonic ratio of it and three of the points taken in an
assigned order, shall be equal to the anharmonic ratio of 4t
and the other three points taken in an assigned order,

Let it be required to find a point O on the circle, such that
the anharmonic ratios of 0, 4, £, C and 0, D, B, F, the points
being taken in this order, shall be equal, where 4, E, C, D, B, F
are the six given points.

‘Write down the given points in the above order, thus
' (AEO)
DBF) "
Now interchange the middle points, thus

(ABC
(DE’F) ! ,
and form a hexagon by taking the points in this order, A BCDEF.

Let the opposite sides of this hexagon meet in Z, M, N. These
points will be in a straight line (195), and this straight line
produced will meet the circle in two points O and O, either of
which will be the required seventh point,

Join DO, 04, and 4D cutting 00’ in K.
Then, o _
{D.0AEC}={D.0KML}, and {4.0DBF}={4.0KML},
but {D.OEML}={4.0KML}
M. G, N\
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Therefore [0AEC]=[ODBF].

Therefore O is the required seventh point. In like manner it .
can be proved that
[0'AEC]=[0'DBF],

so that there are two points satisfying the conditions of the
problem, )

N.B. It will have been observed that we have used [OAEC')
to denote the anharmonic ratio of four points on a circle, as wel
as that of four points on a straight line, but no confusion can
arise from this extension of the meaning of [0AEC], since the
figure will always indicate whether a range, or four points on a
circle, are meant.

197. Qiven six points on a straight line; find a seventh
point on the given line, such that the anharmonic ratio o
1t and three of the points taken in an assigned order, shall be
equal to the anharmonic ratio of 1t and the other three points
taken in an assigned order.

Let 4, E, C, D, B, F be the given points. Describe ;my
circle, and join any point P on its circumference to the six given

points. Let these joining lines meet the circumference again in
4, E, C', D, B, F', and find (196) a point O’ such that

[OA'EC)="ODBF)
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Join O'P, and produce it to meet the given line in 0. Then O is
the required point.

For, obviously, {P.0AEC}={P.0'4'E'C"},

and {P.ODBF}={P.O'D'BF'},

But {P.OL'EC}={P.O0D'BF'}, (constr.)

therefore {P.OAEC}={P.ODBF},
or [OAEC]=[ODBF].
Therefore O is the required point.
Another point may be found satisfying the conditions of

the problem, since another point besides 0’ may be found on the
circle,

198. Inscribe tn a given polygon another of the same
number of sides, so that each of its sides shall pass through
a given point,

All that is meant here is that there is a mumber of given
points, and the same number of given straight lines indefinitely
produced both ways, and that it is required to describe a polygon
80 that each of its sides shall pass through one of the given
points, and each of its vertices be upon one of the given straight
lines,

Let ABCD be the given polygon, L, M, N, R the given
points.

On any side BC of the polygon take three points @,, G,, G,
as trial positions of one vertex (or angular point) of the required
polygon,

Join G\ M meeting BA in F,; join F N meeting AD in E,
join BB meetmg DC (the side adjacent to CB with which we began)
in Hn and join @ L, also meeting DC in K.

Proceed in the same way with &, and @,.

Thus the points H,, I, H, and K K, K, are determined on
the side DC adjacent to BG’ on which “the’ three points were
assumed at first,

Now suppose ZFGH to be the required inscribed polygon.
Then clearly
{L.HK KK }={L.GG GG }={M.GG GG }={M.FF.FF}
={N.FFF,F}={N.EEEE}={(R.EEELE}={R. HH H.H }.
n—u
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Therefore  {L.HKK,K}={R.HHHH)}
or  [HKKK,()=[HHHH,).
Hence the problem is reduced to (197), since X is the required
point, and the other six points are given.

A

N.B. We have supposed the successive order of the angles
and sides of the required polygon with respect to the sides of the
given polygon and the given points to be assigned. Thus there
will be, in general, two solutions, since another point A can be
found such that [AK K, KJ (rH HH,)
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I-will not stop to discuss the particular cases of the problem,
such as, when all the given points are in a straight line, or when
all the given straight lines pass through the same point. In either
case there will be only one effective solution. (See 185 and 184.)

The elegant applications of anharmonics in (196), (197), and
(198) are due to the Rev. R. Townsend, F.R.S., Fellow of Trinity
College, Dublin, and Professor of Natural Philosophy in the
University.

199. Find the locus of the intersection of equal tangents
to two given circles, and prove that it is a straight line,
p:g)endz’cular to the line joining the centres of the circles
and dividing this line, so that the difference of the squares on
ils segments 18 equal to the difference of the squares on the
corresponding radii.

Let A and B bo the centres of the two given circles, CD, CE
equal tangents from a point €' in the required locus.

’ U
Fig. 1.
Draw (Fig. 1) CO perpendicular to 4B, and join 4D, AC,

BE, BC.

" The difference of the squares on 40 and OB is equal to the
difference of the squares on 4C.and OB, and this difference is equal
to the difference of the squares on 4D and BE, since CD and CE
are equal (hyp.).

Therefore CO always divides 4B, so that the difference of the,
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squares on its segments is equal to the difference of the squares on
the radii.

Fig. 2.

Therefore CO is a fixed straight line, and is therefore the
required locus.

Fig. 3.

If the circles intersect as in (Fig. 2), it is evident that the chord
of intersection is the required locus, for if C' be a point on the
chord of intersection, CD*=CH.CG =CE*. 1If the circles touch
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at O as in (Fig. 3), the common tangent C'O is the required locus,
for CD=C0=CEL.

In all cases 40* ~ BO* = AD*~ BE", .

If one circle be entirely within the other, the required locus
will cut the line joining the centres externally outside both circles,
and on the side of the centre of the less circle. This at once appears

from the fact that the line joining the centres of the two circles is
less than the difference of the radi.

It is also clear from the three figures, that if from any point on
CO produced indefinitely both ways we draw two straight lines,
one cutting each circle, the rectangle under the segments into
which the chord of one circle is divided at the assumed point on
CO0 is equal to the rectangle under the segments of the chord of the
other circle, made by the same point.

DEr. The locus of the intersection of equal tangents
to two circles is called the radical azis of the two circles,
or, which is the same thing, the locus of a point such that
if straight lines be drawn through it, cutting both circles,
the rectangles under the segments of the chords made by
tpelpoint are equal, is called the radical axis of the two
circles,

200. The radical axes of each pair of a system of three
circles meet in a point.
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. First, let the three given circles all intersect one another, then
shall the three chords of intersection (that is, the three radical
axes) pass through the same point within all the circles.

Let A, B, C be the centres of the three circles, and let the
chords DE and HK intersect in 0. Join FO. FO, if produced,
will pass through @, for, if possible, let it not pass through @, but
.meet the two circles (4) and (B) in L and M,

Therefore (IIL 35) DO.OF = HO . OK, because DE, HK are
chords of the circle (C). But DO.OE =FO.OL, because DE, FL
are chords of (4), and HO.OK =FO0.OM, because HK, FM are
. chords of (B).

Therefore #O.OL = FO.OM, and therefore OL = OM, which
is impossible ; therefore #O produced must pass through @, that
is, the three chords of intersection meet in the same point O with-
in all the circles.

Next, let the circles not all intersect one another.

Let DO, the radical axis of (4) and (B), and EO, the radical
axis of (4) and (C), meet in O, and from O draw the three
tangents OF, OG, OH to the three circles. Because O is a point
in the radical axis of (4) and (B) the tangents OF and OG are

Fig. 3.

equal, and because O is a point in the radical axis of (4) and (C)
OF and OH are equal ; therefore the tangents OG and OH to the
two circles (B) and (C) are equal. Therefore O is & point in the
radical axis of (B) and (C). Therefore the three radical axes of a
system of three circles pass through the same point. Q. E.D.
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Der. The point in which the three radical axes of a
system of three circles meet is called the radical centre of
the system. : :

Cor. Hence, when the radical centre is without the circles, we
can describe a circle to cut the three orthogonally, for (Fig. 2) the
circle with centre O and radius OF cuts all three circles orthogo-
nally (110).

Tt is also obvious that a circle described with any point on the
radical axis of two circles as centre and one of the equal tangents
from' this point to the circles as radius cutg both circles orthogo-
nally. ~ '

201. If two circles do not meet one another, any system
of circles cutting them orthogonally always passes through
two fized points on the line joining the centres of the two .
gwen circles.

Let 4 and B be the centres of two circles which do not meet
one another, and which are consequently not met by their radical

axis, From any point C in their radical axis CO draw the tangents
CD and CE, and from the centre C' at the distance CD or CE
describe the circle DFF'E cutting AB in F and F'. Then shall #
and ¥ be fixed points. For, in the triangle ACF the difference
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of the squares of the sides AC, CF is equal to the difference of the

squares on the segments of the base 40, OF made by the perpen-
dicular CO.

But C'F is equal to C'D, therefore the difference of the squares
on 40 and OF is equal to the square on the radius 47, and there-
fore OF is of a known length, and since the point O is fixed, there-
fore F' is a fixed point, but OF" equals OF., Therefore F' i also
. a fixed point.

In fact OF is equal to the tangent from O to the circle (4),

since the squares on OF and 4D are together equn.l to the square
on 40.

Hence any circle with its centre on the radical axis of (4) and
(B), and its radius equal to the tangent drawn from its centre to
(d) or (B), always cuts (4) and (B) orthogonally, and passes
through two fixed points /" and " on the line Jommg the centres
4 and B.

N.B. Further, (o) if from any point on 4B not situated
between F and F” we draw a tangent to the circle DFE, and from
the point as centre with this tangent as radius describe a circle, it
will cut DEF orthogonally (110). Now since 4. AF =AD" it
is clear that as the centre approaches # from 4, the radius AD
diminishes, and when it reaches F it vanishes, a,nd no circle with
its centre on FF' can cut DFE orthogonally. Therefore the
system of circles with centres on 4B, which cut the system with
centres on C'O orthogonally, have their centres on 4B produced
indefinitely both ways, but no centre lies on F#", Also the radii
increase as 4 moves off towards the left of F, or B towards the
right of #'. At F and F'the radii vanish. Hence these two
points have been called the limiting points of the system with
centres on 4B.

(B) Since FF"is the radical axis of the system with centres
on C'0, we see that if two systems of circles cut one another ortho-
gonally the centres of each system are on the radical axis of the other,
One system in which the circles do not meet has limiting points
(F and F") through which the other system always passes, but the
system of circles which intersect has no limiting points: in other
words, a system of circles cutting orthogonally another system
which passes through two fixed points never intersects.

This is also apparent from (199, Fig. 2).
Since (176) the arithmetic mean between two unequal lines is
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greater than the geometric mean, therefore 0O the arithmetic
mean between CH and C@ is greater than CD the geometric mean
between CH and C@, and therefore the circle with centre C and
_ radius CD cannot meet 4B. Therefore the system of circles cut-
ting orthogonally the system passing through @ and H has no real
limiting points. i = :

. If, however, the circles (4) and (B) touch at O as in (199, Fig.
*3), then ‘the system cutting orthogonally the system.of which the
circles (4) and (B) are two always passes through O, and touches
AB at O. Hence both systems pass through O, so that the two
limiting points of each system coincide at-O.

Again, F'A . AF=AD*=AH",

Therefore (163) F, F' are harmonic conjugates to @, H.

Similarly F, F’ are also harmonic conjugates to X, L.

(y) Therefore, the limiting points are harmonic conjugates to
every two points in which a circle of their system cuts the straight
line passing through them.

202. If through either of the limiting points of a system
of circles having a common radical axis, a straight line be
drawn intersecting any circle of the system, and tf per-
pendiculars be drawn from.the points of intersection to the
radical axis, the rectangle under the perpendiculars 13 con-
stant. (See 150.)

Let 4 be the centre of any ecircle of the system, CO the radical

KL < .
" )

axis, and ¥, F’ the two limiting points. Through F, F' draw CE,
HF', and draw DK, EL, GM, HN perpendicular to CO.
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Because F' and F” are limiting points, CF is equal to the
tangent from C, and RF’ (which is equal to BF) is equal to the
tangent from R,

Therefore, CD:(CF ::CF :CE,
but CD : CF :: DK : FO, since DK and FO are parallel
and CF : CE :: FO : EL.

Therefore, DK : FO :: FO : EL,
and therefore DX . EL = FQ*, which i constant.

Also, GR : RF' :: RF' : RH,
but GR : RF' :: GM : OF',
and RF' : RH :: OF' : HN.,

Therefore GM : F'O :: F'O : HN,
and therefore GM . HN = F'0* = FO*, whigh is constant.
Therefore DK.EL=GM.HN =F0" Q. E.D.

203. Given three circles. Describe any circle, and form
a triangle ABC with the three radical azes of this circle and
each of the given circles. Describe any other circle, and
similarly form a triangle A'B'C'. The straight lines joining
corresponding vertices of these two triangles will meet in a
point, and the points of intersection of the corresponding sides
will lie on the same straight line.

Let L, M, N be the three given circles, P and @ any two
circles,

Let the radical axis of P and L form the side BC of the tri-
angle 4B, that of P and M the side C'4, and that of P and N the
side AB.

Similarly let the radical axis of @ and L form the side B'C’ of
the triangle 4'B'C’, that of Q and M the side C'4’, and that of @
and IV the side 4'B'

Since the radical axes of the three circles P, L, M meet in
their radical centre (200), therefore BC' and C4 meet on the
radical axis of Z and ¥, that is, C lies on the radical axis of L and
M. 1In like manner it can be proved that C' lies on the radical
‘axis of L and M. Therefore the straight line CC’ is the radical
axis of L and M, and therefore CC’ passes through the radical
centre of the three given circles L, M, N (200). In like manner
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it can be proved that BB’ and 44’ pass each through the radical
centre of the three given circles. Therefore the triangles 4.BC,

L ~

.....

A'B'C" are co-polar, and therefore (183) they are also co-axial.
Q. E. D,

204  Describe a circle, such that the radical axes of 1t
and each of three given circles shall pass respectively through
three given points.

Let (Fig. 203) L, M, NV be the given circles, P the required
circle.

Then, whatever circle P may be, we have proved in (203) that
the three radical axes of P and Z, P and M, P and NV will form
a triangle ABC, having its vertices on the radical axes of the
three given circles. Now these radical axes meet in a point (the
radical centre of the three given circles). Hence the problem is
reduced to (184, Cor.). Having constructed the triangle ABC by
this Cor., we have still to find the centre and radius of the required
circle.

Since the straight line joining the centres of two circles is per-
pendicular to their radical axis, therefore the perpendicular from
the centre of L on BC, the radical axis of P and Z, must pass
through the centre of P,
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Similarly, the perpendicular from M on C'4 must also pass
through P.

These perpendiculars therefore intersect at the centre of the
required circle.

Now LP is known, and the point (D suppose) where BC' meets
LP. But the difference of the squares of LD and DP is equal to
the difference of the squares of the radii of L and P. Therefore
the radius of P is determined.

205. If two pencils have the same anharmonic ratio, and
if two angles of the one be respectively equal to two angles
of the other, the two remaining angles shall also be equal or
one of them the supplement of the whole angle of the other
pencil.

Let P, ABCD and P'. A'B'C’'D’ be two pencils with the same
anharmonic ratio, and having the angles APB and 4A'P'B, BPC
and B'P'(C’ equal, then shall the angles CPD and O D’ be also
equal, or one of them the supplement of the whole angle of the’
other pencil.

For if P’ be placed upon P so that P’A’ shall fall upon P4,
P'B upon PB, and P'C’ upon PC, then P’D’ must fall upon PD
or its production PD"; for if possible, let P’ take the position
PE, and draw the transversal 4Z.

Since {P.ABCD}={P.ABCE} (hyp.),
therefore AD.BC : AB.CD :: AE.BC : AB.CE,
or, alternately,

AD.BC : AE.BC :: AB.CD : AB.CE,
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therefore (VI.1) 4D : AE :: CD : CE,

but AD is less than AE, therefore CD is less than CE, which is
absurd. '

Therefore the point £ must lie upon PD or its production
through P, Q.E D.

206. Given two pairs of points in a stratght line; find
a point in the line such that the rectangle under its distances

Jrom one pair of the points shall be equal to the rectangle.
under its distances from the other pair.

Let 4, A’ and B, B’ be the given points. Through A4’
describe any circle P44’, and through B, B and any point P on

Fig. 1.

this circle, describe the circle PBB’, meeting the first circle again
in Q. Join P@, and produce it (if necessary) to meet 44’ in O,
O is the required point.

For (I11. 35, 36) 04 .04'=0P.0Q=0B. 0B,

Cor. 1. Hence, given a fifth point C, we can find a sixth (",
such that 0C. 0C’' =04 .04’ = OB. OB'. For the circle described
through P, @, C will obviously determine the required sixth point
0" "

Cor. 2. Again, it is evident that when two pairs of points
A, A’ and B, B’ are given, we can determine an indefinite number
of other pairs of points, C and €', D and D', &c. such that

04.04'=0B.0B'=0C.00'=0D. 0D =é&e.
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For we have only to describe circles' through the points P, @,
intersecting the indefinite straight line 44’. These points of in-
tersection will be the required points.

N.B. When the point @ coincides with P, that is, when the
second circle PBB’ touches the first circle PAA' at P (which is
evidently only possible in figure 1), we must draw PO a tangent to
both circles at 2. The point O in which this tangent meets 44’
will be the required point, but it will not often be necessary to
point out so obvious modifications in the construction,

It is hardly necessary to remark that only one such point as O
exists, for which 04 . 04'=0B. 0B, for 0 is clearly the point

where the radical axis of the two circles PA4’, PBB' meets
AA',

DEF. 1. Three pairs of points 4, 4’; B, B’; C, (', so
taken on a straight Ene that )

0A.04'=0B.0B=0C.00,

are said to form a system in snvolution. Some writers
extend this term to any number of pairs of points taken as
above, and I may occa.smnally adopt this extension of the
term, .
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The points 4, 4'; B, B or C, (" are said to be conjugate to one
another,

[n both Figures 1 a.nd 2, the conjugate points 4 and 4’ move
in opposite directions with respect to 0. Thus, when 4 moves to
B, A’ moyes to B’

In Fig. 2, one set of points lies on one side of 0, and their con-
Jjugates on the other ; but in Fig. 1, all the points lie on the same
side of ‘0. It is clear that in Fig. 2, a point cannot coincide with
its conjugate, but in Fig. 1 a point can coincide with its conjugate.
Let # be such a point, so that

OF'=04.04’=0B.0B =&c. Take OF'=

Since OF® or OF"* =04 .04'=0P. 0Q, therefore the circle
through P, @ and F or F" will touch 44’ at F or F".

Der. 2. The points F, F' are called the foct or double
points of the system, and O is called the centre.

We may further remark (x) that any two conjugate points
of the system, together with the two foci, form an harmonic
range.

For 04.0A4'=0F* and OF'= OF ; therefore (163) F', 4, F,
4’ form an ha.rmomc range. The converse follows mmedlately
also from (163), viz. (B). If there be a system of pairs qf points in
a straight line, such that each pair forms, with two given points,
an harmonic range, the assemblage of the pairs of points will
Jorm a system in involution, of which the two given pomts are the
JSoct.

In Fig. 2, the focz are usually said to be imaginary, “but the
discussion of imaginary points and lines, and of infinite magnitudes,

is necessarily excluded from so very elementa.ry a work as the
present.

