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PREFACE.

HE primary object of the following pages is to pro-
vide a text-book for the use of Candidates in the
Mathematical Final School of this University, who have
the option allowed them of. applying Algebra in the
demonstration of the propositions of the Fifth Book
of Euclid. ‘ .

An Introduction is prefixed, in which will be found
a brief exposition of the principles on which geometrical
magnitudes are represented by algebraical symbols, ex-
planations of the terms ¢ ratio” and “ compound ratio,”
and a comparison of the geometrical and algebraical
definitions of « pmpqrtioh;”

It is hoped that tile explanations here offered may
help to remove some of the difficulties usually ex-
perienced by learners in the algebraical treatment of
propositions relating to geometrical magnitudes, ratios,
and proportion; and in particular that the third part
of the Introduction will satisfactorily exhibit the agree-
ment of Euclid’s Fifth Definition with the assumption
of the equality of algebraical fractions as a test of the
sameness of ratios.



v PREFACE.

Definitions of “equimultiples” and ¢ continual pro-
portionals” are inserted.

A few brief Notes on the Propositions are appended.

And Questions are added, the answers to which are
contained in the Introduction and Notes,

OxFor,
Nov. 1, 1862.
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INTRODUCTION.

I. EveryrHING that is extended in space, whether
infinitely great, infinitesimal (i.e. infinitely small), or of
finite greatness, is called a magnitude. There are four
kinds of magnitudes, distinguished from one another by
the nature of their extension in space ; viz. lines, which
have length ; superficies, which have area ; solids, which
have volume; and angles, whose greatness consists in
the inclination of their including lines. The general
criterion of two magnitudes being of the same kind,
given by Euclid 8, is that ¢ the less can be multiplied so
as to exceed the other.”” A simpler rule would be, if
one can be said to be greater than, equal to, or less
than the other.

By the aid of the Science of Number, the greatness
or quantity of a finite magnitude, i.e. how much there
is of it, can always be expressed by a number or symbol
denoting how many times some less magnitude of the
same kind must be taken to make it; or, in other
words, how often it contains another like magnitude, as'
when the length of a line is said to be 6 feet. The
abstract number 6, when so employed, does not express
absolute greatness, but in reality institutes a comparison
of the length of one line with that of another, stating
that it is six times as great; and generally the great-
ness of any magnitude can be expressed only relatively
to some other of the same kind : if, however, the length

* Bk. v. Defs. 8, 4.
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termed a foot be supposed absolutely known, the con-
crete expression 6 feet expresses absolute length. A
greater magnitude which, as in this example, contains
another an exact number of times, is said to be a mul-
tiple of the less, and the less to be a part, or sub-
maultiple, of the greater; also, the less is said to measure
the greater, and the greater to be measured by the
less?; or the less is termed an unit, and the greater is
said to be expressed in terms of it.

II. When two magnitudes can be expressed as mul-
tiples of the same third magnitude (in which case they
are said to be commensurable, because capable of being
measured by the same part or sub-multiple) the num-
bers or symbols which express the multiplicity provide
means of comparing them with one another, so as to
express their relative greatness. Thus, if two lines be
5 feet and 6 feet respectively in length, the numbers 5
and 6, which taken separately represent the lengths of
the lines relatively to a third of one foot in length,
when combined furnish fractional expressions by which
their lengths are compared with one another.  For, inas-
much as the one can be divided into five equal parts, and
the other into six, each of one foot in length, the less
is ; 2 of the greater, and the greater ; % of the less.

The same fraction would have been obtained by ex-
pressing the lengths of the lines in any other common
denomination—for example, in inches; for, the one
being 60 inches long, and the other 72, the less would
by the same reasoning be :—g of the other, which fraction
is équal to g; and it is clear that the fraction which
one is of the other must be independent of any par-

b Euclid, Bk. v. Defs. 1, 2. .
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ticular denomination in which the lengths may be ex-
pressed. Again, two other magnitudes, such as an
area of 30 square yards, and another of 36, may pro-
duce the same fraction, %, when compared with one
another. Hence it becomes apparent that two com-
mensurable magnitudes have always an absolute rela-
tion to one another in respect of quantity or greatness,
which is independent both of their absolute great-
ness and of the denomination in which they may
be expressed. This absolute relation is termed their
ratio.

If, as in the above instances, the quantities of the
magnitudes be expressed numerically in terms of a
common unit, the magnitudes themselves are said to
have to one another the ratio of the numbers which
express them; and in like manner algebraically, if
a and b represent two magnitudes of the same kind in
a common denomination, say two lines, one of which is
a fect and the other 4 feet in length, the magnitudes
are said to have to one another the ratio of a to &, or
to be to one another as a to &.

It should be noticed that the same ratio may be
variously expressed ; for, since it was shewn above that

the same line may be said indifferently to be % or ;—‘g of

another, it follows that the ratio of the one to the other
may be expressed by that of 60 to 72 equally as well
as by that of 5 to 6; and similarly, magnitudes which
are to one another as a to b, are also as 2a to 25, or
10 @ to 106, or generally as ma tomb. In fact, when
we say that one of two magnitudes has to the other
the ratio of 5 to 6, or of a to , we are making a par-
ticular selection out of an indefinite number of pairs
B
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of values which have the same absolute relation to one
another that the magnitudes themselves have.

In geometry, no expression of a ratio by representa-
tion of the quantities of the magnitudes is required,
because ratios are considered only in connection with
one another, the ratio of one pair of magnitudes being
stated or proved to be the same, or not the same, as
that of another pair. But algebraical symbols being
capable of representing geometrical as well as other
quantities, if the ratios of magnitudes be expressed
algebraically, propositions relating to them may be
demonstrated on the ordinary principles of algebra.

Hitherto commensurable magnitudes only have been
considered. But some geometrical and other mag-
nitudes, although of the same kind, are incommen-
surable, i.e. do not admit of being expressed as exact
multiples of any common part, or in other words, have
no common measure. Thus, if the side of a square
be expressed in linear units, as in inches, there is
not an exact number of such units in the diagonal ;
neither is there any unit, however small, in terms of
which both the side and the diagonal can be expressed
by whole numbers. Hence it is not possible to express
the one as an arithmetical fraction of the other, nor
their ratio as that of two whole numbers. Still they
have a ratio, and that not indefinite, but exact and
appreciable. The multiplier by which the length of
the side of a square must be affected to become equal
to the diagonal, is the square root of 2. If we proceed
to extract this square root by the ordinary process, it
appears in the form of an interminable decimal, in
which the figures do not recur, viz. 1'41421, &c.; of
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which all that we can say arithmetically is, that it lies
between 1 and 2; or more nearly, between 1°4 and
1'5; or between 1-41 and 142 ; and so on. Its value,
however, is exact: and just as, if an elastic string of
the same length as the side of a square were stretched
till it became double that length, it would at some time
during the process of stretching be exactly of the same
length as the diagonal; so if the numerical unit were
supposed to become doubled, not by successive addition
of finite fractions or decimals, but by gradual and con-
tinuous growth, it would pass through that exact value
which is the square root of 2. The ratios of such, viz
of incommensurable magnitudes, are expressed alge-.
braically by the use of symbols in a manner analogous
to that of arithmetic. If the quantities of two magni-
tudes be symbolized by a and &, we are not restricted,
as in arithmetic, to the supposition that @ and b repre-
sent whole numbers, or even that they are commen-
surable. a feet may denote the length of the diagonal
of a square of which the side contains an exact number
of feet, although @ is then the symbol of that number
multiplied by the square root of 2, and incapable of

being expressed arithmetically ; and g- may represent

algebraically the fraction which one magnitude is of
another, although they be not commensurable. As,
then, one of two commensurable magnitudes which
is % of another is said to have to that other the ratio of

5 to 6; so generally, if % be the fraction which any

magnitude is of another of the same kind, the former
is said to have to the latter the ratio of @ to &.
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- It is convenient to use the notation a: & (read a to
b) in such a manner as to say that a: b is the ratio of
two magnitudes, meaning that they have to one another
the same ratio which a has to &.

III. It has been already stated, that when different
pairs of magnitudes are expressed numerically or sym-
bolically, each pair in a common denomination, the
fractions formed by the numbers or symbols, and ex-
pressing what fractional part one of each pair is of
the other, may be identically the same or equal. This
identity or equality of the fractions, when it exists, will
imply that the absolute mutual relation or ratio of the
magnitudes in each pair is identically the same. Thus
if a, &, ¢, d, express the greatness of four magnitudes,
a
b
fractions which signify what fractional part the first is

80 that — is any one of the indefinite number of equal

of the second, and ssigniﬁes in like manner what frac-

tional part the third is of the fourth; then if ;:5
H

the first magnitude has the same ratio to the second
that the third has to the fourth. Four magnitudes
which are so related to one another are called propor-
tionals ; and proportion is defined by Euclid to be the
“ sumeness or identity of ratios,” 7 T&dv Aéyov Tavrorns®.

Euclid’s criterion of the sameness of ratios is different
from that above, being as follows :—¢ The first of four
magnitudes is said to have the same ratio to the second
which the third has to the fourth when, any equimul-

¢ The Oxford edition (1703) has éuotérys, which Dr. Simson translates
“the similitude of ratios.”
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tiples whatsoever of the first and third being taken,
and any equimultiples whatsoever of the second and
fourth, if the multiple of the first be greater than that
of the second, the multiple of the third is greater than
that of the fourth ; and if equal, equal ; and if less, less.”
These conditions, however, imply the equality of the
algebraical or arithmetical fractions corresponding to
a_c ma_mc
b d nb nd
whatever the values of m and » may be; and if ma be

the ratios, and vice versd. For first, if

greater than 2 5, ,%Z is greater than unity; therefore

also % is greater than unity, and therefore m ¢ greater
than nd. Similarly, if m a be equal to or less than » 5,
mc will be simultaneously equal to or less than nd.
Tl e conditions of Euclid’s definition are therefore satis-
fied when the fractions are equal.

