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ADVERTISEMENT.
——

THE following pages contain a collection of Pro-
blems, which are for the most part an easy application of
the Elements of Euclid. They are arranged in what
seemed to be the most natural order: The 1st section
comprises such as contain the pr.operties of straight lines
and angles; the 2nd straight lines and circles:-the 3rd
straight lines and triangles; and the 4th parallelograms,
squares and polygons. The 5th section contains those
which require lines to be drawn in certain directions, but
‘which involve properties of rectangles or squares, or such
.others as were excluded from the three first. The 6th
comprises those by which figures are described, and also
inscribed in or circumsecribed about each other. The
7th comprehends such as contain the properties of: tri-
angles described in or about circles; the 8th those which
contain the squares or rectangles of lines connected with
circles; and the 9th the construction of triangles. To
these is added an Appendix, intended to contain so much
of the Elements of Plane Trigonometry, as is necessary
for understanding those parts of Natural Philosophy
which are the common subjects of Lectures in the
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University. The Reader who wishes for farther infor-
mation, is referred to Professor Woodhouse’s treatise, or
that of Cagnoli, to the latter of which are appended
extensive Tables of trigonometrical formule.

From this performance the only credit expected .is
that of having endeavoured to place principles in a clear
light, and to render a service to the younger students by
setting before them a series of Problems, on the solution
of which they are recommended to exercise their own
ingenuity; for which purpose a table of Contents has
been prefixed.
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SECTION I. Page 1.

From a given point to draw the shortest line possible to
a given straight line.

2. If a perpendicular be drawn bisecting a given straight line,
any point in this perpendicular is at equal distances, and any point
without the perpendicular is at unequal distances, from the extre-
mities of the line.

3. Through a given point, to draw a straight line which shall
make equal angles with two straight lines given in positien.

4. From two given points, to draw two equal straight lines,
which shall meet in the same point of a line given in position.

5. From two given points on the same side of a line given in
position, to draw two lines which shall meet in that lme and make
equal angles with it.

6. From two given points on the same side of a line given in
position, to draw two lines which shall meet in a point in this line,
50 that their sum shall be less than the sum of any two lines drawn’

from the same points a.nd terminated at any other point in the same
line.

7. Of all straight lines which can be drawn from a given point
to an indefinite straight line, that which is nearer to the perpendi-
cular is less than the more remote. And from the same point there
cannot be drawn more than two straight lines equal to each other,
viz. one on each side of the perpendicular.

8. Through a given point, to draw a straight line so that the
parts of it intercepted between that point and perpendiculars drawn
from two other given points may have a given ratio.

a
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9. From a given point between two indefinite straight lines given
in position, to draw a line which shall be terminated by the given
lines, and bisected in the given point.

10. From a given point without two indefinite straight lines
given in position, to draw a line such that the parts intercepted by
the point and the lines may have a given ratio. ‘

11. From a given point, to draw a straight line which shall cut
off from lines containing a given angle, segments that shall have
a given ratio.

12. If from a given point any number of straight lines be drawn
to a straight line given in position; to determine the locus of the
points of section, which divide them in a given ratio.

13, A straight line being drawn parallel to one of the lines con-
taining a given angle, and produced to meet the other; through
a given point within the angle to draw a line cutting the other three,
so that the part intercepted between the two parallel lines may have
a given ratio to the part intercepted between fhe given point and
the other line. ‘

14. Twoe parallel lines being given in position; to draw a third
such, that if from any point in it lines be drawn at given angles to
the parallel lines, the intercepted parts may have a given ratio.

=" 15, If three straight lines drawn from the seme point and in the
same direction be in continued proportion, and from that point also
a line equal to the mean proportional be inclined at apy angle; the
lines joining the extremity of this line and of the proportionals will
contain equal angles. \
- 16. To trisect a right angle.

.

~17. To trisect a given finite straight line.
18. To divide a given straight line into any muniber of equal
parts. )
Cor. To divide a straight line into any number of parts having
a-given ratio. : '
19. To divide a given finite straight line harmonically.

20. 1If a given finite straight line be harmonically divided, and
from its extremities and the points of division lines be drawn to meet
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in apy point, so that those from the extremities of the second pro-
portional may be perpendicular to each other; the lise drawn from
the extremity of this proportional will bisect the angle formed by the
lines drawn from the extremities of the other two.

21. If a straight line be drawn through amy point in the line
bisecting a given angle, and produced to cut the sides containing
that angle, as also a line drawn from the angle perpendicular to the
bisecting line; it will be harmonically divided. :

22. If from a given point there be drawn three straight lines
forming angles less than right angles, and from another given point
without them a line be drawn intersecting the others, so as to be
bharmonically divided ; then will all lines drawn from that point
meeting the three lines be harmonically divided.

23. If a straight line be divided into two equal and also into
two unequal parts, and be produced, so that the part produced may
have to the whole line so produced, the same ratio that the unequal
segments of the line have to each other; then shall the distances of
the point of unequal section from one extremity of the given lime,
from its middle point, from the extremity of the part produced, and
from the other extremity of the given line, be proportionals.

24. Three points being given; to determine another, through
which if any straight line be drawn, perpendiculars upon it from two
of the former shall together be equal to the perpendicular from the
third.

25. From a given point in one of two straight lines given in
position, to draw a line to cut the other, so that if from the point
of intersection a perpendicular be let fall upon the former, the seg-
ment intercepted between it and the given point together with the
first drawn line may be equal to a given line.

26. One of the lines which contain a given angle is also given.
To determine a point in it such that if from thence to the indefinite
line there be drawn a line havmg a given ratio to that segment of it
which is adjacent to the given angle; the line so drawn and the
other segment of the given line may together be equal to another
given line. .

27. 'Two straight lines and a point in each are given in position;
to determine the position of another poiut in each, so that the straight

- B N
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9. From a given point between two indefinite straight lines given
in position, to draw a line which shall be terminated by the given
lines, and bisected in the given point.

10. From a given point without two indefinite straight lines
given in position, to draw a line such that the parts intercepted by
the point and the lines may have a given ratio.

11. From a given point, to draw a straight line which shall cut
off from lines containing a given angle, segments that shall have
a given ratio.

12. If from a given point any number of straight lines be drawn
to a straight line given in position; to determine the locus of the
points of section, which divide them in a given ratio.

13. A straight line being drawn parallel to one of the lines con-
taining a given angle, and produced to meet the other; through
a given point within the angle to draw a line cutting the other three,
so that the part intercepted between the two parallel lines may have
a given ratio to the part intercepted between jhe given point and
the other line. '

14. Two parallel lines being given in position; to draw a third
such, that if from any point in it lines be drawn at given angles to
the parallel lines, the intercepted parts may have a given ratio.

15. If three straight lines drawn from the same point and in the

‘same direction be in continued proportion, and from that point also

a line equal to the mean proportional be inclined at any angle ; the
lines joining the extremity of this line and of the proportionals will
contain equal angles.

- 16. To trisect a right angle.

-17. To trisect a given finite straight line, N

18. To divide a given straight line into any number of equal
parts. .

Cor. To divide a straight line into any number of parts having
@-given ratio. : '

19. To divide a given finite straight line harmonically.

20. If a given finite straight line be harmonically divided, and
from its extremities and the points of division lines be drawn to meet
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in apy point, so that those from the extremities of the second pro-
portional may be perpendicular to each other; the line drawn from
the extremity of this proportional will bisect the angle formed by the
lines drawn from the extremities of the other two.

21. If a straight line be drawn through any point in the line
bisecting a given angle, and produced to cut the sides containing
that angle, as also a line drawn from the angle perpendicular to the
bisecting line; it will be harmonically divided.

22. If from a given point there be drawn three straight lines
forming angles less than right angles, and from another given point
without them a line be drawn intersecting the others, so as to be
barmonically divided ; then will all lines drawn from that point
meeting the three lines be harmonically divided.

23. If a straight line be divided into two equal and also into
two unequal parts, and be produced, so that the part produced may
have to the whole line so produced, the same ratio that the unequal
segments of the line have to each other; then shall the distances of
the point of unequal section from one extremity of the given line,
from its middle point, from the extremity of the part produced, and
from the other extremity of the given line, be proportionals.

24. Three points being given; to determine another, through
which if any straight line be drawn, perpendiculars upon it from two
of the former shall together be equal to the perpendicular from the
third.

25. From a given point in one of two straight lines given in
position, to draw a line to cut the other, so that if from the point
of intersection a perpendicular be let fall upon the former, the seg- -
ment intercepted between it and the given point together with the
first drawn line may be equal to a given line.

26. One of the lines which contain a given angle is also given.
To determine a point in it such that if from thence to the indefinite
line there be drawn a line havmg a given ratio to that segment of it
which is adjacent to tbe given angle; the line so drawn and the
other segment of the given line may together be equal to another
given line.

27. 'Two straight lines and a point in each are given in position;
to determine the position of another poiut in each, so that the straight
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line joining these latter points may be equal to a given line, and their
respective distances from the former points in a given ratio.

28. If a straight line be divided into any two parts and pro-
duced, so that the segments may have the same ratio that the whole
line produced has to the part preduced, and froem the extremities of
the given line perpendiculars be erected ; then any line drawn through
the point of section, meeting these perpendiculars, will be divided at
that point into parts which have the same ratio, that those lines have
which are drawn from the extremity of the produced line to the
points of intersection with the perpendicular.’

29. From two given points to draw two straight lines which
shall contain a given angle, and meet two lines given in position, so
that the parts intercepted between those pomts and the lines may
have a given ratio.

30. The length of one of two lines which contain a given angle
being given; to draw, from a given point without them, a straight
line which shall cut the given line produced, so that the part pro-
duced may be in a given ratio to the part cut off from the indefinite
line.

" 81. From two given straight lines to cut off two parts which
_ may have a given ratio; so that the ratio of the remaining parts may
. also be equal to the ratio of two other given lines.

32. Three lines being given in position ; to determine a point in
one of them, from which if two lines be drawn at given angles to the
other two, the two lines so drawn may together be equal to a given
line.

33. If from a given point two straight lines be drawn including
a given angle and having a given ratio, and one of them be always
terminated by a straight line given in position; to determme the
locus of the extremity of the other.

-If from two given points straight lines be drawn containing
a given angle, and from each of them segments be cut off having
a given ratio; and the extremities of the segments of the lines drawn
from one of the points be in a straight line given in position; to deter-
mine the locus of the extremities of the segments of lines drawn from
the other.
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SECTION II. Page 24.

1 Ir a straight line be drawn to touch a circle, and be parallel
toa chord; the point of contact will be the middle point of the arc
cut off by that chord.

Cor. 1. Parallel lines placed in a circle cut off equal parts of the
circumference. ‘

Cor. 2. The two straight lines in a circle which join the
extremities of two parallel chords are equal to each other.

2. If from a point without a circle two straight lines be drawn
to the concave part of the circumference, making equal angles with
the line joining the same point and the centre, the parts of these lines
which are intercepted within the circle are equal.

3. Of all straight lines which can be drawn from two given points
to meet on the convex circumference of a given circle; the sum of
those two will be the least, which make equal angles with the tangent
at the point of concourse.

4. If a circle be described on the radius of another circle ; any
straight line drawn from the point where they meet to the outer
circumference, is bisected by the interior one.

5. If two circles cut each other, and from either point of inter-
section diameters be drawn; the extremities of these diameters and
the other point of intersection shall be in the same straight line.

6. 1f two circles cut each other, the straight line joining their
two points of intersection is bisected at right angles by the straight
line joining their centres. ]

7. To draw a straight line which shall touch two given circles.

8. If a line touching two circles cut another line joining their
centres, the segments of the latter will be to each other, as the
diameters of the circles.

9. If a straight line touch the interior of two concentric circles,

and be placed in the outer; it will be bisected at the point of
contact.

10. If any number of equal straight lines be placed in a circle ;
to determine the locus of their poiits of bisection.
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~ 11, If from a point in the circumference of a circle any number
of chords be drawn; the locus of their points of bisection will be
a circle.

12. If on the radius of a given semicircle, another semicircle be
described, and from the extremity of the diameters any lines be
drawn cutting the circumferences, and produced, so that the part
produced may always have a given ratio to the part intercepted
between the two circamferences; to determine the locus of the ex-
tremities of these lines.

18. If from a given point without a given ci:cle"straightliﬁes be
drawn and terminated by the circumference; to determine the locus
of the points which divide them in a given ratio.

" 14. Having given the radius of a circle; to determine its centre
when the circle touches two given lines which are not parallel.

15, Through three given points which are not in the same
straight line, a circle may be described; but no other circle can pass
through the same points.

16, From two given points on the same side of a line given
in position, to draw two straight lines which shall contain a given"
angle, and be terminated in that line.

17. If from the extremities of any chord in a circle perpendi-
culars be drawn, meeting a diameter; the points of intersection are
equally distant from the centre,

18, If from the extremities of the diameter of a semitircle per-
pendiculars be let fall on any line cutting the semicircle; the parts
intercepted between those perpendiculars and the circumference are
equal.

19. In a given circle to placeva straight line parallel to a given
straight line, and having a given ratio to it.

20. Through a given point, either within or without a given
circle, to draw a straight line, the part of which intercepted by the
circle shall be equal to a given line, not greater than the diameter of
the circle.

21. From a given point in the diameter of a semicircle produced,
to draw a line cutting the semicircle, so that lines-drawn from the
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points of intersection to the extremities of the dinmeter, cutting each

_ other, may have a given ratio.

22. From the circumference of a given circle, to draw to a straight
line given in position, a line which shall be equal and parallel to
& given straight line."

23. The bases of two given circular segments being in the same
straight line ; to determine a point in it such, that a line being drawn

through it making a given angle, the part intercepted between the
circamferences of the circles may be equal to a given line.

24. If two chords of a given circle intersect each other, the
angle of their inclination is equal to half the angle at the centre
which stands on an arc equal to the sum or differenee of the arcs
intercepted between them, according as they meet within or without
the circle.

25. If from a point without two circles which do not meet each
other, two lines be drawn to their centres, which have the same
ratio that their radii have; the angle contained by tangents drawn
from that point towards the same parts will be equal to the angle
contained by lines drawn to the centres.

26. To determine the Arithmetic, Geometric and Harmonic
means between two given straight lines. '

27. If on each side of any point in a circle any number of equal
arcs be taken, and the extremities of each pair joined: the sum of
the chords so drawn will be equal to the last chord produced to

meet a line drawn from the given point through the extremity of the
first arc.

28. If the circumference of a semicircle be divided into an odd
number of equal parts, and through the points which are equally
distant from the diameter lines be drawn; the segments of these
lines intercepted between radii drawn to the extrémities of the most
remote, will together be equal to a radius of the circle.

29. 1If from the extremities and the point of bisection of any are
of a circle, lines be drawn to any point in the opposite circamference;
the sum of those drawn from the extremities will have to that from
the point of bisection, the same ratio that the line joining the extre-
mities has to that joining one of them and the point of bisection.
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30. If two equal circles cut each other, and from either point
of intersection a circle be described cutting them; the points where
this circle cuts them, and the other point of intersection of the equal
circles are in the same straight line.