207. In a system of points in anvolution, the anhar-
monic ratio of any four points vs equal to that of their four
conjugates. ,

Figs. to (206). Let 4, 4’; B, B'; C, C', be a system of points
in involution determined as in (206), and let O be the centre.

Join P to 4, B, C, C' and @ to their conjugates 4, B', (', C,
CQ being produced to C" in Fig. 2.

M. G. RGA
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In Fig. 1, since APQA’ is a quadrilateral in a circle, therefore
(III. 22) the angles OPA and Q4’4 wre equal. Similarly OPB
* and QBB are equal.

. Therefore the difference of OPA4 and OPB is equal to the dif-
ference of Q4’4 and QB'B, that is, the angles APB and 4'QB’ are
equal. In like manner it can be proved, that the angles BPC and
B'QC’ are equal. And the angles CPC’ and CQ(" are equal since
they are in the same segment.

Therefore the pencils P.ABCC" and Q.A'B'C'C admit of
superposition, since their angles are equal, each to each, therefore

{P.4ABCC'}={Q.4'BCC},
and therefore [4BCC=[4'BCC).

Again, in Fig. 2, the angles QP4 and Q4’4 in the same seg-
ment are equal, and QPB and @QB'B are equal. Therefore the
difference of QP4 and QPB is equal to the difference of Q4’4 and
@B'B, that is, the angles APB and 4'QR’ areequal. Similarly, the
angles BPC and B'Q(C’ are equal ; and because the quadrilateral
PCQC" is in a circle, the external angle C"QC” is equal to the
.internal and opposite angle CPC".

Therefore  {P.ABCC'}={Q.A4'BC'C"}.
But the pencils Q. A'B'C'C” and Q. 4'B'C'C are identical.
Therefore {P.ABCC'}={Q.A'B'(C'C},

and therefore [4BCC)=[4'BC'C].

In like manner it may be proved, that the anharmonic ratio of
any other four points is equal to that of their four conjugates.
QE.D, * )

N.B. The learner should bear in mind that if two anharmonic
pencils have two angles of the one respectively equal to two angles
of the other, but the remaining angle of the one equal to the sup-
plement of the whole angle of the other, the anharmonic ratios
of the pencils are equal. - For we have just seen that the two
pencils (Fig. 2), P. ABCC’ and Q. A'B'C'C have the angles APB,
BPC respectively equal to 4'QB', B'QC’, but the angle CPC" the
supplement of the whole angle C'QC, and that the anharmonic
ratios are equal.

208. Given three pairs of points in a straight line, such
that the anharmonic ratio of four of the points s equal to that
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of their four conjugates ; prove that the points form a system
in tnvotution. (See 209, Cor.1.)

Figs. to (206). Let 4, 4'; B, B'; C, (", be the given points,
and let [ABCC']|=[4'B'C'C]. Then shall the system be in involu-
tion.

Throungh two pairs of conjugate points 4, 4’ and B, B’ describe
two circles intersecting in P and @), and let PQ meet 44’ in O.
The circle described through P, @ and C' must pass through (", for,
if possible, let it meet 44" in C,. Therefore

04.04'=0B.0B'=00.0C,,
and therefore 4, 4’; B, B'; C, O, are in involution. Therefore

(207)
" [4BCC,]=[4'BCL).

Therefore A4B.CC, : AC,. BC : A'B'.C,C : 4'C.BC,
or alternately, 4B.CC, : A'B'.C,C : AC,.BC : A'C.BC,,

therefore wegdB : A'B' :: AC,. BC : A'C.BC,

But [4ABCC) = [4'B'C'C], by hypothesis ;
therefore AB.CC" : AC'.BC :: A'B'.C'C : A'C.B(,
or alternately AB.CC' : A'B',C'C :: AC'.BC : A'C.B(’;

therefore’ AB : A'B' :: AC".BC : A'C.BC.

Therefore AC,.BC : A'C.B'C, :: AC'.BC : A'C.BC(,
or alternately, AC,. BC : AC".BC :: AC.BC, : 4'C .B(C),

therefore AC, : AC' = B'C, : B(.................. (o).

Now in Fig. 1, AC, is greater than A(’, therefore B'C, is
greater than B'C", which is impossible.

Again, for Fig. 2, we have from (a),

AC,—-AC" : AC' :: BC,—-B(C" : BC,
or CC, : AC" :: C'C, : B(';
therefore AC"=B'C", which is impossible.

The proof would be exactly similar, if (', had been assumed on
the left of €’ instead of on the right. Therefore the circle described
.through P, @, C passes through (". Consequently the six points
form a system in involution, and therefore when three pairs of

points are given (in either of the orders assigned in Figs. 1 and 2,
206) in a straight line such that the ankarmonic ratio of four of

A—Nn
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them s equal to that of their four conjugates, then the anharmonic
ratio of any other set of four points i8 equal to that of their jfour
conjugates. Some writers give this as the definition of involu-
tion.

209. Given four points A, B, B, A’ in a straight line;
Jind the locus of a pownt at which AB and B'A’ shall subtend
equal angles. :

Find (206) a point O on the straight line 4A4’, such that
OA.O0A’'=0B. OB, and take F and F' such that

OF*=0F"=04.04'. :
{In other words, find the centre O and the foci F, F" of the system
of points in involution determined by the given pairs 4, 4’ and
B, B}.

On F'F as diameter describe a circle. This circle is the re-
quired locus. For join any point P on its circumference to the
four given points. Since F', 4, F, A’ form assestharmonic range
(206, a), and the angle FPF’ is right, therefore (172) PF bisects
the angle 4 PA4’; similarly, PF bisects the angle BPB'.

Therefore the angles 4 PB and A'PB’ are equal, and therefore
the circle on the diameter F"F is the required locus. Q. E. F.

N.B. Since, as we have proved, PF bisects the angle subtended
at P by every pair of conjugate points of a system in involution,
being given any fifth point C' we can very simply find its conjugate,
for it is only necessary to draw PC’ making the angle FP(" equal
to FPC ; or again, we can determine as many pairs of conjugate
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points as we please by fixing upon one point arbitrarily as C, and
then determining ¢’ as above.

Cor. 1. In a system of three pairs of points 4, 4’; B, B';
C, C', arranged as in Fig. 1 (206), the present construction furnishes
a very simple proof of (208), viz. If the anharmonic ratio of four of
the sux points be equal to that of their jfour conjugates, the anhar-
monic ratio of any other set of four points is equal to that of their
conjugates. For the angles APB and A'PB’ are equal (constr.),
and {P.ABCC}={P.A'B'("C}, (hyp.). Also, the angle CP("is
common ; therefore (205) the remaining angles BPC, B'PC' of
the two pencils are equal since they are obviously not supple-
mental.

Consequently the angle subtended at P by any two points is
equal to that subtended at P by their conjugates. Q.E.D.

Cor. 2. If a system of circles have a common radical axis, and
any circle be described cutting them orthogonally, and if any trans-
versal be drawn through its centre O, meeting the circles in the points
A, A’; B, B'; C, C, dc., the points A, A’, d&c. will form a system
n involution, and the points ¥, ¥ where the transversal meets the
circle (O) will be the foct of the system, and O will be its centre. Also,
any two points, as A, B, will subtend at any point on the circle (O)
the same angle as their conjugates A', B'.

For let O be the centre of the circle cutting the glven circles
orthogonally so that O is on the radical axis, and let the transversal
through O meet the given circles in 4, 4’; B, B'; C, C'; &c. and -
the other circle in #, #'. Then, since O is on the radical axis
OF*=04.04'=0B.0B' =0C.0C" =&c. QE.D.

DEr. A system of circles which have a common fadical
axis is called a co-axal system.

Cor. 3. If any tramsversal cut a co-axal system in A, A’';
B, B'; C, (', &ec., and the radical axis in O, the points A, A,
&ec. form a system in involution of which O 18 the centre. For
04 .04'=0B.0B' =0C. 0C' =&c., since O is a point on the
radical axis. If the conjugates 4 and 4’, B and B', &c. lie on the
same side of O, the system in involution has real foci, but if 4 and
A’, &c. lie on different sides of O, the foci have no geometrical
existence.

. 210.  Prove that if o system of siz points A, A’; B, B';
C, C be tn involution,
AB .BC'.CA’=A'B.BC.CA."
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By (207) [4B'BC]=[4'BBC].
Therefore AB'.BC" : AC" .B'B :: A'B.B(C : A'C.BB,
or, alternately,
AB' .BC" : A'B.BC :: AC'.BB : A'C.BF
w AC" s A'C.
Therefore AB',BC'.CA'=A'B.B(C.C'A. Q.E.D.

211. If a straight line intersect three given circles in a
system of points in involution, it will pass through a fized
point (the radical centre of the three circles).

Let L, M, N be the given circles, and let the transversal meet
them in the points 4, A’; B, B'; C, C' respectively, and let O be
the centre of the system of points in involution.

Therefore 04.04'=0B.0B =0C.0C" (hyp.), but since
04 .04'=0B. OB, therefore 0 is a point on the radical axis of
the circles L and M. Similarly O lies on the radical axes of M and
N and of N and L ; therefore O is the radical centre of the three
given circles. Q. E.D.

212. A straight line meeting the sides and diagonals of
any quadridateral is divided in siz points in involution.
Let PQRS be the given quadrilateral, and let any transversal

A

meet its sides and diagonals in 4, 4', B, B, C, C". Then shall
these six points be in involution. Join (', the point of section
on either diagonal, with the vertices of the opposite angles, P
and R, :
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{P.ABCC"}={P.QSOC"}={R.QSOC"} = {R . B'A'CC".

But {R.BACC'}={R.A'BCC}, for these ratios are
B(C'.AC:BA4'.CC and 4'C.B'(C": A'B’. ('C, which are identical.
Therefore  {P.ABCC'}={P.A'B(C'C},
and therefore [4BCC)=[4'BCC],
hence 4 and 4’, B and B, C and (" are conjugate pairs of points in
involution (208).

N.B. If the transversal pass through O, the intersection of
the diagonals, O is a focus of the system, since the two conjugate
points € and (" then coincide at O.

218. Any straight line meeting a circle and the sides of
any inscribed quadrilateral 18 cut in tnvolution.

Let the transversal meet the circle in B, B’ and the opposite

sides in 4, 4’ and C, C'. Then shall these three pairs of points be
in involution.

For

{P.ABCB}={P.QBSB}={R.QBSB}={R.(C'BA'B’}
={R.A'B'C'B},since {R.C'BA’'B}=C'B'.BA': C'B. 4'B,
and {R.A'BC'B}=A'B.B("':4'B'. (C'B,

which two ratios are identical, or if the rays RC', RB be produced
the pencil will become R. 4A'B'C’'B.
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‘Therefore [ABCB|=[A'B'C"B], and therefore (208) 4 and 4,
Band B, C and (' are three conjugate pairs of points in involu-
tion. Q. E. D.

N.B. If the transversal meet the diagonals of the quadri-
lateral in D and I, then (212) D and D’ are in involution with
A, 4’ and C, C', but B, B' are also in involution with 4, 4’ and C,
C'. Therefore any three of the four pairs of points 4, 4’; B, B';
C, C'; D, D', are in involution.

DEF. If six points in involution be joined to any seventh
point outside the points, the pencil thus formed is called a
pencil in tnvolution.

Since the anharmonic ratio of any four of six points in
involution is equal to that of their four conjugates, and the
anharmonic ratio of a pencil of four rays is the same as
that of the range formed upon any transversal meeting the
pencil, it is plain that pencils in involution may be treated
similarly to ranges in involution, and that they possess
kindred properties. If therefore three pairs of points be
in involution, the pencil joining them to any point will be
in involution, and conversely, any transversal meeting a
pencil in involution is cutin involution.

214. The straight lines drawn from any point to the
six angular points of a complete quadrilateral form a
system in involution.

Let CBC'B' be a quadrilateral, A4’ its third diagonal.
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Join any point P with the extremities of the three diagonals,
Then the pencil P. ABCC"B'A’ will be in involution.
For, let PC" meet AC in C” and C4' in C".
Then, evidently,
{P.ABCC}=|P.ABCC"}={C". ABC’O"} {C".B'A'CC™}
={P.BACC"}={P.BACC|.
But {P.BA'CC'}=|P.A'B(C'C}.
Therefore {P.ABCC}={P.A'BCC},

and therefore (208) the pencil P.ABC(C'B'A’ is in involution.
Q. E.D,

216. If three chords of a circle meet in a point within
or without the circle, the swx straight lines joining any point
on the circumference to the eatremities of the chords form
a pencil in involution.

Let A4', BB, CC’ be the three chords intersecting in D. Join

G

A

AC, AC", B'C, B'C", and AB meeting CC’ in E. Let P be any
point on the circumference.

Now {4.CA'BC'}={4.CDEC"}={B.CDEC"}
={B'.CBAC"} ={B'. C"ABC}.

Therefore (189), {P.CA4'BC'}={P.C'ABC}, and therefore
(208) P. ABCA'B'C’ is a pencil in involution, Q. E. D,

216. If a system of circles be described cutting ywen
circle orthogonally, and having their centres in a given
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straight line, the radical axis of the system will be the per~
pendicular from the centre of the given circle on the gwen
line. .

Let O be the centre of the given circle, and C'B the given line,

Draw OBO’ perpendicular to B, and from C draw the tangent
CA to the given circle, Describe the circle AFF with any point
C on CB as centre and radius C4. This circle cuts the given
circle orthogonally (110), and O4 is a tangent to it from O.

Similarly, the tangents from O to all the circles of the system
are each equal to O4. Therefore O is a point on their radical

axis, but the radical axis of two circles is perpendicular to the
straight line joining their centres; therefore the perpendicular OB
is the radical axis of the system. @.E.D.

N.B. It is easy to see if a system of circles be described with
their centres in OB, and cutting orthogonally the system of which
AFF' ig one, that C'B will be their radical axis. For, take BO' equal
to BO, and with centre 0’ and radius equal to 04 describe a circle.
This circle will evidently cut 4FF" orthogonally, and CB will be
the radical axis of the circles (0) and (0’). Also, when CB does
not meet the circle (0), F and #” will be the limiting points of the
system with centres in OB, but when CB meets the circle (0),
the points of intersection will be the limiting points of the system
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with centres in CB. Hence, this proposition is only a different
mode of stating (201) and some of the deductions from it.

217. 1If on the three diagonals of a complete quadri-
lateral, as diameters, circles be described, they shall have the
same radical axis, and cut orthogonally the circle circum-
scribing the triangle formed by the three diagonals.

Let A.BCD be the quadrilateral, EF its third diagonal, Z, M,

N the widdle points of its three diagonals. 'Therefore (22) LMN
is a straight line. Let @, H, K be the points of intersection of the
three diagonals taken two at a time,

Because (169) 4H is cut harmonically in @ and C, and AC is
bisected in M, therefore (163) MG . MH = M(C*, and therefore-the
circle on AC as diameter will cut orthogonally the circle described
about the triangle GHK (110).

Similarly, the circles on BD and EF as diameters will cut the .
same circle orthogonally. Therefore (216) the radical axis of the
three circles on the diameters AC, BD, EF will be the perpen-
dicular on the straight line LN from the centre of the circle about
GHK. Q.E.D.

218. If on the three diagonals of any quadrilateral, as
diameters, circles be described, any transversal meeting them
18 cut 1n six points in tnvolution. )

‘We have proved in (217) that the three circles form a co-axal
system, and therefore (209, Cor. 3) the six points in which any
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transversal is met by the three circles form a system in involu-
tion. ‘

219. Describe a circle which shall pass through a given
point, and cut orthogonally two given circles.

First, let the radical axis of the two givex circles be without
them, then (201) every circle cutting them orthogonally passes
through the two limiting points of the system with the same
radical axis., Therefore the circle described through the given
point and the two limiting points will be the required one.

Next, let the circles touch, then (201, N.B.) every circle cut-
ting the given circles orthogonally touches the line joining their
centres at their point of contact. Therefore the circle described
through the given point and touching this line at the point of
contact of the two given circles is the required one, (See 132.)

P

=t

Lastly, let the given circles intersect in €' and D, and let 4
and B be their centres, and P the given point. Join AP, and cut
it at @, so that the difference of the squares on AG and GP equals
the square on radius of circle (4). Through @ draw GO perpen-
dicular to 4 P, and meeting the radical axis CD in 0. The circle
described from the centre O with the tangent OF as radius will
be the required one. For it will cut the given circles orthogon-
ally (200, Cor.); also the difference of the squares on 4@ and
'GP is equal to the difference of the squares on 40 and OP.
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Therefore the squares on AE and EO are together equal to the
squares on OP and AZ, and therefore OP and OE are equal.
Therefore the circle with centre O and radius OF passes through
P, and cuts the given circles orthogonally. This last method is
applicable to the other two cases.

220. If any secant be drawn through the intersection t‘z
two tangents to a circle, and if the points of intersection
Jjoined to the points of contact of the tangents, the rectangles
under the pairs of opposite sides of the quadrilateral formed
by the joining lines are equal.

Let 04, OB be the tangents, and OCD the secant. Then
shall DA .CB=AC. BD.

Because the angle 0AC is equal to the angle ADC in the
alternate segment (IIL 32), therefore the triangles 4.D00 and QAC
are equiangular, and therefore (VL. 4)

AD : DO :: AC : 40;
therefore alternately, 4D : AC :: DO : 40.

Similarly, the triangles ODB and BCO are equiangular, and
therefore DB : BC :: DO : OB or OA.
Therefore AD : AC :: DB : BC.

Therefore (V1. 16) AD.BC=AC.DB. Q.ED.

221. If two tangents and a secant be drawn from any
point outside a circle, the two points of contact and ths points

of section will subtend an harmonic pencil at any point on
the circle.
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Fig. to (220). For (192) gAO.BD] =DA. BC ; AC. BD,
which is a ratio of equality by (220). Q.E.D.

Cor. Hence, given two points on the circumference of a circle;
draw a transversal passing through a given point and cutting the
circle in two points, which shall be harmonic conjugates to the given
points. Let the tangents at the given points 4 and B meet in O.
Join the given point to O. This is manifestly the required trans-
ve

222. If two circles intersect, and if from either pownt of
intersection two diameters be drawn, the straight line joining
their extremities will pass through the other point of inter-
section, and be at right angles to the chord of intersection.

*  For, let the circles intersect in 4 and B, and let A4C, AD be

QWD‘
two diameters. Join CB, DB and AB. The angles ABC' and
ABD in sémicircles are right, and therefore CB and BD must

coincide, and form one straight line, and CD is perpendicular to
AB. Q.E.D.

223. “If through any point O, on the circumference of a
circle, any three chords be drawn, and on each, as diameter,
a circle be described, these three circles (which, of course, all
pass through O) will-intersect in three other points, which lie
in one right line.”

Let OA, OB, OC be the three chords, and let the circles on
them, as diameters, intersect in D, %, F,

By (222) 4B produced will pass through D and be at right
angles to OD, B( will pass through # and be at right angles
to OF, and C4 will pass through £ and be at right angles to OZ,
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Therefore D, E, F are the points in which perpendiculars
from any point O on the circumference of the given circle meet

the sides of the inscribed triangle 4BC, and therefore (118) D,
£ and F lie in one straight line, Q. E. b,

224. The tangents at the angular points of any triangle
inscribed in a circle intersect the opposite sides in three points
which are situated in a straight line.