And if Euclid’s conditions be satisfied, first let the
magnitudes in each pair be commensurable. It will
then be always possible to take such multipliers that
the multiple of the first shall be equal to that of the
second (in other words, if two magnitudes have a com-
mon measure, a common multiple can also be found);
for @ and & in this case are symbols of whole num-
bers, and their product, or any multiple of it, will
therefore be a whole number containing each of them
an exact number of times. Let m' and »’ be values
of m and % such that m'a = #n'b; then if also m'c =2'd
(in which case it is evident that the other conditions
a

will necessarily be satisfied); it follows that 3

¢
and ¥
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’

are each equal to %, , and therefore gb—_— But se-

8 o

condly, if the magnitudes in each pair be incommen-
surable, it will not be possible that any multipliers m
and n can be such that ma=nbd or mc=nd. In this
case suppose m’ to be any integral multiplier of @, and
n' to be the greatest integer which multiplied into &
will produce a less quantity than m’'a, and therefore
n'+ 1 the least that will produce a quantity greater
than m'a; i.e. let m'a be greater than n'6 and less

than (@' + 1) b ; and therefore :%b-‘-' greater than 1 and

less than1 + }l,- Now, as greater and greater values
of m’, and therefore also of #’, are taken, the value of
the fraction ,1‘, becomes less and less; and 14 %,
becomes more and more nearly equal to unity: hence

!
the value of :-,—-:, which is intermediate between 1 and

1 . e
1+ w also approximates to unity as its limit when

m’ and n' are indefinitely increased; and therefore the
!

limit to which the value of :-:-‘, is continually approach-

ing is a_b‘ But if when m a is greater than %6, mc is

elso greater than nd; and when less, less; we have
also m'c greater than n'd and less than (w'+1)d:
whence it can be shewn in precisely the same manner

that the limit to which the value of f‘; is continually
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approaching is 5: and the same limit was before shewn

to be %; therefore ‘l—:= ‘—‘; Hence universally if mag-

nitudes, related to one another in the manner described
in Euclid’s fifth definition, be represented algebraically
by a, b, ¢, d; then %: ¢£I

IV. From what has now been advanced, it will be
seen how algebra is applicable to the solution of proposi-
tions such as those in the fifth book of Euclid. For
example, in Proposition B, ““Invertendo,” where the
hypothesis is that four magnitudes are proportionals;
the magnitudes are represented algebraically by four
symbols, a, b, ¢, d, supposed to be such that @ and 6
express the quantities of the first two in a common
denomination, and ¢ and d of the last two, also in a
common denomination. Then the magnitudes being
proportionals, a, b, ¢, d are also proportionals, and

therefore 2 =°. Next an algebraical result, viz. é: d
b d a ¢

is derived from the equality of %and °; whence it

d’
follows that b:a::d:c. But b and @ represent the
second and first magnitudes in a common denomina-
tion, and d and ¢ represent the fourth and third, also
in a common denomination; and therefore 6 : a is the
ratio of the second magnitude to the first, and d: ¢ the
ratio of the fourth magnitude to the third. Wherefore
the magnitudes are proportionals when taken inversely.
In like manner in Proposition 16, “ Alternando,”

where a, b, ¢, d are taken to represent the magnitudes,
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it must be understood that a, b, ¢, d are symbols of the
quantities of the magnitudes all in one common denom-
ination; for if @ and ¢ expressed the first and third in
different denominations, the ratio of @ to ¢ would not
be the same as that of the first magnitude to the third;
and consequently the algebraical proportion a:c::6:4d
would not imply the geometrical result inferred from
it. These considerations are suppressed in the state-
ment and conclusion of propositions rendered alge-
braically, but, in accordance with the usual practice in
algebraical problems, must be tacitly understood.

V. If four magnitudes be such that, equimultiples
of the first and third and also of the second and fourth
being taken, it is possible that the multiple of the
first may be greater than that of the second, but the
multiple of the third not greater than that of the
fourth; or equal, but the other not equal; or less,
but the other not less; the magnitudes are clearly
not proportionals, since the conditions of the fifth
definition are violated. In the first of these cases the
first magnitude is said 9 to have a greater ratio to the
second than the third has to the fourth; not that
one ratio can be strictly said to be greater than an-
other, but the first magnitude is greater relatively to
the second than the third is relatively to the fourth.
Algebraically, if the magnitudes be expressed by a, b,
a

¢, d as before, the fraction 5

will be greater than the

c

fraction 2 for if m a be greater than » b and m ¢ not

4 Euc., Bk. v. Def. 7.
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a m

ma . c
greater than nd, w5 greater and wd not greater

. ma . me
than unity, and therefore 3 18 greater than w3

whence g is also greater than 5 Ratios cannot pro-
perly be said to be either equal or unequal; but if the
ratios are the saeme, the corresponding fractions are
equal; and if the ratios are not the same, the fractions
are unequal. It is only for abbreviation, as stated
above, that @ is said to have to b a greater ratio than
¢ has to d. Euclid is careful to state, not that the first
magnitude %as, but that it is seid to have a greater
ratio to the second than the third has to the fourth.

VI. No definition of “ compound ratio” is to be found
in any copy of the Greek text of Euclid, though it is clear
that a technical use of the term was intended in the
Enunciation of Prop. 23, Bk. vi,, “ Equiangular paral-
lelograms have to one another the ratio which is com-
pounded of the ratios of their sides,”—Aéyov Tov cuvyxel-
pevov éx Ty mhevpaw. It may easily be seen that the
ratio of two equiangular parallelograms is in some way
dependent on the ratios of their sides; but without
a definition it would be impossible to infer from the
above enunciation what precise relation between them
it was proposed to establish. To supply this defect
Dr. Simson has framed a definition, founded upon the
demonstrated result from which the truth of the enun-
ciation is inferred in Euclid’s proposition.

The analysis of Euclid’s proof is as follows :—Lines
marked L, M, N are found by a previous proposition,
such that L has to M the same ratio that a side of the
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first parallelogram has to a side of the other, and M to
N the same ratio that an adjacent side of the first has
to an adjacent side of the other; it is next proved that
the first parallelogram has to the other the same ratio
that L has to IV, and this is then said to be “ the ratio
which is compounded of the ratios of their sides.”
Hence it appears that the ratio of two magnitudes is
said by Euclid to be compounded of two other ratios
when it is dependent on them in such a manner that,
if three magnitudes be found which have, the first to
the second and the second to the third, those same
ratios, the ratio of the first to the last of these three
magnitudes is the same as that of the other two.

In order, apparently, to simplify this expression and
to extend the idea of compounding to a greater number
of ratios, Dr. Simson has given the following definition :
“When there are any number of magnitudes of the
same kind, the first is said to have to the last of them
the ratio which is compounded of the ratios of the first
to the second, of the second to the third, the third to
the fourth, and so on unto the last magnitude.” This
he has explained and accommodated to Euclid’s propo-
sition somewhat as follows :—If 4, B, C, D be four mag-
nitudes of the same kind, 4 is said to have to D the
ratio which is compounded of the ratios of 4 to B, B to
C,and Cto D: and if E, F, G, H, K, L be other mag-
nitudes, such that £: F:: 4A: B, G:H.. B:C,K: L
+: C: D; then A is said to have to D the ratio which
is compounded of the ratios of E to ¥, G to H, and K
to L: and further, if there be two other magnitudes,
M and N, such that M: N:: A: D, then M is said to
have to N the ratio which is compounded of those
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ratios. This last extension of Dr. Simson’s definition
is the sense in which compound ratio is used by Euclid.
The capital letters, it should be observed, used here, are
not algebraical symbols of quantity, but are as it were
names of the magnitudes themselves; just as a line is
called 4 or a triangle C in the other books of Euclid.

If the corresponding small letters be used to express
algebraically the above magnitudes, the definition will
beapplied thus: ife:f::a:6,9:h::b:¢,k:l::c:d,
and also m : % :: a : d, then M is said to have to IV the
ratio which is compounded of the ratios of E to F,
G to H, and K to L. But the algebraical proportions
imply the following equalities: ;_—_ :, ‘Z Eb ll‘ 2
a_m.

m gkabc

d’ and thereforef <% —= ek b
whence it appears that when a magmtude is said to
have to another the ratio which is compounded of the
ratios of several other magnitudes, the fraction corre-
sponding to the former ratio is equal to the product of
the fractions corresponding to the others; or a com-
pound ratio in geometry is analogous to a compound
fraction in arithmetic or algebra.

Here as elsewhere the algebraical relations are more
extensive in their signification than the geometrical;
for if m and n represented any quantities not geome-
trical, the ratio of m to » would be said to be com-
pounded of the ratios of any quantities represented by
L)
f %
dantly illustrated under the rule of “Compound Pro-
portion” in every Arithmetic.

the other letters when - = ;—‘, which is abun-
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The algebraical form also provides the following rule:
If the ratio of two quantities (including geometrical
quantities, or magnitudes) depends on the ratios of
several others in pairs, in such a manner that if the
quantities in each of all the pairs except any one were
equal to one another (i.e. if all the ratios but any one
were ratios of equality), the ratio of the two quantities
would be that of the remaining pair (i.e. would be the
same as the remaining ratio) ; then the ratio of those
two quantities will always be that which is ‘com-
pounded’ of those ratios. For just as in the case of
two rectangles, if their lengths were equal and their
breadths as 2 to 3, the one would be to the other as 2 to

3, i.e. would be % of it; and if their breadths were
equal and lengths as 5 to 7, the same would be to the
other as 5 to 7, i.e. would be —:— of it; but if at the
same time that the breadths are as 2 to 3 the lengths
are as 5 to 7, then the former will be -:— of what it other-

wise would have been, i.e. will be; X %of the other;

so of quantities in general, such as those above, if

when e=fand g=~%, m : n:: k ; I and therefore :':l=%"‘
and when e=fand k=17 m:n:: g:hk and therefore
m ‘%; and when g=*%4 and k=1, m:n::e:f, and

therefore g:f; then if none of the Quantities are

S
equal, g will be ; x what it would have been if e had

been equal to f; that is, ¢ x9 x what it would have

FXn
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been if both e had been equal to f and g to 4, that is,
ANE AN
VA A

An illustration of the truth of this rule, applied to

magnitudes, is seen in Euclid, Bk. x1. Prop. D, (Dr.
Simson’s) : “Solid parallelopipeds which are contained
by parallelograms equiangular to one another, each to
each,—that is, of which the solid angles are equal, each
to each,—have to one another the ratio which is (the
same with the ratio) compounded of*the ratios of their
sides.” The samec parallelopipeds may also be shewn
to have to one another the ratio which is compounded
of the ratios of their edges.

When a ratio is compounded of several ratios, all of
which are the same, it is termed a duplicate ratio, or
triplicate, quadruplicate, &c., according to the number
of the ratios of which it is compounded. Thus if
a:b::b:c, the ratio of a to ¢, which is compounded
of the ratios of @ to & and b to ¢, is said to be “the
duplicate ratio of that which a has to 4;” 7o wpdTor
mpos TO TpiTov dumhaciova Noyov Exew ANéyetar fmwep
mpos 7o SeUrepov. In this case the compound fraction
corresponding to the compound ratio gives the following

a a b a b a a\?
PR —y bt—:—-; th f —-_=1{=]).
result : S=y X 7 but o=, therefore - (b)
Similarly,ifa: 5 ::5:c::c: d, ais said to have to d

- . a_a _b ¢ a
t B = - =
he triplicate ratio of @ to &; and =5 X Pl 5
3
X g X g: (-Z—) . In like manner, if one magnitude
have to another the ratio which is compounded of the

ratios of gto A, ktol, and mton; when g:h:1k:!
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::m: n, the ratio of the magnitudes is the triplicate
ratio of g to &, and the fraction corresponding to their

. . g\°
ratio is equal to (Z) .

If a, b, c represent straight lines, and a:0::56:¢,
the ratio of ato ¢ is the duplicate ratio of the lines
a%
[
a:c:.a*:b*; also a® and ¢* represent algebraically
the squares described upon the lines @ and c¢; therefore
the duplicate ratio of two lines is the ratio of the
squares described upon them. In like manner the

. @ e\
represented by ¢ and b; and, since - = (5) =

triplicate ratio of two lines is the ratio of the cubes

of which they are the edges. These results might
also be inferred from Prop. 20, Bk. vi.,, and Prop. 33,
Bk. x1.