31. If two equal cireles cut each other, and from either point of
intersection a line be drawn meeting the circumferences; the part of
it intercepted between the circumferences will be bisected by the
circle whose diameter is the common chord of the equal circles.

32. If two circles touch each other externally or internally ; any
straight line drawn through the point of contact will cut off similar
segments.

33. If two circles touch each other externally or internally; two
straight lines drawn through the point of contact will intercept arcs,
the chords of which are parallel.

34. If two circles touch each other externally or internally; any
two straight lines drawn through the point of contact, and terminated
both ways by the circumference, will be eut proportionally by the
circumference.

35. If two circles touch each other externally, and parallel
diameters be drawn; the straight line joining the extremities of these
diameters will pass through the point of contact.

36. If two circles touch each other and also touch a straight
line; the part of the line between the points of contact is a mean
proportional between the diameters of the circles.

37. If two circles touch each other externally, and the line join-
ing their centres be produced to the circumferences; and from its
middle point as a centre with any radius whatever a circle be de-
scribed, and any line placed in it passing through the point of contact;
the parts of the line intercepted between the circumference of this
circle and each of the others will be equal.

38. If from the point of contact of two circles which touch each
other internally, any number of lines be drawn; and through the
points, where these intersect the circumferences, lines be drawn from
any other point in each circumference, and produced to meet; the
angles formed by these lines will be equal.

39. If two circles touch each ether internally, and any two per-
pendiculars to their common diameter be produced to cut the eir-
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cumferences ; the lines joining the points of intersection and the
point of contact are proportional.

40. If three circles, whose diameters are in continued proportion,
touch each other internally, and from the extremity of the least
diameter passing through the point of contact a perpendicular be
drawn, meeting the circumferences of the other two circles; this
diameter and the lines joining the points of intersection and contact
are in continued proportion.

41. If a common tangent be drawn to any number of circles
which touch each other internally, and from any point in this tangent
as a centre, a circle be described cutting the others, and from this
centre lines be drawn through the intersections of the circles respec-
tively; the segments of them within each circle will be equal.

42. If from any point in the diameter of a circle produced,
a tangent be drawn; a perpendicular from the point of contact to the
diameter will divide it into segments which have the same ratio that
the distances of the point without the circle from each extremity of
the diameter, have to each other. .

43. If from the extremity of the diameter of a given semicircle
a straight line be drawn in it, equal to the radius, and from the centre
a perpendicular let fall upon it and produced to the circumference;
it will be a mean proportional between the lines drawn from the point
of intersection with the circumference to the extremities of the
diameter.

44. If from the extremity of the diameter of a circle, two lines
be drawn, one of which cuts a perpendicular to the diameter, and
the other is drawn to the point where the perpendicular meets the
circumference ; the latter of these lines is a mean proportional between
the cutting line, and that part of it which is intercepted between the
perpendicular and the extremity of the diameter.

45. In the diameter of a circle produced, to determine a point,
from which a tangent drawn to the circumference, shall be equal to
the diameter. »

46. To determine a point in the perpendicular at the extremity
of the diameter of a semicircle, from which if a line be drawn to the

b
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other extremity of the diameter, the part without the circle may be
equal to a given straight line.

47. Through a given point without a given circle, to draw
a straight line to cut the circle, so that the two perpendiculars drawn
from the points of intersection to that diameter which passes through
the given point, may together be equal to a given line, not greatex
than the diameter of the circle.

48. If from each extremity of any number of equal adjacent
arcs in the circumference of a circle, lines be drawn through two
given points in the opposite circumference, and produced till they
meet; the angles formed by these lines will be equal.

49. To de!ermme a point in the circumference of a circle, from
which lines drawn to two other given points, shall have a given ratio:

50. If any point be taken in the diameter of a circle, which is
not the centre ; of all the chords which can be drawn through that

‘point, that is the least which is at right angles to the diameter.

51. If from amy point without a ¢circle lines be drawn touching
it; the angle contdined by the tangents is double the angle contained’
by the line joining the points of contact and the diameter drawn
through one of them.

52. If from the extremities of the diameter of a circle tangents
be drawn, and produced to intersect a tangent to any point of the
circumference; the straight lines joining the points of intersection

" and the centre of the circle form a right angle.

53. If from the extremities of the diameter of a circle tangents
be drawn; any other tangent to the circle, terminated by them, is
so divided at the point of contact, that the radius of the circle is
a mean proportional between its segments.

54. Two circles being given in magnitude and position; to find

"a point in the circumference of one of them, te which if a tangent be

drawn cutting the circumference of the other, the part of it inter-
cepted between the two circumferences may be equal to a given line.

55. To draw a ‘straight line cutting two concentric circles, so
that the part of it which is intercepted by the circumference of the

greater may be double the part intercepted by the circumference of
the less.
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56. If two circles intersect each other, the centre of the one
being in the circumference of the other, and any line be drawn from
that centre; the parts of it which are cut off by the common chord
and the two circumferences will be in continued proportion.

57. If a semicircle be described on the side of a quadrant, and
from any point in the quadrantal arc a radius be drawn, the part of
the radius intercepted between the quadrant and semicircle, is equal
to the perpendicular let fall from the same point on their common
tangent,

Cor. Any chord of the semicircle drawn from the centre of the
quadrant is equal to the perpendicular drawn to the other side,
from the point in which the chord produced meets the quadrantal arc.

58. If a semicircle be described on the side of a quadrant, and
i line be drawn from the centre of the quadrant to a common taie
gent; this line, the parts of it cut off by the circumferences of the
quadrant, and of the semicircle, and the segment of the diameter of
t.he semicircle made by a perpendicular from the point where the
line meets its circumference, are in continued proportion.

59. If the chord of a quadrant be made the diameter of & semi-
tircle, and from its extremities two straight lines be drawn to any
point in the circumference of the semicircle; the segment of the
greater line intercepted between the two circumferences shall be
tqual to the less of the two lines. :

60. If two circles cut each other, so that the circumference of
%e passes through the centre of the other, and from either point of
intersection a straight line be drawn cutting both circumferences; the
Part intercepted between the two circumferences will be equal to the
¢hord drawn from the other point of intersection to the point where
It meets the inner circuwmference. ’

61. If from each extremity of the diameter of a cirele lines be

wa to any two points in the circumference ; the sums of the lines
%0 drawn to each point will have to one another the same ratio that
the lines have, which join those points and the opposite extremity
of a diameter perpendicular to the former. ° ) e

G2. If from any two points in the circumference of a circle there
drawn two straight lines to a point in a tangeut to that circle;
they will make the greatest angle when drawn to the point of contact.
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63. From a given point within a given circle to draw a straight
line which shall make with the circumference an angle less than the
angle made by any other line drawn from that point.

64. To determine a point in the arc of a quadrant, from which
if lines be drawn to the centre and the point of bisection of the radius,
they shall contain the greatest possible angle.

65. If the radius of a circle be a mean proportional to two dis-
tances from the centre in the same straight line; the lines drawn
from their extremities to any point in the circumference will have
the same ratio that the distances of these points from the circum-
ference have.

66. Two circles being given in position and magnitude; to
draw a straight line cutting them so that' the chords in each circle
may be equal to a given line, not greater than the diameter of the
smaller circle.

67. To determine a point in the arc of a quadrant, through
which if a tangent be drawn meeting the sides of the quadrant pro-
duced, the intercepted parts may have a given ratio.

68. Ifa tangent be drawn to a circle at the extremity of a chord
which cuts the diameter at right angles, and from any point in it
a perpendicular be let fall; the segment of the diameter intercepted
between that perpendicular and chord is to the intercepted part of
the tangent as the chord is to the diameter.

69. If a straight line be placed in a circle, and from its ex-
tremities perpendiculars be let fall upon any diameter; these per-
. pendiculars together will have to the part of the diameter intercepted
between them, the same ratio that a line placed in the circle per-
pendicular to the former line, has to the former line itself.

70. In a circle to place a straight line of given length, so that
perpendiculars drawn to it from two given points in the circum-
ference may have a given ratio.

© ~ 71. If from any.point in the arc of a segment of a circle a line
be drawn perpendicular to the base; and from the greater segment
of the base and arc, parts be cut off respectively equal to the
less; the remaining part of the base shall be equal to the chord of
the remaining are.
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72. If from the point of bisection of any arc of a circle a per-
pendicular be drawn to the diameter which passes through one
extremity ; it will bisect the segment of the chord cut off by the line
joining the point of bisection of the arc and the other extremity of
the diameter.

73. In a given circle to draw a chord parallel to a straight line
_given in position; so that the chord and perpendicular drawn to it
from the centre may together be equal to a given line.

74. Through a given point within a given circle, to draw a
straight line such that the parts of it intercepted between that point

ax¥d the circumference may have a given ratio.
>

75. From two given points in the circumference of a given circle,
to draw two lines to a point in the circumference, which shall cut
a line given in position, so that the partof it intercepted by them may

. bg equal to a given line.

\

\

\

76. If a chord and diameter of a circle intersect each other at
amy angle, and a perpendicular to the chord be drawn from either
ex tremity of it, meeting the circumference and diameter produced ;
the whole perpendicular has to the part of it without the circle, the
$&wme ratio that the greater segment of the chord has to the less.

77. If from the extremities of any chord of a circle, perpen-

diculars to it be drawn and produced to cut a diameter; and from

<« points of intersection with the diameter lines be drawn to

2 ppoint in the chord so as to make equal angles ‘with it; these lines
'O garether will be equal to the diameter of the circle.

78. If from a point without a circle two straight lines be dram;,

OXm ¢ of which touches and the other cuts the circle; a line drawn

"«=m the same point in any direction, equal to the tangent, will
= parallel to the chord of the arc intercepted by two lines drawn
> m its other extremity to the former intersections of the circle.

79. If from a point without a circle two straight lines be drawn
wching it, and from one point of contact a perpendicular be drawn
' that diameter which passes through the other; this perpendicular
"W ill be bisected by the line joining the point without the circle and
e other extremity of the diameter..

.
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80. If any chord in a circle be bisected by another, and produced
to meet the tangents drawn from the extremities of the bisecting line;
the paris intercepted between the tangents and the circumferences
are equal.

81. If one chord in a circle bisect another, and tangents drawn
from the extremities of each be produced to meet; the line joining
their points of intersection will be parallel to the bisected chord.

82. If from a point without a circle two lines be drawn touching
the circle, and from the extremities of any diameter lines be drawn
to the points of contact, cutting each other within the circle; the
line produced, which joins their intersection and the point without
the circle, will be perpendicular to the diameter.

83. If on opposite sides of the same extremity of the dianieter of
a circle equal arcs be taken, and from the extremities of these arcs
lines be drawn to any point in the circumference, one of which cuts
the diameter, and the other the diameter produced ; the distances
of the points of intersection from the extremities of the diameter
are proportional to each other. '

84. If from the extremities of any chord in a circle, perpen-
_ diculars be drawn to a diameter, and from either extremity of that
- diameter a perpendicular be drawn to the chord; it will divide it
into segments, which are respectively mean proportionals between
the segments of the diameter cut off by the perpendiculars.

85. If from any point in the diameter of a semicircle, a per-
pendicular be drawn, meeting the circumference, and on it as a
diameter a circle be described, to the centre of which a line is
drawn from the farther extremity of the diameter of the semicircle,
cutting its circumference; and through the point of intersection
another line be drawn from the extremity of the perpendicular,
meeting the diameter of the semicircle ; this diameter will be divided
into three segments which are in continued proportion.

86. If from a point without a given circle, any two lines be
drawn catting the circle; to determine a point in the circumference,
such that the sum of the perpendiculars from it upon these lines may
be equal to a given line.

87. If two circles cut each other, and any two points be taken
in the circumference of one of them, through which lines are drawn
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from the points of intersectiori and produced to the circumference of
the other; the straight lines: joining the extremities of those which
‘are drawn through the samé point, are equal. ’

88, If two circles cut each other; the greatest line that can be
drawn through the point of intersection is that which is parallel to
the line joining their centres.

89. Having givea “the radii of two circles which cut each other,
and the distance of their centres; to draw a straight line of given
leng!h through their point of interseetion, so as to terminate in thelr
circumferences.’ :

90. If two circles cut each other ; to draw from one of the pomts
of intersection a straight line meeting the circles, so that the part of

it intercepted between the circumferences may be equal to a given
llne -

91. 1If two circles cut each other; to draw from the point of
Intersection two lines, the parts of which intercepted between the
circumferences may have a given ratio.

92. If a sémicircle be described on the common chord of two
intersecting circles, and a line drawn from one extremity of the
chord, cutting the two circles; the part intercepted between the two
shall be divided by the semicircle into segments proportional to

Perpendiculars drawn in those circles from the other extremity of
the chord.

93. Two circles being given, the circumference of one of which
Passes througlt the centre of the other; to draw a chord from that
Cemntre, such that a perpendicular let fall upon it from a given pomt,

May bisect that part of it which is mtercepted between the cir-
Cuamferences.

94. If any number of circles cut each other in the same points,
and from one of these points any number of lines be drawn; the parts
of them_which are intercepted between the several clrcumferences

have the same ratio. :

95. In a given circle to place a stralght lme cutting two radii
which are perpendiculdr to each other, in such a mauner that the
ine itself may be trisected.
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96. If a straight line be divided into any two parts, and upon
the whole line and one of the parts, as diameters, semicircles be
described ; to determine a point in the less diameter, from which if
a perpendicular be drawn cutting the circumferences, and the points
of intersection and the extremities of the respective diameters be
joined, and these lines produced to meet ; the parts of them without
the semicircles may have a given ratio.

97. If a straight line be divided into any two parts, and from the
point of section a perpendicular be erected, which is a mean pro-
portional between one of the parts and the whole line, and a circle
described through the extremities of the line and the perpendicular ;
the whole line, the perpendicular, the aforesaid part, and a per-
pendicular drawn from its extremity to the circumference will be in
continued proportion.

98. If the tangents drawn to every two of three unequal circles
be produced till they meet, the points of intersection will be in
a straight line. .

99. If from the extremities of the diameter of a circle any number
of chords be drawn, two and two intersecting each other in a per-
pendicular to that diameter; the lines joining the extremities of
every corresponding two will meet the diameter produced in the
same point. '

100. If from a given point in the diameter of a semicircle pro-
duced, three straight lines be drawn, one of which is inclined at
a given angle to the diameter, another touches the semicircle, and the
third cuts it, in such a manner, that the distance of the given point
from the nearer extremity of the diameter, and the perpendiculars
drawn from that extremity on the three aforesaid lines may be
proportional ; then will the lines, which join the extremities of the
diameter and of that part of the cutting line which is within the
circle, intersect each other in an angle equal to the given angle.
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SECTION III. Page 92.

1. ANY side of a triangle is greater than the difference between
the other two sides.

2. In anyright-angled triangle, the straight line joining the right
angle and the bisection of the hypothenuse is equal to half the
hypothenuse.

3. If from any point within an equilateral triangle perpendiculars
be drawn to the sides; they are together equal to a perpendicular
drawn from any of the angles to the opposite side.

. ‘4. If the points of bisection of the sides of a given triangle be
Joined; the triangle so formed will be one fourth of the given triangle.