Let ABC be a triangle inscribed in a circle, and 4A’B'C” the
triangle formed by drawing tangents at the angular points of
ABC, and let these tangents meet the opposite sides of ABC in
L, M, N. Then shall L, M, N lie in a straight line,

Because the triangle A’B'C’ is described about a circle, the
straight lines 44°, BB, CC’ joining its angles to the points of
contact of the opposite sides pass through the same point O
(168, Cor.). '

Now, in the triangle 4°B'(’, the straight lines drawn from O
to the angles 4’, B', (" intersect the opposite sides in 4, B, C
respectively, therefore (169) the intersections of BC and B'C,
C4 and ('4’, AB and 4'B', viz. the points L, M, NV lie in a
gtraight line,
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Or thus, since the triangles ABC, A'B’'C’ are co-polar, they
are also co-axial, that is, AB and 4’'B’, BC and B'C", CA and C'4’
intersect on the same straight line (183). Q.E.D.

Ders. (1) If the straight line joining the centres of
two circles be cut internally and externally in the ratio of
the . corresponding radii, the points of section are called
respectively the internal and external centres of similitude of
the two circles.

It will be evident, by constructing for the two centres
of similitude, that when the circles are external to ome
another, the centres of similitude are outside both circles,
when the circles touch externally the internal centre of
similitude is the point of contact, when one circle touches
the other internally the point of contact is the external
centre of similitude, when the circles intersect, the internal
centre of similitude is within both circles, and when one
circle is wholly within the other, the centres of similitude
are within both circles,

- (2) If any transversal be drawn through a centre of
gimilitude, which is without both circles, intersecting the
two circles, the near points of section to the centre on the
two circles are called corresponding points, and the remote
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points of section are also called corresponding points, but a
near point on one circle and a remote point on the other are
called non-corresponding points.

Some writers speak of these points as points correspond-
ing directly and inversely. :

When the circles intersect, the corresponding points with
respect to the internal centre of similitude are the two near
and the two remote points, and each pair of non-correspond-
ing points lies at the same side of the internal centre of stmi-
litude.

When one circle lies wholly within the other, the cor-
responding points are on the same side of the external centre
of similitude, and the non-corresponding points on the same
side of the internal centre of similitude.

(8) When two circles touch one another externally, the
contact may be called external contact, and when one circle
touches another internally, the contact may be called internal
contact.

(4) If.one circle touch two others, the confacts are said
to be of the same kind, when they are both internal or both
external, but when one of the contacts is internal and the
other external, the contacts are said to be of different kinds.

N.B. We have proved in. (124, Cor.) that the direct
tangents to two cireles intersect at the external centre of
similitude, and the transverse tangents at the internal centre
of similitude.

225. FEvery transversal drawn through a centre of simi-
litude, and intersecting the two circles, 18 cut similarly by the
circles, and the radii drawn to two corresponding pownts are
parallel.

Let 4 and B be the centres of the two given circles, K and O
their internal and external centres of similitude respectively.

Through K and O draw the transversals GG" and 0D and radii
to their points of intersection with the circles.

By the definition of the centre of similitude,
40 : OB :: AC : BC',
or, alternately, 40 : AC = BO : BC",
M. G, A\



194 EXERCISES ON EUCLID - * [225.

but the ‘angle- AOC is common to the two triangles 40C, BOC",
and the angles ACO and BC’'O are both obtuse, therefore (VL. 7)
the triangles 40C and BOC' are similar, and therefore AC and:
BC’ are pa.mllel and OC ; OC' :: AC ; BC".

Similarly, 4D and BD’ are parallel, and .
OD : OD' :: AD : BD',

In like manner it can be proved that AF and BF"' are parallel,
and AG and BG, and that KF ; KF' ;: AF ; BF' and
KG: KG' :: AG : BG.

Therefore, the distances of any two corresponding points from a
centre of similttude are proportional to the corresponding radii.

N.B. The proof is similar, whatever be the relative positions
of the two circles with respect to one another. Since the common
tangents of two circles pass through the centres of similitude, it is.
evident that when one of the circles is within the other the centres
of similitude must be within both circles, since the circles have
no (real) common tangents. This will also appear from the con-
struction for determining the two centres of similitude. When
the circles touch externally, the point of contact is the tnternal
centre of similitude, and when one circle touches the other im-
ternally, the point of contact is the external centre of similitude.
The learner should make the figures for each of these cases.

Further, if the tangent OF be drawn touching the two circles
at E and £, the radii AF and BE are parallel, since the angles at
E and E are right.

OAgam L and Z', i and I are corresponding points with respect
10 0, and
QL : OL’ :: AL : BL
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For A0 : AL :: BO : BL,
therefore AO+AL : AL :: BO + BL' : BL,
or, alternately, OL : OL' = AL : BL.

Similarly OM : OM' :: AM ; BM..
Therefore OL : OL :: OM : OM,
and therefore OL.OM'=0L .0OM.

Also, M and L', M’ and L are corresponding points with respect
to K, and AKX : AL :: BK : BL'.

Therefore. AK+ AL : AL : BK+BL' : BL,
or, alternately, KL : KM’ :: AL : BL..

. Similarly, = KM : KL’ : AL :BL.
Therefore KL . KM’ :: KM : KL,
and therefore KL.KL' —=KM.EKM'.

But these results are only particular cases of the next
proposition.

226. If a transversal be drawn through a centre of
similitude intersecting the two circles, the rectangle under the
distances of either pair of non-corresponding points from the
centre of smilitude s constant.

Let 4 and B be the centres of the two circles, and through O

/

either of their centres of similitude draw the transversal 0D, so that
C and (", D and D’ are corresponding points,

‘We have proved that . ]
0C : 0C' :: AM : BM' :: OM : OM". -
A¥—
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Therefore CM and C'M’ are parallel. 8imilarly DL and D'L"
are parallel. Therefore the angle OC'M’ is equal to OCM, which
(IT1. 22) is equal to DLM, since DLMC is a quadrilateral in a
circle.

Therefore the quadrilateral DLMY'C’ is circumscribable by a
circle,

Similarly, 'L’ MC is also circumscribable by a circle,

Therefore )

0D.0C'=0L.OM’ and OD', 0C=0L'. QM,
but (225, N.B.) OL.OM'=0L.OM. ’

Therefore OD.0C" and OD’. OC dre each equal to the same
constant rectangle. Q. E.D. .

227. If through a centre of &militude of two circles
two transversals be drawn, meeting the eircles in four pairs
of points, the straight line joining any pair of i);n'nta on ong
circle (not lying on the same transversal), will be parallel to
the straight line jotning the corresponding pair on the other
circle, and it will meet the straight line joining the non<
corresponding pair on the other circle, on the radical axis of
the two circles. '

Let O be a centre of similitude of two circles whose centres aré
4 and B, and 0D, OF any transversals through O, meeting the
circles. Join the points by straight lines as in the Fig., and let
CE and D'F' meet in G.

To C, E on the one circle belong the corresponding points C’,
E', and the non-corresponding D', F' on the other circle. )

Because (225) OC : 0C' :: OF ; OF, therefore CF and C'E"
are parallel, ) . ) )
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Because (226) OC. 0D’ =OE . OF, therefore the quadrilateral
CEF'D is circumscribable by a circle, and therefore (IIL 36)
CG.GE=D'G.GF', therefore (199, Def) @ is a point on the
radical axis of the two given circles.

In the same manner it can be proved that DF and D'E’, FC
and F'C', DF and D'F are parallel, and that DE and C'F),
FC and E'D', FD and E'C’ meet on the radical axis of the two
circles.

N.B. The learner should bear in mind that the quadrilaterals
FDC'E', CEF'D', DEF'C', CFE'D' are circumscribable by circles,

It is also worth noticing, that the quadrilaterals DFEC and
D'FE'C’" are similar, and have their corresponding (or homologous)
sides proportional to the radii of their respective circles.

For DF and D'F' are parallel, and

DF : D'F :: 0D : OD'
:: radius of (4) : radius of (B). 8o DC : D'C' as the radii, and
"80 On. .

Therefore FD ¢ DC :: F'D’ : D'C", and similarly for the other

sides about the equal angles. Also
DE : D'E' :: OD : OD.

Cor., Hence the tangents at corresponding points will be
parallel, and the tangents at non-corresponding points will meet on
the radical axis of the two circles. For the radii drawn to corre-
sponding points are parallel (225), and if a tangent be drawn at C
it will be inclined to CD' at an angle equal to DZCin the alternate
segment (IIL. 32), and the tangent at [’ will be inclined to D'C at
an angle equal to the angle D'E’C’, but DEC and D'E’C" are equal,
therefore the tangents at (' and D" meet on the radical axis of the
two circles. '

228. Given three circles; taken two at a time they form
three pairs of circles. The lines joining the centre of each
circle to the internal centre of symilitude of the other two
meet in a point. Thé eaternal centre of symilitude of any
pair, and the two internal centres of similitude of the other
two pairs lie in the same straight line, and the external cen-
tres of symslitude of the three pairs lie on a straight line.

Let 4, B, C be the centres of the three given circles, K and O
the internal and external centres of similitude of (B) and (C), K
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and O of (C) and (4), K" and 0" of (4) and (B); then shall 4K,
BK' and CK" meet in a point, and O, XK', K"; 0', K, K"; 0", K
K’; 0, 0, 0" shall lie on four stra.wht lmes, respectwely.

_ Since the centres of similitude of any two circles divide the line

joining their centres internally and externally in the ratio of the
radii, the two centres of 31m1htude are ha.rmomc conjugates to the
centres of the cu'cles. :

Again, AK': K'C :: radius of (4) : radius of (C).

Also,

{AK” : K"By {radius of (4) : radius of (B)) :: radius of (4)
BK : KC } * \radius of (B) : radius of (C’)} : radius of (C).
. . ey . JAK" 2 KB

Therefore 4K : K'C i {5y g -

Therefore (168, N.B.) AX, BK' and CK" pass through the same
point. .

Therefore (169), considering the triangle 4BC, K"K will meet
AC in the harmonic conjugate to X', that is, in O'; similarly, K"K’
will pass through O, and X'K through 0", Also (169) O, 0', 0"
will lie on a straight line. Q.E. D,

" DEF. The line O0'0” on which the three external cen-
tres of similitude. lie is called the external axis of similitude,
and the three lines OK'K”, O KK” and O0"KK are called
the three internal awes of similytude. :
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We can now concisely enunciate the latter part of
(228). The siz centres of similitude of three circles taken
two at a time lie in groups of three on the four axes of
similitude. .

229. If a wariable circle touch two fized circles, the
chord of contact passes through their external centre of
smilitude when the contacts are of the same kind, and

]t:zirodugh the internal centre when the contacts are of different
nas. .

Fig. 1.
Let A and B be the centres of the two fixed circles, and C the

D,

Fig. 2.
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centre of the variable circle touching the two former in the points
D', E. Join AC and BC, passing respectively through D’ and E
(IIL 11, 12), and let D'E and 4B meet in S. Then shall S be a
centre of similitude of the two circles (4) and (B). Since the tri-

—\,

Fig. 3.

angles AD'E’, CD'E, and BDE are isosceles, it is clear that 4D’
and BD are parallel, Therefore, from the similar triangles 4,50’
and BSD, we have

48 : 8B :: AD' : BD, .

Fig, 4.

— -
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and therefore § is a centre of similitude of the two fixed circles 4)
and (B).

In Figs. 1 and 3, the contacts are of the same %ind, and § is the
external centre of similitude of (4) and (B).

In Figs. 2 and 4, the contacts are of different kinds, and S .is
the internal centre of similitude of (4) and (B). Q.E.D.

280. To describe a circle passing through a given point
and touching two given circles.

Fig. 1 to (229). Let P be the given point, 4 and B the
centres of the two given circles, and S their external centre of
similitude.

Join SP, and on SP take the point @, so that
SP.SQ=SL.SM.

Through P, @ describe a circle touching /B) in £ (131). This
circle will also touch (4). For, produce SE to meet the circle .
PQE in D', ' D' is a point on (4). Because

SP.8Q=8D'.SE (I1L 36),
but SP.8Q=SL.SM (constr.),
therefore SD'. SE =SL.SH,
and therefore (226) D’ must also lie on the circle (4).

Again, let C be the centre of the circle PQE. - Then CEB is a
straight line. Join 42', CD'. We have now to prove that 4D'C
is a straight line. Because J)' and D are corresponding points, 4 D’
and BD are parallel (225). Therefore the angles AD'E and CD'E
are together equal to BDS and BDE together, that is, 1o two right
angles, and therefore (I. 14) AD'C is a straight line. Therefore the
circle (C) touches (4) and (B) at D', E, and passes through the
given point P,

Since (131) two circles can be described passing through two
given points, and touching a given cirelé, two circles can be described
as required by ‘the aid of either centre of similitude. Therefore, in
general, four circles can be described through a given point touch-
ing two given circles.

231, To describe a circle touching three given czrcles

Let 4, B, C be the centres of the three given circles L, M, N,
and suppose that they are not all equa.l a.nd that L is not greater
than M or N.
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With centre B, and radius equal to the difference of the radii
of M and L, describe a circle, and with centre C, and radius equal
to the difference of the radii of L and X, describe a circle.
Describe (230) a circle through 4, and touching the two latter
circles externally in @ and H, Let O be the centre of this circle.

Join OB (which will pass through @) meeting M in Z, and OC
(which will pass through X)) meeting & in F, and join 04 meeting
L in D,

GE and HF are each equal to DA (constr.), therefore 0D, OF,
and OF are equal, and therefore the circle described with O as

centre, and 0. as radius, will touch the given circles at the points
D, E, F.

If we describe circles with centres B and C, and radii exceeding
the radii of M and N by the radius of L, and then describe a circle
through 4, touching those circles externally, the centre of this circle
will be the centre of a circle which will be touched internally by L
and externally by M and X,

In general, eight circles can be described touching three
given circles, but I will not here discuss the remaining cases,
since another solution of the problem will be given farther on.
See (2564).

232. If two wvariable circles touch two given circles,
their radical axis will always lz;zss through the external centre
of similitude of the given circles when the contacts are both of
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the same kind, but through the internal centre of similitude
when the contacts are of different kinds. .

Fig. 1 to (229). Let A and B be the centres of the given
circles, and let the variable circles PQZ and LMN touch them
in D', E and M, N respectively. By (229) the straight lines
D'E and MN pass through S, the external centre of similitude.
Therefore (226) SD'. SE=SM . SN, and therefore (199, Def.)
S is a point on the radical axis of the variable circles; the
proof is exactly similar when the contacts are of different kinds.
Q E. D, ‘ .

233. A centre of similitude of two circles s joined with
the point of contact of one of the circles, with either common
tangent through the other centre of similitude. Prove that
the line joining the middle point of the line so drawn, and
the centre of the circle, bisects that common tangent.

Let 4 and B be the centres of the two given circles, X and
O their centres of similitude, and C'C" a common tangent through
0. Join CK, and let C” be the corresponding point to C, where
CK meets the circle (B). ' Bisect CK in D, and join 4D, meeting
CC' in M; then shall M be the middle point of CC". For, join
K(C', C'B, and BC". Because the angles ACO and BC'O are

<

o

right, AC and BC’ are parallel, and because ¢ and C” are cor-
responding points, AC' and BC" are parallel (225). Therefore
C’'B(C" is one straight line,

Similarly, CAC"" is a straight line, where C"” corresponds
to C'. : A ,

Now, AD joins the middle points of the sides of the triangle
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CC"R, therefore AM is parallel to C"'C’, and therefore CC" is
bisected in 4. Q. E. D, . ,

284. If two circles touch three others, the contadts being
of the same kind, the radical axis of the two ts the external
axts of similitude of the three, but +f the contact of the two
circles with one pair of the three be of the same kind, and
with the other two pairs of different kinds, the radical azis of
the two circles will be that internal axis of similitude which
passes through the external centre of similitude of the first
pair of the three circles.

Let the two circles ABC, DEF touch the other three at the
points 4, B, C' and D, E, F respectively, the contacts being of
the same kind, and let Z be the external centre of similitude of
the circles BYE and CZF, M of CZF and AXD, and N of AXD
and BYE, so that ZMXN is the external axis of similitude of the
three circles.

Now, since the circles ABC' and DEF touch BYE and CZF,
their radical axis passes through Z (232). :
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Similarly, it passes through M and ¥, A
. Therefore. LMN is the radical axis of the two circles 4B(C
and DEF.,

The other cases of the theorem can be proved in the same
manner, Q. E.D.

2385. If two circles touch three given circles, as in (234),
the three chords of contact meet in a point, which s the
radical centre of the three, and a centre of similitude of the
two.

Fig. to (234). Let the circles 4BC and DEF touch the
other three.

Since each of the three circles touches the two ABC and DEP
and the contacts are of different kinds, therefore (229) the three;
chords of contact 4D, BE and CF meet in K, the internal centre
of similitude of 4 BC and DEF.

Again, the circles AXD and BYE touch ABC and DEF, and
the contacts are of different kinds, therefore (232) the radical axis
of AXD and BYE passes through K. Similarly, the radical axes
of BYE and CZF and of CZF and AXD pass through X, There-
fore K is the radical centre of the three. Q.E. D.

286. If two circles touch three others, as in (234), the
tangents at the extremities of the chords of contact of each of
the three circles meet on that axis of similitude, which is also
the radical axis of the two circles.

Fig. to (234). Let the two circles ABC and DEF touch the
other three, and let ZN be the radical axis of the two, and there-
fore (234) an axis of similitude of the three.

The tangents to the circle BYE at B and X are equal, but
these are also tangents to ABC and DEF, and therefore “these
equal tangents to 4BC and DEF must meet on their radical axis,
as at P,

In the same manner it can be proved, that the tangents at 4
and D, C and F, meet on LN. Q. E.D.

DEr. If through a fixed point any straight line be
drawn intersecting a circle, and a point be taken on it, such
that it and the fixed point are harmonic conjugates, with
respect to the two points of intersection, the locus of the
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assumed point is called the polar of the fixed point, which
is called the pole.

237. Prove that the polar of a given point, with respect
to a circle, is a straight line on the same siude of the centre as
the pole; that the straight line joining the centre and pole is
perpendicular to the polar, and that the rectangle under. the
distances of the pole and polar from the centre 1s equal to the
square on the radius of the circle.

P
Iy
Jc

Fig. 1. Fig. 2.

Let C be the centre of the given circle, and P the given point.

Through P draw the diameter EF, and take D so that P
and D may be harmonic conjugates to £ and F, and draw DF
perpendicular to DE. Then DP’ is the polar of P. For, draw
through P any transversal cutting the circle in 4, B and DF’
in P,

Because P and D are harmonic conjugates to £ and F and

the mean EF is bisected in C, therefore (163) DC.CP=CFH®
or AC*,

Therefore the difference between C'P* and DC.CP is equal
to the difference between CP* and AC®. But the former differ-
ence is equal to CP.PD (IL 2, 3), and the latter is equal to
AP.PB (b0), since ABC is an isosceles triangle. Therefore
CP.PD=AP. PB, and therefore the four points 4, B, C, D
lie in the circumference of a circle, . Therefore the angles BDP
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and BAC are equal, but B4AC equals ABC, which is equal to
ADC. Also the angle PDP is right; therefore ’D and P'D are
the bisectors of the internal and external vertical angles of the
triangle ADB. Therefore (171) D . APBP is an harmonic pencil.
Therefore the conjugate to P, viz. P with respect to 4 and B,
always lies upon the fixed line DP",

DP'is therefore the polar of P. Also the pole P and its
polar DP lie at the same side of the centre, and we have proved
that the line C'P joining the centre and pole is perpendicular to
the polar DF, and that CP,CD=A4C". Q.E. D.