N P
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THE FIFTH BOOK OF EUCLID.

DEFINITIONS.

I.

A LEss magnitude is said to be a part of a greater
magnitude when the less measures the greater; that
is, “when the less is contained a certain number of
times exactly in the greater.”

If ma=25 or a=;‘, m being any whole number, & is
said to be a part of b.

IL. a.

A greater magnitude is said to be a multiple of a
less when the greater is measured by the less; that is,
“when the greater contains the less a certain number
of times exactly.”

If a = mb, m being any whole number, 4 is said to be
a multiple of b.

II. B.

Magnitudes which contain other less magnitudes the
same number of times exactly are said to be equi-
multiples of them.

Ifa=mband c=md, a and c are said to be equimul-
tiples of b and d.

IIL
“Ratio is a mutual relation of two magnitudes of

the same kind to one another, in respect of quantity.”
' c
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If a and b express two magnitudes of the same kind in

a common denomination, so that % is the fraction which

one is of the other, the former is said to have to the latter
the ratio of a to 5. Vide Introduction, § 11.

IV.
Magnitudes are said to have a ratio to one another
when the less can be multiplied so as to exceed the
other,

kfl?‘hu is the criterion of magnitudes being of the same
ind.
V

The first of four magnitudes is said to have the
same ratio to the second which the third has to the
fourth when, any equimultiples whatsoever of the first
and third being taken, and any equimultiples whatso-
ever of the second and fourth, if the multiple of the
first be less than that of the second, the multiple of
the third is also less than that of the fourth; or, if the
multiple of the first be equal to that of the second,
the multiple of the third is also equal to that of the
fourth ; or, if the multiple of the first be greater than
that of the second, the multiple of the third is also
greater than that of the fourth.

Ofa, b, ¢, d, a is said to have to b the same ratio which
¢ has to d when, m @ and m ¢ being any equimultiples what-
soever of 2 and ¢, and 7 b and # d any equimultiples whatso-
ever of b and d, no values can possibly be given to m and »
which will make ma less than 75 but me¢ not less than

nd, or ma equal to nb but me¢ not equal to nd, or ma
greater than # b but m ¢ not greater thau nd. The above

conditions imply that %=%. and vice versd. Vide Intro-

duction, § 111.
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VI a.

Magnitudes which have the same ratio are called
proportionals. * “ N.B. When four magnitudes are pro-
portionals, it is usually expressed by saying, the first is
to the second as the third to the fourth.”

If the ratio of @ to b be the same as that of ¢ to d, and
the same as that of e to f; 4, b, ¢, d, ¢, f are called propor-
tionals. This relation is expressed by

a:b: te:
which is read, a is to b as ¢ to d and 2 ¢ to f.

VI. 8.

Magnitudes of the same kind are said to be con-
tinued or continual proportionals when the ratios of
the first to the second, of the second to the third; of the
third to the fourth, and so on, are all the same.

Ifa:b::b:c::c:d &c; a,b, ¢, d, &. are said to be
eontinued or continual proportionals.

VII.

When of the equimultiples of four magnitudes (taken
as in the fifth definition) the multiple of the first is
greater than that of the second, but the multiple of the
third is not greater than that of the fourth; then the
first magnitude is said to have to the second a greater
ratio than the third has to the fourth: and, on the
contrary, the third is said to have to the fourth a less
ratio than the first has to the second. 4

If any values can be given to the multipliers m and n,
applied as in the fifth definition, which will make = a
greater than # b but mc not greater than #d, a is said to
have to b a greater ratio than ¢ has to d, and ¢ is sald to have

to d a less ratio than 4 has to 5. In this case Z is greater

than 2 ; and 2 7 less than %. Vide Introduction, § v.
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VIIIL.
“ Analogy, or proportion, is the similitude of ratios.”

The similitude (Gk. ravrérs) of ratios implies the equality
of the corresponding fractions. Vide Def. v, and Intro-
duction, § 1I1.

IX.
Proportion consists in three terms at least.

X.

When three magnitudes are proportionals, the first
is said to have to the third the duplicate ratio of that
which it has to the second.

Ita:b::b:c, aissaid to have to ¢ the duplicate ratio
of that which it has to 5. Vide Introduction, pp. 21 and 22.

XI.

‘When four magnitudes are continual proportionals,
the first is said to have to the fourth the triplicate
ratio of that which it has to the second, and so on,
quadruplicate, &c., increasing the denomination still by
unity, in any number of proportionals.

Ha:b::b:c::c:d:.d:e &c., aissaid to have to d
the triplicate ratio of that which it has to 5, and to e the
quadruplicate ratio of that which it has to 5, &. Vide In-
troduction, pp. 21 and 22.

Definition 4, to wit, of compound ratio.

‘When there are any number of magnitudes of the
same kind, the first is said to have to the last of them
the ratio compounded of the ratio which the first has
to the second, and of the ratio which the second has to
the third, and of the ratio which the third has to the
fourth, and so on unto the last magnitude.
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For example, if 4, B, C, D be four magnitudes of the
same kind, the first, 4, is said to have to the last, D,
the ratio compounded of the ratio of 4 to B, and of
the ratio of B to C, and of the ratio of C to D; or, the
ratio of 4 to D is said to be compounded of the ratios
of 4 to B, Bto C, and C to D.

And if 4 has to B the same ratio which E has to F;
and B to C the same ratio that G has to H; and C to
D the same that K has to L ; then, by this definition,
4 is said to have to D the ratio compounded of ratios
which are the same with the ratios of £ to F, G to H,
and K to L. And the same thing is to be understood
when it is more briefly expressed by saying, 4 has to
D the ratio compounded of the ratios of Z to F, G to
H, and K to L.

In like manner, the same things being supposed, if
M has to N.the same ratio which 4 has to D ; then,
for shortness’ sake, M is said to have to IV the ratio
compounded of the ratios of E to F, G' to H, and
Kto L.

Vide Introduction, § vi.

XII.

In proportionals, the antecedent terms are called
homologous to one another, as also the consequents
to one another.

If a,b, ¢, d be proportionals,i.e.if a : b:: ¢ :d; aand ¢,
the antecedents or former terms of the ratios, are said to

be homologous to one another; and b and d, the con-
sequent or latter terms, are homologous.

“Geometers make use of the following technical
words, to signify certain ways of changing either the
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order or magnitude of proportionals, so that they con-
tinue still to be proportionals.”

XIII.

Permutando, or alternando, by permutation or alter-
nately. This word is used when there are four pro-
portionals, and it is inferred that the first has the same
ratio to the third which the second has to the fourth ;
or that the first is to the third as the second to the
fourth : as is shewn in Prop. xvI. of this fifth book.

Ifa:b::e: d“permutando” or*alternando” a ; ¢::b : d.

XIV.

Invertendo, by inversion ; when there are four pro-
portionals, and it is inferred that the second is to the
first as the fourth to the third. Prop. B.

Ifa:b::¢:d, “invertendo” b :a:.d : c.

XV.

Componendo, by composition ; when there are four
proportionals, and it is inferred that the first together
with the second is to the second, as the third toge-
ther with the fourth is to the fourth. Prop. xviir.

Ifa:b:.¢:d, “componendo” a+b:5::¢c+d:d.

XVI
Dividendo, by division; when there are four pro-
portionals, and it is inferred that the excess of the first
above the second is to the second, as the excess of the
third above the fourth is to the fourth, Prop. xvir.

Ha:b::¢:d, “dividendo” a—bd:b::c—d:d; or,
which is the same tlnng (vide Prop. xvII. ), ifa+bd:05::
c+d:da:b;
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XVII.

Convertendo, by conversion; when there are four
proportionals, and it is inferred that the first is to its
excess above the second, as the third to its excess above
the fourth. Prop. E.

Ifa:b::c:d “convertendo” a ;6—b:.¢c:c—d.

XVIIIL.

Ex equali (sc. distantii), or ex ®quo, from equality
of distance: when there is any number of magnitudes
more than two, and as many others, such that they are
proportionals when taken two and two of each rank,
and it is inferred that the first is to the last of the first
rank of magnitudes, as the first is to the last of the
others: “ Of this there are the two following kinds,
which arise from the different order in which the mag-
nitudes are taken, two and two.”

XIX.

Ex =quali, from equality. This term is used simply
by itself, when the first magnitude is to the second of
the first rank, as the first to the second of the other
rank; and as the second is to the third of the first
rank, so is the second to the third of the other; and so
on in order: and the inference is as mentioned in the
preceding definition ; whence this is called ordinate
proportion. Proposition xxir1.

a,bye,d.... k1l,mn;

P gj['t’:’a‘: i '::'1"0’:“;’,!/’ z.
b cellqinm
cid:ir:s
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E:l:w:az,
l:m:iz:y,
m:inily:z,

“Exequali”a:n:ip:a2
XX.

Ex quali in proportione perturbati seu inordinati,
from equality in perturbate or disorderly proportion 2.
This term is used when the first magnitude is to the
second of the first rank, as the last but one is to the
last of the second rank; and as the second is to the
third of the first rank, so is the last but two to the last
but one of the second rank; and as the third is to the
fourth of the first rank, so is the third from the last to
the last but two of the second rank; and so onina
cross order: and the inference is as in the 18th De-
finition. Prop. xx111.

’ a,b,c,d....k,l,m,n;

P g8 .. Ty, 2.
If a :

b

c

o o

HERE
ey,
w: 2z,
nr ; 8,
imiigln,
miniip:g
«Ex ®quali in proportione perturbatﬁ.” a:n:lp:az.

N*.o

a3,

* 4 Prop. lib. . Archimedis de spherd et cylindro.



AXIOMS.

I

EqurmuLTirLEs of the same, or of equal magnitudes,
are equal to one another.

Ifa=mbandc=mb,a=c;orif a=mb, c=md, and
b=d,thena=c. -

II.

Those magnitudes, of which the same or equal mag-
nitudes are equimultiples, are equal to one another.

Ifa=mbanda=me,b=c; orifa=mb, d=me, and
a=d, then b=c.

I1I.

-
A multiple of a greater magnitude is greater than
the same multiple of a less.

If a be greater than b, m a is greater than m b.

Iv.

That magnitude, of which a multiple is greater than
the same multiple of another, is greater than that other
magnitude.

If ma be greater than m b, a is greater than b.
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" PROPOSITION I

Ir any number of magnitudes be equimultiples of as
many, each of each; what multiple soever any one of
them is of its part, the same multiple shall all the first
magnitudes be of all the other.

e, bc; dyef
Let a, b, ¢ be equimultiples of d, e, f, each of each;
sothat a=md, b=me, and c=mf,
Then shalla+ b+ c = m(d+e+f)
Because a=md, b=me, and c=mf,
therefore e + b+ c=md4+me + mf;
butm(d+edf)=md+me+mf,
therefore a + b6+ c=m(d+ e+ f);
that is, @ 4- b + ¢ is the same multiple of d + e 4 f
that each of a, b, c is of its part d, e, or f.
The same demonstration may be applied to any
number of magnitudes.
Therefore, if any number of magnitudes, &c.—Q.E.D.
p .