5. The difference of the angles at the base of any triangle is
double the angle contained by a line drawn from the vertex per-
Pendicular to the base, and another bisecting the angle at the vertex.

6. If from one of the equal angles of an isosceles triangle any
line be drawn to the opposite side, and from the same point a line be
drawn to the opposite side produced, so that the part intercepted
between them may be equal to the former; the angle contained by
the side of the triangle and the first drawn line is double the angle
Contained by the base and the latter.

7. If from the extremity of the base of anm isosceles triangle,
8 line equal to one of the sides be drawn to meet the opposite side ;
the apgle formed by this line and the base produced is equal to
three times either of the equal angles of the triangle.

8. The sum of the sides of an isosceles triangle is less than the
Sum of the sides of any other triangle on the same base and between
€ same parallels.

9. If from one of the equal angles of an isosceles triangle, a per-
Pendicular be drawn to the opposite side ; the part of it intercepted
bya perpendicular from the vertex will have to one of the equal sides,
the.same ratio that the segmnent of the base has to the perpendicular

Ypon the base. . _ , ’

c



xviti CONTENTS.
A
10. If from any point in the base of an isosceles triangle lines bemm
drawn to the opposite sides, making equal angles with the base; themm
triangles formed by these lines, the segments of the base, and the=m
lines joining the intersections of the sides and the angles oppzmteb
will be equal. :

11. If from any point in the base of an isosceles triangle per——
pendiculars be drawn to the sides; these together shall be equal tomms
a perpendicular drawn from either extremity of the base to the==
opposite side.

. 12. Of all triangles having the same vertical angle, and whose
bases pass through a given point, the least is that whose base is—
bisected in the given point.

13. If from the angles at the base of a triangle, perpendiculars
be let fall on a line which bisects the vertical angle; the part of this
line intercepted between these perpendiculars will be bisécted by
a perpendicular from the middle of the base.

14. If from one of the angles at the base of a triangle a line be
drawn parallel to the opposite side and from any point in it lines be
drawn making any angles with the sides (produced, if necessary);
they will have the same ratio that lines have which are drawn
parallel. to them from the other angles, and terminated by the same.
sides.

15. To bisect a given triangle by a line drawn from, one of its
angles.

16. - To bisect a given triangle by a line drawn from a given point _
in one of its sides.

17. To determine a point within a given triangle, from which
lines drawn to the several angles, will divide the triangle into three’
equal parts.

18. Trisect a given triangle from a given point within it.

19. From a given point in the side of a triangle, to draw lines
which will divide the triangle into any number of parts which shall
have a given ratio.

20. If two exterior angles of a tnangle be bisected, smd from'

the point of intersection of the bisecting lines, a line be drawn te the:
opposite angle of the triangle ; it will bisect that angle, Ty
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21. If in two triangles the vertical angle of the one be equal to
that of the other, and one other angle of the former be equal to the
exterior angle at the base of the latter; the sides about the third
angle of the former shall be proportional to those about the interior
angle at the base of the latter.

. 22. In agiven trial;gle, to draw a line parallel to one of the
sides, so that it may be a mean proportional between the segments of

the base.

23. 'To draw a line parallel to the common base of two triangles
which have different altitudes, so that the parts of it mtercepted by
the sides may have a given ratio. .

24. If the base of a triangle be produced so that the whole may
be to the part produced ‘in the duplicate ratio of the sides; the line
joining the vertex and the extremity of the part produced will be
amean proportional between the whole line produced and the part
produced.

25. To determine a point within a given triangle, which will
divide a line parallel to the base into two segments, such that the
excess of each segment above the perpendicular distance between
the parallel lines may be to each other in the duplicate ratio of the
respective segments.

26. If perpendiculars be drawn to two sides of a triangle from
any two points therein; ‘the distance of their concourse from that of
the two sides will be to the distance between the two points as either
side is to the perpendicular drawn from its extremity upon the other.

27. If the three sides of a triangle be bisected, the perpendiculars
drawn to the sides at the three points of bisection, will meet in the
same point.

28. 1If from the three angles of a triangle lines be drawn to the
points of bisection of the opposite sides, these lines intersect each
other in the same point.

29. The three straight lines which bisect the three angles of
A triangle, meet in the same point.

30. If the three angles of a triangle be bisected, and one of the
bisecting lines be produced to the opposite side; the angle contained
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by this line produced, and -one of the others is equal to the .angle
eontained by the third and a perpendicular drawn from the common
point of intersection of -the three lines, to the aforesaid side.

31. In a right-angled triangle, if a straight line be drawn parallel
to the hypothenuse, and cutting the perpendicular drawn from the
right angle; and through the point of intersection a line be drawn
from one of the acute angles to the opposite side, and the extremity
of this line and of the perpendicular be joined; the locus of its’

intersection with the line parallel to the hypothenuse will be a stra.lght
line. .

32. If from the angles of a triangle, lines, each equal to a given
line, be drawn to the opposite sides (produced if necessary); and
from any point within, lines be drawn parallel to these, and meeting

the sides of the triangle; these lines will together be equal to the
given line,

33. If the sides of a triangle be cut proportionally, and lines be
drawn from the points of section to the opposite angles; the inter-
sections of these lines will be in the same line, viz. that drawn from
the vertex to the middle of the base.

N

34. If from any pointin one side of a triangle, two lines be drawn,
one to the opposite angle, and the other parallel to the base, and the
former intersect a line drawn from the vertex bisecting the base;
this point of intersection, that of the line parallel to the base and the
third side, and the third angular point are in the same straight line.

35. If one side of a triangle be divided into any two parts, and
from the point of section two straight lines be drawn parallel to, and
terminating at the other sides, and the points of termination be
joined; and any other line be drawn parallel to either of the two
former lines, so as to intersect the other, and to terminate in the
sides of the triangle; then the two extreme parts of the three seg-
ments into which the line so drawn is divided, will always be in the
ratio of the segments of the first divided line. '

36. If through the point of bisection of the base of a triangle,
any line be drawn intersecting one side of the triangle and the other
produced, and meeting a parallel to the base from the vertex; ‘this
llne will be cut harmonically.
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87. If from either angle of a triangle, a line be drawn inter-
secting that which joins the vertex and the bisection of the base, the
opposite side, and the line from the “vertex parallel to the-base; it
will be cut harmonically.

38. To draw a line from one of the angles at the base of a tri-
angle, so that the part of it cut off by a line drawn from the vertex
parallel to the base, may have a given ratio to the part cut off by the

opposite side.
-89. To determine that point in the base produced of a right-
angled triangle, from which the line drawn to the angle opposite to

the base shall have the same ratio to the base produced, which the
perpendicular has to the base itself.

40. If the base of any triangle be divided into two parts by
aline which is a mean proportional between them, and which being
drawn parallel to the second side is terminated in the third; any
line parallel to the base will be divided by the mean proportional
(produced if necessary) into segments which will be to each other
inversely as the whole mean proportional to that segment which ig
terminated in the third side of the triangle.

41. If from the extremities of the base of any triangle, two
straight lines be drawn intersecting each other in the perpendicular;
- und terminating in the opposite sides; straight lines drawn from
thence to the intersection of the perpendicular with the base, will
make equal angles with the base.

42. In any triangle, the intersection of the perpendiculars drawn
from the angles to the opposite sides, the intersection of the lines
from the angles to the middle of the opposite sides, and the inter-
section of the perpendiculars from the middle of the sides, are all in
the same straight line. And the distances of those points from one
another are in a given ratio.

43. If straight lines be drawn from the angles of a triangle
through any point, either within or without the triangle, to meet the
sides, and the lines joining these points of intersection and the sides
of the triangle be produced to meet; the three points of concourse
will be in the same straight line.
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SECTION 1V. Page 120.

1. THE diameters of a rhombus bisect each other at right
angles.

2. If the opposite sides or opposite angles of a quadrilaterak
figure be equal; the figure will be a parallelogram.

3. To bisect a parallelogram by a line drawn from a point in one
of its sides.

4. If from any point in the diameter (or diameter produced) of
a parallelogram straight lines be drawn to the opposite angles; they
will cut off equal triangles.

5. From one of the angles of a parallelogram to draw a line to
the opposite side, which shall be equal to that side together with the
segment of it which is intercepted between the line and the opposite
angle.

6. If from one of the angles of a parallelogram a straight line be
drawn, cutting the diameter, a side and a side produced; the seg-
ment intercepted between the angle and the diameter is a mean
proportional between the segments intercepted between the diameter
and the sides. )

7. The two triangles, formed by drawing straight lines from any
point within a parallelogram to the extremities of two opposite sides,
are together half of the parallelogram.

8. If a straight line be drawn parallel to one of the sides of
a parallelogram, and one extremity of this line be joined to the opposite
one of the parallel side, by a line which also cuts the diameter; the
segments of the diameter made by this line will be reciprocally pro-
portional to the segments of that part of it which is intercepted
between the side and the parallel line.

9. If twe lines be drawn parallel and equal to the adjacent sides
of a parallelogram; the lines joining their extremities, if produced,
will meet the diameter in the same point.

10. - If in the sides of a square, at equal distances from the four
angles, four other points be taken, one in each side; the figure con-
tained by the straight lines which join them shall also be a square.
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11. The sum of the diagonals of a trapezium is less than the sum
of any four lines which can be drawn to the four angles from any
point within the figure, except from the intersection of the diagonals,

12. Every trapezium is divided by its diagonals into four tri-
ugles proportional to each other.

13. If two opposite angles of a trapezium be right angles; the
angles subtended by either side at the two opposite angular points
shall be equal,

14. To determine the figure formed by joining the points of
bisection of the sides of a trapezium; and its ratio to the trapezium.

15. To determine the figure formed by joining the points where
the diagonals of the trapezium cut the parallelogram (in the last
problem); and its ratio to the trapezium.

16. If two sides of a trapezium be parallel; its area is equal to
balf that of a parallelogram whose base is the sum of those two sides,
and altitude the perpendicular distance between them.

17. If from any angle of a rectangular parallelogram a line be
drawn to the opposite side, and from the adjacent angle of the tra-
pezium thus formed another be drawn perpendicular to the former;
the rectangle contained by these two lines is equal to the given
parallelogram.

18. To divide a parallelogram into two parts which shall have
a given ratio, by a line drawn parallel to a given line.

19. To bisect a trapezium by a line drawn from one of its angles.

20. To bisect a trapezium by a line drawn from a given point in
one of its sides.

21. If twosides of a trapezium be parallel ; the triangle contained
by either of the other sides, and the two straight lines drawn from its
extremities to the bisection of the opposite side, is half the trapezium.

22. To divide a given trapezium, whose opposite sides are pa-
rallel, in a given ratio, by a line drawn through a given point, and
terminated by the two parallel sides.

23. If a trapezium, which has two of its adjacent angles right
angles, be bisected by a line drawn from the middle of one of those -
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sides which are not parallel ; the sum of the paralel sides will have
to one of them the same ratio, that the side which is pot biseated has
to that segment of it which is adjacent to the other.

24. If the sides of an equilateral and equiangular pentagon be
produced to meet; the angles formed by these lines are together
equal ta two right angles.

"t 25. If the sides of an equilateral and equiangular hexagon be pro-
duced to meet; the angles formed by these lines are together equal
to four right angles.

26. The area of any two parallelograms described on the two
sides of a triangle is equal to that of a parallelogram on the base,
whese side is equal and parallel to the line drawn from the vertex of
the triangle to the intersection of the two sides of the former parallel-
ograms produced to meet.

. 27. The perimeter of an isosceles triangle is greater than the
perimeter of a rectangular parallelogram, which is of the same alti-
tude with, and equal to the given triangle.

’

28. If from one of the acute angles of a right-angled triangle,
a line be drawn to the opposite side ; the squares of that side and
the line so drawn are together equal to the squares of the segment
adjacent to the right angle and of the hypothenuse.

29. In any triangle, if a line be drawn from the vertex at right
angles to the base; the difference of the squares of the sides is equal
to the difference of the squares of the segments of the base.

~ 30. In any triangle, if a line be drawn from the vertex bisecting

the base; the sum of the squares of the two sides of the triangle is
double the sum of the squares of the bisecting line and of half the
base. ‘

31. If from the three angles of a triangle lines be drawn to the
points of bisection of the opposite sides; the squares of the distances
between the angles and the common intersection are together one
third of the squares of the sides of the triangle.

32. If from any point within or without any rectilineal figure,
perpendiculars be let fall on every side; the sum of the squares of
the alternate segments made by them will be equal.
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- 83. If from any poiat within a rectangular parallelogram lines be
drawn to the angular points; the sums of the squares of those which
are drawn to the opposite angles are equal.

34. The squares of the diagonals of a parallelogram are together
equal to the squares of the four sides.

35. If two sides of a trapezium be parallel to each other; the
squares of its diagonals are together equal to the squares of its two
sides which are not parallel, and twice the rectangle contained by
its parallel sides.

36. The squares of the diagonals of a trapezium are together
double the squares of the two lines joining the bisections of the
opposite sides. .

37. The squares of the diagonals of a trapezmm are together
less than the squares of the four sides, by four times the square of
the line joining the points of bisection of the diagonals.

38. In any trapezium, if two opposite sides be bisected; the
sum of the squares of the two other sides, together with the squares
of the diagonals, is equal to the sum of the squares of the bisected
sides, together with four times the square of the line Jommg those
points of bisection.

39. If squares be described on the sides of a right-angled
triangle; each of the lines joining the acute angles and the opposite
angle of the square, will cut off from the triangle an obtuse-angled
triangle, which will be equal to that cut off from the square by
a line drawn from the intersection with the side to-that angle of the
square which is opposite to it.

40. If squares be described on the two sides of a right-angled
triangle ; the lines joining each of the acute angles of the triangle
and the opposite angle of the square will meet the perpendicular
drawn from the right angle upon the hypothenuse, in the same point.

41. If squares be described on the three sides of a right-angled
triangle, and the extremities of the adjacent sides be joined; the
triangles so formed are equal to the given triangle and to each other.

42. If the sides of the square described on the hypothenuse of
a right-angled triangle be produced to meet the sides (produced if
‘ d -
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necessary) of the squares described upon the legs ; they will cut off
triangles equiangular and equal to the given triangle.

43. If from the angular points of the squares described upon the
sides of a right-angled triangle perpendiculars be let fall upon the
hypothenuse produced; they will cut off equal segments; and the
perpendiculars will together be equal to the hypothenuse.

44. If on the two sides of a right-angled triangle squares be
described ; the lines joining the acute angles of" the triangle and the
opposite angles of the squares will cut off equal segments from the
sides; and each of these equal segments will be a mean proportional
between the remaining segnents.

45. If squares be described on the hypothenuse and sides of
a right-angled triangle, and the extremities of the sides of the former
and the adjacent sides of the others be joined; the sum of the
squares of the lines joining them will be equal to five times the
square of the hypothenuse.

46. 1f aline be drawn parallel to 'the base of a mangle, and
terminated in the sides; to draw a line cutting it, and terminated
also by the sides, so that the rectangle contamed by their segments
may be equal.

47. - If the sides, or sides produced, of a triangle be cut by any
. line; the solids formed by the segments which have not a common
extremlty are equal,

48. If through any point within a triangle, three lines be drawn
_parallel to the sides; the solids formed by the alternate segments of
these lines are equal.