Cor. Hence, given a straight line we can find its pole, or
given a point we can find its polar,

For, if DP' be the given line, draw CD perpendmula.r to it
and take P so that PC.CD=A(" then P is the required pole;
and if the pole P be given, on CP take D so that

"PC.CD=AC,

and draw DP’ perpendicular to CD. DP is the required polar;
or we may find the polar of P thus; through the pole draw any
two secants, and take a point on each such that it and the given
pole shall be harmonic conjugates to the points in which the
secant intersects the circle; the straight line passing through the
two assumed points is the reqmred polar.

N.B. Some writers take for their definition of pole and polar
the following.

Join any point with the centre of a circle, and take a point
on the joining line such that the rectangle under the distances of
it and of the given point from the centre shall be equal to the
square on the radius. The perpendicular through the assumed
point to the joining line is called the polar of the given point
which is called the pole.

The definition first given has been preferred, since it is applica~
ble to all curves.

Some writers also lay down ‘ag their definition of pole and polar
the property proved in the next proposition.

It is evident that when the polar is without the circle, the
pole is within it, and when the polar cuts the circle the pole is
without the circle ; also that the polar of a point on the circle is
the tangent at the pomt a.nd the pole of a tangent is its pomt of
oontact. .
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DEF. The foot of the perpendicular from the centre or
from the pole on the polar is sometimes called the middle
point of the polar,

238. A chord is drawn through a fixed point esther
wnside or outside a circle, and tangents at ils extremities ; the.
locus of their intersection s the polar of the fized povnt.

Fig. 1.

Let C be the centre of the circle and P the fixed point, and let
the tangents 4D, BD at the extremities of the chord 4B, passing
through P, meet in D.

Through D draw DP’ perpendicular to CP, meeting 438 in F,

Fig. 2.
Since O'D bisects AB at right angles in Z, and the angles DAC,
DBC are right ; therefore DC' ., CL =AC*® (39).

But the angles DP'P and DEP are also right, therefore the
four points D, E, P, P’ lie on the same circumference, and there-
fore DC.CE= PC.CP', Therefore PC.CP = AC* and therefore,
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(237) DP’ is the polar of P, that is, the point D always hes on the
polar of P. Q.E.D.

N.B. 8ince DC.CE = A(C”, therefore D is the pole of 4B, or

. (o) The tangents at the extremities of any chord intersect in the pole
of the chord. Conversely, (B) If tangents be drawn from any point,
the chord of contact is the polar of the point. Again, since P is the
pole of DP’ and any line drawn through the pole, the polar and
circle is cut harmonically, therefore D.PAFB is an harmonic
pencil. Now DF is any line through the intersection of two tan-
gents DA, DB, and D is joined to P the pole of DF, and we have
seen that D . PAFB is an harmonic pencil. Hence we have the
following theorem. (y) If any straaght line be drawn through o
point, and the pole of that line be joined to the point, the first line and
the joining line form an harmonic pencil with the tangents from
the point,

239. The polar of the point of intersection of any two
straight lines 1s the line which jowns their poles, and, ‘con-
versely, the line joining two points is the polar of the inter-
section of the polars of these points.

Let P be the intersection of P4 and PB, and C, D the respectwe
poles of these lines, then shall CD be the polar of P. First, let

P

Fig. 1.

either P or both C and D lie within the circle. Since Fis drawn
through C and its polar 42, it is cut harmonically in £ and C. In

" like manner, PH is cut harmomcally in & and ). Therefcre: ()’])
is the polar of P (237, Cor.).

M. G. : RS Y
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Next (Fig. 2), let C be without the circle, and D within it, and
let PA cut the circle in K and M, By (238, a) the tangents at X

P

Fig. 2.

and M meet in C the pole of PA. Take L the harmonic conjugate
to P with respect to M and K ; then LD is the polar of P (237,
Cor.), but (238) C lies on the polar of P, therefore LD produced
passes through C.

Lastly (Fig. 3), let both €' and D lie without the circle, and let
PA and LB cut the circle in X, M and ¥, R respectively. The

P

Fig. 3.

tangents at these points meet in ¢ and D (238, a). By (238) ¢/
and D both lie on the polar of P, therefore CD is the polar of 2.
In all cases the converse is obvious. Q. E.D.

Cor. Hence, (a) if any number of stratght lines pass through a
potnd, their poles all lie on the polar of that point. For the line
joining the poles of every two of the intersecting lines is the
pular of the point of intersection ; in other words, all the poles
of the intersecting lines lie on the polar of the point of intersec- -
tion. :
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(B) If any number of points lic on a straight line, their polars
all pass through the pole of the line. Eor the polars of any two of.
the points intersect in the pole of the line joining them, that is, the
polar of every point on a given straight line passes through the
pole of that line. For the benefit of the learner I will give another
proof of these principles in the next proposition.

240. If a point move along a fized straight line, its
polar always passes through a fized point, viz. the pole of the
Sixed line; and if a straight line always pass through a fixed,
point, its pole always lies on a fixed straight line, viz. the
polar of the fixed point.

Let 4B be the fixed straight line, and P any point on it. Then

A D r B

« shall the polar of P pass through the poleof AB. From the centre
C, draw CD perpendicular to 4B, and let QR the polar of P 'meet
CD (or CD produced) in R,
Because the angles PDR and PQR are right, the four points
P, @, R, D lie on the same circumference, therefore
PC.CQ=DC.CR,

but PC. CQ equals the square on the radius, therefore DC. CR
equals the square on the radius, and therefore X is the pole of 4B.
Therefore the polar QR of any point P on AB always passes,
through the pole of 4B, The proof is similar when 4.8 cuts the
circle.

Now, suppose P a fixed point, and 4B any straight line through
it ; then shall the pole of 4B always lie on the polar of P. From
the centre C' draw CD perpendicular to 4B, and meeting QR the
polar of Pin B. Therefore the points P, @, R, D lie on the same
circumference, and therefore

PC.CQ=DC.CR;
AU
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but PC.CQ equals the square on the radius, therefore DC.CR
also equals the square on the radius, and therefore R is the pole of
AB. Therefore the pole of any straight line through P always lies
on the polar of the fixed point P. The proof is similar when P is
within the circle. Q. E D.

241. If through any point inside or outside a circle
secants be drawn, the straight lines joining the extremities of
the chords intersect on the polar of that point.

Let P be the fixed point, and through it draw any two secants

x

cutting the circle in 4, B, and C, D respectively. Join AC and
BD intersecting in F, and Dd and CB intersecting in E. Join
£F, and let it meet PB and PC in G and H, respectively. Then
EF is the polar of P.

Because, through # a point within the triangle CED, stra.lbht
" lines are drawn to its angles, therefore (169) PB is cut harmoni-
cally in 4 and @, and PC in D and H. Therefore GH is the
polar of P, and therefore AC and BD,CB and DA intersect on the
polar of P.

Now, suppose F a fixed point within the circle, and through F
draw any two chords AC' and BD; then shall CB and D4, BA
and CD intersect at the points £ and P respectively, on the polar
of F.

For join EP, and let C4 and BD meet EZP in K and I,
respectively. Because K is the harmonic conjugate to F, with
respect to 4 and C, anstoFWIthrespecttoDandB therefore
KL is the polar of 7. @.E D. .
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242. Prove (by a method applicable to any conic section)
that a secant from the tntersection of two tangents to a circle

ts cut harmonically by the circumference and the chord of
contact. -

Let the tangents PC' and PD intersect in P, and touch the

circle at 4 and B respectively. Through P draw any secant PE,
meeting the circle at M and £, and the chord of contact 4B at G,

. and through M and E draw KL and CD parallel to AB. If P be
joined with the centre, it is clear that the joining line will bisect
KL and MN, CD and EF, and AB at right angles; therefore KM
and LN are equal, as also CE and FD.

On account of the parallels, we have the following proportions:
EP . PM :: CE : KM,
EP : PM :: DE : LM,
Therefore, compounding these ratios, we have,
EP* : PM* :: CE.DE : KM .LM :: CE.CF : KM.EKN

2 CA" . AK®,
Therefore CA : AK :: EP : PM,
But C4 : AK :: EG : GM,
and therefore EG : GM :: EP : PM:

Therefore ZM is cut harmonically, for it is cut internally and
externally in the same ratio. Q. E.D. ’



214 . EXERCISES ON EUCLID [243.

N.B. This proof is here given chiefly for the sake of the more
advanced student, as the theorem has been already proved more
simply.

243. Prove (149) by pencils, and also by polars.

D

Fig. 1.

Let C be the middle point of the chord 4.B, and through ¢
draw any other two chords DE and F@; then shall AH and BK
be equal.

First, by pencils, Fig. 1.
{D.AGEB}={F. AGEB)}, (189).
Therefore [A HC B] = [ACKB], and therefore

P Q
B
G
Fig. 3. .
AB.IC : AH.CB :: AB.CK ;: AC.KB,

or, alternately, :
AB.HC : AB.CK :: AH.CB : AC .KB,
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Therefore H(C : CK :: AH : KB,
or CH : HA :: CK : KB,

but AC and CB are equal ; therefore H4 and KB are also equal.
Q.E.D. :
Next, by polars, Fig. 2.

Produce G'D and EF to meet in P, which is a point on: the
polar of C' (241). Let PQ be the polar of C. PQ is obviously
parallel to 4 B.

Produce G'F to meet PQ in @, and join PC.

Because G'Q is drawn through C' and its polar PQ, P. GCFQ
is an harmonic pencil, but 4B is parallel to Pg), therefore HC and
(K are equal. Q. E.D. -

244. Any two points subtend at the centre of a circle an
angle equal to that between their polars.

Let C be the centre of the circle, and 4, B the two points.
Find DE the polar of 4, and EG the polar of B. Because the
angles CDE and CGE are right (237), therefore the angle FEG
between the polars is equal to the angle ACB subtended by 4 B
at €. Q.E.D.

245. The anharmonic ratio of four points in a straight
line vs equal to that of the pencil formed by their four polars.
Since the points are in a straight line their four polars pass

through the pole of this straight line (240), and therefore form a
pencil, Also, if the four poles be joined to the centre of the circle,
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the pencil thus formed has its angles respectively equal to the
angles of the pencil formed by the four polars (244). Therefore
the anharmonic ratio of four points in a straight line is equal teo
that of their polars. Q. E.D. ‘

246. If three pairs of tangents be drawn to a circl:
Jrom three points in a straight line, they will cut any seventh
tangent in involution.

Let D, E, F be three points in a straight line, and 4, 4’; 2,
B'; C, C the points of contact of the pairs of tangents from D, E,
F respectively.

Since the chords of contact 44', BB, and C(’ are the polars
of three points D, E, F in a straight line, therefore (240) they
pass through P the pole of DF. Now, if a seventh tangent cut
the six tangents, the anharmonic ratio of any four points of inter-
section is equal to that of the four points of contact of the corre-
sponding tangents (191, N.B.). But since the three chords 44’
BB, C(C’ pass through the same point, the anharmonic ratio of any
four of the six points of contact is equal to that of their four con-
Jjugates (215, 207). Therefore also, the anharmonic ratio of any
four of the six points in which the six tangents meet any seventh
tangent is equal to that of their conjugates, and therefore (208) the
six points are in involution. Q. E. D.

247. If a quadrilateral be inscribed in a circle, and
another circumscribed touching at the angular points, prove
that, (a) their diagonals intersect in the same point, and form
an harmonic pencil; (B) thesr third diagonals are in the
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same straight line, and their extremities form an harmonic
range; (vy) the tntersection of each pair of the three diagonals
of the circumscribed quadrilateral is the pole of the remaining
diagonal. :

Let' ABCD be the inscribed quadrilateral, and EFGH the
circumscribed touching at the angular points of the former. Let
O be the centre of the circle, and let 4B, C.D meet in T'; BC, AD
in R; EF, HR in 8, and suppose that V is the point in which F@,
HE, if produced, would meet, and let AC' and BD intersect in L.

Because, through the point R two secants R4 and RB are
drawn, therefore (238, 241) the points 7, F, L, H lie on the polar
of R, and because through 7' two secants 7’4 and T'D are drawn,
the points B, @, L, £ lie on the polar of T'; therefore TFLH is
the polar of R, and RGLE is the polar of 7. Therefore the four
diagonals of the two quadrilaterals intersect in the same point L.

Now R is the pole of FH, S of BD, T of EG, and V of AC;
but the four straight lines #H, BD, EG, and AC pass through the
_same point; therefore (240) their four poles B, S, 7', V are in the
same straight line. Therefore the third diagonals of the two quad-
rilaterals lie in the same straight line.

Again, because the secant B4 is drawn through the point R
and its polar HZ, therefore H.RDUA is an harmonic pencil,
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but its rays meet the transversal RV in R, S, T, V; therefore
R, S, T, V, the extremities of the third diagonals, form an
harmonic range, and therefore (245) also the four diagonals which
are the polars of these points form an harmonic pencil,

- Also, since FH and EG, the polars of R and 7', intersect in Z,
therefore (239) L is the pole of B7. Therefore any diagonal of the
circumscribed quadrilateral is the polar of the intersection of the
other two.

Hence the proposition has been completely proved. @.E. p.

N.B. It has been proved, that L is the pole of RT, R of TL,
and 7 of LR. Hence, if a quadrilateral be inscribed in a circle and
the intersection of s two diagonals joined to the extrematies of the
third, the triangle formed by the two joining lines and the third
diagonal is such that each vertex is the pole of the opposite side. The
proposition (247) furnishes a simple proof of (111).

DEF. A triangle which is such that each vertex is the
pole of the opposite side, with respect to a circle, is called a
self-conjugate triangle. The circle is also sometimes called
self-conjugate, with respect to the triangle, and the three
angular points of the triangle are said to form a conjugate
triad.

248. Given a circle and the lengths of the three diagonals
ofa guadﬂlateml inscribed n it ; construct the quadiilateral.

In Flg to (247) suppose ABCD the required quadrilateral.
Then since V (viz. the point on R7' where FG and HE intersect)
is the pole of AC, therefore (237) OV bisects AC at right angles in
P and V0. OP is equal to the square on the radius. Similarly,
80. 0Q is equal to the square on the radius. But AC'and BDare
given in magnitude; therefore OP and 0@ their distances from the
centre are known, and therefore OV and OS are known. Also,
if 7 be the middle point of the third diagonal R7, the points
P, @, I are in a straight line (22). Therefore (167) since the
transversal PJ cuts the sides of the triangle VOS,

VP : PO
VI: IS : {OQ ; QS}'
Therefore VI : I8 is a known ratio.

Again, the tangent from 7 is equal to half the third diagonal
(111), therefore Of is known. Hence the problem is reduced to
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the following. (a) Given the two sides OV, OS of a triangle and
the length of a line Ol dividing the base VS in a given ratio in I;-
construct the triangle.
" Draw SW parallel to OV and meeting O in W. Then
VI :1IS :: VO : SW,

but VI : IS is a given ratio and VO is given, therefore SW is
known,

Similarly, OW is known. Therefore the sides of the triangle
OSW are known, and it can be constructed with an angular point
at 0, and hence the triangle OV.S can then be constructed. But
OP and 0@ are known. Therefore AC and BD perpendicular to
OV and OS respectively through P and @ determine the required
quadrilateral 4 BC D,

N.B. We have seen that VO . OP and §0.. 0Q are each equal
to the square on the radius.. Therefore £, V, S, @ lie on the
same circumference, and therefore PI.1Q=VI.18=IT? since
R, S, T, V form an harmonic range, and 7 is the middle point of
the mean R7' (163).

Hence we have the following theorem. .(8) The rectangle
under the whole line joining the middle points of the diagonals of @
complete quadrilateral and its segment adjacent to the third diagonal
18 equal to the square on half the third diagonal.

Since the line joining the centre to any point is perpendicular
to the polar of the point, it is clear that the perpendiculars of the
triangle LRT intersect in O the centre of the circle.

249. Gwen a triangle, to describe the circle with respect
to which the triangle is self-conjugate.

Since the pole and polar are both on the same side of the centre,
and the perpendicular from the pole on the polar passes through
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the centre, it is evident that the perpendiculars of the triangle
meet in the centre of the required circle, and that this point must
be without the given triangle, and therefore the triangle must be
obtuse-angled when a solution of the problem is geometrically
possible.

Let then 4 BC be the given triangle, and let its perpendiculars
meet in 0. Because the figures BFAD and DALC are circum-
scribable by circles, therefore

BO.OF=D0.04=CO0. OFE,

but each of these rectangles is equal to the square on the radius of
the required circle (237). Therefore the centre O and the radius
of the required circle are known. The circle may be thus con-
structed.

On BC, as diameter, describe a circle, and from O draw a
tangent to this circle. The circle with O as centre and this tangent
us radius will be self-conjugate with respect to the given triangle.
The two circles evidently cut one another orthogonally.

Cor. The circle self-conjugate to a given triangle cuts ortho-
gonally the circle described on the side of the triangle, opposite the
obtuse angle, as diameter.

250. The four circles each self-conjugate to ome of the
Sour triangles formed by the sides of a quadrilateral, and the
m/rcle circumscribing the triangle formed by the three diago-

nals of the complete quadrilateral, form a system of five
circles, which cut orthogonally the three circles described om
the three diagonals, as diameters, and the straight line joining
the middle points of the diagonals 18 the radical axis of the
Jfive circles.

Let ABCD be the quadrilateral, ZF its third diagonal, and
L, M, N the middle points of its diagonals, so that LMN is a
straight line (22). The circle circumscribing the triangle formed
by AC, BD and EF, and the four circles self-conjugate to the
triangles BEC, AED, CFD and AFB shall have LMN for their
radical axis. ILet the perpendiculars of the triangle BEC meet
in O, then (249) O is the centre of the circle, self-conjugate
to the triangle BEC, and the square on its radius is equal to
E0.0H=G0.0B=C0.0K. Therefore the circle (0) will cut
orthogonally the circle on £¥, as diameter, for this circle passes
through H since ZHF is a right angle. Similarly, CO.OK =square
on tangent from O to circle on diameter 4C, since K isaright angle;
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and since BGD is a right angle, circle on diameter BD passes
through @, and therefore GO . OB equals square on tangent from
0 to circle on diameter BD,

Therefore the circle self-conjugate to the triangle BEC cuts
orthogonally the circles on the three diagonals, as diameters.

In like manner it can be proved that the circles self-conjugate
to the other three triangles cut the same three circles orthogonally.
And it has been proved in (217) that the circle circumscribing the
triangle formed by the three diagonals, also cuts orthogonally the
circles on the three diagonals, as diameters.

Therefore (201, B8) LMK is the radical axis of the system of
five circles, and the straight line passing through the centres of
the five circles is the radical axis of the system of three cu'cles on
the diagonals, as diameters. Q. E. D.

N.B. A particular case of this theorem has been already given
by the Rev. N. M. Ferrers, F.R.8., Fellow and Tutor of Gonville -
and Caius College (Mathematical Tripos, Jan. 16, 1862).

Another demonstration of Mr. Ferrers's theorem is given in the
Quarterly Journal of Mathematics for June, 1862, p. 272,

251. If a system of circles have a pole and polar in
common, they shall have the same radical axis.

" Let F bé the pole, and HK the polar. From F draw FF’
perpendicular to HK, and on FF" as diameter, describe the circle
with centre 0. In FF' take any point C' outside the circle, and
so that # and F” are on the same side of (.
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Draw the tangent C4. The circle described with centre C and
radius C4 is a circle of the system. For

CF.CF =C4".
L
C, o »
K

Therefore F is the pole, and HK its polar, with respect to the circle
(C), and the perpendicular through O to FF" is clearly the radical
axis of the system of circles, of which (C) is one (216). Q. E.D.