Or, generally,
a,bc...hkl;
P DT e By Y, 2
Let a,b,c....h k I be equimultiples of p, ¢, r
., y,z; so that a=mp, b=mgq, c=mr....
h=mz,k=my,l=mz.
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Thenshalla+b+c¢c.... + A4+ k+1
=m(p+g+r....+x+y+2).
Because a=mp, b=mgqg,c=mr....
h=mxr,k=my,l=mz,
thereforea+b+c.... +h+k+1
=mp+mg+mr.... +mext+tmy+mz;
butm(p+g+r....+x+y+2)
=mp+mg+mr....+mz+my +mz,
thereforea +b4+c.... + 2+ k41
=m(p+g+r....+z+y+2);
that is, e + b+ c.... + A+ k+ [ is the same
multiple of p+ g+ 7 .... + 2+ y + 2z that each
ofa, b,¢,....h klisof itspart p, ¢, 7r.... %
Y, 2.
Therefore, if any number of magnitudes, &c.— Q.E.D.

PROPOSITION 1II.

If the first magnitude be the same multiple of the
second that the third is of the fourth, and the fifth
the same multiple of the second that the sixth is of the
fourth ; then shall the first together with the fifth be
the same multiple of the second that the third together
with the sixth is of the fourth.

a, b, ¢ de,f.
Let a be the same multiple of & that ¢ is of 4, and e
the same multiple of & that fis of d; so that,
a=mb, c=mad,
e=nb,f=nd,
Then shall a + e be the same multiple of  that ¢ + /
1s of d.
Because ¢ =m b, and e =n ),
therefore @ + e = m,b,t nbd=(m+ n)b.
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And in like manner hecause c =md, and f=nd,
therefore c - f=md 4+ nd = (m + n)d.
Therefore a4 e and ¢ + f contain 4 and d respec-
tively m + n times; that is, @ 4- e is the same multiple
of b that ¢ 4 f is of d.
Therefore, if the first, &c.—Q. E. D,

Cor. From this it is plain that if any number of
magnitudes a, e, g, £ be multiples of 4, and as many
¢, f, k, I be the same multiples of d, each of each; then
a4 e+ g + k is the same multiple of & that ¢ +f+ &
+lisof d. '

PROPOSITION IIL

If the first be the same multiple of the second that
the third is of the fourth, and if of the first and third
there be taken any equimultiples ; these shall be equi-
multiples, the one of the second, and the other of the
fourth.

a,b,cd; ef
Let a be the same multiple of 4 that cis of d; and
e and / be equimultiples of @ and ¢; so that,
a=mb,c=md,
and e=na,f=nc.
Then shall e be the same multiple of & that f is
of d.
Because e =m b, and e=na,
therefore e=n x mb=mnb;
and because c=md, and f=nec,
therefore f=n x md=mnd.
Therefore e and f contain b and & respectively mn
times; that is, e is the same multiple of & that f is of d.
Therefore, if the first, &c.—Q. E. D.
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PROPOSITION IV.

If the first of four magnitudes has the same ratio to
the second which the third has to the fourth; then
any equimultiples whatever of the first and third shall
have the same ratio to any equimultiples of the second
and fourth, viz.: “the multiple of the first shall have
the same ratio to that of the second, which the multiple
of the third has to that of the fourth.”

a,byc,d; ef g h
Leta:d::c:d?; and let e, g be equimultiples of
a,c,and f, h of b, d; so that
e=ma,f=nb,
g=mc, h=nd.
Then shall e : f:: 9 : A.
Becausea:6::¢:d,

a ¢
therefore =7

Multiply each of these equals by %n;

ma __mec
then ”—b = n_t-i
bute=ma, f=nb g=mc,and h=nd;

e_9
therefore F= ¥
and therefore e : f:: g : A.
Therefore, if the first, &c.—Q. E. D.

Cor. Likewise, if the first has the same ratio to the
second which the third has to the fourth, then also,
any equimultiples whatever of the first and third have
the same ratio to the second and fourth: and in like

s This eipression is to be read here and elsewhere, Let @ be to b as
cis tod.
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manner, the first and the third have the same ratio to
any equimultiples whatever of the second and fourth.

First,

Ifea:b::¢c
and e=ma, g=mc;
then 2=¢;
en b—d’
v ma mc
therefore =3’
s =9,
that is 3= 4
and thereforee: b:: g : d.
Secondly,
. Ifa:b::
andf—-nb h= d;
c
then z 2»
a c
therefo‘ T nd
a ¢
thatlsf—z,

and therefore @ ; f:: ¢

PROPOSITION V.

If one magnitude be the same multiple of another
which a magnitude taken from the first is of a magni-
tude taken from the other; the remainder shall be the
same multiple of the remaiuder that the whole is of
the whole.

a,b; cd.

Let a be the same multiple of & which ¢, taken from

a, is of d, taken from b; sothat a=m b, c=md.
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Then shall g — ¢ =m (b —d).

Because a =m b, and ¢ =m d,

therefore a —c=mb—md;

but m(b—d) =mb—md,
“therefore also a —c=m (b —d) ;
that is, a—¢ is the same multiple of §—d that’
a is of b. '

Therefore, if one magnitude, &c.— Q. E. D.

PROPOSITION VI.

If two magnitudes be equimultiples of two others,
and if equimultiples of these be taken from the first
two; the remainders are either equal to these others or
equimultiples of them.

a,b; c,d; e f

Let a,b be equimultiples of ¢, d; and e, f, taken
from a, b, also equimultiples of ¢, d; so that

a=mc, b=md,
e=nc, f=nd.
Then shall either a —e=c and 6—f=d, or a —e
and & — f shall be equimultiples of ¢ and d.
Because a=mc and e=ne¢,
therefore a—e=mc—nc=(m—n)c;
and because b =md and f=nd,
therefore 6 —f=md—nd=(m—n)d.

Wherefore if the difference between m and n be
unity, i.e.if m—n=1; a—e=cand b—f=d.

Otherwise ¢ —e and 6—f contain ¢ and d respec-
tively m —n times; that is, they are equimultiples of
¢ and d.

Therefore, if two magnitudes, &c.—Q. E. D.
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PROPOSITION A.

If the first of four magnitudes has to the second the
same ratio which the third has to the fourth; then,
if the first be greater than the second, the third is
also greater than the fourth; if equal, equal; and if
less, less.

a, b, ¢ d.
Leta:b::c:ad,
Then if a be greater than J, ¢ shall be also greater
than d; and if equal, equal; and if less, less.
Becausea:b::¢c:d,

a_c
therefore 5=
But if a be greater than 5, % is greater than unity;

therefore also % is greater than unity,

and therefore ¢ greater than d.

And if @ be equal to 5, % is equal to unity;
therefore also % is equal to unity,
and therefore ¢ equal to d.
And in like manner if a be less than &, it may be
shewn that ¢ is less than d.

Therefore, if the first, &c.—Q. E. D.

PROPOSITION B.
¢ INVERTENDO.”

If four magnitudes be proportionals, they are pro-
portionals also when taken inversely.
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a, bcd
Leta:b::c:d.
Then shalld;a::d:c.
Because a: b::c: d,

therefore ==
Divide unity by each of these equals:

thenl-——=1+£:

therefore

and therefore b:a::d: ¢c.
Therefore, if four magnitudes, &c.— Q. E. D.

PROPOSITION C.

If the first be the same multiple or part of the
second, that the third is of the fourth; the first is to
the second, as the third is to the fourth.

a, b, ¢, d.
First, let a be the same multiple of & that ¢ is of d;

so that a =m b, c=md.
Then shalle ; 6:: ¢

Because @ = m b, therefore ‘—; =m;

and because ¢ = m d, therefore %: m.

a ¢
Therefore =2
and therefore a: b :: ¢ : d.
D
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Secondly, let a be the same part of b that ¢ is of d;
ootbat,a:é, c=il.
n n

Then shalla:b::¢c:d.

Because ¢ = é, therefore = = 1 s
n b =n
d c 1
and because ¢ = —, therefore — = —.
n d =n

a ¢
‘Wherefore 3=
and thereforea: b::¢: d.

Therefore, if the first be, &c.—Q. E. D.

PROPOSITION D.

If the first be to the second, as the third to the
“fourth; and if the first be a multiple or part of the
second; the third is the same multiple or part of
the fourth.
e, b, ¢, d.
Leta:b::c:d.
And first, let a be a multiple of 4; so that, a =mb.
Then shall c=md. -
Because a : b ite:d,
therefore £ =2 ;
b — d’
and because @ — m 5, therefore % =m:

c
d
and therefore c=md;

i.e. ¢ is the same multiple of d that a is of 5.

wherefore also - =m,
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Secondly, let a be a part of 4, so that, a = %
Then shall ¢ = a .
n
As before > 3= d

and because a = é, therefore 2 = 1.
n b n

wherefore also ‘= 1,
d n

and therefore ¢ = g;

i.e. ¢ is the same part of d that & is of &.
Therefore, if the first, &c.—Q. E. D.

PROPOSITION VII.

Equal magnitudes have the same ratio to the same
magnitude; and the same has the same ratio to equal
magnitudes.

a, b, c
Let a=b.
Then shalla:c:: b:¢,
andc:a:.c:b.
First, because a = b,

therefore 2= ?,
¢c ¢
and therefore a ; c:: b : c.
Secondly, because a = b,

therefore ¢ = f,
a b
and therefore c:a :: c: b.

Therefore equal magnitudes have, &c.—Q. E. D.
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PROPOSITION VIII.

Of unequal magnitudes, the greater has a greater
ratio to the same than the less has; and the same
magnitude has a greater ratio to the less, than it has
to the greater.

a,b,c.
Let a be greater than &.
Then shall @ have to ¢ a greater ratio than 5 has to ¢;
and c shall have to & a greater ratio than ¢ has to a.

First, because a is greater than b,
. b
therefore % is greater than 2

for if two fractions have the same denominator, that
which has the greater numerator is the greater of the
two.

Therefore a has to ¢ a greater ratio than b has to .

Secondly, because & is less than a,
therefore % is greater than 5 ;

for if two fractions have the same numerator, that
which has the less denominator is the greater of the
two.

Therefore ¢ has to 4 a greater ratio than ¢ has to a.

Therefore, of unequal magnitudes, &c.— Q.- E. D.

PROPOSITION IX.

Magnitudes which have the same ratio to the same
magnitude, are equal to one another; and those to
which the same magnitude has the same ratio, are
equal to one another.

a, b, c.
First,lete:c::b:c.
Then shall a = .
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Becausea:c::b:¢,
therefore 2 = é;
c ¢
and therefore a = b.
Secondly, let ¢ : @ :: ¢ : b.
Then shall a = &.
Becausec:a::c: b,
therefore “invertendo” a: c:: b:¢;  Prop. B.
and therefore a = b by the former case.
Therefore magnitudes which have, &c.—Q. E. D.

Or, in the second case,
Becausec:a::¢c: ),
c_¢
therefore — = 5 ;
a b
and therefore @ = .

PROPOSITION X.