49. If through any point within a triangle lines be drawn from
the angles to cut the opposite sides; the segments of any one side
will be to each other in the ratio compounded of the ratios of the .
segments of the other sides.

50. If from each of the angles of any triangle, a lme be drawn
through any point within the triangle to the opposite side; the solid
formed by the segments thereof, intercepted between the angles and
the point, will have to the solid formed by the three remaining
segments, the same ratio that the solid formed by the three sides
of the ‘triangle has to either of the (equal) solids formed by the
alternate segments of the sides.
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- SECTION V. Page'153.

A sTRAIGHT line of ‘given length being drawn from the
centre at right angles to the plane of a circle; to determine that
Point in it which is equally distant from the upper end of the line,
and the circumference of the circle.

2. To determine a point in & line given in posmon, to which

lines drawn from two given points may have the greatest difference
Possible. .

3. A straight line being divided in two given points; to deter-
Wine a third such that its distances from the extremities may be
Proportional to its dlstances from the given pomts

4 Ina straight line glven in position, to determme a point, at
- which two straight lines drawn from given points on the same side,
will contain the greatest angle.

5. To determine the position of a point, at.which lines drawn

from three given points shall make with each other angles equal to
given angles. '

6 To divide a straight line into twa parts such that the rectangle
contained by them may be equal to the square of their difference.

7. If a straight line be.divided into any two parts; to produce it
80 that the rectangle contained by the whole line so produced and the

part produced, may be equal to the rectangle contained by the given
line and one segment.

Cor. 1. To produce the line, so that the rectangle contained by

the whole line and the part produced may be equal to the rectangle
contained by two given lines.

Cor. 2. To produce the line, so that the rectangle contained by

the whole line produced and the part produced may be equal to
a given square.

8. To determine two lines such that the sum of their squares

may be equal to a given square, and their rectangle equal to a given
Tectangle,
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9. To divide a straight line into two parts, so that the rectangle
contained by the whole and one of the parts may be equal to the
square of a given line, which is less than the line to be divided.

10. * To divide a given line into two such parts, that the rectang'le~
contained by the whole line, and one of the parts may be (m) times
the square of the other part; (m) being whole or fractional.

11. To divide a given line into two such parts, that the square
of the one shall be equal to the recungle contained by the other and
a given line.

12. A straight line being glven in magnitude and position; to
draw to it, from a given point, two lines, whose rectangle shall be
equal to a given rectangle, and which shall cut off equal ngments
from the given line.

13. To draw a straight line which shall touch a given circle, and
make with a given line, an angle equal to a given angle.

14. Through a given point to draw a line terminating in two
lines given in position, so that the rectangle contained by the two
parts may be equal to a given rectangle.

15. From a given point to draw a line cutting two given parallel
lines, so that the difference of its segments may be equal to a given
line.

16. From a given point without a circle, to draw a straight line
cutting the -circle, so that the rectangle contained by the part of it
without, and the part within the circle shall be equal to a given
square.

17. From a given point in the circumference of a semicircle, to
draw a straight line meeting the diameter, so that the difference
" between the squares of this line and a perpendicular to the diameter
from the point of intersection may be equal to a‘given rectangle.

18. From a given point to draw two lines to a third given in
position, so that the rectangle contained by those lines may be equal
to a given rectangle, and the difference of the angles which they
make with that part of the third which is mtercepted between them
may be equal to a given angle.

19. Two points being given without a given circle; to determine
a point in the circumference, from which lines drawn to the two
given points shall contain the greatest possible angle.
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20. From the bisection of a given arc of a circle, to draw
a straight line such that the part of it intercepted between the chord
of that and the opposite circumference shall be equal to a given
straight line.

21. To draw a straight line through a given point, so that the
summ of the perpendiculars to it from two other given points may be
equal to a given line.

22. To draw a straight line through one of three points given in
Position, so that the rectangle contained by the perpendwulars let
fall upon it from the other two, may be equal to a given square.

23. A given straight line being divided into two parts; to cut off
& part which shall be a mean proportional between the two remaining

Segmtents.

24. To draw a straight line making a given angle with one of the
sides of a given triangle, so that the triangle cut off may be to the
Whole in a given ratio.

25. Between two given straight lines containing a given angle, to
place a straight line of given length, and subtending that angle, so that
the segment of the one of them adjacent to the angle may be to the
segment of the other which is not adjacent, in the ratio of two given
lines,

26. From two given points to draw two lines to a point in a third,
such that the dnﬂ'erence of theu' squares may be equal to a given
square.

27. To divide a given straight line into two such parts, that the
square of one may be to the excess of a given rectangle above the
square of the other, in a given ratio.

28. From any angle of a triangle, fot isosceles about the angle,
to draw a line without the triangle to the opposite side produced,
which shall be a mean proportional between the segments of the side.

29. From the obtuse angle of any triangle, to draw a line within
thae triangle to the opposite side, which shall be 4 mean proportlonal
between the segments of the side.

30. From the common extremity of the diameters of two semi-
cixcles, given in magnitude and position; to draw a line meeting the
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circumferences so that the rectangle contained by the two chords
may be equal to a given square.

31. To draw a line parallel to a given line, which shall be termi-
nated by two others given in position, so as to form with them
a triangle equal to a given rectilineal figure.

32. To bisect a triangle by a line drawn parallel to one of its
sides..

~83. To divide a given triangle into any number of parts, having
a given ratio to each other, by lines drawn parallel to one of the
sides of the triangle.

34. To divide a given triangle into any number of equal parts,
by lines drawn parallel to a given line.

35. To divide a trapezium, which has two sides parallel, into
any number of equal parts, by lines drawn parallel to those sides.

36. From one of the angular points of a given square, to draw
a line meeting one of the opposite sides and the other produced, in
such a manner, that the exterior triangle formed thereby may have
a given ratio to the square.

37. From a given point in the side produced of a given rectangu-
lar parallelogram, to draw a line which shall cut the perpendicular
sides and the other side produced, so that the trapezium cut off,
which stands on the aforesaid side, may be to the tnangle which
stands upon the produced part of the opposite side, in a given ratio.

38. Through a given pomt between two straight lines containing:
a glven angle, to draw a line which sha]l cut off a triangle equal to
a given figure.

39. Between two lines given in position, to draw a line equal to
a given line, so that the triangle thus formed may be equal to
a given rectilineal figure. :

40. From two given lines to cut off two others, so that the re-
mainder of one may have to the part cut off from the other, a given
ratio; and the difference of the squares of the other remainder and
part cut off from the first may be equal to a given square.

- 41. From two given lines to cut off two others which shall bave
a given ratio, so that the difference of the squares of the remainders
may be equal to a given square.
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42. From two given lines to cut off two others, so that the
remainders may have a given ratio, and the sum of the squares of
the parts cut off may be equal to the square of a given line.

43. Two points being given in a given straight line ; to determine
athird, such that the rectangles contained by its distances from each
extremity and the gnven point ad_]acent to that extremity may be
equal. :

44. Through the point of intersection of two given circles, to
draw a line in such a manner, that the sum of the respective
rectangles contained by the parts thereof, -which dre intercepted
between the said point and their circumferences, and given lines
4 and B, may be equal to a given square.

45. Through a given point, to draw an indefinite line such, that
if lines be drawn from two other given points and forming given
angles with it, the rectangle contained by the segments intercepted
between the given point and the two lines so drawn, shall be equal to
the square of a given line.

. 46. Through a given point between two straight lines containing
a given angle, to draw a line such that a perpendicular upon it from
the given angle may have a given ratio to a line drawn from one
extremity of it, parallel to a line given in position.

47. Through a given point between two indefinite straight lines,
not parallel to one another, to draw a line, which shall be terminated
by them, so that the rectangle contained by its segments shall be less
than the rectangle contained by the segments of any other line drawn
through the same point.

. . ——

. SECTION VI. Page 184.

To describe an isosceles triangle on a given finite straight
line.

2. To describe a sqﬁare which' shall be equal to the difference
of two squares, whose sides are given.

Cor. Hence a mean proportional between the sum and difference
of two given lines may be determined.
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3. To describe a rectangular parallelogram, which shall be equal
to a given square, and have its adjacent sides together equal to

a given line.

4. To describe a rectangular parallelogram, which shall be equal
toa glven square, and have the difference of its adjacent sides equal
to a given line.

5. To describe a triangle, which shall be equal to a given equi-
lateral and equiangular pentagon, and of the same altitude.

"~ 6. To describe an equilateral triangle, equal to a given isosceles
triangle. ‘

7. To describe a parallelogram, the area and perimeter of which
shall be respectively equal to the area and perimeter of a given
triangle.

8. To describe a parallelogram, which shall be of given altitude,
. and eti\;angular and equal to a given parallelogram.

To describe a square which shall be equal to the sum of any
number of given squares.

10. Having given the difference between the diameter and side
of a square; to describe the square.

11. To divide a circle into any number of concentrie equal
annuli. )

Cor. To divide it into annuli which shall have a given ratio.

12. In any quadrilateral figure circumscribing a circle, the oppo-
site sides are equal to half the perimeter.

13. If the opposite angles of a quadrilateral figure be equal to’
two right angles, a circle may be described about it.

14. A quadrilateral figure may have a circle described about it,
if the rectangles contained by the segments of the diagonals be equal.

15. If from any point within a regular figure circamscribed ahout
a tircle, perpendiculars be drawn to the sides; they will together be
equal to that multiple of the semi-diameter which is expressed by the
number of the sides of the figure.
. 16. If the radius of a circle be cut in extreme and mean ratio;
the greater segment will be equal to the side of an equilateral and
equiangular decagon inscribed, in that circle.

1
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17. Any segment of a circle being described on the base of.
atriangle ; to describe on the other sides segments similar to that on
the base. .

18. If an equilateral triangle be inscribed in a‘circle; the square
described on a side thereof is equal to three times the square
described upon the radius.

19. To inscribe a square in a given right-angled isosceles triangle.- - -

20. To inscribe a square in a given quadraunt of a circle.
21. To inscribe a square in a given semicircle.

22. To inscribe a square in a given segment of a circle.

23. Having given the distance of the centres of two equal circles
which cut each other; to inscribe a square in the space included
between the two circumferences. .

24. In a given segment of a circle to inscribe a rectangular
parallelogram, whose sides shall have a given ratio.

25. In a given circle to inscribe a rectangular parallelogram
equal to a given rectilineal figure. '

26. In a given segment of a circle to inscribe an isosceles
triangle, such that its vertex may be in the middle of the chord, and
the base and perpendicular together equal to a given line.

27. In a given triangle, to inscribe a parallelogram similar to
agiven parallelogram.

28. In a given triangle, to inscribe a triangle similar to a given
triangle.

29. In a given equilateral and equiangular pentagon, to inscribe
asquare,

30. In a given triangle, to inscribe a rhombus, one of whose
angles shall be in a given point in the side of the triangle.

31. To inscribe a circle in a given quadrant, ' '

32. To describe a circle, the circumference of which shall pass
through a given point, and touch a given straight line in a given
point.

33. To describe a circle, which shall pass through a given point,
have a given radius, and touch a given straight line.

€



XXXiv CONTENTS.

34, To describe a circle, which shall pass through two given
points, and touch a given straight line.

35. To describe a circle, the circumference of which shall pass
through a given point, and touch a circle in a given point; the two
points not being in a tangent to the given circle.

36. To describe a circle, the centre of which may be in_ithe per-
pendicular of a given right-angled triangle, and the circumference
pass through the right angle and touch the hypothenuse.

37. To describe a circle, which shall pass through the extremities
of a given line, so that if from any point -in its circumference a line
be drawn making a given angle with the given line; the rectangle
contained by the segment it cuts off and the given line, may be
equal to the square of the line drawn from the same point to the
farther extremity of the given line.

38, To determine a point in the perpendicular let fall from the
vertical angle of any triangle on the base; about which as a centre
a circle may be described touching the longer side, and passing
through the opposite angular point.

39.. To describe a circle which shall have a given radms, its
centre in a given straight line, and shall also touch another given
straight line inclined at a given angle to the former.

" 40. To describe a circle which shall touch a straiéht line in
a given point, and also touch a given circle.

41. To describe two circles, each having a given radius, which
shall touch each other, and the same given straight line on the same
side of it.

42, To describe a circle passing through two given points, and
touching a given circle.

43. To describe a circle which shall pass through a given point,
and touch a given circle and a given straight line.

44. To describe a circle which shall touch a straight line and
two circles given in magnitude and position.

45. To describe a circle which shall touch two given straight
lines, and pass through a given point between them. ’

46. To describe a circle which shall touch two given straight
lines, and also touch a given circle,
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47. 'To describe a circle wlnch shiall touch a circle and straight
lice, both given in position, and have its centre also in a given

straight line.
48. Through two given points within a glven circle, to describe
a circle, which shall bisect the circumferenée of the other.

49. Through two given points without a given circle, to describe
acircle which shall cut off from the one, an arc equal to a given arc.

50. 'To describe three circles of equal diameters, which shall
touch each other.’
. 51. Every thing remaining as in the last proposition ; to describe
.acircle which shall touch the three circles.
52. To determine how ‘many equal circles may be described
round another circle of the same dlameter, touching each other and
the interior circle.’ ’

+53. To draw two lines parallel to the adpcent sides of a given
rectangular parallelogram, which shall cat off & portion, whose
breadth shall be every where the same, and whose ayea shall be to
that of the parallelogram in any given ratio.

54. To describe a triangle equal to a given rectilinear figure,
having its vertex in a given point in a side of the figure, and its base
in the base (produced if necessary) of the figure.

55. On the base of a given triangle to describe a quadrilateral
figure equal to the triangle, and having two of its sides parallel, one
‘of them being the base of the triangle; and one of its angles being
an angle at the base, and the other equal to 2 given angle.

56. A trapezium being given, two of whose sides are parallel;
to describe on one of those sides another trapezium, having its oppo-
site side also parallel to this, one of the angles at the base the same
s the former, and the other equal to a given angle.

57. [If with any point in the circumference of a circle as centre,
ad distance from its centre as radius, a circular arc be described;
and any two chords be drawn, one from the centre of the circular
arc, and the other through the point where this cuts the arc, and
parallel to the line joining the centres; the segments of each chord:
intercepted between the circumferences which are concave to each
other, will be equal respectively to those of the other between the
other circumference.
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SECTION VII. Page 232.

TuE vertical angle of an oblique-angled triangle inscribed in
a cxrcle, is greater or less than a right angle, by the angle contained
by the base and the diameter drawn from the extremity of the base.

2. If from the vertex of an isosceles triangle a circle be described
with a radius less than one of the equal sides, but greater than the
perpendicular ; the parts of the base cut off by it will be equal.

3. If a circle be inscribed in a right-angled triangle; the differ-
ence between the two sides containing the right angle and the
bypothenuse, is equal to the diameter of the circle.

4. If a semicircle be inscribed in a right-angled triangle so as to
touch the hypothenuse and perpendicular, and from the extremity of
its diameter a line be drawn through the point of contact, to meet
the perpendicular produced the part produced will be equal to the
perpendicular.