252. If any circle cut two given circles orthogonally, the
straight line joining any point in which it intersects one of the
gwen circles to any pownt in which it intersects the other,
always passes through a centre of similitude of the two given
circles, and the limiting points of the two circles are har-.
monic conjugates with respect to their two centres of similitude.
Also the limiting points have the same polars with respect to
the two given circles.

Let 4 and B be the centres of the two given circles, and let
any circle cut them orthogonally in the points &, D, D', E'. Then
shall £’ and DD’ meet in the external centre of similitude, and
ED', E'D in the internal centre of similitude. Join 4D, BD’, and
produce these lines to meet in C, and let DD’ meet 4B in O.

Because the transversal DO meets the sides of the triangle
ACB, therefore (167)

40 : OB = {CD’:D’B ,

but CD and ']) are tangents to the circle ZDE’ since it cuts the
other two circles orthogonally, therefore CD and CD’ are equal,

and therefore
: AQ : OB :: AD : D'B,

AD : DC}
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Therefore O is.the external centre of similitude of the two
given circles,

In the same manner it can be proved that EE’ passes through
0, and that £D’ and E'D intersect in X the internal centre of
similitude of the given circles.

Again, because from the point O two secants OD and OF are
drawn meeting the circle EDE’, therefore (241) K is a point on
the polar of O with respect to this circle, and therefore O, F", X,
F form an harmonic range, and #, F' are the limiting points of
the given eircles (201, o). ,

Also AF . AF' = AD* and BF , BF'= BD", since AD and BD' |
are tangents to the circle ZDE'.

Therefore the polar of F with respect to each of the given
circles is the perpendicular through #” to 4.8, and the polar of #”
is the perpendicular through # to AB. Q.E.D.

N.B. It is apparent that £, £’ and D, D’ are pairs of non-
corresponding points. .

253. If two circles touch three given circles, as in (234),
the pole of that axis of similitude of the three circles, which 1s
also the radical axis of the two, with respect to any of the
three circles, lies tn the chord of contact of that circle.

Fig. to (234). For by (236) the tangents to the circle BY X at
B and E, meet at P on the axis of similitude LN of the three
circles, and L i is the radical axis of the two circles 4BC' and
DEF. v
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Therefore BE is the polar of P with respect. to the circle BYE,
and therefore (240) the pole of LN with respect to BY X lies on
the chord of contact BE, as at R. Similarly, the poles of LN with
respect to AXD and CFZ lie on AD and CF, as at ¢ and S. Q.E.D.

264. To describe eight circles touching three given cir-
cles. (See 231.) :

Fig. to (234).

Let AXD, BYE, and CZF be the three given circles, and
suppose ABC, DEF swo circles touching the given circles, as in
(234). It has been proved (234) that LN, the radical axis of the
two circles 4 B0, DEF, is an axis of similitude of the three given
circles, and (235) that K is the radical centre of the three given
circles, and (253) that the poles of LN with respect to the three
given circles lie on the three chords of contact, as at @, R, S.

Hence we have the following construction.

.. Let K be the radical centre of the three given circles, and LN
one of the four axes of similitude.

Find @, R, S the poles of LV with respect to each of the three
circles, and join KQ, KR, KS§, meeting the circles in 4 and. D, B
and E, C and F respectively. The circles through the points D,
E, F and 4, B, C will touch the three given circles, In the same
manner, by means of the other three axes of similitude, three other
pairs of circles can be described touching the given circles. Q. k. .

256. If through any point, within or without a curcle,
Sfour straight lines be drawn cutting the circle, the ankarmonic
ratio of four of the points of intersection is the same as that of
the remaining four points.

Let four straight lines drawn through the point O cut the
circle in the four pairs of points 4, 4'; B, B'; C, C'; and D, D',
Then shall the anharmonic ratio of any four of the points, as 4, B,
C, D, be equal to that of the other four, 4, B, (", D'.

Joid 4’ to the points B, C, D, and 4 to B, ", D'
Since, through O two secants OA’, OB are drawn, therefore
(241) the point ¢, in which 4B’ and 4'B intersect, lies on the

polar of 0. Similarly the points & and §, in which AC', 4'C and
A D', A'D respectively intersect, lie on the polar of O.

Therefore SRQ is & straight line, Let this line meet 04’ in P.
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It is now obvious that
{4 .A'BC'D'}=[PQRS]={4’. ABCD}.

The proof is similar when the point O is within the circle.
Q E.D.

266. The distances of any two points from the centre of
a given circle are to one another as the distances of each point
JSrom the polar of the other.

Let 4, B be the two given points, O the centre of the given
circle, KG the polar of 4, and KA the polar of B.

Draw A Z perpendicular to HO, BF to GO, AC to KH,and BD
to KG. Then shall 40 : BO :: AC : BD. .

M. G. AN
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Because 4 and B are the poles of GKX and KH, therefore
04 .0G = 0B. OH, since each of these rectangles is equal to the
square on the radius, and because the angles AFB and AEB are
right, the points 4, ¥, E, B are in the same circumference, there-
fore 04 .OF =0B. OF.

Therefore the difference of the rectangles O4 . OG and O4 . OF
is equal to the difference of the rectangles OB. OH and OB. OE,
that is, 04 . FG@ = OB . EH, but FG equals BD and EH equals
AC, therefore 04. BD =0B. AC,
and therefore . 04 : OB :: AC : BD. Q E. D.

N.B. This important theorem was discovered by the Rev.
Dr Salmon, F.R.8. Fellow of Trinity College, Dublin, and Regius
Professor of Divinity in the University.

267. The polar of a given point, with respect to any
circle of a co-axal system, will always pass through a fixed
point.

Let 4 and B be the centres of any two circles of the co-axul
system, and let P be the given point.

Describe (219) the circle CPD, passing through P and cutting

the two circles (4) and (B) orthogonally. This circle will cut the
entire system orthogonally, since its centre O is on the radical axis
of the system, .

Join BP, meeting the circle CPD in E, and join E to @, the
extremity of the diameter P, opposite to P. Then @ is the fixed
point through which all the polars pass. .
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Because BD is a tangent to the circle CPD, therefore
PB. BE =BD*; therefore QF is the polar of P with respect to
the circle (B); amfl in the same manner it can be proved that the -
polar of P with respect to any other circle of the co-axal system
passes through @. Q. E.D.

268. If ABC, A'B'C’ be two triangles, such that A 1s the
pole of BC', B of C'A’, and C of A'B), then the straight lines
AA’, BB, CC' shall meet in a point, and the corresponding
sides BC, B'C, CA, CA', and AB, A'B’ shall intersect in
three points situated on the same straight line.

Let K be the centre of the circle with respect to which 4, B, ¢
are the poles of B'C’, C"4d’, A'B', respectively.

Let CC’ and BB intersect in O, and produce C'B to meet 4'B’
in @ and 4'C'in E. Also let C4 and BA meet 4'C’ and 4'B’ in
D and F respectively, and join 4’B, 4°C.

Since the intersection of two lines is the pole of the line
joining their poles, therefore D is the pole of BA’ and £ of 4'B.
Therefore the four points 4’, ", D, E are the poles of the four
straight lines BC, B4, BB, BA'. ’

15—
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But the anharmonic ratio of four points in a straight line is
the same as that of their polars (245), therefore

{C.A'C’'DE}={B.GFB'A}={B.A'B'FG}.

Therefore, since the ray BC is common, the intersections of the
three pairs of corresponding rays lie in the same straight line (165),
that is, the points 4’, O, 4 are in the same straight line, or 44’,
BB, and C'(" pass through the same point O.

Again, 4 is the pole of B'C" and A’ of BC, therefore 44’ is the
polar of the intersection of B'C’ and BC. Similarly, BB’ is the
polar of the intersection of ("4’ and C4, and CC' of the inter-
section of 4’B’ and 4B, but the three polars 44', BB, CC’ pass
through the same point O, therefore (240) the three intersections
lie in the same straight line. Q. E. D.

N.B. That the intersections of the corresponding sides lie in
the same straight line follows immediately from (183), since the
triangles A BC, A'B'C’ have been proved to be co-polar.

259. Through a given point without a given circle, any
transversal 18 drawn cutting the circle, and a point taken on 1t
such that the reciprocal of its distance from the given point 1s
equal to the sum of the reciprocals of the intercepts between
the given point and the circle; find the locus of the point of
section. !

Let O be the centre of the given circle, and P the given point,
Draw any secant PB, and take the point @ such that
1 1 1
PGQ-Pa* PB’
The locus of @ is required.




261.] AND IN MODERN GEOMETRY. 229

Let CD the polar of P meet ABin C'; then P, 4, C, B form
an harmonic range, and therefore (176, N.B.)
2_1.,1.
PC~ PA*PB
and therefore P@Q is equal to half PC. Hence the required locus

is parallel to C'D and at a distance from P equal to half the distance
of CD from P,

1 2
therefore PQ = pg’

260. Through a given point within a given circle, any
transversal is drawn, and a point taken on it, such that the
reciprocal of its distance from the given point is equal to the
difference of the reciprocals of the intercepts between the
gwen point and the circle; find the locus of the pownt of

section.

Let O be the centre of the given circle, P the given point, and
CD its polar. Draw any secant BC through P, and take @ such

that
1 1 1

PQ-Pi P’

The locus of @ is required.

Because BC is divided harmonically in P and 4, therefore
(176, N.B.)

2 1" 1 1 2
}—)—(}= P—A - P—B, therefore P@-_- P—C,

and therefore PQ is half PC. Therefore the required locus is a
parallel to CD midway between P and CD.

261. If through a fixzed point without or within any
number of gwen straight lines and circles, any transversal be
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drawn intersecting them, and a point taken on it, such that the
reciprocal of its distance from the ficed point is equal to the
excess of the swum of the reciprocals of the intercepts between
the given point, and the lines and circles on one side of it over
the sum of the reciprocals of the intercepts on the other side of
it; find the locus of the povnt of section.

By the last two problems, the circles can each be replaced by
fixed straight lines. Hence the problem is reduced to (180) or (181),
and the required locus is therefore a determinate straight line.

262. If four secants be drawn through either centre of
similitude of two circles, the anharmonic ratio of any [our of
the points where the secants cut one of the circles 18 the same
as that of the four corresponding or non-corresponding . points
‘on the other circle.

Let four secants be drawn through O the external centre of
similitude, as in the fgure, and let P, P’ be corresponding points.
Since the lines joining pairs of corresponding points are parallel
(227), the rays of the two pencils P. ABCD and P, A’B'C’D’ are
respectively parallel.

Therefore  {P.ABCD}={FP'.A'BC'D}.
But since four secants are drawn through O meeting the circle
ABC, therefore (255)
{P.ABCD}={P.EFGH).

Therefore the anharmonic ratio of 4’y B', (”, D' is the same as
that of the four corresponding points 4, B, C, D, and also of the
four non-corresponding points %, F, G, H.
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The proof is similar when the four secants are drawn through
the internal centre of similitude. Q. E. D. '

DEr. The pole of a straight line or the polar of a point,
with respect to a .given circle, is said to correspond to the
line or point, and the centre of the circle is often called the
origin, and the circle itself the auaziliary circle.

268. Given the base and the difference of the sides of a
triangle ; the polar of the vertex with respect to one extremity
of the base as origin always touches a ficed circle.

Let BC be the given base, and 4BC any triangle with the
given difference of sides BE. Take (' as origin, and let CH be
the radius of the auxiliary circle. Let D be the middle point of

A

BC and A@ the bisector of the vertical angle BAC. Then D@ is
half BE, and the locus of @ is the fixed circle, with centre D and
radius DG (23). Let this circle meet C'E again in F, and let LY
the polar of 4 with respcet to the origin €' meet £C in M. Draw
MN parallel to AC. Then X is a fixed point, and NM is constant.

Because DF and D@ are equal, the angles DFG and DGF are
equal, but D@ is parallel to 4B, therefore the angles DGF and
AEC or ACE are equal, and therefore DF and AC are parallel.
Again, because the angles ALM and AGM are right, therefore
AC.CL=MC .CG, but AC.CL=CH?", since LM is the polar of
A with respect to the origin C'; therefore MC. C@ is given, but
FC . CQ is also given, since (D) is a fixed circle,

Therefore MC. CG : FC . CQG, that is, MC : CF is a given ratio,
but MN and FD are parallel.
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Therefore NC : CD and MN : FD are given ratios, and since
CD and FD are given, therefore & is a fixed point and M N is of
constant length. Also, since MN and AC are parallel and CLM
is a right angle, therefore LMN is a right angle, and therefore
LM always touches the fixed circle with centre & and radius NH.
Q.E.D,

264. Ghven the base and the sum of the sides of a triamgle ;
the polar of the vertex with respect to one extremity of the base
us origin always touches a fized circle.

Let BC be the given base and 4BC any triangle, with the given
sum of sides BE, C the origin, and CH the radius of the auxiliary

circle. Let .D be the middle point of BC and AG the bisector of
the external vertical angle CA£.

Therefore D@ is half the sum of the sides, and the locus of @
is & fixed circle with centre D and radius D@ (24). Let this circle
meet CG again in F, and let LM the polar of 4 with respect to the
origin C meet C@ in M, and draw MXN parallel to AC. Because
D@ and DF are equal and D@ is parallel to 4B, therefore DF is
parallel to 4C.

Also, since the angles AZM and AGM are right, and LY ia
the polar of 4, GC.CM=AC.CL = CH*, Therefore GC.CHM is
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constant, but GC . C'F is also constant, since C is a fixed point and
(D) is a given circle. Therefore GC.CM : GC.CF, that is,
CHM : CF is a given ratio, but N and DF are parallel, there-
fore

NC : CD :: MC : CF, and MN : DF :: MC : CF,

Therefore N is a fixed point and M is of constant length,
since CD and DF are both given. Therefore LM always touches
the fixed circle with centre & and radius A, Q.E D.

265. If a circle touch two given circles (the nature of
the contacts being assigned), the polar of its centre, with respect
to one of the given circles, always touches a given circle.

Fig. 2.

Let B and C be the centres of the given circles, and 4 the
centre of the variable circle touchmg the others at the points D and

Z respectively.
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In Fig. 1, it is clear that the difference of 4B and 4C is equal
to the difference of the radii BD and C'Z of the given circles, and
in Fig. 2, that B4 and 4C are together equal to the sum of the
radii BD and CE of the given circles.

Therefore the theorem is reduced to this. Given base BC and
difference or sum of the two sides AB, AC of a triangle, the polar of
the vertex A with respect to the circle (C) always touches a given
circle ; which has been proved in (263) and (264). Q. E.D.

266. If two tangents be drawn to a circle, any third tan-
gent unll be cut harmonically by its point of contact, the
two former tangents and their chord of contact.

Capyn

Let AB, AC be the two fixed tangents, and let any tangent
HD touch the circle at @ and meet the chord of contact BC in D,
then shall A, @, £, D form an harmonic range. Join 4@, meeting
BD in K.

Because @ is the pole of H D, and 4 of BC, therefore (239) D
is the pole of A@, and therefore DB is cut harmonically in €' and
K ; therefore 4. BKCD is an harmonic pencil, and therefore XD
is cut harmonically in G and Z, which proves the proposition.

Or thus; draw EF parallel to 4B, then, since ABC is an
isosceles triangle, £F and EC are equal; also ZC and EG are
equal, and HG and 4 B.

Therefore HD : DE :: HB : EF,
or HD : DE :: HG : GE.
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Therefore HE is cut internally in @ and externally in D in the
same ratio, and is therefore cut harmonically. Q. E.D.

267. If the perpendiculars Aa, Bb, Cc be let full from
the angular points A, B, C of a triangle upon the opposite
sudes, prove that the intersections of BC and be, of CA and ca,
and of AB and ab, will lie on the radical axis of the circles
circumscribing the triangles ABC and abe.

Because the angles BcC' and BbC are right, the four points
B, C, b, c lie on the same circumference ; therefore

cL.Lb=BL.LC.

But cL. Lb equals the square on the tangent from L to the
circle described about the triangle abe, and BL . LC equals the
square on the tangent from L to the circle described about the
triangle ABC, therefore L is a point on the radical axis of the
circles about the triangles 4ABC and abe. Similarly, M and & are
points on the radical axis of the same two circles. Q. E. D.

268. A common tangent to any two circles is divided
harmonically by any other circle having the same radical axis
with the two given circles. .

Let DE the common tangent to the two circles (4) and (B),

meet the circle (C) in ¥ and @, and the common radical axis OH in
H, then shall F, D, @, E form an harmonic range.
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Because OH is the radical axis, HD equals HE, and

HG . HF = HD*, therefore (163) I" D, G, E form an harmonic
range. Q. E.D.

269. The difference of the squares on the tangents from
any point to two circles is equal to double the rectangle under
the perpendicular let fall from the point on their radical azis,
and the line joining their centres.

L

A MOKU

Let A and B be the centres of the two circles, LO their
radical axis, and PC, PD tangents from any point 2 to the two
circles,
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Bisect AB in M (which will evidently lie between the centre
of the greater circle and the radical axis), and draw PN perpen-
dicular to 4B8. Then N0 is equal to the perpendicular from P on
Lo.

Now PA*—PB'=24B.MN.

But, since the angles PC4 and PDB are right, the difference
of the squares on P4 and PB exceeds the difference of the squares
on PC and PD by the difference of the gquares on the radii, or by
the difference of the squares on 40 and OB.

But AO0*-0B*=24B. MO.
Therefore PC* — PD*=24B. MN-24B. M0 =24B.NO.

In the same manner the theorem can be proved for any other
position of the point P. Q. E.D.

Cor. Hence, if the point P be situated on either of the two
given circles we have the following theorem.

If from any point on either of two given circles a tangent be
drawn to the other, the square on this tangent is equal to double the
rectangle under the perpendicular let fall from the point on their
radical axis, and the line joining their centres,

This may also be proved independently.

270. Given a system of three co-axal circles ; if from any
point on one, tangents be drawn to the other two, these tangents
will be in a constant ratio.

Fig. to (268). Let 4, B, and C be the centres of the three
given circles, and HOQ their radical axis. From any point P on the
circle (C) draw the two tangents PL, PM to the other two circles,
and P@ perpendicular to HO.

By (269, Cor.)
PI*=2PQ.CA, and PM*=2PQ.CB.
Therefore PL* : PM* :: CA ; CB, which is a constant ratio.
Q.E.D.

N.B. After what has been done, the learner should experience
very little ditficulty in solving the following problem, and con-
structing the locus.

Find the locus of intersection of tangents to two given circles, the
tangents having a given ratio of inequality to each other.
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The Method of Reciprocal Polars.

It will sometimes be found convenient to use the following
notation. Let a straight line be denoted by a single letter 4, and
its pole by the same letter accented, viz. by 4'.  Also let the inter-
section of two lines 4 and B be denoted thus (4.B), while the line
joining the points 4’ and B’ is denoted in the usual way by A'B’
In problems or theorems of position, as for example, where it is
required to prove that any number of points lie in the same
straight line, or that any number of straight lines pass through the
same point, it is seldom necessary to actually exhibit the auxiliary
circle with respect to which poles and polars are taken. Also, in
forming a new figure by taking the poles of the sides of a given
rectilinear figure, we may frequently disregard both the relative
positions of the two figures on the paper and their relative magni-
tudes. Thus,

271. Given a polygon ABCDE; construct another poly-
gon A'B'C'D'E’ such that the vertices of each polygon shall be
the poles of the corresponding sides of the other with respect
to a given circle.