That magnitude which has a greater ratio than an-
other has to the same magnitude, is the greater of the
two; and that magnitude to which the same has a
greater ratio than it has to another magnitude, is the

less of the two.

a, b, c.
First, let a have to ¢ a greater ratio than 5 has to c.
Then shall @ be greater than .
Because a has to ¢ a greater ratio than 4 has to c.

therefore % is greater than —2 :

but if two fractions have the same denominator, the
greater has the greater numerator ;
therefore a is greater than &,
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Secondly, let ¢ have to b a greater ratio than ¢ has
to a.
Then shall b be Iess than a.
Because ¢ has to b a greater ratio than ¢ has to a,
therefore % is greater than Zc:
but if two fractions have the same numerator, the
.greater has a less denominator than the other;
therefore b is less than a.
Therefore, that magnitude, &c.—Q. E. D.

PROPOSITION XI.

Ratios that are the same to the same ratio are the
same to one another.
a,b;cd; elf.
Leta:b::c:dyandc:d::e:f.
Then shalla : b :: e: f.

Becausea: 5 :: ¢ : d,
therefore % 5,
and because c: d :: e : f,
therefore 7: .;

but % = s;
therefore % ;,

and therefore a : 6 :: e : f.
Therefore, ratios that are, &c.—Q. E. D.
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PROPOSITION XII.

If any number of magnitudes be proportionals, as
one of the antecedents is to its consequeat, so shall all
the antecedents taken together be to all the con-
sequeats. )

a,b; c,d; ef
Leta:b::c:d::e:f.
Then shalla:6::a+c+e: b+ d+f
Becausea:d::c:d:le:f,
a_c¢c__e
' therefore 3= 4= F
Since these fractions are equal to one another, let k

be a quantity to which each of them is equal: then

because %:k{thereforea:b'k,-
¢

2 B=k’ 2 c=dk;
e

and ,, f—=k, » e=fk:

therefore e +c+e=0bk+ dk + fk;
but (b +d+f)k=0k+ dk+ [k
thereforea+c+e= 0+ d+f)k;
adc+e — &

b+d+f

but % =k

therefore

a__ d +cte
therefore 3= brdy f’
and thereforea: b - a+c+e: b+ d+ /. .
The same proof may be extended to any number of

proportionals.
Therefore, if any number, &c.—Q. E. D.
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Or, generally,
a,b;cd; e,f,....y,z.
Leta:b::¢c:d: e:f....1y:2.
Thenshall
a:b:iatete.... +y:b+d+f.... 42

Becausea:b::c:d:te:f....:1y:z2
a_c_=¢ =Y
therefore bTaTF T

Let % be a quantity to which each of these fractions
is equal : then

because % k, therefore a = bk;
c
» “i-——k’ 2 c=dk;
e — 3
» f —k, » e:fk,
» %: kK y=zk:

therefore a +-c+e....+y=bk+ dk+ fk.... 4 z%
=@+d+f...+2)k;

+c+te.. +y
=k:
madweb+d+f
but -b- = k,
a+c+e..+y
therefore =iy d+ 7o

, and therefore
a:b:atcte....+y:04d+f.... 42z
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PROPOSITION XIIL

If the first has to the second the same ratio which
the third has to the fourth, but the third to the fourth
a greater ratio than the fifth to the sixth; the first
shall also have to the second a greater ratio than the
fifth to the sixth.

a, bs C, d, e:f:

Leta:b::c:d; and let ¢ have to d a greater ratio
than e has to f.

Then shall @ have to b a greater ratio than e has to f.-

Becausea: b6 ::c:d,
e ¢
therefore 3= d

but because ¢ has to d a greater ratio than e has to f,
c.
a 1

therefore — is greater than

L

f 2

a. e

7 18 greater than 7

and therefore a has to & a greater ratio than e has to f.
Therefore, if the first, &c.—Q. E. D.

wherefore also

Cor. And if the first have a greater ratio to the
second than the third has to the fourth, but the third
the same ratio to the fourth which the fifth has to the
sixth; it may be demonstrated, in like manner, that
the first has a greater ratio to the second than the
fifth has to the sixth.

. a . c c e
In this case 308 greater than pa and 2_1—,,- there-
fore 2 is greater than < ;
& 7’

and therefore a has to b a greater ratio than e has to f.
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PROPOSITION XIV.

If the first has to the second the same ratio which
the third has to the fourth: then if the first be greater
than the third, the second shall be greater than the
fourth ; if equal, equal; and if less, less.

a b, cd
Leta:b::c:d.
Then if a be greater than c, b shall be greater than d;
and if equal, equal ; and if less, less.
Because 2 : b:: c: d,
a_c
therefore i=a
But if @ be greater than ¢; since of two equal frac-
tions, the one which has the greater numerator must
also have the greater denominator®;
therefore b is greater than d.
And if a =c¢; since equal fractions which have equal
numerators must also have equal denominators ;
therefore b = d.
And if @ be less than ¢ ; since of two equal fractions,

the one which has the less numerator must also have
the less denominator;

b This property of fractions may be proved as follows :—

Ifg=%,leteachofthesebeeqmltok; then

b

because t—;— = %, therefore a =10 %,

and because %:k, thereforec=d k;

but a is greater than ¢, therefore & & is greater than d X,
and therefore b is greater than d.
In like manner if @ be equal to ¢, b is equal to d; and if less, less.
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therefore & is less than d.
Therefore, if the first has, &c.—Q. E. D.

PROPOSITION XV.
Magnitudes have the same ratio to each other which
their equimultiples have.
a, b, c, d.
Let ¢ and d be equimultiples of @ and &; so that ¢

=ma and d=mb.
Then shalla: b::¢c:d-
Because ¢ — ma, and d =mb,
¢ ma.
therefore i=mb

ma

a
bntz =m—b’

therefore % = _c&’

and therefore ¢:b::c:d.
Therefore, magnitudes have, &¢.— Q. E. D.

PROPOSITION XVIL
« PERMUTANDO,” OR “ ALTERNANDO.”

If four magnitudes of the same kind be propor-
tionals, they shall also be proportionals when taken

alternately.
a b, cd

Teta:b::c:d.
Then shal@g:c:: b :d.
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Becausea: b::c: d,

a ¢
therefore 5=d

Multiply these equal fractions, each by —ﬁ;

a b ¢ b
thenz X ;:2 X E‘,
whence, by dividing out the &’s on the left hand side
and the ¢’s on the right,
a b
; P E’
and therefore a : ¢ :: b : d.

Therefore, if four magnitudes, &c.— Q. E. D.

PROPOSITION XVII.

“Divipenpo.”

If magnitudes, taken jointly, be proportionals, they
shall also be proportionals when taken separately; that
is, if two magnitudes together have to one of them the
same ratio which two others have to one of these, the
remaining one of the first two shall have to the other
the same ratio which the remaining one of the last two
has to the other of these.

a, b, ¢ d.
Leta4+b:b::c4d:d;
Then shalla:b::c: d.
Because a 4 b:b::¢c+ d: d,

a+db c+d,
therefore -+ =’
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therefore % +1= 1

d
and, subtracting unity from each of these equals,
e_°;
5~ d’

thereforea: 6::c: d.
Therefore, if magnitudes, &c.—Q. E. D.

In Def. xv1. the term “ dividendo” is said to be used,
“ when four magnitudes are proportionals, and it is in-
ferred that the excess of the first above the second is to
the second as the excess of the third above the fourth
is to the fourth.”

This is substantially the same proposition as that
enuntiated and proved in the text; forif a 4 8,6, ¢ + d,
and d be assumed as the four magnitudes, the excess of
the first above the second is @, and the excess of the
third above the fourth is ¢; and the hypothesis a + &:
b::c+ d:dwill lead to the conclusion @ :b::¢c: d
as before.

It may also be proved directly as follows : —

a,b,c d.
Leta:b::c:d.
Thenshalla—b::6::¢c—d:d.
Because ¢ : b :: ¢ : d,

therefore ot = ¢

5= a’
whence, by subtracting unity from each of these
equals,
a c
——1==—1;
b 1=2
therefore ~—— b_ec—4d

b — 4’
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and thereforea — b:6::c—d: d.
Therefore, if four magnitudes, &c.—@Q. E. D.

PROPOSITION XVIII.
““ COMPONENDO.”

If magnitudes, taken separately, be proportionals,
they shall also be proportionals when taken jointly ;
that is, if the first be to the second, as the third to the
fourth, the first and second together shall be to the
second as the third and fourth together to the fourth.

a,b,c d
Leta:b::c:d.
Thenshalla + 6:b::¢c 4 d:d.
Becausea:b6::¢c:d,

a_c
therefore =
To each of these equals add unity;

a c
then5+l—2+1;

a+b_c+d
therefore ~ =g
and thereforea 4+ b6:6::c4+d: d.
Therefore, if magnitudes taken separately, &ec.—

Q. E. D.

PROPOSITION XIX.

If a whole magnitude be to a whole as a magnitude
taken from the first is to a magnitude taken from the
other, the remainder shall be to the remainder as the
whole to the whole. )
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ab,cd.
Let ¢ and d be taken from @ and 4 ; leaving the re-
mainders a—cand b—d: andleta:b::¢:d.
Then shalla —c:b—d::a:b.
Becausea:d::¢:4d,
therefore, alternando, @ : ¢c::6:d;
therefore, dividendo,a —c:c::b0—d:d;
therefore, alternando, ¢ —c:b0—d::c:d;
but, by hypothesis, a: 6 ::¢c: d;
and ratios that are the same to the same ratio are
the same to one another, Prop. x1.
therefore,a—c:b—d::a:b.
Therefore, if a whole magnitude, &c.—Q. E. D.
Otherwise,
Becausea:b::c:d,

e _ c,
. therefore =3

Multiply these equals, each by g;

a_ b _c_b
thenz X =g X
a .
whence ST pain Prop. xv1.
From each of these equals subtract unity ;
a _b .
then P 1= 7] 1;

— —d
therefore =0 L— .
c a

Multiply these equals, each by z—_—‘:?;

a—c c b—d c
Then == X§3—a= ~a *51—d
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h a—c_c.
W. enceb_d—z.
a ¢
butb——a,’

a—e¢ a
therefore —a=3

and thereforea —c: 6 —d::a:b.

Cor. If the whole be to the whole, as a magnitude
taken from the first is to a magnitude taken from the
other; the remainder likewise is to the remainder as
the magnitude taken from the first is to that taken
from the other.

This has been proved in the former demonstra-

tion, viz.,

a—c:b—d::c:d
And in the latter it was shewn that
a—c_c.
b—d  d’
whencea—c:b—d::¢c:d.

PROPOSITION E.
““ CONVERTENDO.”

If four magnitudes be proportionals, they are also
proportionals by conversion ; that is, the first is to its
excess above the second, as the third to its excess
above the fourth.

a, b, c,d.
Leta:b::c:d.
Then shalla:a—b::¢c:c—d.
Because ¢ :b::c: d,
therefore, dividendo, a—b6:5::c—d: d;
therefore, inverten('io, b:a—b::d:c—d;
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and therefore, componendo, ¢: ¢ —b :: c: c— d.