5. If the base of any triangle be bisected by the diameter of its
circumscribing circle, and from the extremity of that diameter a per-
pendicular be let fall upon the longer side ; it will divide that side
into segments, one of which will be equal to half the sum, and the
other to half the difference of the sides.

6. The same supposition being made as in the last proposition ;
_ if from the point where the perpendicular meets the lomger side,
another perpendicular be let fall on the line ‘bisecting the vertical
angle; it will pass through the middle of the base.

7. 1f a point be taken without a circle, and from it tangents be
drawn to the circle, and another point be taken in the circumference
between the two tangents, and a tangent be drawn to it; the sum of -
the sides of the triangle thus formed is equal to the sum of the two
tangents.

8. Of all triangles on the same base and between the same
parallels, the isosceles has the greatest vertical angle,

Cor. Of all triangles on the same base, and having the same
vertical angle, the isosceles is the greatest.

9. If through the vertex of an equilateral triangle a perpendicular
be drawn to the side, meeting a perpendicular to the base drawn
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drawn parallel to the other, intersecting the adjacent side of the
trapezium, and a second line to the extremity of that other inter-
secting the circumference: the line joining the two points of inter-
section will pass throughthe same point.

65. If the diagonals of a quadrilateral figure inscribed in a circle,
‘cat each other at right angles; -the rectangles contained by the oppo-
site sides are together double of the quadrilateral figure.

66. If a rectangular parallelogram be inscribed in a right-angled
triangle, and they have the right angle common; the rectangle con-
tained by the segments of the hypothenuse is equal to the sum of the
rectangles contained by the segments of the sides about the right
angle.

67. If on the diameter of .a semicircle two equal circles be
described, and in the curvilinear space included by the three circum-
ferences a circle be -inscribed; its diameter will be to that of the
equal circles in the proportion of two to three.

"68. If through the middle point of any chord of a circle two
chords be drawn; the.lines joining their extremities will intersect
the first chord at equal distances from the middle point.

69. The longest side of a trapezium being given, and made the
diameter of the circumscribed circle; also the distance between its
extremity and the intersection of the opposite side produced to meet
it, and the angle formed-by the intersection of the diagonals: to
construct the trapezium.

- 70. The diagonals of a quadrilateral figure inscribed in a circle
are to one another as the sums of the rectangles of the sides which
meet their extremities.

71. The square described on the side of an equilateral and equi-
angular pentagon inscribed in a circle, is equal to the sum of the
squares of the side of a regular hexagon and decagon inscribed in the
same circle.

72. If the opposite sides of an irregular hexagon inscribed in
acircle be produced till they meet; the three points of intersection
-will be in the same straight line. :
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base tangents be drawn intersecting their circumferences; the points
of ‘intersection and the vertex of the triangle will be in the same
straight line. ‘

19.. The centre of the circle which will touch two semicircles
described on the sides of a right-angled triangle is in the middle
point of the hypothenuse,

CoR. Iis diameter will be equal to the sides together.

20. If on the three sides of a right-angled triangle semicircles be
_described, and with the centres of those described on the sides,
circles be described touching that described on the base; they will
also touch the other semicircles.

21. If from any point in the circumference of a circle perpen-
diculars be drawn to the sides of the inscribed triangle; the three
points of intersection will be in the same straight line. ‘

22. The base of a right-angled triangle not being greater than
the perpendicular; if on any line drawn from the vertex to the base
a semicircle be described, and a chord equal to the perpendicular
placed in it, and bisected; the point of bisection will always fall
within the triangle.

23. The straight line bisecting any angle of a triangle inscribed
in a given circle, cuts the circumference in a point, which is.equi-
distant from the extremities of the side opposite to the bisected’
angle, and from the centre of a circle inscribed in the triangle.

24. The perpendicular from the vertex on the base of an equi-
lateral triangle is equal to the side of an equilateral triangle inscribed
in a circle whose diameter is the base.

25. If an equilateral triangle be inscribed in a circle, and the
adjacent arcs cut off by two of its sides be bisected ; the line joining
the points of bisection will be trisected by the sides.

26. If any triangle be inscribed in a circle, and from the vertex
a line be drawa parallel to a tangent at either extremity of the base;
this line will be a fourth proportional to the base and two sides.

27. If a triangle be inscribed in a circle, and from its vertex
lines be drawn parallel to tangents at the extremities of its base; they
will cut off similar triangles.
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CoR. 1. The rectangle contained by the segments of the base
adjacent to the angles is equal to the square of either line drawn
from the vertex.

CoR. 2. Those segments are also in the duplicate ratio of the
adjacent sides. ‘

28. If ome circle be circumscribed and another inscribed in
agiven triangle, and a line be drawn from the vertical angle to the
centre of the inner, and produced to the circumference of the outer
circle; the whole line thus produced has to the part produced the
mme ratio that the sum of the sides of the triangle has to the base.

29. If in a right-angled triangle, a perpendicular be drawn from
the right angle to the hypothenuse, and circles inscribed within the
triangles on each side of it; their diameters will be to each other as
the subtending sides of the right-angled triangle.

" 80. To find the locus of the vertex of a triangle, whose base and
ratio of the other two sides are given.

31. A given straight line being divided into any three parts; to
determine a point such, that lines drawn to the points of section and
to the extremities of the line shall contain three equal angles.

32. If two equal lines touch two unequal circles, and from the
extremities of them lines containing equal angles be drawn cutting
the circles, and the points of section joined; the triangles so formed
vill be reciprocally proportional.

33. If from an angle of a triangle a line be drawn to cut the
opposite side, so that the rectangle contained by the sides including
the angle be equal to the rectangle contained by the segments of the
side together with the square of the line so drawn; that line bisects
the angle.

34. In any triangle, if perpendiculars be drawn from the angles
to the opposite sides, they will all meet in a point.

35. If from the extremities of the base of any triangle, two per-
Pendiculars’ be let fall on the line bisecting the vertical angle; and
through the points where they meet that line, and the point in the
base, whereon the perpendicular from-the vertical angle falls, a circle
be described ; that circle will bisect the base of the triangle.

I
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36. If from one of the angles of a triangle a straight line be
drawn through the centre of its inscribed circle, and a perpendicular
be drawn to this line from one of the other angles; the point of
intersection of the perpendicular, and the two points of contact of
the inscribed circle which are adjacent to the remaining angle, are in
the same straight line.

37. If from the three angles of any triangle three straight lines
be drawn to the points where the inscribed circle touches the sides;
these lines shall intersect each other in the same point.

38. If three circles touch each other, two of which are equal;
the vertical angle of the triangle formed by joining the points of con-
tact, is equal to either of the angles at the base of the triangle, which
is formed by joining their centres.

39. If three equal circles touch each other; to compare the area
of the triangle formed by joining their centres with the area of the
triangle formed by joining the points of contact.

40. If four straight lines intersect each other, and form four
triangles; the circles which circumscribe them will pass through one
and the same point.

41. Having given the base and vertical angle of a triangle; to
determine the locus of the extremity of the line, which always bisects
the vertical angle, and is equal to half the sum of the sides contain-
ing that angle.

42. If from the extremities of the base of a triangle inscribed in
a circle, perpendiculars be drawn to the opposite sides, intersecting
a diameter which is perpendicular to the base; the segments of the
diameter intercepted between these points and a point in it, whose
distance from the base is equal to the lesser segment of the diameter
made by the base, will be to one another in the ratio of the sides of
the triangle.

43. If the exterior angle of a triangle be bisected by a straight
line which cuts the base produced; the square of the bisecting line
is equal to the difference of the rectangles of the segments of the base
and of the sides of the triangle.
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SECTION VIII. Page 263.

Ir from the centre of a circle a line be drawn to any point in
the chord of an arc; the square of that line together with the rectangle
contained by the segments of the chord will be equal to the square
described on the radius.

2. If two straight lines in a circle cut each other at right angles;
the sums of the squares of the two lines joining their extremities will
be equal.

3. If two points be taken in the diameter of a circle, equldlstant
from the centre; the sum of the squares of the two lines drawn from
these points to any point in the circumference will be tﬂways the
same.

4. If from any point in the diameter of a semicircle there be
drawn two straight lines to the circumference, one to its point of
bisection, and the other at right angles to the diameter; the: squares
of these two lines are together double of the square of the semi-
diameter.

5. If astraight line be drawn at right angles to the diameter of
acircle, and be cut by any other line ; the rectangle contained by the
segments of this cutting line, together with the square of that part of
the perpendicular line which is intercepted between lt and the
diameter, is always of the same magnitude.

6. A straight line being drawn from-the centre of a quadrant,
bisecting the arc and meeting a tangent drawn from one extremity :
if from any point in the bounding radius a line be drawn parallel to
the tangent; the sum of the squares of the segments of it, cut off by
the aforesaid line and by the circumference will be equal to the
square of the radius.

7. If from a point without a circle there be drawn two straight
lines, one of which is perpendicular to a diameter, and the other
cuts the circle; the square of the perpendicular is equal to the
rectangle contained by the whole cutting line and the part without
the circle, together with the rectangle contained by the segments of
the diameter.

8. If any straight line be drawn perpendicular to the diameter of
a given circle, and produced to cut any chord; the rectangle con-
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tained by the segments of the diameter will be less or greater than
the rectangle contained by the segments of the chord, by the square
of the line intercepted between them, according as it is drawn without
or within the circle.

9. Ifa diameter of a circle be produced to bisect a line at right
angles, the length of which is the double of a mean proportional
between the whole line through the centre and the part without the
circle; and from any point in the double of the mean proportional
a line be drawn cutting the circle; the sum of the squares of the
segments of the double mean proportional will be equal to twice the
rectangle contained by this cutting line and the part without the
circle.

10. If from a point without a circle two straight lines be drawn,
- one through the centre to the circumference, and the other perpen-
dicular to it, and on the former a mean proportional be taken
between the whole line and the part without the circle; any other
line passing through that extremity of the mean proportional which is
within the circle, and terminated by the circumference and perpen-
dicular, will be similarly divided.

11. If a chord be drawn parillel to the diameter of a cnrcle, and
from any point in the diameter lines be drawn to its extremities; the
sum of their squares will be equal to the sum of the squares of the
segments of the diameter.

12. If through a point within or without a circle, two straight
lines be drawn at right angles to each other, and meeting the cir-
cumference ; the squares of the segments of them are together equal
to the square of the diameter.

13. If from a point without a circle there be drawn two straight
lines, one of which touches the circle and the other cuts it, and
from the point of contact a perpendicular be drawn to the diameter;
the square of the line which touches the circle is equal to the square
of - that part of the cutting line which is intercepted by the perpen-

- dicular, together with the rectangle coutained by the segments of
that part of it which is within the circle.

14. A straight live drawn from the concourse of two tangents to
the concave circumference of a circle is divided harmonically by the
convex circumference and the chord which joins the points of
conlact.
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15. 1f from the extremities of any chord in a circle straight lines
be drawn to any point in the circumference meeting a diameter per-
pendicular to the chord ; the rectangle contained by the distances of
their points of intersection from the centre is equal to the square

described upon the radius. ‘

16. If from any point in the base, or base produced, of the seg-
ment of a circle, a line be drawn making therewith an angle equal to
the angle in the segment, and from the extremity of the base any line
be drawn to the former, and cutting the circumference ; the rectangle
<bntained by this line and the part of it within the segment is always
of the sameé magnitude. .

17. To determine the locus of the extremities of any number of
straight lines drawn from a given point, so that the rectangle con-
tained by each and a segment cut off from each by a line given in
Pposition may be equal to a given rectangle, -

18. If from a given point two straight lines be drawn containing
a given angle, and such that their rectangle may be equal to a given
xectilineal figure, and, one of them be terminated by a straight line
&iven in position; to determine the locus of the extremxty of the
other.

19. If from the vertical angle of a triangle two lines be drawn to
the base making equal angles with the adjacent sides; the squares of
those sides will be proportional to the rectangles contained by the
adjacent segments of the base.

20. If a line placed in one circle he made the diameter of a
second, the circumference of the latter passing through the centre of
the former, and any chord in the former circle be drawn through this
diameter perpendicularly ; the rectangle contained by the segments
made by the circumference of the latter circle will be equal to that
contained by the whole diameter and a mean proportional between
its segments.

21. If semicircles be described on the segments of the base made

" by a perpendicular drawn from the right angle of a triangle; they

will cut off from the sides, segments which will be in the triplicate
natio of the sides.

22. If from any point in the diameter of a semicircle a per-
pendicular be drawn, and from the extremities of the diameter lines be
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drawn to any point in the circumference, and meeting the perpen-
dicular; the rectangle contained by the segments which they cut off
from the perpendicular, will be equal to the rectangle contamed by
the segments of the diameter.

23. If from the point of bisection and any other point in a given
arc of a circle, two parallel lines be drawn, -the former terminated
by the circumference, the latter by the chord of the arc; the rect-
angle contained by these two lines will be eyual to that contained by
the lines which join the latter point with each extremity of the given
arc.

24. If two circles.cut each other, and from either point of inter-
section lines be drawn meeting both circumferences ; the rectangles
contained by the segments of these lines are to one another in the
ratio of the perpendiculars drawn from their intersection with the
inner circumferences upon the line joining the intersections of the
circles.

25. If on opposite sides of any point in the chord of a circle, two
lines be taken, one terminating in the chord the other in the chord
produced, whose rectangle is equal to that contained by the segments
of the chord; and the extremities of the lines so taken be joined to
those of any other chord passing through the same point ; the line
joining their intersections of the circle will be parallel to the first
chord.

26. If from two points without a circle two tangents be drawn,
the sum of the squares of which is equal to the square of the line
joining those points; and from one of them a line be drawn cutting
the circle, and two lines from the other point to the intersections with
the circumference; the points in which these two lines cut the circle,
are in the same straight line with the former point.

27. If from the vertex of a triangle there be drawn a line to any
point in the base, from which point lines are drawn parallel to the
sides; the sum of the rectangles of each side and its segment adja-
cent to the vertex will be equal to the square of the line drawn from
the vertex, together with the rectangle contained by the segments of”
the base.

28. If on the chord of a quadrantal arc a semicircle be described;
the area of the lune so formed will be equal to the area of the triangle
formed by the chord and terminating radii of the quadrant.
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20. 1f from the extremities of the side of a square circles be
described with radii equal, the former to the side and the latter to
the diagonal of the square; the area of the lune so formed will be
equal to the area of the square.

30. If on the sides of a triangle inscribed in a circle, semicircles
be described ; the two lunes formed thereby will together be equal
to the area of the triangle. '

31. If on the two longer sides of a rectangular parallelogram as
diameters, two semicircles be described towards the same parts; the
figare contained by the two remaining sides of the parallelogram and
the two circumferences shall be equal to the parallelogram.

32. If two points be taken at equal distances from the extremities
of a quadrant, aid perpendiculars be drawn from these points. to the
radius; the mixtilinear space cut off, shall be equal to the sector
which stands on the arc between them.

33. If the arc of a semicircle be trisected, and from the points of
section lines be drawn to either extremity of the diameter; the
difference of the two segments thus made will be equal to the sector
which stands on either of the arcs.