’

Let 4, B, ", D', E' be the poles of 4, B, C, D, E, respec-
tively. :

Then, since the line joining the poles of two lines is the polar
of their intersection (239), therefore 4'B’ is the polar of (4B).
Similarly, B’C" is the polar of (BC), and so on. Therefore the
polygon ABCDE may be formed from A'B'C'D’'E’ in the same
manner as 4'B'C"D'E’ was formed from it, viz. by joining the poles
of the sides of 4'B'C’D’E’ in order.

Hence the two polygons are called polar rectprocals of one
another with respect to the auxiliary circle.

The process of generating one figure 4’B'C"D'E’ from the other
ABCDE, in this way, is called reciprocating ABCDE.
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N.B. It is worthy of remark, that the theory of reciprocal
polars doubles the number of theorems of geometry. Thus, when
any theorem of position is once admitted as true, the consideration
of reciprocal polars gives immediately another corresponding to the
first.

This will appear more clearly from the examples of reciproca-
tion which follow.

272. The three perpendiculars of a triangle meet in the
same point. By reciprocating this theorem deduce the following.
If any point whatever be joined to the vertices of a triangle,
and perpendiculars drawn to those joining lines, they will meet
the sides opposite to the corresponding vertices in three points
in the same straight line.

Let the perpendiculars of the triangle 4 BC' meet in I, and

A
E
D C
Fig. 1. Fig. 2.

take A’ the pole of BC with respect to the origin O, B’ the pole
of C4, and C’ the pole of 4B. Therefore (239) B'C' is the polar
of 4, C'4A’ of B,and A'B of C. Let D'F"E be the polar of 7,
therefore (239) 0’ is the pole of A1 or AD. Similarly, £’ is the
pole of BE, and F of CF. Again, because 4’ is the pole of BC,
and D' that of 4D, and that the angle ADB is right, and the
poles of two lines subtend an angle at the origin equal to the
angle between their polars (244), therefore the ungle A'OD' is
a right angle, that is, 0D’ is perpendicular to 04’, and it meets
the side opposite to 4’ in D’. In like manner it can be proved
that the angles B'OE’ and C'OF’ are right angles ; also D', F’; E'
are in the same straight line, viz. the polar of 7. Hence the
reciprocal theorem enunciated above is true.
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278. Prove that the locus of the pole of a variable tangent
to a given circle, with respect to its centre as origin, 18 a con-
centric circle.

Let O be the centre of the given circle, 4B a tangent to it at
any point P ; join OF meeting the auxiliary circle in &, and make
OP.OF =OR’, then P is the pole of P.

Therefore OF' is constant. Hence the required locus is the
concentric circle with radius OP'. Q. E. D.

N. B. If we draw the tangent 4’58’ at P, it is obvious that P
is the pole of 4'B’ with respect to the auxiliary circle with radius
OR. Hence the circle with radius OP can be generated from the
circle with radius OF' in the same way as the latter was generated
from the former. Thus each circle is the polar reciprocal of the
other. It is evident that, when the auxiliary circle coincides with
the given circle, the given circle and its polar reciprocal also
coincide.

274. If any tangent be drawn to a given circle, and its
pole taken with respect to any origin ; the distance of the pole
JSrom the origin 1s to its distance from the polar of the centre
as the distance of the centre from the origin is to the radius of
the given circle.

Let 4 be the centre of the given circle, and BC' any tangent
to it. :
Let O be the centre of the auxiliary circle, P the pole of
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BC, and EF the polar of 4. Draw PD perpendxcula.r to EF
then shall

L

OP PD : OA AB

Because BC and EF are the polars of the two points P and 4,

therefore (256)
OP : 04 :: PD : AB,
_or, alternately, OP : PD :: 04 : AB. QE.D.

N.B. We have seen in (273), that when the origin O coin-
cides with 4 the centre of the given circle, the locus of 2 is a
circle concentric with (4). When O does not coincide with 4, the
locus of P is an ‘ellipse, hyperbola or parabola, according as the
point O is within, without, or on the circle (4); but as the learner
is supposed to be still unacquainted with these curves, and as
their discussion is beyond the scope of the present work, I will
not here further pursue this subject.

The learner will now see that, in reciprocating any figure
partly composed of a circle, the centre of the circle must be taken
as origin, in order to confine the reciprocal figure within the limits
of the Elements of Euclid. ~ It will generally be found most con-
venient to take the given circle as the auxiliary circle,

276. Prove that (189) and (191) are polar reczprocals

I shall assume the truth of (189), and b recl roca 1(:
deduce (191), {1e3) R tmg

M, G, &
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. Let.4, B, C, D be four fixed points on a circle, a.ndPany
variable pomt then by (189), .

{P. ABCD} is constant. -

Let the tangents at 4, B, C, D meet the tangent at P in the
points 4’, B, C', D’ respectively.

By (238, a) A’ is the pole of P4, B’ of PB, (' of PC, and D'
of PD, and by (245) the anharmonic ratio of four points in a
straight line is the same as that of the pencil formed by their
polars

Therefore [4'BC'D]={P.ABCD}.

That is, zf a variable tangent cut four ﬁxed tangents, the an-
harmonic ratio of the four points of section i the same as that of
tlwfmurpmntaofcontact Q.E.D.

276. By reciprocating Pascal's Theorem (193), deduce
Bmam:hons Theorem (194).

Let abedef be any inscribed hexagon, and let its opposite sides
meet in Z, M, N, then by Pascal’s Theorem, LMA is a straight
line,

Form the circumscribed hexagon ABCDEF by drawing tan-
gents at the vertices of the inscribed hexagon. It is now required
to prove that the three diagonals 4D, BE, CF pass through the
same point.

Because from the point I two secants Ld and Lf are drawn
and tangents at the extremities of the chords, therefore (238)
CF i3 the polar of L, Similarly, BE is the pola.r of M, and 4D
the polar of N, .
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But the three points L, M, N are in the same straight line,
therefore (239, B) AD, BE and CF pass each through P the
pole of LN, oo : : :

L

277. Prove that if any point outside a circle be joined to
the vertices of any circumscribed quadrilateral, and two tan-
gents drawn from the point, these six lines form a pencil in
1nvolution. ‘
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. 'T will prove this theorem, by shewing that it is the polar
reciprocal of (213).

Let P be the point outside the clrcle, and LMNR the quadri-
lateral touching the circle at the points J, m, n, . Draw the
two tangents PB, PB. Then shull PM, PB PL PN, PB', PR
form a pencil in involution. Form the inscribed qnadnlateral
Imnr by joining the points of contact of the circumscribed one,
and let BB, the polar of P, meet its sides in ‘4, 4’, C, C". There-
fore (213) the six points A B, C 0, B, 4’ are in involution,
and therefore their polars will form a penml in involution.

Now P is the pole of BB and M of Im, therefore (239), PM is
the polar of C. In like manner, it can be proved that PL is the
‘polar of 4, PN of 4’ and PR of (.

Also PB is the polar of B and PB’ of B

Therefore the six lines PM, PB, PL, PN, PB and PR form
a pencil in involution. Q.E.D.

278. Describe a triangle which shall have its vertices on
three given straight lines, and its sides tangents to a given
circle,

\

Let the three g1ven stmlght lines form the triangle ABC,
and take A’ the pole of BC with respect to the given circle, B
the pole of €4, and €’ the pole of 4B, Inscribe in the given

A

circle the triangle PQR, having its sides passing through 4’, B’,
C' (145).
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Draw tangents to the circle at the vertices of the insoribed
triangle PQR. These tangents will form the required triangle.

Because AB is the polar of €', therefore (238) the tangents
at P, @ will meet on 4B, as at N. Similarly, the tangents at
P and R will meet at M on AC, and the tangents at R and @
will meet at L on BC. Therefore LMN is the required triangle.
QE.F.

N.B. Since (145), in general, two triangles can be inscribed
in a circle having their sides passing through three fixed points,
two triangles can generally be described as required in this
proposition. S

279. Prove that (246) s the reciprocal of (215).

Let the three chords 44, BB/, CC’ pass through the same
point O, and let P be any point on the circumference, then by
(215) P.ABCA’B'C" is a pencil in involution, and therefore the
poles of its six rays will be six points in involution. Let the

tangents at the extremities of 44', BB, CC' meet'in D, E, F
respectively ; then (240) the points D, E, F lie on the polar of O.
Therefore DEF is a straight line. Let the tangent at P meet
the three pairs of tangents from D, E, F in the six points Z,
M, N, R, S, T; then these six points are evidently the poles
of PA, PB, PC, PA', PB, P(C' respectively. Therefore these
points are in involution ; that is, Three pairs of tangents drawn
to a circle from any three points D, E, F in a straight line, cut
any seventh tangent LPT in six points in involution, . Q.E.D.- -
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280. Prove (214) by reciprocating (212).

- Let the sides and diagonals of the given quadrilateral be
denoted by the single letters 4, B, C, D, E and F respectively,
and the transversal cutting them by P, then gPA) will denote
the point in which P and 4 intersect. Let A’ be the pole of 4
with respect to any circle, B’ of B, C' of C and D' of D. Since
the line joining the poles of two lines is the polar of their point
_of intersection, therefore A'B’ is the polar of (4.B) and C'D’ the
polar of (C'D).

Therefore #' the point of intersection of 4’B’ and C'D’ is
the pole of F. :

In like manner, it can be proved that £’ is the pole of %, and
that E'F” is the polar of (EF).

Now, find P the pole of P, and join P'to 4’, B, (", D,
E, F.

Then P'A’ is evidently the polar of (P4), P'B’ the polar of
-(PB), and so on.

Hence the pencil P, A’'B'C’D'E'F’ is formed by the polars
of the six points in which the transversal P cuts the sides and
diagonals of the quadrilateral 4BCD, and since these six points
of intersection are in involution by (212), therefore the pencil
which is formed by their polars is also in involution, which
proves (214), since the pencil is formed by straight lines drawn
from any point P to the extremities of the three diagonals of a
complete quadrilateral. Q.E.D.
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and Incumbent of St. Bartholomew's, Cripplegate. In 5 vols. 18s.
each.

A COMMENTARY ON THE ACTS OF THE
APOSTLES. Inavols. Vol I 18s. Vol II. 14s.
These Commentaries originated in Notes collected by the piler to aid in
e position of exposi sermons. They are derived from all available
sources, and especially from J\e wide but little-known field of theological com-
ment found in the ‘Schoolmen’ of the Middle Ages. They are recommended
to the notice of young Clergymen, who freq ly, while inexperi d, axe
called upon to preach to educated and intelligent congregations.

BIBLE-ENGLISH. Chapters on Words and Phrases in the
Authorized Version of the Holy Scriptures and the Book of Com-
mon Prayer, no longer in common use ; illustrated from contem-

raneous writers. By the Rev. T.LEwis O. Davies, M.,

icar of St. Mary Extra, Southampton. Small crown 8vo. ss.
¢ Everyone who takes an interest in the history of the English Language, and
indeed everyone who is not absolutely inattentive to the words spoken around
him, may turn to Mr. Davies’s little book with the certainty onnding both
useful information and agreeable eatertainment in its pages.’—Fall Mall Gasette.

LIFE OF JESUS CHRIST; in its Historical Con-

nexion and Development. By A. NEANDER. From the 4th
German Edition. Post 8vo. 3r.64.

LIFE AND EPISTLES OF ST. PAUL. By T.
LEWIN, Esq., M.A., F.S.A., Trinity College, Oxford, Barrister-
at-Law, Author of ‘ Fasti Sacri,’ ‘Siege of Jerusalem,’ ‘Czesar's
Invasion,’ ‘Treatise on Trusts,” &. With upwards of 350 Illus-
trations finely engraved on Wood, Maps, Plans, &. 1n 2 vols.
3rd Edition, revised. Demy 4to. 2/. 2s.

¢ Nothing but a careful in ion of the work itself can give the reader an

adequate idea of the lhomugshp::tss with which Mr. Lewin has carried out his
lan—a plan which may be described as the giving of all information possibl
attainable about every person or place d directly or even indirectly witl

Se. Pasl'—Spectator.

FASTI SACRI; or, a Key to the Chronology of the New
Testament. By the same Author. 4to. 21s.

ANALOGY OF RELIGION, Natural and Revealed, and
Sermons with Notes. By Bp. BUTLER. Past 8va. 3s. 6d.
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HOLY LIVING AND DYING. By Br. JErREMY TAYLOR.
With portrait. Post 8vo. 3s. 6d.

THOMAS A KEMPIS. On the Imitation of Christ. A
New Translation. By the Rt. Rev. H. GoobwIN, Bishop of Carlisle.
3rd Edition. With fine Steel Engraving after Guido, 55.; without
the Engraving, 3s. 62. Cheap Edition, 1s. cloth ; 6d. sewed.

For Confirmation Candidales.

THE CHURCH TEACHER'S MANUAL OF
CHRISTIAN INSTRUCTION. Being the Church Catechism
expanded and explained in Question and Answer, for the use of
Clergymen, Parents, and Teachers. By the Rev. M. F. SADLER.
16th Thousand. Fcap. 8vo. 2s. 64.

‘It is impassible to overrate the service to religious instruction achieved by
this compact and yet pregnant volume. . . . . We owe many boons to Mr.
Sadler, whose sermons and theological lectures and treatises have wrought much

ood in matters of faith. This Catechetical Manual is second to none of such.'—

i‘nglz’dl Churchman. .

CATECHETICAL HINTS AND HELPS. A Manual
‘ for Parents and Teachers on giving Instruction in the Catechism of
the Church of England. 3rd Edition, enlarged. Fcap. 8vo. 2s. 64.
¢ Perhaps the most thoroughly practical little book on its subject we have
ever seen. Its explanations, its paraphrases, its questions, and the mass of infor-
ion ined 1n its appendices, are not merely invaluable in themselves, but
they are the information actually wanted for the purpose of the teaching con-
tc]:nplal‘ted. We do not wonder at its being in its third edition.’—Lsterary
Churchman.

THE WINTON CHURCH CATECHIST. Questions

and Answers on the Teaching of the Church Catechism. g3amo.
cloth, 35. Also in Four Parts, 6d. or gd. each.

LIFE AFTER CONFIRMATION. By J.S. Brunt.

8mo. 1s,

CONFIRMATION DAY. Being a Book of Instruction for
Young Persons how they ought to spend that solemn day. By the
Rt. Rev. H. GOODLWIN, Dﬁ)., Bp. of Carlisle. 8th Thousand.
2d., or 25 for 35.6d.

By the Rev. M. F. Sadler, Rector of Honston.

THE ONE OFFERING; a Treatise on the Sacrificial
Nature of the Eucharist. 3rd Edition. Fcap.8vo. 2s.6d.

¢ A treatise of singular clearness and force, which gives us what we did not
reall{ possess till it appeared '—Churck Times.

¢ It is by far the most useful, trustworthy, and accurate book we have seen
upon the subject.'—Literary Churchman.

- *The subject of the Holy Eucharist is ably and fully treated, and in a candid

spirit, by Mr. Sadler in these pages.'—Englishk Churchman.
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- JUSTIFICATIONIOF LIFE: its Nature, Antecedents, and
Consequences. Fcap. 8vo. [n the press.

THE LOST GOSPEL AND ITS CONTENTS;

or, the Author of ‘Supernatural Religion’ Refuted by Himself. By
Rev. M. F. SADLER, Rector of Honiton. Demy 8vo. 7s5.6d.

THE SACRAMENT OF RESPONSIBILITY; or,
Testimony of the Scripture to the Teaching of the Church on Hol
Baptism. Fcap. 8vo. cloth, 2s. 6d. 0, Cheap Edition, 25t
Thousand, fcap. 8vo. sewed, 6d.

¢ An exceedingly valuable repertory of arguments on the questions it refers
to.'— English Churchman.

CHURCH DOCTRINE—BIBLE TRUTH. Fcap.8vo.
18th Thousand, 3s. 6d.

¢ Some writers have the gift of speaking the right word at the right time, and
the Rev. M. F. Sadler is pre-eminently one of them. * Church Doctrine—Bible
Truth,” is full of wholesome truths fit for these times. .. .. He has power
of putting his ing ina ible and intelligible way, which will, we trust,
enable his valuable work to effect that which it is well calculated to effect, viz. to
meet with an appropriate and crushing reply one of the most dangerous mis-
beliefs of the time.'—Guardian.

THE SECOND ADAM AND THE NEW BIRTH;
or, the Doctrine of Baptism as contained in Holy Scripture. Fcap.
8vo. 7th Edition, price 4s.6d.

¢The most striking peculiarity of this useful little work is that its author

gues almost lusively from the Bible. We commend it most earnestly to

clergy and laity, as ining in a small pass, and at a trifling cost, a body

of sound and Scri 1 doctrine respecting the New Birth, which cannot be too
widely circulated.'—Guardian.

PARISH SERMONS. Trinityto Advent. Fcap. 8vo. 2nd
Edition, 6s.

PLAIN SPEAKING ON DEEP TRUTHS. Sermons
preached at St. Paul's Church, Bedford. Fcap.8vo. 4th Edition, 6s .

ABUNDANT LIFE, and other Sermons. Fcap. 8vo. 6s.

THE COMMUNICANT’S MANUAL ; beinga Book of
Self-examination, Prayer, Praise, and Thanksgiving. 8th Thousand.
Royal 32mo. roan, gilt edges, price 2s.; cloth, 1s. 64. Cheap Edi-
tion, for distribution, 25th Thousand, 84. A larger Edition, on fine
paper, and Rubrics. Fcap. 8vo. 2s. 64.; morocco, 7s.

SCRIPTURE TRUTHS. A Series of Ten Plain, Popular
Tracts upon subjects now universally under discussion. od. per set,
sold separately. No. 1. Reasons for Infant Baptism. 2. On
Eucharistic Worship. 3. On the Priesthood of the Christian
Ministry. 4. On Confirmation. 5. Reasons for receiving the Holy
Communion. 6. On the Doctrine of the Holy Communion. 7. On
Baptism and Conversion. 8. Some Objections to receiving the
Holy Communion considered. 9. On the First Truths of the
Christian Faith. 10. On Faith and Justification.

A2
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STANDARD PROSE WORKS.

ADDISON. Works. With Notes by Bishop HURD, and
numerous unpublished Letters. With Portrait and eight steel
Engravings. 6 vols. cloth, gilt, post 8vo. 4s. each.

BACON’S (LORD) ESSAYS AND HISTORICAL
WORKS, with Introduction and Notes by J. DEVEY, M.A.
Post 8vo. 3s. 6d.

BURKE. Works. In 8 vols. post 8vo. cloth, gilt, 4s. each.

COLERIDGE (S. T.) THE FRIEND. A Series of Essays
on Morals, Politics, and Religion. Post 8vo. 3s. 6d.

- COLERIDGE (S. T.) BIOGRAPHIA LITERARIA, and
Two Lay Sermons. Post 8vo. 3s. 6d.

CRAIK (G. L) THE PURSUIT OF KNOWLEDGE
UNDER DIFFICULTIES. [llustrated. Post 8vo. 5s.

EMERSON (R. W. WORKS ising Essays,
Lectures, Poems, and Orations. In 2 vols, po(;?g\?:s :g 6d. ms:zs

FIELDING (H.) TOM JONES, the History of a Foundling,
Roscorl:'s Edition revised. With Illustrations by G. CRUIKSHANK,
In 2 vols. 7s.