Therefore, if four magnitudes, &c.—Q. E. D.

Otherwise,
Because a: b:: c: d,
e _c¢
therefore 3=d
From each of these equals subtract unity,

then‘z’—1=c——1;

therefore % 2= 5

a
therefore 3 X ]

whence——-ﬁ— =_°_
a—b c—d’
and thereforea :a—b::¢c:c—d.

PROPOSITION XX.

If there be three magnitudes, and other three, which
taken two and two, have the same ratio; if the first be
greater than the third, the fourth shall be greater than
the sixth ; if equal, equal ; and if less, less.
a,bc; def
Leta:b::d:e,
andb:c::e:f.
E
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Then if a be greater than ¢, d shall be greater than
J; and if equal, equal ; and if less, less,
Becausea:b::d:e,
therefore = = d ;
b e
and because b:c::e: f,

b e
therefore c=F
a b d e
Therefore 3 X Pl X }-.,.
a d
whence = f .

And if @ be greater than c, % is greater than unity ;

therefore ; is also greater than umity, and therefore d

greater than f.

Similarly, if a be equal to ¢, d is equal to f; and if
less, less.

Therefore, if there be, &c.—Q. E. D.

PROPOSITION XXII.
“ Ex zquaLl,”’ or “Ex xquo.”
If there be any number of magnitudes, and as many
others, which, taken two and two in order, have the
same ratio; the first shall have to the last of the first

magnitudes the same ratio which the first has to the
last of the others.

a,b,c,d; ef g,k

Leta:b::e:f,
b:c::f:g,

andc:d::g:h.
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Then shalla:d::e: A
Because a': b :: e: f, therefore % ;.;
" b:c::f:y, ”» g=§;
and ,, c:d::g:h Zci=%
Therefore = Rl b ; 7*7g -Z

59

whence, dividing out the b’s and ¢’s on the left-hand
side, and the f’s and g’s on the right,

a_e,
d n’

and therefore a : d :
The same proof may be extended to any number of

magnitudes.

Therefore, if there be, &c.—Q. E. D.

Or, generally,
kl,mn

a,bed...

e h.

DT 8. ... W2, Y, 2.

Leta:b::p:
b:c::¢q:
c:d::r:

l:m::

Then shall a :

9
7,
38

w:z,
z:y,

andm: n::y:
ni:p:az

Z.
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By reason of the above proportions,

a_p b_gqg c_r ¢
=glcrrd s e

-

b ¢

Il
818

~| 2
@ g

®
=}
(=7
N =

e §|~.

59
X

Therefore — x

X
X

@iy S~
X

X
s oS

Qi Sl

X
STIRSEL AL

X

X
niw 318

X
w3

‘Whence, dividing out the &’s, ¢’s, d’s . . . ¥’s, I’s, and
m’s on the left-hand side; and the ¢’s, 7’s, &'s . . . w’s,
«’s, and y’s on the right ;

a_»p,

n z
and thereforea : n::p: 2.

PROPOSITION XXIIIL
“ EX £QUALI IN PROPORTIONE PERTURBATA,”
or “ Ex #QUo PERTURBATO.”
If there be any number of magnitudes, and as many
others, which, taken two and two in a cross order, have

the same ratio; the first shall have to the last of the
first magnitudes the same ratio which the first has to

the last of the others.
a,becd;efgh
Let a:b::g:h,
b:c::f: 9
and c:d; e: f.
Then shall ¢ - d ;. e: A.

Because a : b ;: g : A, therefore

o~
Il
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because b:c:: f: g, therefore %=f?
and , c:d:ile:f » g:;.
a b c_9. . f €.

Therefore 5% Xd=% % 7 x 7

whence, dividing out the b’s and ¢’s on the left-hand
side, and the g’s and /s on the right,
a_e

d— n’
and thereforea: d:: e: k.
The same proof may be extended to any number of
magnitudes.
Therefore, if there be, &e¢.—Q. E. D.

Or, generally,
a,be,d,....k1Lmn;

DT 8. W2, Y, 2
Leta:b::y:2,
b:c:iz:y,
c:d:..w:z,
k:l:ir:s,
l:m:iq:r,
and m:n::p:q.
Then shalla:n:: p: 2.

By reason of the above proportions

a_y b_z c_w g
Tz ¢ yd 2 ¢
f:f,_l=g,and’1‘=£.
I s m r n q
a b ¢ kI m
Thereforezx;xa.. 'xfxr_nxﬁ
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Y Zx? . xIxLx2:
z y = s r g
whence, dividing out the &’s, ¢’s, d’s .. . . k’s, I’s, and
m’s on the left-hand side; and the y’s, 2’s, w’s,
. 8's, 7’s, and ¢’s on the right;
a_Pp
- =

n 2
and therefore a : n :: p: 2.

PROPOSITION XXIV.

If the first has to the second the same ratio which
the third has to the fourth, and the fifth to the second
the same ratio which the sixth has to the fourth; the
first and fifth together shall have the same ratio to
the second which the third and sixth together have

to the fourth.
a,bcdef
Leta:b::¢:d,
ande:b::f:d.

Thenshalla +e:b::c+f: d.
Becausea:b::c:d,

’

Kl o

therefore ‘Zl =
and because e: b :: f: d,

_f
therefore 3 =7
c f
Whence 3 + - ?l 3’
- _e ¢t/
therefore =
and thereforea +e:6::¢c+ f: d.

Therefore, if the first, &c.—-Q. E. D,
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Cogr. 1. If the same hypothesis be made as in the
proposition, the excess of the first and fifth shall be to
the second as the excess of the third and sixth to the
fourth, '

a_ ¢ e
Because ; = —» and 5=‘£,asbefore;
a e _c¢ f.
therefore 3" 3-a" 7
a—e __c—f,
whence 3=

and thereforea—e:b::c—f:d.

Cor. 2. The proposition holds true of two ranks of
magnitudes, whatever be their number, of which each
of the first rank has to the second magnitude the same
ratio that the corresponding one of the second rank
has to a fourth magnitude.

a b,c,d; e g, &c,f, h &c.

Then % =

e , g —
‘ Therefore b+—b—+-5+&°' =

+

. B+ &e.
Therefore a+e1—y+&c = f;'; + &e R

and thereforea+ e+ g+ &c. : b::c+f+ h+ &e. : d.
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PROPOSITION XXV,

If four magnitudes of the same kind be proportionals,
the greatest and least of them together are greater than
the other two together.

a b, cd.
Leta:b::¢c:d;
and let @ be the greatest of the four, and therefore
d the least. (Props. x1v. and A.)
Then shall @ + d be greater than & + c.
Becausea:b::c:d,
therefore, dividendo, a—b:b::c—d: d;
therefore, invertendo, 6:a —bd::d:c—d:
but b is greater than d,
therefore also @ — b is greater than ¢ —d. (Prop. x1v.)
To each of these unequals add 4 + d;
then a— b + b + d is greater than c—d + b 4 d,
or a + d is greater than & + c.
Therefore, if four magnitudes, &c.—Q. E. D.

Otherwise,
Because a:b::c: d,
theref 8_¢.
| erefore ; = -
From each of these equals subtract unity :
a c
thenz—l =3—'1;
a—b__c—d
wherefore Y B
but b is greater than d; and of two equal fractions
the one which has the greater denominator has also
the greater numerator ;

therefore @ — & is greater than ¢ — d.
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To each of these unequals add 4 + d;
then ¢ — b+ b + d is greater than c—d + b+ d,
or a+ dis greater than b+c¢. ~

PROPOSITION F.
Ratios which are compounded of the same ratios are
the same to one another.
a,b,c; d e)f'
Leta:b::d:e,
andb:c::e:f. .
Then the ratio which is compounded of @ : 4 and & : ¢
shall be the same to the ratio which is compounded of
d:eande:f.
Becgusea:b6::d:e,
andb:c::e:f,
therefore, ex ®quali,a:c:: d: f:
but by the definition of compound ratio, a : ¢ is the
ratio compounded of a: 5 and b:c; and d:fis the
ratio compounded of 4 : e and e : f; therefore the ratio
compounded of @ : b and b : ¢ is the same to the ratio
compounded of d: eand e : f.
The same proof may be extended to any number of
ratios.
Therefore, ratios which are, &c.—Q. E. D.

Otherwise,
Because a:b::d:e,
andb'c'-e'f;

therefore & = d, and g:

e
5 7

'therefore x x & ;
f

o R
QI@

ol
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and, dividing out the &’s on the left-hand side, and
the €’s on the right,

a

¢
a:

"k.,n&.

Therefore 1 d: f, &e.

PROPOSITION G.

If several ratios be the same to several ratios, each
to each; the ratio which is compounded of ratios which
are the same to the first ratios, each to each, shall be
the same to the ratio compounded of ratios which are
the same to the other ratios, each to each.

a,bc,d; k,1,m:
&f,9h; p,gr.
Leta:b::¢e:f,
andc:d::g:h.

Then the ratio which is compounded of ratios which
are the same to the ratios a : & and ¢ : d, shall be the
same to the ratio which is compounded of ratios which
are the same to e : fand g : A.

Take £, I, m, such that
a:b::k:1
andc:d::l:m;
and p, g, 7, such that
e:f:ip:gq,
andg:h::q:7.

Then % : m is the ratio compounded of ratios which
are the same to the ratios ¢ : 6and c: d; and p:ris
the ratio compounded of ratios which are the same to
the ratios e: fand g : & ;

and it is to be shewn that k: m :: p : .
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Because k:Z ::a: ),
a:b::e:f,
ande:f::p:¢q;
therefore k: 1::p: q. Prop. x1.
And because Z:m:: c: d,
c:d::g:h,
andg:h::q:r;
therefore I :m:: g : r. Prop. x1.
Andsince k:1l::p: g,
and I:m::q:7;
therefore, ex @quali, k:m::p: 7.

The same proof may be extended to any number of

ratios.
Therefore, if several ratios, &c.—Q. E. D.

Otherwise,
Because a: b:: e: f, therefore%:?;
e
and ,, c:d::g:h z=‘%-’
2x%=¢x9.
wherefore 5 %2 7 x5
But because a : b :: k : /, therefore % ;—‘;
c 1
and , c:d::l:m ism
c k_ 1 _k
wherefore—b-xa_i =
Also, because e : f:: p : ¢, therefore ; g:
and ,, g:h::q:r, %:%:
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wherefore 7 X g X =

Therefore 1‘ E

m 7

and therefore k:m::p:r.

PROPOSITION H.

If a ratio which is compounded of several ratios be
the same to a ratio which is compounded of several
other ratios; and if one of the first ratios, or the ratio
which is compounded of several of them, be the same
to one of the last ratios, or to the ratio which is com-
pounded of several of them; then the remaining ratio
of the first, or, if there be more than one, the ratio com-
pounded of the remaining ratios, shall be the same to
the remaining ratio of the last, or, if there be more
than one, to the ratio compounded of these remain-
ing ratios.

a,bcdef;
gk k1, m.