34, If a straight line be placed in a circle, and on the radius
passing through one extremity, as a diameter, another circle be de-
scribed ; the segments of the two circles cut off by the above straight
live will be similar, and in the ratio of four to one.

35. If on any two segments of the diameter of a semicircle semi-
circles be described; the area included between the three circum-
ferences will be equal to the area of a circle whose diameter is
a mean proportional between the segments.

36. If the diameter of a semicircle be divided into any number’
of parts, and on them semicircles be described; their circumferences
will together be equal to the circumference of the given semijcircle.

37. Iftwo equal circles cut each other, and from either point of
section a line be drawn meeting the two circumferences; the area
cut off by the part of this line between the two circumferences will
be equal to the area of the triangle contained by that part and lines
drawn to its extremities from the other point of section.
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38. If two equal circles touch each other externally, and through
the point of contact another be described with the same radius; the
area contained by the convex circumferences cut off from the touch-
ing circles, and the part of the third without them, is equal to the
area of the quadrilateral figure formed by lines drawn from the points
of intersection to the point of contact, and to the point where the
third circle is cut by a tangent drawn to the point of contact of the
two circles.

39. Ifa straight line be divided into any two parts, and upon
the whole and the two parts semicircles be described; and from the
point of section a perpendicular be drawn, on each side of which

“«. circles are described touching it and the semicircles; these circles

will be equal.
——
SECTION IX. Page 291.

GI1vEN one angle, a side adjacent to it, and the difference of
the olher two sides; to construct the triangle.

2. Given one angle, a side opposnte to it, and the dlﬁ'erence of
the other two sides; to construct the triangle. ’ - .

3. Given the base, and one of the angles at the base; to con-
struct the triangle when the side opposite to the. given angle is equal
to half the sum of the other side and a given line.

4. Given the base of a right-angled triangle, and the sum of the
hypothenuse and a straight line, to which the “perpendicular has
a given ratio; to cobstruct the triangle.

5. Given the perpendicular drawn from the vertical angle to the
base, and the difference between each side and the adjacent segment
of the base made by the perpendicular; to construct the triangle. .

6. Given the vertical angle, and the base; to construct the
triangle when the line drawn from the vertex cutting the base in any
given ratio, bisects the vertical angle.

7. Given the vertical angle, and one of the sides containing it;
to construct the ‘triangle, when the line drawn from the vertex
making a given angle with the base, bisects the triangle.
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8. Given one angle, a side opposite to it, and the sum of the
othher two sides; to construct the triangle.

9. Given the vertical angle, the line bisecting the base, and the
angle which the bisecting line makes with the base ; to construct the
triangle.

 10. Given the vertical angle, the perpendicular drawn from it to

the base, and the ratio of the segments of the base made by it; to
construct the triangle.

_ 1. Given the vertical angle, the base; and a line drawn from
cither of the angles at the base to cut the opposite side in a given
ntio; to construct the triangle.

12. Given the perpendicular, the line bisecting the vertical angl€, i
and the line bisecting the base; to construct the triangle.

13. Given the line bisecting the vertical angle, the line bisecting
the base, and the difference of the angles at the base ; to construct
the triangle.

_14. Given the vertical angle, and the line drawn to the base
bisecting the angle, and the difference between the base and the sum
of the sides; to construct the triangle.

15. Given the line bisecting the vertical angle, the perpendicular
drawn to it from one of the angles at the base, and the other angle at
the base ; to construct the }riangle.

16, Given the line bisecting the vertical angle, and the perpen-
dicilars drawn to that line from the extremities of the base; to
Construct the triangle.

17. Given the vertical angle, the difference of the two sides con-
taining it, and the difference of the segments of the base made by
3 perpendicular from the vertex; to construct the triangle.

18, Given the base, and vertical angle ; to construct the triangle,
the square of ene side is equal to the square of the base, and
three times the square of the other side.

19. Given the base and perpendicular; to construct the triangle,
When the rectangle contained by the sides is equal to twice the
Tectangle contained by the segments of the base made by the line
bisecting the vertical angle.

g
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20. . In a right-angled triangle, haviag given the sum of the. base
and hypothenuse, and the sum of the base and perpendicular; to
construct the triangle.

21. Given the perimeter of a right-angled triangle whose sides
are in geometrical progression; to construct the triangle.

22. Given the difference of the angles at the base, the ratio of
the segments of the base made by the perpendicular, and the sum of
the sides; to construct the triangle.

23. Given the difference of the mgles at the base, the ratio of

"tbe sides, and the length of a third proportional to the difference of

the segments of the base made by a perpendicular from the vertex
and the shorter side; to construct the triangle.

24. Given the base of a right-angled triangle; to construct it,
when parts, equal to given lines, being cut off from the hypothenuse
and perpendicular, the remainders have a given ratio. -

25. Given one angle of a trianglé, and the sums of each of the
- sides containing it and the third side; to construct the triangle.

26. Given the vertical angle, and the ratio of the sides contain-
ing it, as also the diameter of the circumscribing circle; to construct
the triangle.

27. Given the vertical angle, and the radii of the mscnbed and
circumscribing circles; to construct the tnangﬂe

- 28. Given the vertical angle, the radius of the inscribed circle, -
and the rectangle contained by.the straight lines drawn from the
centre of that circle to the angles at the base; to cemstruct the
triangle. ’

29. Given the base, obe of the angles at the base, and the point
in which the diameter of the circumscribing circle drawn from the
vertex meets the base; to construct the triangle.

30. Given the vertical angle, the base, and the difference between
two lines drawn from the centre of the inscribed circle to the angles
at the base; to construct the triangle.

31. Given that segment of the line bisecting the vertical angle-
which is intercepted by perpendiculars let fall upon it from the angles
at the base; the ratio of the sides; and the ratio of the radius of the
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8. Given one angle, a side opposite .to it, and the sum of the- -
other two sides; to construct the triangle, -

9. Given the vertical angle, the line bisecting the base, and the
angle which the bisecting line makes with the base ; to construct the
triangle. : '

10. Given the vertical angle, the perpendicular drawn from it to
the bave, and the ratio of the segments of the base made’ by it; to
construct the triangle. ’

11. Given the vertical angle, the base, and a line drawn from
either of the angles at the base to cut the opposite sidein a given‘
Rtio; to construct the triangle. /

12. Given the perpendicular, the line bisecting the vertical ang]e,
ud the line bisecting the base; to construct the triangle.

13. Given the line bisecting the vertical angle, the line bisecting
the base, and the difference of the angles at the base; to construct
the triangle.

14. Given the vertical angle, and the line drawn to the base
bisecting the angle, and the difference between the base and the sum
of the sides; to construct the triangle.

15. Given the line bisecting the vertical angle, the perpendicular
drarwen to it from one of the angles at the base, and the other angle at
the base; to construct the triangle.

. 16, Given the line bisecting the vertical angle, and the perpen-
dicwalars drawn to that line from the extremities of the base; to
Conastruct the triangle. .

I

. 17. Given the vertical angle,- the difference of the two sides con-
thining it, and the difference of the segments of the base made by
2 Perpendicular from the vertex; to construct the triangle.

18. Given the base, and vertical angle ; to construct the triangle,
Whey the square of one side is equal to the square of the base, and
three times the square of the other side.

19. Given the base and perpendicular; to construct the triangle,
when the rectangle contained by the sides is equal to twice the
rectangle contained by the segments of the base made by the line
bisecting the vertical angle. '

g
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.. 20. Ina right-angled triangle, having given the sum of the base

and bypothenuse, and the sum of the base and perpendicular; to
eonstmet the triangle.

21, Given the perimeter of a right-angled triangle whose sidés
are in geometrical progression; to construct the triangle.

22. Given the difference of the angles at the base, the ratio of
the segmeats of the base made by the perpendicular, and the sum of
the sides; to construct the triangle,

23. Given the difference of the angles at the base, the ratio of
the sides, and the.length of a third proportional to the difference of
the segments of the base made by a perpendicular from the vertex
and the shorter side ; to construct the triangle.

24. Given the base of a right-angled triangle; to construct it,

" when, parts, equal to given lines, being cut off from the hypothenuse

and perpendicular, the remainders have a given ratio.

25. -Given one angle of a triangle, and the sums of each of the.
sides containing it and the third side; to construct the triangle.

26. Given the vertical angle, and the ratio of the sides contain-
ing it, as also the diameter of the cirénmscribing circle; to construct
the triangle. :

27. Given the vertical angle, and the radii of the inscribed and
circumscribing circles ; to construct the triangle.

* 28. Given the vertical angle, the radius of the inscribed circle,
and the rectangle contained by the straight lines drawn from the
centre of that circle to the angles at the base; to construct the.
triangle. . .

29. Given the base, obe of the angles at the base, and the pomt
in'which the diameter of the circumscribing circle drawn from the
vertex meets the base; to canstruct the triangle. .

30. Given the vertical angle, the base, and the difference betweén
two lines drawn from the centre of the inscribed circle to the angles
at the base; to construct the triangle.

31. Given that segment of the line bisecting the vertical angle
which is intercepted by perpendiculars let fall upon it from the angles
at the base; the ratio of the sides; and the ratio of the radius of the
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inscribed circle to the segment of the base which is intercepted
between the line bisecting the vertical angle and the point of contact
of the inscribed circle; to construct the triangle.

32. Given the line bisecting the vertical angle, and the differences
between each side and the adjacent segment of the base made by the
bisecting line; to construct the triangle.

35. Given one of the angles at the base, the side opposite to it,
and the rectangle contained by the base and that segment of it made
by the perpendicular which is adJacent to the given angle; to con.
struct the triangle.

34. Given the vertical angle, and the lengths of two hnes drawn
from the extremities of the base to the pomts of bisection of the
sides; to construct the triangle. .

35. Given the lengths of three lines drawn from the angles to the
points of bisection of the opposite sides; to construct the triangle,

36. Given the segments of the base made by the perpendicular,
and one of the angles at the base triple the other; to comstruct the
triamgle, -

37. The area and hypothenuse of a right-angled tnangle _being
given; to construct the triangle.

38, Given one angle, and a line drawn from one of the others
bisecting the side opposite to it; to construct the triangle, when the
area is also given.

39. In two similar right-angled triangles, the sum of the base of
ore and perpendicular of the other is given; to determine the
triamgles such that their hypothenuses may contain the right angle of
another tnangle similar to them, and the sum of the three areas ma.y
be equal toa glven area.

40. Given the vertical angle, the area, and the distance between
the centres of the inscribed circle and the circle which touches the
base and the two sides produced ; to construct the triang_le.

41. Given the area, the line from the vertex dividing the base
into segments which have a given ratio, and either of the angles at
the base; to construct the triangle.
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42, Given the difference between the segments of the base made
by the perpendicular, the sum of the squares of the sides, and the’
area; to construct the triangle. - -

43, Given the base, one of the angles at the base, and the differ-
ence between the side opposite to it and the perpendicular; to
construct the triangle.

44. Given the vertical aggle, the difference of the base and one
- side, and the sum of the perpendicular drawn from the angle at_the
base contiguous to that side upon the opposite side and the segment
cut off by it from that opposite side contiguous to the other angle at
the base; to construct the triangle.

45. Given the base, the difference of the sides, and the segment
intercepted between the vertex and a perpendicular from one of the
angles at the base upon the opposite side; to construct the triangle.

46. Given the vertical angle, the side of the inscribed square,
and the rectangle contained by one side and its segment adjacent to
the base made by the angular point of the inscribed square; to
construct the triangle.



GEOMETRICAL
PROBLEMS.

- Secr. 1.

(L) Frox a given point, to draw the shortest line
Possidle to a given straight line. i

Let A4 be the given point, and BD A
the given line. From A let fall the
Perpendicular 4C; this will be less
than any other line AD drawn from
4 to BD. : B c D
For since AC is perpendicular to BD, the angle
4ACD is a right angle, therefore the angle ADC is less
than a right angle (Eucl. i. 32.) and consequently less
than 4CD. But the greater angle is subtnded by the
greater side (Eucl. i. 19.) ; therefore 4D is greater than
4C. In the same manner every other line drawn from
4 to BD may be shewn to be greater than 4C; there-
fore AC is the least.

e

(2.) If a perpendicular be drawn bisecting a given
straight line; any point in this perpendicular is at equal
A .
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distances, and any poiﬁt without the perpendicular is at
unequal distances from the extremities of the line. -

From C the point of bisection let
CD be drawn at right angles to 4B ;
any point D is at equal distances from
‘4 and B.

Join 4D, DB. Since 4C = CB
and CD is common, and the angle
ACD =BCD being right angles, AD
=DB. And the same may be proved of lines drawn
from any other point in CD to 4 and B. .

~ But if a point E be taken which is not in CD, join
EA cutting the perpendicular in D; join EB, DB.
Then AD=DB from the first part, and AE is equal to
AD, DE, that is, to BD, DE, and is therefore greater
L‘han BE, (Eucl. i. 20.); therefore, &c.

3. Through a given point to draw a straight line
which shall make equal angles with two siraight lines
given in position.

Let P be the given point, and ®—&
BE, CF the lines given in position. D X
Produce Bff.CF to meet in 4, and P L
bisect the angle BAC by the line €
AD. From P let fall the perpendicular PD, and pro-
duce it both ways to E and F. It will be the line re-
quired.

For the angle EAD is equal to the angle FAD, the
angles at D right angles, and 4D common, therefore
(Eucl. i. 26.) the angle AED is equal to the angle

AFD ; therefore, &c.

PR I PO S VR F PN Y Y
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(4.) From two given points to draw two equal straight
lines which shall meet in the same point of a line given
tn position. . '

Let 4 and B be the given points,
and CD the given straight line. Join
A B, and bisect it in F, and from F
draw FE at right angles to 4B meet- ¢ g
ing CD i E; E is the point required. A

Join AE, EB. Since AF=FB,

and FE is common, and the angles at Ly
- F' are right angles, therefore 4E= . £»
EB. B

PR R L e e

(5.) From two giwen points on the same side of
a line given in position, to draw two lines which shall
meet in that line, and make equal angles with it,

Let 4 and B be the given points,
and DE the line given in position. .
From A let fall the perpendicular N

AD, and produce it to C making
DC<=4D. Join CB, AP. AP, g
PB will be the lines required,

Since AD= DC, and DP is common,atid the angles
at D are right angles, therefore the triangles APD.
CPD are equal, and the angle APD =CPD = the
vertically opposite angle BPE.

! P i et e s st 2 ol e

(6.) From two given points on the same side of a
line given in position, to draw two lines which shall meet
n a point in ¢his line, so that their sum shall be less
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than the sum of any two lines drawn from the same
" points and terminated at any other point in the same line.

Let 4 and B be the given
points, and DE the line given in
position; from 4 and B let fall the
perpendiculars 4D, BE, and pro-
duce 4D to C making CD=
DA. Join BC cutting DE in P.
Join AP ; AP and PB shall be
less than any other two lines 4p, p B drawn from 4
and B to any other point p in the line DE.

For AD=DC and DP is common and the angles
at D are right angles, ... 4P=PC. In the same man-

- ner, if pC be joined, it may be shewn that Ap=pC.
Hence AP and BP fogether are equal to BC, and Ap,
p B are equal to Cp, pB. Now (Eucl. i. 20.) BC is less
than Bp, pC, and therefore 4P, PB are less than 4p,
pB; therefore, &c.