FIELDING (H.) JOSEPH ANDREWS, and ROSCOE’s
Biography of the Author revised. With Illustrations by G. CRUIKR-
SHANK. Post 8vo. 3s. 64,

FIELDING (H.) AMELIA. Roscoe’s Edition revised.
With CRUIKSHANK'S Illustrations. Post 8vo. ss.

HAZLITT'S (W.) LECTURES, &c. 6 vols. 3s. 64. each.

IRVING (W.) WORKS. In 11 vols. Post 8vo. 3s. 6d..
each. [Seealsop. 3. .

LAMB (C.) ESSAYS OF ELIA, AND ELIANA.
New Edition, post 8vo. 3s. 64. ‘ T

LUTHER (M.) TABLE-TALK. Translated by W. HAzLITT. -
‘With Life and Portrait. Post 8vo. 3s. 6d.

MANZONI (ALESSANDRO). THE BETROTHED
(I promessi Sposi). The only complete English translation. With
numerous Woodcuts, 5s.

PEPYS’S DIARY. With Life and Notes by Richard Lord’
BRAYBROOKE. 4 vols. post 8vo. cloth, gilt, 5s. 6d. per vol.

PROUT (FATHER). RELIQUES. New Edition, revised
and largely augmented. Twenty-one spirited Etchings by MACLISE.
1 vol. 7s. 6d.

RICHTER (J. P. F.) AUTOBIOGRAPHY AND LE-
VANA. Translated. Post 8vo. 3s. 6d.
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RICHTER (J. P. F.) FLOWER, FRUIT, AND THORN
PIECES. A Novel. Translated by ALEX. EWING. 3s. 6d.

WALTON. THE COMPLETE ANGLER. Edited by E.
JEssE. 'With an account of Fishing Stations, &c., and 203 Engrav-
ings. §s. ; or with 26 additional page Ilustrations on Steel, 7s. 6d.

POETRY AND DRAMA

SHAKESPEARE. Edited by S. W. SINGER. With a Life
" by W. W. LLoyDp. Uniform with the Aldine Edition of the Poets.
10 vols. 2s. 6d4. each. In half morocco, 5s.

CRITICAL ESSAYS ON THE PLAYS. By W. W. Lroyp.
Uniform with the above, 2s. 64. ; in half morocco, 5s.

SHAKESPEARE’S PLAYS AND POEMS. With Notes
and Life by CHARLES KNIGHT, and 40 Engravings on Wood
by HARVEY. Royal 8vo. cloth, ros. 6d.

~—— (VALPY’s Cabinet Pictorial Edition), with Glossarial Notes,
Digests, &c., and 171 Outline Plates. 15 vols. Fcap. 8vo. 2/ 5s.

~—— (Pocket Volume Edition). lEmsmg all his Plays and
Poems. ‘Edited from the First Foho dition by T. KEIGHTLEY.
13 vols. royal 32mo. in a cloth box, price 21s.

SHAKESPEARE. DRAMATIC ART OF The History
and Character of the Plays. By Dr. ULRICI. Translated by L. D.
SCHMITZ. 2 vols. post 8vo. 3s. 6d. each.

CHAUCER. Rosert BELL’s Edition. Revised. With Frelimi-
nary Essay by the REV. W. W. SKEAT, M.A. 4 vols. 3s. 6d. each.

EARLY BALLADS AND_ SONGS OF THE
;’V%A;Agld’I‘RY OF ENGLAND.  Edited by ROBERT BELL. Post

GREENE, MARLOWE, and BEN JONSON. Poems of.
Edited by ROBERT BELL. 1 vol. post 8vo. 3s. 64.

PERCY’S RELIQUES OF ANCIENT ENGLISH
POETRY. Reprinted from the Original Edition, and Edited by
* J. V. PrRiCHARD. In 2 vols. 7.

MILTON’S (J.) POETICAL WORKS. With Memoir
and Notes, and 120 Engravings. In 2 vols. post 8vo. ss. each.

GOLDSMITH. POEMS. Illustrated. 16mo. 2s 6d.

SHERIDAN’S DRAMATIC WORKS. With Short Life,
by G. C. S., and Portrait. Post 8vo. 3s. 6d.
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ALFIERI. The Tragedies of. In English Verse. Edited by
E. A. BOWRING, C.B. 2 vols. post 8vo. 7s.

CAMOENS’ LUSIAD. MickLE’s Translation revised.
Post 8vo. 3. 6d. ’

DANTE. THE DIVINE COMEDY. Translated by the Rev.
H. F. CARY. Post 8vo. 3s. 6d.
This and the following one are the only editions containing the author’s last
corrections and emendations.

The Popular Edition, neatly Printed in Double Columns.
Royal 8vo. sewed, 1s. 64. ; cloth, 2s. 6d.

—— Translated into English Verse by J. C. WRIGHT, M.A.
With Portrait and 34 Engravings on Steel, after Flaxman. sth
Edition, post 8vo. 5s.

PETRARCH. SONNETS, TRIUMPHS, AND OTHER
POEMS. Translated into English Verse. With Campbell's Life
of the Poet. Illustrated. Post 8vo. 5.

MOLIERE. DRAMATIC WORKS. Inprose. Translated
by C. H. WALL. In 3 vols. post 8vo. 3s. 64. each. Also fine-
paper Edition, large post 8vo., 7s. 6d. each.

Translated by E. A. Bowring, C.B.

POEMS OF GOETHE. 2nd Edition (including Hermann
and Dorothea). Post 8vo. 3s. 6d.

POEMS OF SCHILLER. 2nd Edition. Post 8vo. 3. 62
POEMS OF HEINE. 2znd Edition. Post 8vo. §s.

By Professor Coninglon, M.A.
HORACE’S ODES AND CARMEN SZACULARE. Trans-
lated into English Verse. 7th Edition. Fcap. 8vo. ss. 64.
—— SATIRES AND EPISTLES.: Translated into English
Verse. 3rd Edition. 6s. 6d.

By C. S. Calvereey.

VE?SES AND TRANSLATIONS. sth Edition. Fcap.
vo. 55.
FLY LEAVES. 6th Edition. Fcap. 8vo. 3s. 6.

TRANSLATIONS INTO ENGLISH AND LATIN.
Crown 8vo. 7s. 6d.

TH EOCRlTUS? into English Verse. Crown 8vo. 7s. 64,
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By Adelaide Anne Procter. -
LEGENDS AND LYRICS. Tlustrated Edition, with
Portrait, and Introduction by CHARLES DICKENS, 4th Thous. 21s,

—— First Series. Introduction by CHARLES DICKENS, and
Portrait of the Author. 29th Thousand. Fcap. 8vo. 6s.

—— Second Series. 23rd Thousand. Fcap. 8vo. §s.

ENGLISH SONGS AND LYRICS. By Barry Corn-

WALL., New Edition. Fcap. 8vo. 6s.

SONGS, BALLADS, AND STORIES. By w,

ALLINGHAM, Crown 8vo, gilt edges, xos, 64.

ALDINE SERIES OF THE BRITISH POETS. ‘

The Editors of the various authors in this Series have in all cases
endeavoured to make the collections of Poems as complete as possible,
and in many instances copyright Poems are to be found in these editions
which are not in any other. Each volume is carefully edited, with Notes
where necessary for the elucidation of the Text, and a Memoir. A Por-
trait also is added in all cases where an authentic one is accessible. "The
volumes are printed on toned paper in fcap. 8vo. size, and neatly bound
in cloth gilt, price gs. each. . : :

*.* A Cheap Reprint of this Series, neat cloth, 1s. 64. per volume.

AKENSIDE. KIRKE WHITE.
BEATTIE. MILTON. 3 vols.
BURNS. 3vols. PARNELL.
BUTLER. 2 vols. POPE. 3 vols.
CHAUCER. 6 vols. PRIOR. 2 vols.
CHURCHILL. 2 vols. SHAKESPEARE'S POEMS,
COLLINS. SPENSER. 5 vols,
COWPER, including his Trans- | SURREY.

lations. 3 vols. SWIFT. 3 vols.
DRYDEN. g vols. THOMSON. 2 vols.
FALCONER. WYATT.
gOLDSMITH. YOUNG. 2 vols.

The following volumes of a New Series have been issued, 5s. each,
CHATTERTON. 2 vols. THE COURTLY POETS, from
CAMPBELL. . RALEIGH to WOTTON.
WILLIAM BLAKE. GEORGE HERBERT.
ROGERS. KEATS.
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REFERENCE.

STUDENTS’ GUIDE to the University of Cambridge.
3rd Edition, revised and corrected. Fcap. 8vo. 6s. 6d.

KING’S INTEREST TABLES. 2sth Edition. 7s.-6d.

KENT’S COMMENTARY on International Law. New
Edition, revised, with additional Notes and Cases, by J. T.
ABDY, LL.D. Crown 8vo. [Immedzately.

THE EPIGRAMMATISTS. Selections from the Epi-
matic Literature of Ancient, Medizeval, and Modern 3
ith Notes, &c. by Rev. H. P. DopD, M.A. 2nd Edition, enlarged.

Post 8vo. 6s.

LATIN AND GREEK QUOTATIONS. A Dictionary
of. Including Proverbs, Maxims, Mottoes, Law Terms, Phrases, &c.
By H. T. RILEY. Post 8vo. 5. With Index Verborum, 6s.

BRYAN’S DICTIONARY OF PAINTERS. Sep.2.
COOPER’S BIOGRAPHICAL DICTIONARY. se

2.3

DR. RICHARDSON’S DICTIONARY OF THE
ENGLISH LANGUAGE. Combining Explanation with Etymo-
logy, and copiously illustrated by Quotations from the best authori-
ties. New edition, with a Supplement. In 2.vols. 4to. 4/. 14s. 6d. ;
half-bound in russia, 5/. 155. 64. ; russia, 6/. 12s. The Supplement
separately. 4to. 12s5. An 8vo edition, without the Quotations,
155. ; half russia, 20s.; russia, 24s.

The following are the only authorised and unabridged Editions of
WEBSTER'S DICTIONARY containing the valuable Etymological
Notes and Derivations of Dr. MAHN, of Berlin, who devoted five years
to the Revision of the Work.

WEBSTER’'S GUINEA DICTIONARY of the
‘English Language, including scientific, biblical, and Scottish terms
and phrases, with their pronunciations, alternative spellings, deriv-
ations, and meanings. In 1 vol. 4to. with nearly 1600 pages and
3000 Illustrations. Strongly bound in cloth, 21s. ; balf calf, 30s. ;
calf or half russia, 1/. 11s. 6d. ; russia, 2/,

WEBSTER’S COMPLETE DICTIONARY, con-
taining all that ap, in the above, and also a valuable Appendix,

- and 70 es of Illustrations grouped and classified, rendering it

a complete Literary and Scientific Reference Book. 1 vol. 4to.

- strongly bound iu cloth, 1/, 1xs. 6d.; half calf, 2/ ; calf or half

russia, 2/. 2s. ; russia, 3/, 105,
Certainly the best practical English Dictionary extant.'—Qwarterly Review.
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NATURAL HISTORY.

THE LIBRARY OF NATURAL HISTORY. Con-
taining MORRIS' British Birds—Nests—Eggs—British Butterflies—
British Moths—BREE's Birds of Europe—LOWE's Works on British
and Exotic Ferns, Grasses and Beautiful Leaved Plants—HIBBERD'S
Plants — MAUND'S Botanic Garden — TRIPP'S British - Mosses —
GATTY's Seaweeds—WOOSTER'S Alpine Plants, and CoucH's Fishes
—making in all 43 Volumes, in super-royal 8vo. containing upwards
of 2550 full-page Plates, carefully coloured. .

Complete Lists sent post free on application.

SOWERBY’S BOTANY. Containing a Description - and
Life-size Drawing of every British Plant. Edited and brought up
to the present standard of scientific knowledge, by. T. BOSWELL
(formerly SymE), LL.D., F.L.S., &. With Popular Descriptions
of the l}' , History, and Traditions of each Plant, by Mrs. LAN-
KESTER, Author of ‘Wild Flowers worth Notice,” ‘ The British
Ferns,’ &c. The Figures by J. C. Sowersy, F.L.S., J. DE C.
SowkeRBy, F.L.S., and J. W. SALTER, A.L.S,, F.G.S,, and JoHN
EDWARD SOWERBY. ird Edition, entirely revised, with descrip-
tions of all the species by the Editor. In 11 vols. 22/ 8s. cloth;
24/. 125. half morocco ; and 28/. 3s. 6d. whole morocco. Volumes
sold separately.

SOWERBY’S FERNS AND FERN-ALLIES OF GREAT
BRITAIN. With 8o Platesby J. E. SOWERBY. The Descriptions,
Synonyms, &c., by C. JOHNSON. Royal paper, Coloured Plates, 25s.

COTTAGE GARDENER’S DICTIONARY. Witha

Supplement, containing all the new plants and varieties down to the
year 1869. Edited by G. W. JOHNSON. Post 8vo. cloth, 6s. 64.

BOTANIST’S POCKET-BOOK. ByW. R. HAYWARD.
Containing the Botanical name, Common ‘name, Soil or Situation,
Colour, Growth, and time of Flowering of all plants, arranged in »*
tabulated form. 2nd Edition, revised. Fcap. 8vo. 4s. 6d. .

MY GARDEN; its Plan and Culture. Together with a
General Description of its Geology, Botany, and Natural History.
By A. SMEE, F.R.S., with more than 1300 Engravings on Wood. -
4th Thousand, imp. 8vo. 21s. . ’
¢¢“ My Garden” is indeed a book which ouil::,to be in the hands of everyone
who is fortunate h to p a garden of his own ; he is certain to find some
things in it from which he may profit’—Natwre.
NATURAL HISTORY OF SELBORNE. With Notes
by Sir WILLIAM JARDINE and EDWARD JESSE, Esq. - Illnstrnte‘dg;y‘
40 highly-finished Engravings ; or, with the Plates coloured, 7s. 6d.

HISTORY OF BRITISH BIRDS. By R. Mupik.
With 28 Plates. 2 vols. 55. each, or with coloured Plates, 75. 6. egch.
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ART AND ORNAMENT.

TURNER’S PICTURESQUE VIEWS IN ENGLAND
AND WALES. With Descriptive Notices. 96 Illustrations,
reproduced in Permanent Photography. In 3 vols. imp. 4to.
Vol. 1. Landscapes, 40 Plates, 2/ 12s. 6d.; Vol. 1I. Castles and
Abbeys, 32 Plates, 2/. 2s.; Vol. III. Coast Scenery, 24 Plates,
1/. 115, 6d.

TURNER’S: CELEBRATED LANDSCAPES. Sixteen
Autotype Reproductions of the most important Works of
J. M. W. TURNER, R.A. With Memoir and %)escn‘ptions. Imp.
4to. 2/. 2s. .

THE RAFFAELLE GALLERY. Permanent Reproduc-
tions in Autotype of Engravings of the most celebrated Works of
RAFFAELLE SANzIO D'URBINO. With Descriptions, &c. Imp.
quarto, 2/. 2s.

FLAXMAN. CLASSICAL COMPOSITIONS, comprising
the Outline Illustrations to Homer's ‘Iliad ' and ‘Odyssey,’ the
‘ Tragedies' of Aschylus, the * Theogony ' and ¢ Works and Days’
of Hesiod, engraved by Piroli of Rome, and William Blake. Imp.
4to. hallt; bound morocco, 4Z. 14s. 64, The four parts, separately,
a1s. each.

—— THE DRAWINGS OF. Thirty-two large Plates, comprising
the entire Series of the Flaxman Drawings in the Gallery of Uni-
versity College, London, reproduced by the Autotype Process of
Permanent Photography. Edited, with a descriptive Letterpress

- and copious Introduction, by Sidne(y}Colvin, M.A,, Fellow of Trinity
College and Slade Professor in the
folio, in portfolio, 10Z. 10s.

MEMOIRS OF SIR EDWIN LANDSEER. Being
a New Edition of ‘The Early Works of Sir Edwin Lan .
Revised and enlarged by F. G. STEPHENS. With 24 Illustrations
in Photography. Imp. 8vo. 1Z. 5s.

-NOTES ON IRISH ARCHITECTURE. By the late
EARL OF DUNRAVEN. Edited by M. STOKES, Associate of the
Scottish Society of Antiquaries. ith numerous Woodcuts and
fine Photographic Illustrations. Imp. 4to. Vol. I. 4/ 4s. ; Vol. II.
42. 4s.

MOUNTAINS AND LAKES OF SWITZERLAND
- AND ITALY. 64 Picturesque Views in Chromolithoiraph, from

Original Sketches by C. C. . With a Map of Routes and
Dosc:}ptive Notes by Rev. J. MERCIER. 2nd Edition. Crown
4to. 2/, 25.

niversity of Cambridge. Large

". - .
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RIVIERA, THE. Pen-and-Pencil Sketches from Cannes to
Genoa. By DEAN ALFORD. With 12 Chromolithographic Illus-
trations and numerous Woodcuts, from Drawings by the Author.
Imp. 8vo. 21s.

CRUIKSHANK (G.) A COMPLETE CATALOGUE OF
THE ENGRAVED WORKS OF. Including Etchings on
Steel, Copper, &c., and Woodcuts executed between the years 1805
and r870. Compiled by G. W. REID, Keeper of the Prints and
Drawings in the British Museum. With a large number of Illus-
trations, chiefly from the Original Plates and Blocks. In 3 vols.
royal 4to. 12/, 125,

FLAXMAN. LECTURES ON SCULPTURE, as delivered
before the President and Members of the Royal Academy. By
J. FLAXMAN, R.A. With 53 Plates. New Edition, 6s.

HEATON (MRS.) A CONCISE HISTORY OF
PAINTING FOR STUDENTS AND GENERAL READERS.
By Mrs. HEATON. With Illustrations. 8vo. 15s.

DRAWING COPIES. By P. H. DELAMOTTE, Professor of
Drawing at King's College, London. g6 Original Sketches in
Architecture, Trees, Figures, Foregrounds, Landscapes, Boats, and
Sea-pieces. Royal 8vo. Oblong, half-bound, x2s.

HANDBOOK TO THE DEPARTMENT OF PRINTS
AND DRAWINGS IN THE BRITISH MUSEUM. With
Introduction and Notices of the various Schools, and a Frontispiece
after Raffaelle. By Louls FAGAN, of the Department of Prints
and Drawings, British Museum. Medium 8vo. 8s.; sewed, gs. in
cloth.

By Eliza Meleyard.
MEMORIALS OF WEDGWOOD. A Series of

Plaques, Cameos, Vases, &c., selected from various Private Collec-
tions, and executed in Permanent Photography. With Introduction
and Descriptions. Imp. 4to. 3/ 3s.

WEDGWOOD AND HIS WORKS: a Selection of his
choicest Plaques, Medallions, Vases, &c., from Designs by FLAX-
MAN and others, in Permanent Photography, with a Sketch of his
Life and of the Progress of his Art Manufacture. Imp. 4to. 3/ 3s.

CATALOGUE OF WEDGWOOD'S MANUFACTURES.
With Illustrations. Half-bound 8vo. xos. 6d.