Let the ratio which is compounded of several ratios,
a@a:b,b:c,c:d, d:e, and e: f, be the same to the
ratio which is compounded of several other ratios,
g:h h:k k:l, and m:n; and let the ratio which
is compounded of some of the former, viz. of a:d,
b : ¢, and c : d, be the same to the ratio which is com-
pounded of some of the others, viz. of g : 2 and 4 : k.

Then the ratio which is compounded of the remain-
ing first ratios, viz. of d: e and e : f, shall be the same
to the ratio which is compounded of the other remain-
ing ratios, viz. of k¥ : 7 and m : n.

Since a : f is the ratio which is compounded of the

- —~—
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first ratios, and g : m is that which is compounded of
the others;
by hypothesisa : f:: g : m.

Also, since a : d is the ratio which is compounded
of a:b,b:c, and c:d; and g: k is that which is
compounded of g : Aand & : k;

by hypothesisa : d:: g : &,
And becausea:d:: g : &,
therefore, invertendo, d:a:: k: g;
buta:f::9:m:
therefore, ex @quali, d : f:: &k : m.

But d: f is the ratio which is compounded of the
ratios d:e and e: f; and k: m is the ratio which is
compounded of the ratios £ : / and ! : m.

Therefore, if a ratio which is compounded, &c.—Q.E.D.

PROPOSITION K.

If there be any number of ratios, and any number
of other ratios, such that the ratio which is compounded
of ratios which are the same to the first ratios, each to
each, is the same to the ratio which is compounded of
ratios which are the same, each to each, to the last
ratios; and if one of the first ratios, or the ratio which
is compounded of ratios which are the same to several
of the first ratios, each to each, be the same to one of
the last ratios, or to the ratio which is compounded of
ratios which are the same, each to each, to several of
the last ratios; then the remaining ratio of the first, or,
if there be more than one, the ratio which is com-
pounded of ratios which are the same, each to each, to
the remaining ratios of the first shall be the same to
the remaining ratio of the last, or, if there be more
than one, to the ratio which is compounded of ratios
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which are the same, each to each, to these remaining
ratios.
a,b;c,d; ef gq,rst
G h:47; k1 mn; 0,p. u v, w27, 2.

Let the ratio which is compounded of ratios which
are the same to the ratios @: b, ¢ : d, and e : f be the
same to the ratio which is compounded of ratios which
are the same to the ratios g : 4,i: 5, k:l, m: m, 0: p.

And let a : b, one of the first ratios, be the same to
the ratio which is compounded of ratios which are the
same to several of the last ratios, viz. to g : A and i : j.

Then shall the ratio which is compounded of ratios
which are the same to ¢ :d and e : /; the remaining
first ratios, be the same to the ratio which is com-
pounded of ratios which are the same to the other re-
maining ratios, viz. to £ : /, m : n, and o : p.

Take g, 7, 8, ¢, such that
a:b::q:7,
c:d::r:s,

ande:f::8:¢;
and u, v, w, 2, y, 2, such that

g:h:tu:y,

i:j::v:w,
k:l::w:a
m:n::z:y,
o:p::y:z

Then ¢ : ¢ is the ratio which is compounded of ratios
which are the same to the first ratios, and u : z is the
ratio which is compounded of ratios which are the same
to the last ratios; and by hypothesis

g:t::u:z
Also u : w is the ratio which is compounded of ratios
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which are the same to the ratios g : 2 and ¢ : j; and by

hypothesis
a:b::u:w.

And it is to be shewn that r : ¢, which is the ratio
compounded of ratios which are the same to ¢ : d and
e:f, is the same to w: z, which is the ratio com-
pounded of ratios which are the same to k:7, m: n,

and o : p. .
Because @ : b::u: w,
anda:b::¢q:r,
therefore g : 7 :: u : w,

therefore, invertendo, 7 : g :: w

butg:¢::u:z2;

therefore, ex sequali, r : £ :: w :

Therefore, if there be, &c.—Q. E. D.

Otherwise,

Because ¢ : £ :: u : 2z, therefore tg=

butg=gx£andg=gx
t r ¢ zZ w

therefore Z r_u x?.
t w 2

And because a : b :: g : r, therefore

s s @:b::u:w, »
u
wherefore =2 .
r w
r w
Therefore also =7

and therefore r : ¢ :: w : 2.

u;

Z.

N






NOTES.

———

Prop. I.—This proposition has been previously assumed
by Euclid to be true in two particular cases: viz. in Bk.
111., Prop. 20, Case 1, where the sum of the doubles of two
angles was taken to be double of the sum of the angles
themselves ; and in Bk. 11., Prop. 8, where the sum of the
quadruples of two figures was taken to be quadruple of the
sum of the figures themselves.

The algebraical demonstration includes the property of
numbers, that the sum of the products of any number and
several others is equal to the product of that number and
the sum of the others: eg. 83 x74+8x 643 x4=
8 x (T4 54 4). Also if m and all the other quantities be
taken to represent straight lines, it affords an algebraical
proof of Prop. 1, Bk. 11.; the products of the quantities
representing the rectangles contained by the lines.

Prop. II.—The algebraical demonstration, as generalized
in the corollary, includes the property of numbers, that if
two numbers be multiplied by sevem{ others, each by the
same, the sums of the products formed from each are equal
to the products of those two numbers and a common mul-
tiplier: 2g.7 X8+6x8=12x8,and 7 x44+5x4
=12 x 4.

Prop. ITI.—The algebraical demonstration includes the
property of numbers, that if two numbers be multiplied by
any number, and the products so formed multiplied again
by another number, each by the same; the final products
are equal to the products of the original numbers and a
common multiplier: 3 x 4 x5 =12x 5, and 8 x4 x 9
=12x9.

Prop. V.—This proposition has been previously assumed
by Euclid to be true in a particular case in Bk. 111., Prop.
20, Case 2, where the difference of the doubles of two angles

P
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was taken to be double of the difference of the angles
themselves.

The algebraical demonstration includes the property of
numbers, that the difference of the products of any number
and two others is equal to the pro£1ct of that number and
the difference of the others: e.g. 8 x7—8 x 6 = 8 x
(7 —5). Compare this with Prop. 1., subtraction taking
the place of addition. . : .

Prop. VI.—The algebraical demonstration includes the
property of numbers, that if two numbers be multiplied by
two others, each by the same, the differences of the pro-
ducts formed from each are either equal to the numgers
themselves or to the products of those two numbers and
a common multiplier: e.g.7 x 3 —6x83=38,and 7 x 4
—6xX4=4; and 7Tx8—b6x8=2x3, and7 x 4
—5x4=2 x 4

Prop. D.—The exact converse of the preceding propo-
sition would be, If the first be to the second as the third to
the fourth; the first shall be the same multiple of the
second, or the same part of it, that the third is of the fourth.
But that would not be always true; for the first need not
be a multiple or part of the second, nor the third of the
fourth. This proposition may be termed a conditional con-
verse of the preceding.

Prop. XII.—The algebraical demonstration proves the
property of fractions, that if several fractions be equal to
one another, each of them is equal to the fraction which
has the sum of their numerators for a numerator and the
sum of their denominators for a denominator.

Prop. XVI.—It has been shewn in the Introduction
(p. 15) that the algebraical demonstration proves the geo-
metrical proposition only on the supposition that a, b, ¢, d
represent magnitudes of the same kiud and in a common
denomination. It is however always true of four numbers
which are proportionals; and consequently in arithmetical
examples on the Rule of Three the second and third terms
are often interchanged without error in the result, even
when the quantities are not all of the same kind.



NOTES, 75

Thus the statement 8 cwt. : 6 cwt. : : £4: the answer,
will give Ans. £8; and 8:4 :: 6 : the answer, will give
Ans. 8; although it cannot be rightly said that 8 cwt. has
any ratio to £4, or 6 cwt. to £8.

_ Pror. XX.—It is further true, tbat if there be amy
number of magnitudes and as many others, which taken
two and two in order, have the same ratio; if the first be
greater than the last of the first magnitudes, the first is
also greater than the last of the others; and if equal, equal;
and if less, less.

The magnitudes being the same as in Prop. xxir. “ Ex

equali,” it may be shewn, as in that proposition, tha 2=2

n 2z’

whence the result may be inferred.

Pror. XXT.—This may be extended to any number of
magnitudes in the same manner as the preceding propo-
sition; the equality of the fractions being proved as in
Prop. xxmir., “ Ex sequali in proportione perturbatd,” and
the inference drawn as before.

Prop. G.—Euclid has made no distinction between the
ratio compounded of other ratios and the ratio compounded
of ratios which are the same to those ratios; and on the
principle laid down in the second paragraph of Dr. Sim-
son’s explanations of his Def. A, the ratio of X to M in this
proposition may be said to be the ratio compounded of the
ratios of 4 to % and C to D; and the ratio of N to P may
in like manner be said to be compounded of E to Fand G
to H. Hence Propositions F and G might have been in-
cluded under the enunciation of the former.

Pror. K.—This proposition might have been included
under the enunciation of Prop. H, in the same manner that
Prop. G might have been included in that of Prop. F. In
the algebraical proof given in the text, a less number of
magnitudes have been represented than in Dr. Simson's
demonstration, because the proof of the theorem does not
appear to require that the ratio compounded of the same
ratios should be expressed in more ways than one.
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Dr. Simson’s demonstration is adapted to the case in
which certain magnitudes h, k,1 are known to have the
same ratios to one another that O has to D and E to F;
and m, n, o, p are known to have the same ratios to one
another that M has to N, O to P, and @ to B; whilst 7,
V, X, and a, b, ¢, d are other magnitudes arbitrarily chosen
which have to one another those same ratios.




3

10.

11.

12.

13.

14.

- QUESTIONS.

——

. WaAT is a magnitude ?

. How many different kinds of magnitudes are there ? and

how are they distinguished generally from one another ?

Specify the different kinds of magnitudes and the cha-
racteristic distinction of each.

. 'What is Euclid’s criterion of magnitudes being of the

same kind ? Is there any other?

. Compare the meanings of the word * part” in the fifth

and other books of Euclid.

. How is a magnitude expressed algebraically as a part of

another ? and how as a multiple ?

. How may the correlative relations of a multiple and its

part be variously described ?

. 'When are two or more magnitudes said to be equimul-

tiples of as many others ?

. How are equimultiples expressed algebraically ?

‘When are two magnitudes said to be commensurable ?
and when incommensurable? Give examples.

‘What is meant by the quantity of a magnitude? and
how is the quantity of a magnitude expressed alge-
braically or arithmetically ? '

How is the ratio of two magnitudes expressed alge-
braically ?

Can the ratio of the same two magnitudes be expressed
algebraically in more ways than one ?

Compare the geometrical and algebraical definitions of
the sameness (or similitude) of ratios.
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15.

16.

17.

18.

19.

20.

21,

22,

23.

24.

QUESTIONS.

‘When equimultiples of four magnitudes are taken as in
the fifth definition; if when the multiple of the first is
greater than that of the second, the multiple of the
third must be greater than that of the fourth; does
that condition alone prove the magnitudes to be pro-
portionals ?

If, particular equimultiples being taken, the multiple
of the first is equal to that of the second, and the mul-
tiple of the third equal to that of the fourth; are the
magnitudes necessarily proportionals ?