CP PO s P PO rror s OO s

(7.) Of all straight lines which can be drawn from
a given point to an indefinite straight line, that which
i8 nearer to the perpendicular # less than the more re-
mote. And Jrgm the same point there cannot be drawn
more than two straight lines equal to each other, viz.
one on each side of the perpendicular. '

Let A4 be the given point, A
and BC the given indefinite
straight line. From A let fall
the perpendicular 4D, and draw
any other lines 4F, AG, AH, BY ®¥ ©» Feu®
&(, of which AF is nearer to AD than 4G is, and

\ .

-j
s
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A G than AH ; then AF will be less than 4G and 4G |
thean AH, -

For since the angle at D is a right angle, the angle
A FG is greater than a right angle (Eucl. i. 16.), and
th erefore greater than AGF, hence (Eucl. i. 19.) 4G is
greater than AF. In the same manner it may be shewn
that AH is greater than AG.

And from A there can only be drawn to BC two
st raight lines equal to each other, viz. one on each side
of 4D. Make DE =DF, and join AE. Then 4E=
A RF (i. 2.). And besides AE no other line can be drawn
equal to AF. For, if possible, let 4I=AF. Then be-
cause A= AF and AF = AE, therefore AI=AE, i. e.
2 line more remote is equal to one nearer the perpendi-
ca lar, which is impossible ; therefore AI is not equal to
A X, In the same manner it may be shewn that no
other but AE can be equal to AF, therefore, &c.

(8.) Through a given point, to draw a straight line,
8> that the parts of it intercepted between that point
@2d perpendiculars drawn from two other given points
maey have a grven ratio.

Let 4 and B be thé points from
Wwhich the perpendiculars are to be
drawn, and C the point through which
the line is to be drawn. Join 4C, and
Produce it to D, makmg 4C : CD in
the given ratio ; join BD, and through
C draw ECF perpendicular to BD.
ECF is the line required.
Draw AE parallel to BD, and .". perpendicular to
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EF. The triangles 4CE, DFC; having each a right
angle, and the angles at C equal, are equiangular, whence
CE : CF :: AC< CD, 1. e. in the giving ratio.

(9.) From a given point between two indefinite right
lines given in position, to draw a line which shall be
terminated by the given lines, and bisected in the given
point. :

Let AB, AC be the given lines, meet-
ing in 4. From P the given point draw
PD parallel to AC one of the lines, and
make DE=DA. Join EP, and produce it
to F; then will EF be bisected in P.

For since DP is parallel to AF, (Eucl. vi. 2.)

EP : PF :: ED : DA, i.e. in a ratio of equality.

Cor. If it be required to draw a line through P
which shall be terminated by the given lines, and divided
in 'any given ratio in P, draw PD parallel to AC, and
take 4D : DE in the given ratio, and draw EPF, it
will ‘be the line required. \

(10.) From a given point without two indefinite
right lines given in position ; to draw a line such that
the parts intercepted by the point and the lines may have
a given ratio.

Let AB, AC be the given lines, and
P the given point. Draw PD parallel to’
AC,and take 4D : DE in the given ratio.
Join PE, and produce it to F. Then
PF : PE will be in the given ratio.

For the triangles PDE and 4EF are
similar, having the angles at E equal, as ¢
also the angles PDE, EAF, (Eucl. i. 39.)

[N
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o.FE : EP :: AE : ED :
andcomp. PF : PE :: AD : DE,i.e.in the given ratio.

7o ,o

(11.) From a given point to draw a straight line,
which shall cut off from lines containing a given angle,
segments that shall have a given ratio.

Let ABCbe the given angle, and P
the given point, either without or within.
In BA take any point 4, and take 4B:
BC in the given ratio. Join 4C, and
from P draw PDE parallel to AC.
PDE is the line required.

For since DE is parallel to 4C, (Eucl. vi. 2.) DB
"BE :: AB : BC, i.e. in the given ratio.

Ay

(12.) [f from a given point any nu;nber of straight
lines be drawn in a straight line given {0\ position ; to

determine the locus of the points of section which divide
them in a given ratio.

Let 4 be the given point, and BC the
line given in position. From A draw any line
AB, and divide it at E in the given ratio;
through E draw EF parallel to BD; it is
the locus required. .

From A4 draw any other line 4D meeting EF in F;
then (Eucl. vi. 2.) AF : FD :: AE : EB, . e. in the
given ratio. In the same manner any other line drawn
from 4 to BD will be divided in the given ratio by EF,
which therefore is the locus required.

P VY N s el
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(16.) To trisect a right angle.

Let ACB be a right angle. In CA4 B
take any point 4, and on C4 describe an D
equilateral triangle ACD, and bisect the
angle DCA by the straight line CE; the
angles BCD, DCE, ECA are equal to © &
one another.

For the angle DCA4 being one of the angles of an
equilateral trlangle is one thlrd of two right angles, and
therefore equal to two thirds of a right angle BCA; con-
sequently BCD is one third of BCA ; and since the
angle DCA is bisected by CE, the angles DCE, ECA
~ are each of them equal to one third of a right angle, and
are therefore equal to BCD and to each other.

(17.) To trisect a given finite straight line.

Let AB be the given straight
line. On it describe an equilateral
triangle ABC; bisect the angles
- CAB, CBA by the lines AD, BD
meeting in D, and draw DE, DF
parallel to C4 and CB respectively.
AB will be trisected in E and F.

Because ED is parallel to AC, the angle EDA=
DAC=DAE and therefore AE=ED. For the same
reason DF=FB. But DE being parallel to C4 and
DF to CB, the angle DEF is equal to the angle CAB,
and DFE to CBA, and therefore EDF=ACB; and
hence the triangle EDF is equiangular, and conse-

quently equilateral; therefore DE = EF = FD, and
hence 4E=EF=FB, and AB is trisected.

v oo
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(18.) To divide a given finite straight line into any
number of equal parts. :

Let AB be the given straight line.
Let AC be any other indefinite straight
line making any angle with 4B, and in
it take any point 1), and take as many
lines DE, EF. FC &c. each equal to
.AD as the number of parts into which
AB is to be divided. Join CB, and
draw DG, EH, FI &c. parallel to BC; and therefore
parallel to each other; and draw DK parallel to 4B.
Then because G.D is parallel to HE one of the sides
of the triangle 4HE, AG : GH :: AD : DE; hence
4G = GH. For the same reason DL = LM. But
“DM being parallel to GI, and DG, LH to MI, the
figures D H, HM are parallelograms ; therefore DL=GH
and LM=HI, consequently GH=HI. In the same
manner it may be shewn that HI=1IB; and so on, if
there be any other parts; therefore AG, GH, HI, IB,
&e. are all equal, and 4B is divided as was required.
Cor. If it be required to divide the line into parts
Which shall have a given ratio; take 4D, DE, EF, &c.
M the given ratio, and proceed as in the proposition.

P O s e e e e X YT N R PSP

(19.) To divide a given finite straight line harmoni-
call'y. - ’

 Let AB be the given straight

line, From B draw any straight

D

line BC, and join 4C; apd from A~ 7/’&/1;

iy point £ in 4C draw ED w
e

Parallel to CB, and make FD=
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FE, _]om DC cutting AB in G. AB is harmonically
divided in G and F.

‘Since BC is parallel to FD, the angle BCG is equal
to GDF and the vertically opposite angles at G are equal ;
therefore the triamgles DGF, BGC are similay,

and BC : BG :: FD : FG.
But FE being parallel to BC,
(Eucl. vi. 2.) 4B : BC :: AF : FE=FD.
. ex equali, AB : BG :: AF : FG
“or AB+: AF :: BG : FG.

R e N ittt

© (20.) If a given finite straight line be harmonically

dwided, and from its extremities and the points of divi-

- sion lines be drawn to meet in any point, so that those

Jrom the extremities of the second proportional may be™

perpendicular to each other, the line drawn from the

extremity of this proportional will bisect the angle

s formed by the lines drawn from the extremities of the
other two.

Let the straight line 4B be €
divided harmonically in the points
G and F, and let the lines 4C, E
BC, GC, FC be drawn to any A&
point C, so that GC may be per- . P

pendicularto CA; thieangle BCF will be bisected by CG.
Through G draw EGD parallel to C4, meeting CF'
"in D; then EG being parallel to AC, the triangles EGB,
ACB are similar; as also the triangles 4CF, DFG ;
hence
AF : 4AC :: FG : DG
but AB : AF :: GB : GF,
c.ex equo AB : AC :: BG : GD.
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But 4B : AC :: GB : GE
o (Eucl.v. 15.) BG : GD :: BG : GE,
and therefore GD = GE, and GC is common, and the
angles.at G are right angles, therefore the angle DCG
= GCE, and FCB is bisected by CG.

o rersses

Sl e g \

(@1.) If a straight line be drawn through any point
in the line bisecting a given angle, and produced to cut
the sides containing that angle, as also a line drawn
from the angle perpendicular to the bisecting line ; it
will be harmonically divided. s

Let the angle ABC be bi-
sected by the line BD, and
through any point D in this
line draw G DFE meeting the

.sides in G and F, and BE a
Perpendicular to BD in E;
then will EG : EF :: GD :
Fp, .
For through D draw AC parallel to BE and therefore -
Perpendicular to BD; then the angles 4DB, CDB
being right angles are equal, and 4BD=CBD, and
BD s common to the triangles ADB, CDB, ... AD='
DC. But DC being parallel to EB,
EG:GD ::EB:DC :: EB : AD :: EF : FD,
since the triangles EFB and AFD are similar,
-.EG : EF :: GD : FD.

-

(R2.) If from a given point there be drawn three
straight lines forming angles less than right angles, and
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from another giv int without them a line be drawn
intersecting the others so as to be harmonically divided ;
then will gll lines drawn from that point meetmg' the
" three lines be harmonically divided.

From Alet AB, AC, AD
be drawn making each of the
angles BAC, CAD less than
a right angle, and from a
.given point E let EBD be
drawn so as to be harmoni- , '
cally divided in C and B; then will any other line EF
be harmonically divided in G and H.

Through G draw IK parallel to BD,

* then DC : CB :: KG : GI,
But DC: CB : DE : EB
*. (Eucl.v.15.) DE : EB :: KG : GI
and alt. DE : KG :: EB : GI
“and since DE is parallel to GK,-(Eucl. vi. 2.)
DE : KG :: EF : FG
and EB béing parallel to GI,
.EB : GI :: EH : HG,
whence (Eucl v. 15.)
EF : FG : EH : HG
and olt. EF : EH :: FG : HG.

- s

(33 ) If a straight line be dwzded into two equal, and
also into two unequal parts, and be produced, so that the
part produced may have to the whole line so produced
the same ratio that the unequal segments of the line
have to each other ; then shall the digtances of the point
of unequal section from one extremity of the given line,

-
L)
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from its middle point, from t emity of the part
proixeed, and from the othe1 e.ﬂ.'remz(y of the given hne,
be proportionals.

Let AB be divided into two equal E _BD & A
parts in C and into two unequal parts in D, and produced
to E, so that BE : EA :: BD : DA; then will 4D :
DC ED : DB.

For since BE : EA :: BD : DA
inv. AE : EB :: AD : DB
dwv. AB : BE :: 2CD : DB
and 4C : BE :: CD : DB
alt. AC : CD :: BE : BD

.comp. AD : DC :: ED : DB.

Cor. The converse may easily be proved to be true.

B et s et T NP

(24.) Three pomts being given ; to determine another,
through which if any straight line be drawn, perpen-
diculars upon it from two of the former, shall together
be equal to the perpendicular from the third.

Let 4, B, C be the three given
Points, Join 4B, and bisect it in D.
Join CD, from which cut off DE
€qual to a third part of it. E is the
Point required.

Through E, let any line FG he drawn, and let fall
on it the perpendiculars 41, BG, DH, CF; then the
ingles at #' and H being right angles, and the vertical
angles at £ equal, the triangles CFE, DHE are equi-
ngular,
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~. FC : DH : CE: ED :2:1,
. FC=2DH ; but since AI, BG, DH are parallel, and
AD=DB, ... A1+ BG=2DH=FC.

(25.) From a given point in one of two straight
lines given in position, to draw a line to cut the other, so
that if from the point of intersection a perpendicular be
let fall upon the former, the segment intercepted between
it and the given point together with the first drawn line

may be equal to a given line.
Let AB, BC be the lines given in posmon, and 4 the
D E
c
X u L

’ﬂ
F

given point. Draw 4D perpendicular to 4B, and meet-
ing BC in D; draw DE parallel to 4B, and equal to
the given line. And draw EF parallel to 4D, meeting
CB in F. Join F4, and produce it, and from D draw
DG = DE, meeting FG in G, and draw 4H parallel to
DG, and let fall the perpendicular HI; AH and 41
together are equal to the given line.

Through H draw KL parallel to DE ; then since GD
is parallel to AH and HL to DE;

DG : AH :: FD : FH :: DE : HL,
but DG=DE, ... AH=HL,
. AH + Al= KL = DE =the given line.
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(26.) One of the lines which contain a given angle,

# also given. To determine a point in it such, that if

Jrom thence to the indefinite line there be drawn a line

having a° gtven ratio to that segment of it which is adja-

- cent to the given angle ; the line so drawn, and the other

segment of the given line, may together be equal to
another given line.

Let AB be the given line, and
BAC the given angle. From B draw
BD to AC, such that it may be to 4B
in the given ratio*; produce it till
BE-=the other given line. Through % ¥
£ draw EC parallel to 4B, meeting AC in C. Join BC,
and draw DF so that it may = DE, and draw BG, GH

respectively parallel to FD, EB ; H is the point required.

For produce HG to meet CE in K ;

Then (Eucl.vi.2.) ED : KG :: CD : CG :: DF : BG,
but ED=DF, ... KG =BG,
and HG + GB = HG + GK = BE =the given line,
and HG : HA :: BD : 4B i. e. in the given ratio.

S e

(27.) Two straight lines and a point in each being
B¥den in position; to determine the position of another
Potnt in each, so that the straight line joining these latter
Points may be equal to a given line, and their respective
distances from the former points i a given ratio.

Let 4 and B be the given points in the lines 4C,
BD which are given in position, and produced to meet

* That is, the given ratio must be less than that of 4B to the i)er-
pendicular on-4D.
- C
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in C. Take BD : AC in the
given ratio, and from B draw BE
parallel and equal to 4C. Join e
DE, and produce it to meet CF 2
drawn at any angle from C, equal
to the given lme draw FG parallel to EB, and from G
draw GH parallelto FC; G and Hare the points required.
For BE being parallel to GF,
" DG : GF :: DB : BE,
or DG : HC :: DB : AC,
*.". (Eucl. v, 19. Cor.)
BG : AH :: DB : AC in the given ratio,
and HG = CF = the given line.

o sss rovss

(28.) If a straight line be divided into any two parts,
and produced so that the segments may have the same
ratio that thewhole line produced has tothe part produced,
and from the extremities of the gien line perpendiculars
be erected ; then any line drawn through the point of
section, meeting these perpendiculars, will be divided at
that point into parts, which have the same ratio.that
those lines have, which are drawn from the extremity of
the produced line to the points of intersection with the
perpendiculars. :
~ Let 4B be divided into any
two parts in C and produced to
Dsothat 4AC:CB :: AD: DB,
and from 4 and B let AE, BF
be drawn perpendiculars to 4B,
and through Clet any line ECG
be drawn meeting them in E and
G, and join DE, DG; then DE : DG :: CE : CG.