WEDGWOOD HANDBOOK. A Manual for Collectors :
Treating of the Marks, Monograms, and other Tests of the Old
Period of Manufacture ; also including the Catalogues with Prices
obtajg\;d at various Sales, together with a Glossary of Terms. 8vo.
105, 6d. .
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OLD DERBY CHINA FACTORY. The Workmen and
their Productions. Containing Biographical Sketches of the chief
Artist-workmen, the various Marks used, Facsimiles from the old
Derby Books, and original Price Lists of more than 400 Figures
and Groups, &c.  With 12 Coloured Plates and numerous Wood-
cuts. By JoHN HASLEM. Imp. 8vo. 31s. 6d.

¢That which has been done so well by Miss Meteyard for Etruria, Mr.
Binns for Worcester, and by Mr Owen for Bristol, has now been done for the
Derby works with at least equal zeal, intelligence, and ability, by Mr. Haslem.'—
Staflordshire Advertiser.

FOR YOUNG PEOPLE,

AUNT JUDY’S MAGAZINE. Edited by H. K. F.
GATTY. A High-class Illustrated Magazine for Young People.
84. Monthly.

The CHRISTMAS VOLUME for 1877 contains Stories by Mrs. EWING,
AscotrT R. HoPE, FLORA MAssoN, and others. Translations
from the German, French, and Swedish—Short Stories—Fairy
Tales—Papers on Historical Subjects—Natural History Articles.
Short Biographies of Eminent Persons — Verses — A Christmas
Play by DouGLAS STRAIGHT—Acrostics—Correspondence—Book
Notices, and numerous Illustrations. Imp. 16mo. Handsomely
bound, price 8s. 64.

Former Volumes may still be had, some at reduced prices.

By Mrs. Alfred Galty.
PARABLES FROM NATURE. With Notes on the

Natural History ; and numerous large Illustrations by eminent
Artists. 4to. cloth gilt, 21s. Also in 2 vols. 10s. 6d. each.

—— 16mo. with Illustrations. First Series, 17th Edition, 1s. 6d.
Second Series, 10th Edition, 25. The two Series in 1 vol. 35. 6d.
Third Series, 6th Edition, 2s. Fourth Series, 4th Edition, 2s.
The two Series in one vol. 4s. Fifth Series, 2s.

WORLDS NOT REALIZED. 16mo. 4th Edition. 2s.

PROVERBS ILLUSTRATED. 16mo. With Ilustra-
tions. 4th Edition, as.

A BOOK OF EMBLEMS. Drawn by F. GILBERT.
‘With Introduction and Explanations. Imp. 16mo. 4s. 64.

WAIFS AND STRAYS OF NATURAL HISTORY.
With Coloured Frontispiece and Woodcuts. Feap. 3s. 64.

THE POOR INCUMBENT. Fcap. 8vo. 1s. and 1s. 64.

AUNT SALLY’S LIFE. With Six Illustrations. Square
16mo. 3rd Edition, 3s. 6d.
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THE MOTHER’S BOOK OF POETRY. Selected
and Arranged by Mrs. A. GATTY. Crown 8vo. 3s5. 6d.; or with
Illustrations, elegantly bound, 7s. 6d.

A BIT OF BREAD. By Jean MAGE. Translated by Mrs.
ALFRED GATTY. 2 vols. fcap. 8vo. Vol 1. 4. 64. Vol. 11. 3s. 6d.

The Uniform Edition.

PARABLES FROM NATURE.
2 vols. With Portrait.

THE HUMAN FACE DIVINE,
and other Tales. With Illus-
trations. 3rd Edition.

THE FAIRY GODMOTHERS,
and other Tales. With Frontis-
piece. 7th Edition. 2s. 64.

AUNT JUDY'S TALES. Illus-
trated. 7th Edition.

AUNT JUDY'S LETTERS; a
Sequel to ‘Aunt Judy's Tales.’

Fcap. 8vo. 3s. 6d. each volume.

DOMESTIC PICTURES AND
TALES. With 6 Illustrations.

WORLDS NOT REALIZED,
and Proverbs Illustrated.

THE HUNDREDTH BIRTH-
DAY, and other Tales. With
Illustrations by PHI1zZ. New
Edition.

MRS. ALFRED GATTY'S PRE-
SENTATION BOX for Young
People, containing the above
volumes, neatly bound, and en-

Illustrated. sth Edition. closed in a cloth box. 31s. 6d.
By Mrs. Ewing.
‘ Everything Mrs. Ewing writes is full of talent, and also full of perception
common sense.'—Saturuiy Review.
A GREAT EMERGENCY, and other Tales. With
4 lustrations. Fcap. 8vo. ss. [Fust published.

THE BROWNIES, and other Tales. Illustrated by GEORGE
CRUIKSHANK. 3rd Edition. Imp. 16mo.’ss.

¢ Mrs. Ewing Elves us some really charming writing. While her first story
most prettily teaches children how much they can do to help their parents, the
immediate result will be, we fear, anything but good. Forif a child once begins
“The Brownies,” it will get so deeply interesteﬁ in it, that when bed-time comes
it will altogether forget the moral, and will weary its parents with importunities
for just a few minutes more to see how everything ends. The frontispiece, by
the old friend of our childhood, George Cruikshank, is no less pretty than the
story.'—Saturday Review.

MRS. OVERTHEWAY’S REMEMBRANCES.

Illustrated with 10 fine Full-page Engravings on Wood, after
Drawings by PASQUIER and WOLF. 2nd Edition, cloth gilt, 3s. 6d.

¢ It is not often nowadays the privilege of a critic to grow enthusiastic over a
new work ; and the rarity of the occasion that calls forth the delight is apt to
lead one into the sin of hyperbole. And yet we think we shall not be accused of
extravagance when we say that, without exception, ‘‘ Mrs. Overtheway's Re-
membrances” is the most delightful work avowedly written for children that we
have ever read. There are passages in this bock which the genius of George
Eliot would be proud toown. , . .. It is full of a peculiar, heart-stirring pathes
of its own, which culminates in the last pages, when Ida finds that her fatheris
not dead. The book is one that may be recurred to often, and always with the
same delight. We predict for it a great popularity."—Leader.
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By Mrs. Ewing— Continued.

MELCHIOR’S QREAM, and other Tales. Illustrated. 3rd
Edition. Fcap. 8vo. 3s. 64. .

¢ ¢ Melchior's Dream” is an exquisite little story, charming by original
humour, buoyant spirits, and tender pathos.’—A thencrume.

A FLAT IRON FOR A FARTHING ; or, Some Passages

in the Life of an Only Son. With 12 Illustrations by H. ALLINGHAM.
sth Edition. Small 8vo. 5s.

‘ Let every parent and guardian who wishes to be amused, and at the same
time to please a child, purchase ‘‘ A Flat Iron for a Farthing ; or, some Passages
in the Life of an Only Son,” by J. H Ewing. We will answer for the delight
with which they will read it themselves, and we do not doubt that the young and
fortunate recipients will also like it. The story is quaint, original, and altogether
delightiul'—A thenaum.

“A capital book for a present. No child who is fortunate enough to possess
it will bein a hurr{ to put it down, for it is a book of uncommon fascination.
The story is good, the principles inculcated admirable, and some of the illustra-
tions simply delicious.'— Yokn Bull.

LOB-LIE-BY-THE-FIRE; or, the Luck of Lingborough.

And other Tales. Illustrated by GEORGE CRUIKSHANK. 2and
Edition. Imp. 16mo. s5s. .

‘A charming tale by another of those clever writers, thanks to whom the
-children are now really better served than their neighbours.’—Spectator.

¢Mrs. Ewing has written as good a story as her ‘‘ Brownies,” and that is
saying a great deal. *‘ Lob-lie by-the-fire” has humour and pathos, and teaches
‘what is right without making children think they are reading a sermon.’—
Saturday Review.

SIX TO SIXTEEN: A Story for Girls. With 10 Illus-
trations by Mrs. ALLINGHAM. 3rd Edition. Small post 8vo. ss.

‘The homely good sense and humour of the bulk of the story are set off by
the pathos of its opening and its close, and a soft and beautiful light, as of dawn
and sunset, is thrown round the substantial English ideal of what a girl's
education ought to be, which runs through the tale."—Speczator.

It is a beautifully told story, full of humour and pathos, and bright sketches
of scenery and character. It is all told with great naturalness, and will amuse
grown-up people quite as much as children. In reading the story, we have been
struck especially by characteristic bits of description, which show very happily
the writer’s appreciation of child life."—Pall Mall Gazette.

‘We have rarely met, on such a modest scale, with characters so ably and
simply drawn . . . The merits of the volume, in themselves not small, are
much enhanced by some clever illustrations from the pencil of Mrs. Allingham.’—
Athenaum.

“The tone of the book is pleasant and healthy, and singularly free from that
sentimental, not to say ‘‘ mawkish,” stain which is apt to disfigure such pro-
ductions. The illustrations by Mrs. Allingham add a special attraction to the
little volume.'— 7es.

¢ It is scarcely necessary to say that Mrs. Ewing’s book is one of the best of
the year.'—Saturday Review.

* “There is in it not only a great deal of common sense, but there is true
humour. . . . We have not met a healthier or breezier tale for girls for a lopg
period.'—Academy. :
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By Mrs. Ewing— Continucd.
JAN OF THE WINDMILL; a Story of the Plains. With

11 Tllustrations by HELEN ALLINGHAM. Crown 8vo. 8s. 6d.

¢ A capital story, which, like all that Mrs. Ewing gives us, will be read with
pleasure. . . . . Some well-drawn illustrations materially increase the attractive-
ness of the volume.'—CiZy Press.

By Mrs. O'Reilly.

¢ Mrs. O'Reilly’s works need no commendation . . . the st;le is so good, the
narrative so engrossing, and the tone so excellent.'— ok»n Bull.

LITTLE PRESCRIPTION, and other Tales. With 6
Illustrations by W. H. PETHERICK and others. 16mo. 2s. 6d.
¢ A worthy successor of some charming little volumes of the same kind. . . .

The tale from which the title is taken is for its grace and pathos an especial
favourite”—Spectator,

¢ Mrs. O’Reilly could not write otherwise than well, even if she were to try.’
—Morning FPost.

CICELY’S CHOICE. A Story for Girls. With a Frontis-
piece by J. A. PASQUIER. Fcap. 8vo. gilt edges, 3s. 64.
¢ A pleasant story. . . . It is a book for girls, and grown people will also enjoy
reading it '—A thenanum.

¢ A pleasant, well-written, interesting story, likely to be acceptable to young
people who are in their teens."—Scotsman.

GILES’S MINORITY or, Scenes at the Red House. With
8 Illustrations. 16mo. 25. 6d.

“In one of our former reviews we praised ‘‘ Deborah’s Drawer.” * Giles's

Minoritﬁ"’i no less deserves our goodwill. It is a picture of school-room life, and

is so well drawn that grown-up readers may delight in it. In literary excellence
this little book is above most of its fellows.'— Zémes.

pOLL WORLD; or, Play and Earnest. A Study from Real
Life. With 8 Illustrations. ByC. A. SALTMARSH. 16mo. 2s. 6d.

¢ It is a capital child's book, and it has a charm for grown-up people also, as
the fairy haze of ‘‘long-ago” brightens eve age. We are not ashamed to

confess to the ‘‘thrilling interest” with which we followed the history of
“‘Robertina” and *‘ Mabel.”’—Atkenzum. . .

DEBORAH’S DRAWER. With 9 Illustrations. I6mo.
2. : . :

¢ Any godmamma who wishes to buy an unusually pretty and artistically-
written gift-book for an eight-year-old pet cannot do better than spend a florin or
$wo on the contents of ‘‘ Aunt Deborah’s Drawer.” '—A ¢thena«m.

DAISY’S COMPANIONS; or, Scenes from Child Life.
A Story for Little Girls. With 8 Illustrations. 3rd Edit. 16mo. 25. 6d.

‘If anybody wants a pretty little present for a pretty (and good) little
daughter, or a niece or grand-daughter, we cannot recommend a Letter or tastier
one than ‘‘ Daisy’s Companions,” '~ Fimes: e e e
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Captain Marryaf's Books for Boys. _

U.niform Illustrated Edition, neatly bound in cloth, post 8vo. 3s. 6d.
each ; gilt edges, 4s. 6d.

THE SETTLERS IN CANADA.
With Illustrations by GILBERT
and DALZIEL.

THE PRIVATEERSMAN.
Adventures by Sea and Land in
Civil and Savage Life One
Hundred Years Ago. Illustrated

POOR JACK. With Sixteen Il-
lustrations after Designs by
CLARKSON STANFIELD, R.A.

THE MISSION ; or, Scenes in
Africa. 'With Illustrations by

OHN GILBERT.
THE PIRATLE, AND THREE

CUTTERS. With Memoirofthe
Author, and 20 Steel Engravings
by CLARKSON STANFIELD, R. A,

Cheap Edition, without Illus-
trations, 1s. 6d.

with Eight Steel Engravings.

MASTERMAN READY ; or, the
Wreck of the Pacific. Embel-
lished with Ninety-three En-
gravings on Wood.

A BOY’'S LOCKER. A Smaller Edition of Captain
Marryat's Books for Boys, in 12 vols. Fcap. 8vo. in a compact

cloth box, 21s.

By Hans Christian Andersen.

FAIRY TALES AND SKETCHES. Translated by C.
C. PEACHEY, H. WARD, A. PLESNER, &c. With 104 Illustrations
by OTTO SPECKTER and others. Crown 8vo. 6s.

¢The translation most happily hits the delicate quaintness of Andersen—
most happily transposes into simple English words the tender precision of the

famous story-teller ; in a keen examination of the book we scarcely recall a

single phrase or turn that obviously could have been bettered.'— Dasly Telegrogh.

TALES FOR CHILDREN. with 48 Full-pag; Tllus-
trations by WEHNERT, and 57 Small Engravings on Wood by
‘W. THOMAS. A new Edition. Crown 8vo. 6s.

This and the above volume form the most complete English Edition of
Andersen’s Tales.

LATER TALES. Translated from the Danish by AuGUSTA
PLESNER and H. WARD. With Illustrations by OTTO SPECKTER,
'W. COOPER, and other Artists. Cloth gilt, 3s. 6.

WONDER WORLD. A Collection of Fairy Tales, Old and
New. Translated from the French, German, and Danish. With
Coloured Illustrations and numerous Woodcuts by L.. RICHTER,
6sc1ut PLETSCH, and others. Royal 16mo. cloth, gilt edges, 3s. 6d.

¢ It will delight the children, and has in it a wealth of wisdom that may be
practical service when have grown into mea and wemen.'—Lshernry L’yd
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GUESSING STORIES; or, The Surprising Adventures
of the Man with the Extra Pair of Eyes. By the late Archdeacon
FREEMAN. 3rd Edition. 2s. 64.

GRIMM’S GAMMER GRETHEL; or, German Fau‘y
Tales and Popular Stories.  Translated by EDGAR TAVYLOR.
Numerous Woodcuts after G. CRUIKSHANK'S designs.  Post 8vo.
3s. 6d.

LITTLE PLAYS FOR LITTLE PEOPLE; with

Hints for Drawing-room Performances. By Mrs. CHISHOLM,

Author of ‘Rana, the Story of a Frog.” 16mo. with Illustrations,
25. .

ROBINSON CRUSOE. With a Biographical Account of
DEFOE. Ilustrated with 70 Wood Engravings, chiefly after Designs
by HARVEY ; and 12 Engravings on Steel after STOTHARD Post
8vo. 5. °

THE WIDE, WIDE WORLD. By E. WETHERELL.
With 10 Illustrations. Post 8vo. 3s. 6d.

UNCLE TOM’S CABIN. ByH.B. Stowe. Illustrated.
Post 8vo. 3s. 6d.

KIRSTIN’S ADVENTURES. A Story of Jutland Life.
By the Author of * Casimir the Little Exile,” &c. With Illustrations.
Crown 8vo. 3s. 6d.

¢ There is so much true art and natural talent in the book that we are half
inclined to take it away from the boys and girls for whom it is written.'—Zimes.

KATIE ; or, the Simple Heart. By D. RichMoND, Author of
‘Annie Maitland." lllustrated by M. I. BooTH. 2nd Edition.
Crown 8vo. 3. 6d.

¢ The family life which surrounds Katie is both pretty and cnl:tuml The tone

i good, and the plot—we speak from experi gages a child’s with
almost too keen a sympathy.'—Guardian.

QUEENS OF ENGLAND from the Norman Conquest.
By A. STRICKLAND. An Abridged Edition, with Portrait of
atilda of Flanders. In 1 vol. crown 8vo. cloth, 6s. 6d.

GLIMPSES INTO PET-LAND. By the Rev. J. G.
Woop, M.A,, F.L.S. With Frontispiece. Fcap. 3s. 6d.

FRIENDS IN FUR AND FEATHERS. ByGvarkYN.
Illustrated with 8 Full-page Engravings by F. W. KEeyL, &c.
sth Edition. Handsomely bound, 3s. 64.

‘We have already characterised some other book as the best cat-and-dog
book of the season. “We said so because we had not seen the present little book,
which is delightful. It is written on an artnsnc rinciple, consisting of ac
biographies of certain-eleph squirrels, k rgs and what not, who lived in
the flesh ; and we only wish that human blograplnes were always as entertaining
and mstrucuve.'—é‘aturday.km
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INSECT ARCHITECTURE. ByRennie. Edited by the
Rev. ]J. G. WooD, Author of * Homes Without Hands." Post 8vo.
with nearly 200 Illustrations, ss.

THE ENTERTAINING NATURALIST. By Mrs.
LoupoN. Revised and enlarged by W. S. DALLAS, F.L.S. With
nearly 500 Illustrations. Post 8vo. 5s.

ANECDOTES OF DOGS. By Epwarp JEssE. With

Illustrations. Post 8vo. cloth, ss. With 34 Steel Engravings
after COOPER, LANDSEER, &c. 7s. 6d.

NATURAL HISTORY OF SELBORNE. By
GILBERT WHITE. Edited by Jesse. Illustrated with 40 En-
gravings. Post 8vo. gs. ; or, with the Plates Coloured, 7s. 6d.

CHARADES, ENIGMAS, AND RIDDLES. , Collected by
a Cantab. sth Edition, enlarged. Illustrated. Fcap. 8vo. 1s.

POETRY - BOOK FOR SCHOOLS. TIllustrated with
37 highly finished Engravings by C. W. CoPE, R.A., W. HELMSLEY,
S. PALMER, F. SKILL, G. THOMAS, and H. WEIR. Crown 8vo.
gilt, 2s. 6d. ; cloth, 1s.

GILES WITHERNE; or, the Reward of Disobedience. A
Village Tale for the Young. By the Rev. J. P. PARKINSON, D.C.L.
6th Edition. Illustrated by the Rev. F. W. MANN. Super-royal
16mo. 1s.

THE PILGRIM’S PROGRESS. By Joun Bunvan.
With 28gd Engravings from Designs by WILLIAM HARVEY. Post
8vo. 3s. 6d.

OLD NURSERY RHYMES AND CHIMES. Collected
and 6?irranged by a Peal of Bells. Fcap. 4to. Ornamental binding,
25. 6d.

NURSERY CAROLS. By the Rev. Dr. MoNSELL, Rector
of St. Nicholas, Guildford, with upwards of 100 Illustrations by
LubpwiG RICHTER and OSCAR PLETSCH. Imp. 16mo. 3s. 64.

¢ At once a poet and a child lover, full of fun and yet disposed gently to instil
;h:;z is good, Dr. Monsell is inimitable in this particular department.’'— Fokes
%

LONDON :
GEORGE BELL & SONS, YORK STREET,
COVENT GARDEN. . P
