Can equimultiples be always taken, so that the mul-
tiple of the first is equal to that of the second, and the
multiple of the third equal to that of the fourth? If
not, why ?

If, particular equimultiples being taken, the multiple
of the first is greater than that of the second, but the
multiple of the third not greater than that of the
fourt}?; has the first necessarily a greater ratio to
the second than the third has to the fourth ?

What is the algebraical criterion that the first of four
magnitudes has a greater ratio to the second than the
third has to the fourth ?

Distinguish between proportionals and continual pro-
portionals.

If four magnitudes which are proportionals be repre-
sented algebraically by a, b, ¢, d; and it is assumed
that @ : b :: ¢ : d; what condition is suppressed ?

If the lengths of four lines which are proportionals be
a inches, b feet, ¢ yards, and & fathoms severally ; what
is the relation between g, b, ¢, and d ? -

If four magnitudes which are continual proportionals
be represented algebraically by a, b, ¢, d; and it is
assumed that ¢: b::b5:¢::¢:d; what condition is
suppressed ?

If the lines in Question 22 are continual proportionals,
what is the relation between 4, b, ¢, and @7



25.

26.

27.

29.

80.

31

82,

84.

85.

QUESTIONS. 79

How does Euclid apply the term “compound ratio” in
Prop. 28, Bk. v1.?

If 4, B, C, D be four magnitudes, what is meant by
the ratio compounded of the ratios of 4 to B and
CtoD?

If a, b, ¢, d be four algebraical quantities, what is the
ratio compounded of the ratios of @ to 4 and & to ¢ ?

.IfA:B::B:C::C:D::D: E, how is the ratio

of A4 to B related to the ratios of 4 to C, 4 to D, and
A to E severally P

Are duplicate ratios, triplicate, quadruplicate, &c., com-
pound ratios ? .

How are the duplicate and triplicate ratios of ato b
expressed algebraically ? and what do they imply geo-
metrically, it @ and & express the lengths of two lines ?

Ifa:b:: c:d, what proportions are inferred by taking
the quantities *permutando” or *alternando,” *in-
vertendo,” “componendo,” ¢ dividendo,” and *con-
vertendo P’ 'Which of them is applicable only when
the magnitudes are all of the same kind? How
many must be of the same kind when the others are
applied ?

‘What properties of numbers are included in the alge-
braical demonstrations of Props. 1, 2, 8, 5, and 6?

. How can Prop. 1, Bk. 11. be inferred from the algebrai-

cal demonstration of Prop. 17

What properties of fractions are proved in the alge-
braical demonstrations of Props. B, 12, 16, 17, 18, 19,
E, 22, and 287

Describe generally the process by which pro;l)ositions,
such as those of the fifth book of Euclid, relating to
geometrical magnitudes, are proved algebraically.
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MADVIG'S LATIN GRAMMAR.
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PROSPECTUS asp LIST

OF THB
OXFORD POCKET CLASSICS;

A NEW BERIES OF THE GREEK AND LATIN CLASSICS
FJOR THE USE OF SCHOOLS.

THE want of a good series of Greek and Latin Classics,
suited to the use of Schools, with the English mode of punc-
tuation, and under English editorship, has long been felt,
and it is a matter of wonder that our Schools should so
long have been obliged to depend on Germany for accurate
Greek and Latin texts.

To meet this want, the Oxford Pocket Classics were com-
menced some years back, and each year has added some
three or four authors to the collection.

The advantages of this series of Classics are, that they are
printed from the best texts extant, (the {reek Plays were
revised by Professor Dindorf, of Leipsic, expressly for this
edition,) and each volume has, during its progress through
the press, been superintended by some competent member of
the University. There have also been supplied, where neces-
sary, Summaries, Chronological Tables, Biographical notices,
Indices, and the like,—aids which are often wanting in other
editions. Lastly, they are printed with a good plain type, and
on a firm, fine paper, capable of receiving writing-ink for
notes ; whilst at the same time they are supplied at moderate
prices.

EXTBACT FROM THE ATHENEUM.

¢ Mr, Parker is supplying a want long felt in issuing a series of good
classical texts, well edited, and in a cheap form. The expensiveness of
our school-books is & erying evil, which cannot be too soon abated. It is
absurd extravagance to put costly books into the hands of schoolboys, to
be thumbed and torn to pieces, when cheaper ones would answem every
useful purpose just as well. In this respect our neighbours on the Con-
tinent are far more rational than we are. We look with satisfaction
upon Mr, Parker’s efforts to bring about an amendment. Though we
think it would have been better to announce the editor’s name, we
willingly bear testimony to the ability with which he has executed his
task, and have much pleasure in recommending the Texts as suitable
for school purposes.”
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SHORT NOTES

TO ACCOMPANY THE TEXTS OF THE OXFORD POCKET CLASSICS
ARE NOW IN COURSE OF PUBLICATION,

THE changes which are now taking place in the system of
Education in our Universities, necessitate a corresponding change
in our Schools; and less time must be given to Greek and Latin,
to allow for other branches of study. To facilitate this object,
these Short Notes, which have been prepared by persons engaged
in tuition, are published.

They will as far as possible assist in mastering difficulties, in-
stead of affording facilities for passing them over, both by pointing
out wherein the real difficulty lies, and then the means for over-
coming it by reference to rules of construction, grammars, &c. ;
in short, such information as in all probability the schoolmaster
would think it necessary to impart himself to his scholars; and
thus it is hoped that, without preventing the acquirement of
a fundamental knowledge of the language, they may materially
save the time both of Teacher and Pupil.

It is not intended that these Notes should be used or referred to
during the lesson, but should be studied beforehand. For this
purpose they are printed separately from the Texts, and placed
at the end; or, in the case of the complete works, bound in
a separate volume,

It is hoped that this plan of issue, and the suggestive nature of
the Notes, may obviate and answer many of the objections which
have been raised to the employment of these aids generally.

SOPHOCLES. EURIPIDES.

s. d. s d.
Ajax (Text and Notes) 1 0 | Hecusa(Text and Notes) 1 0
ELECTRA '’ 1 0 | MepEA 9 10
Epreus REx 1 0 | OResTEs » 10
Ep1rus CoLoNEUS ,, 1 0 | HiproLyrus ,, 10
ANTIGONE » 1 0 | PHENISS® ”» 10
PuiLocTETES 1 0 | ALcesTIs » 10
TRACHINI® » 1 0 | The Notes separate, in 1volume
The Notes separate, in 1 volume, cloth, 8s.

cloth, 3s. 6d.
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SHORT NOTES, &c.—continued.

ARISTOPHANES.
o s d.
Tae Kniours (Text
and Notes) 1 0
THE ACHARNIANS ,, 10

ASCHYLUS.

PERSE (Text and Notes) 1
ProMETHEUS VINCTUS,, 1
SerTEM CoNTRA THEBAS 1

AGAMEMNON ” 1
CHOEPHORR » 1
EUMENIDES » 1
SuPPLICES 1

0
0
0
0
0
0
0
e

The Notes separnte, in1volume,
cloth, 3s. 6d.

DEMOSTHENES. .
DECORONA (Text§ Notes)2 0

ESCHINES.
IN CTESIPHONTEM (Text
and Notes) » 2 0

HOMER.
The IL1ap, Books I.—VI.
(Text and Notes) ,, 2 0
VIRGIL.

Bucomcs(TeztnndNom) 10

GEORGICS 0

First Three Books of the
ZENEID »

LIVY.

Books XXL—XXIV.
(Text and Notes) - ,, 4 0
Ditto in cloth lvol, ,, 4 6

HORACE.
s d.

SATIRES ( Text and Notes) 1 0
ObEs and EropEs ,, 0
Ep1sTLES and ARs Po-
ETICA s 1 0
The Notes separate, in 1 volume,
cloth, 2s,

SALLUST.
JnonnrnA(Te.rtandNom)l 8
CATILINE »

CORNELIUS NEPOS.
Lives (Text and Notes) 1 6

PHZEDRUS.
FaBLES (Text and Notes) 1 0

CICERO.

ORATIONES IN CATILINAM
(Text and. Notes) 10
————— Pro LEecGE
Maniria, and Pro
ARCHIA » 1
OraATIO PRO MILONE 1
DE SENECTUTE, and
De AmiciTiA |, 1

o oo

CZESAR.

DE Berro GaLrrico,
Books I.—IIL. (Text
and Notes) »» 10

*The Notes contain sufficient information, without affording the pupil

so much

a8 to supe

de all exertion on his part.”—Athenaum.

“Be all this as it may, it is a real benefit to public schoolboys to be able
to purchase any Greek Play they want for One Shilling. When we were in-
troduced to Greek Plays, about forty years ago, we had put into our hands
a portly 8vo. volume, containing Porson’s four Plays, without one word of
English in the shape of notes; and we have no doubt the book cost nearer
twenty than ten shillings, and, after all, was nothing near so useful as these
neat little copies at One Shilling each.”—Educational Times.
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Prometheus, the text of Dindorf, with Notes
by Joun GRriFriTHS, M.A. 8vo,, §s.
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the Rev. W. E. JELF, Author of the Greek Grammar, &ec.
8vo., 12s.

Text separately, 6s. Notes separately, 7s. 6d.
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Historia, with English Notes, Marginal Re-
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4 vols. 8vo. 2. 8s.
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of Schopls and Universities. =~ By TrHomMas MircuELL, M.A.
+ 2 vols. 8vo., 1L 8s.

The Plays may also be had separately, at 5s. each.
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Ajax.
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thick Volume. 8vo., 12s. .
Virgil (The Geor&ics of), Literally and Rhythmetically
translated. By W. Sewerr, D.D., Warden of St. Peter’s
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8vo., cloth, 2s. 6d.
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for the use of Students. By Professor WALKER. Pt. I. Mechanics,
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LOGIC.

ARTIS LOGICA RUDIMENTA (Aldrich). Acecessit
Solutio Sophismatum. Sewed, 2s. 6d. ; interleaved, 3s. 6d.

ALDRICH’S LOGIC, with Notes. By Jou~ Hrry,
B.D. 12mo., cloth, 3s.

ESSAY ON LOGICAL METHOD. By C.P.CuzE-
T1EN, M.A., Fellow and Tutor of Oriel College. 8vo., 6s.
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A HISTORY OF THE SABRACENS. By E. A.
FreeMaN, M.A. Fecap. 8vo. §s.

OXFORD PROFESSORIAL LECTURES.

Regius of Modern History. Year 1860. By CHARLES NEATE,

THE STUDY OF HISTORY.
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wiN SmrTr, M.A., Regius Pro-
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By the same Author.

ON SOME SUPPOSED CON-
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TRINE OF HISTORICAL PRO-
GRESS. April, 1861, 8vo., sewed,
price 1s. 6d.
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AMERICAN COLONIES. A Lec-
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gity of Oxford, June 12, 1860.
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By the Professor of Political
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M.A., Fellow of Oriel ; Professor
of Political Economy in the Uni-
versity of Oxford. 8vo., price 2s.

By the same Author.
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the University of Oxford in the
year 1861. 8vo., price 1s. 6d.

By the Professor of International
Law.
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