Sewt. 1.] GEOMETRICAL PROBLEMS. 19

For because 4C : CB :: AD : DB
and £4 : BG :: AC : CB,
by sim. tri. ACE, BCG)
<« (Eucl.v. 11.) E4 : BG :: DA : DB,
. (Eucl.vi. 6.) the triangles EAD, GDB are equiangular,
and ED : DG :: AE : BG ::'CE : CG.

-

(29.) From two given points, to draw two straight
lines which shall contain a given angle, and meet two
lines given in position, so that the parts intercepted be-
tzoeen those points and the lines may have a given ratio.

Let AB, CD be the lines given in I
Pposition, and E, F the given points.
From E draw E4 perpendicular to &
A B, and make the angle AGF equal
to thegiven angle. In GF produted
take FH such, that the ratio of EA -:
F'H may be the same as the given
ratio. Draw HD.perpendicular to
G H neeting CD in D. Draw DFI
and BET to include the given angle. These are the
lines required.

For, since the angles FGE, FIE are equal, as also
FKG, EKI, ... GFK, IEK or their vertically opposite.

angles DFH, AEB are equal, and the angles at H and
A are right angles, .. the triangles FDH, AEB are
equiangular, and :
EB : FD :: EA : FH, i.e. in the given ratio.

vorse

(30.) The length of one of two lines which contain
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a given angle being given; to draw from a given point -
without them a straight line which shall cut the groen -
line produced, so that the part produced may be in a
gwen ratio to the part cut off from the indefinite line.

Let 4B be the given
- line, and ABC the given
angle; and D the given
point. Diaw AE, DE
parallelto BC, B 4 respec-
tively; and take EF : E4
in the given ratio. Divide .
DF so that FE : DG :: FG : AB. Join AG; and
draw DH parallel to 4G, and it will be the line cutting
BC in H, and BA produced in I, as was required.
- Join AF; and draw BK parallel to 4G cutting 4F
in L; and draw LM parallel to KE cutting AE in M
and 4G in N. . 4
Then FE : LM :: GF : (NL=) AB
and FE : DG :: FG : AB by construction ;
.. LM=DG=14; if therefore ILO be drawn, IL must
be equal and parallel to 4M, and IO to AE (Eucl. . 33.).
In the same manner it is evident that HB=IL=AM;
and by similar triangles 4FE, ALM, .
’ FE : EA :: LM : MA
.: I4 : HB
i .. I4 : HB in the given ratio.

P S e et R R S S s

(81.) From two given straight lines to cut off two
parts, which may have a given ratio ; so that the ratio
of the remaining parts may also be equal to the ratio of
two other gien lines.
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" Let AB be one of the given
lines ; draw BG to make any angle
with 4B, and let BD be equal to
the other given line. Take 4B :
BE in the given ratio of the re-
mammg pa%ts, and BF : BE in e v
the given ratio of the parts to be cut off. Join AE, FE;
and draw DH and BC parallel to EF, and HC parallel
to DB meeting BC in C, and 4B in I

Then (Eucl. vi. 2.) 41 : IH :: AB : BE in the
given ratio of the remainders; and the triangles BCI,
BPFE having the angle CBI=the alternate angle BFE,
and CIB=FBE, are eqmangular,

Bl : IC :: BF : BE,
in the ratio of the parts to be cut off; and
AB, HC (=DB) are the given lines.

V4

(82.) Three lines being given in position; to deter-
mine a point in one of them, from which if two lines be
drawn at given angles to the other two, the two lines so
drawn may together. be equal to a given line.

Let AB, AC, BC be the three lines given in position,
take 4D =the given line, and making with 4B an angle
equal to one of the given angles. Through D draw Dba
parallel to 4B, and meeting AC and BC in a and b.
Draw AE to meet CB in E making the angle AEC=
the given angle to be made by the line to be drawn,
with BC. 'In AE take Ad=AD, and join ad cutting
BCin F. Draw FG parallel to E4 meeting AC in G’

which is the point required.
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For through G draw IGH parallel to DZ, then
the triangles @ GI, a AD are similar, and

D b1 - a

ad; AD=Ad :: aG : GI;

butad : Ad :: aG : GF,
and ... GI=GF, .. GH+GF=GH + GI =AD=the
given line; and the angle GHB=DAB, and GFC=
AEC, ... GHB, GFC are equal to the given angles.

~ro

(83.) If from a given point two straight lines be
drawn including a gten angle, and having a given ratio, ,
and one of them be always terminated by a straight line,
gtven in position ; to determine the locus of the extremity
of the other.

Let A be the given point, and
BC theline given in position. From
A draw any line 4D, and make the
angle DAE equal to the given angle,
and take AE- such that AD : AE
may be in the given ratio; and
through E -draw EF making the
angle AEF=ADB; EF is the locus required. '
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Draw any other line 4B, and make the angle BAF
=DAE. Then the angle BAD=FAE and ADB= .
AEF, .. the triangles ABD, AEF are equiangular,
. whence AB : AF :: AD : AE, in the given ratio. The
same may be proved of any other lines drawn from A4
and containing an angle equal to the given angle, and
one of them terminated in BC.

rrooe o
1

(34.) If from two gwen points, straight lines be
drawn, containing a given angle, and from each of them
segments be cut off, having a given ratio ; and the ex-
tremities of the segments of the lines drawn from one of
the points be in a straight line grven in position; to de-
termine the locus of the extremilies of the segments of
lines drawn from the other.

Let 4 and B be the given
points, and CD the line given in
position. From A4 to CD draw
any line 4E. Make the angle
EAF=the givenangle,and AE :
AF in the given ratio, and let G
be the locus of the points F (i. 33.). Draw BH equal
and parallel to 4F, and through H draw HI parallel to
GF. 1t is the locus required. _

Draw any lines 4K, BK containing the angle at K
=the given angle. Make the angle LAM =the given
angle; AL : AM in the given ratio, and M is in the
line GF. And since AF is parallel to BH, and FM to
HN, and BK to AM (since the angles BKA, LAM are
equal) and 4F = BH, .. the triangles BHN, AFM are
similar and equal, ... AM=BN;
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but AL : AM is equal to the given ratio,
<. also AL : BN is equal to the given ratio.
And the same may be proved of any other lines drawn in .
the same manner.

Secr. II.

) Ir a straight line be drawn to touch a circle,
and be parallel to a chord ; the point of contact will be
the middle point of the arc cut off by that chord.

Let CD be drawn touching the cir- ¢
cle ABE in the point E, and parallel
to the chord AB; E is the middle point
of the arc AEB.

Join 4E, EB. The angle BAE is

"equal to the alternate angle CE A, and therefore to the
angle EBA in the alternate segmen{, whence 4E = EB,
and (Eucl. iii. 28.) the arc 4K is equal to thearc EB.

Cor. 1. Parallel lines placed in a circle cut off equal
parts of the circumference.

If FG be parallel to AB the arc EF = EG, whence
AG=BF.

Cor. 2. The two straight lines in a circle, which join
the extremities of two parallel chords are equal to each
other. For if 4B, FG be parallel, the arcs 4G, BF
are equal, therefore (Eucl. iii. 29) the stralght lines 4G,
BF are also equal.  *

y &
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(2.) If from a point without a circle, two straight
lines be drawn to the concave part of the circumference,
making equal angles with the line joining the same point
and the centre, the parts of the lines which are intercepted
within the circle are equal. :

From .the point P without
the circle 4BC let two lines
PB, PD be drawn making
equal angles with PO, the line
joining P and the centre; AB
shall be equal to CD. o

Let fall the perpendiculars OE, OF; then since the
_ angle at E is equal to the angle at F, and EPO=FPO,
and the side PO, opposite to one of the equal angles in
each is common, ... OE = OF, and consequently (Eucl
iii. 14.) 4B=CD.

P R R el

(3.) Of all straight lines which can be-drawn from :
two given points to meet on the convex circumference of:
a given circle; the sum of those two will be the least,
which make equal angles with the tangent at the point’
of concourse. '

Let 4 and B be two given
points, CE a tangent to the circle
at C, where the lines 4C, BC
make equal angles with it; and let
lines 4D, BD be drawn from A4
and B to any other point D onthe
convex circumference; AC and CB together areless than

4D, DB together.

1))
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Let 4D meet the tangent in E. Join EB; then
(i. 6.) AC and CB together are less than 4E and
EB; but AE, EB are less than 4D, DB (Eucl. i. 19.),
.. a fortiori AC, CB are less than 4D, DB. And the
same may be proved of lines drawn to every other point
in the convex circumference.

P R R S el el

(4.) If a circle be described on the radius of another
circle ; any straight line drawn from the point where
they meet, to the outer circumference, is bisected by the
interior one.

Let ADB be a circle described
on the radius 4B of the circle 4CE.
Draw any line AC meeting the circle
ABD in D; AD is equal to DC.
~ Join DB. Then the angle ADB
being in a semicircle is a right angle ; ‘
and therefore BD being drawn from the cenhe B of the
circle ACE bisects4AC (Eucl. iii. 3.).

R XL T RPN N Y L

(5.) . If two circles cut each other, and from either
point of intersection diameters be drawn ; the extremities
of these diameters and the other point of intersection
shall be in the same straight line.

Let the two circles 4BC, ABD ecut
each other in 4 and B; draw the diameters
AC, AD, and join BC, BD; CB and BD
are in the same straight line.

Join AB; the angles 4BC, 4ABD
being angles in semicircles are right angles,
and therefore (Eucl. i. 13.) CB and BD
are in the same straight line.

PRI 2R Y AN Y L el
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(6.) "If two circles cut each other, the straight line
Joining :their points of intersection, 18 bisected at right
angles by the straight line joining their centres.

Let the two circles whose cen-
tres are C and D cut each other
in 4 and B; join AB, DC. DC
bisects 4B at right angles.

Join BD, DA, A4C, CB.
Since AD=DB, and DC is common to the triangles
ADC, BDC, and the base 4C=CB, .. (Eucl. i. 8.) the
angle ADE=BDE.. Hence the two sides 4D, DE
are equal to the two BD, DE, and the included angles
are equal, .. (Eucl. i. 4.) 4E=EB, and the angle
DEA= DEB, and being adjacent, they are right angles,
i.e. DC bisects 4B at right angles.

(1.) To draw a straight line which shall touch ‘two
given circles.

1. If the circles be equal.
Let A and B be the centres, Jom AB; and from A

C D

~

A B

and B draw AC, BD at right angles to it; join CD.
Then AC being parallel and equal to DB ; CD is parallel
to AB, ... CABD is a rectangular parallelogram and
the angles at Cand D bemg right angles, CD is a tan-
gent to both circles- (Eucl. iii, 16. Cor.).’
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2. If the circles be unequal, and the line be required
to touch them on the same side of the line joining the
centres.

Let 4 and B be the centres; join AB; and with the

centre B, and distance equal to the difference of the given
radii, describe a circle ; and from 4 draw AE touching
it. Join BE, and produce it to D ; draw AC parallel to
BD, and join CD.

Then AC being parallel and equal to DE, CD is
equal and parallel to 4E, ... ACDE is a parallelogram ;
and the angle AEB being a right angle, AED is also
a right angle ; hence the angles at C and D are right
angles, and therefore CD touches both circles.

3. If the line be required to touch them on opposite

sides of the line joining the centres.
‘With the centre B and radius equal to the sum of

E

SN/

the given radii describe a circle, to which from A4 draw
a tangent AE. Join BE, and let it cut the given circle
in D. Draw AC paraliel to BE; join CD.
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' Then AC being equal and parallel to £D, 4ACDE
is a parallelogram ; and the angle AED being a right
angle, theangles at C and D are right angles, and there-
fore CD touches both circles.

PRSI IV VE PPNy RS v

(8.) If a line touching two circles cut another line
joining their centres, the segments of the latter will be
to each other as the diameters of the circles.

Let the line 4B touch the X
circles, whose centres are C and c @
D, in 4 and B, and cut CD in E
the point E; CE will be to B
ED in ‘the ratio of the diameters of the circles.

Join C4, BD. Then the angles at 4 and B are
right angles, and the angles at E are vertically opposite,

therefore the triangles 4EC, BED are equiangular, and
consequently

CE : ED :: CA : BD
::2CA:28BD.

v

(9.) If a straight line touch the interior of two con-
centric circles, and be placed in the outer; it will be
bisected at the point of contact.

Let 4B touch the interior of two cir-
cles, whose common centre is O, in the
point C; AB is bisected in C.

Join. OC; then (Eucl. iii. 18.) the
anglesat C arerightangles; and OC drawn
from the centre of the circle 4D B at right angles toAB :
hisects it (Bucl. iii. 3.).
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(10.) If any number of equal straight lines be placed
m a circle; to determine the locus of their points of
bisection. - :

Let there be any number of lines 4B,
CD, placed in the circle whose centre is O,
and let them be bisected in E, F'; join
OE, OF; then (Eucl. iii. 14.) these lines
are equal, and therefore the locus will be a
circle whose centre is O, and radius equal to the distance
of the points of bisection from O. ‘

rosorre -,

(11.) If from a point in the circumference of a cir-
cle any number of chords be drawn; the locus of their
points of bisection will 'be a circle.

. From the. given point A let any B
chord AB be drawn in the circle, '
whose centre is O; bisect it in D.
Join 40, BO, and draw DE parallel A ¥ © ¢
to BO.

Then DE being parallel to BO, the triangles ADE,
ABO are similar, and BO is equal to 40, .. DE=FEA;
bat AE : AO :: AD : AB (Eucl. vi. 2.), whence AE =.
240, . ED = E4A = 3 A0, and the-locus will be a
circle described on 40 as a diameter.

P e S R R R T L I T VY

(13.) If on the radius of a given semicirele, another
semicircle be described,” and from the extremity of the
diameters any lines. be drawn cutting the circumferences;
- and produced so that the part produced may always have



Sect. 2.] GEOMETRICAL PROBLEMS. 31

a given ratio to the part intercepted between the two
circumferences; to determine the locus of the extremities
of these lines.

On A4B the radius of the semi-
circle AEC let a semicircle ADB
be described; and from 4 draw
any line ADE, which produce till
EF : ED in the given ratio. 4 B ¢ ¢
.. Produce AC to G, making CG : CB; in the given
ratio, and join DB, EC, FG ;

\ then since FF : ED :: GC : CB,
~FE: GC :: ED : CB :: DA : AB :: EA : CA,
whence (Eucl.vi. 2.) FG is parallel to CE and DB, and
the angle AFG is a right angle, and is in a semicircle
whose diameter is 4G ; hence the locus required is a
semicircle.

soes -

(18.) If from a given point without a given cirele,
straight lines be drawn, and terminated by the circum-
ference ; to determine the locus of the points which divide
them in a given ratio.

Let A be the given point

C,
and BCD the given circle. s
Find O its centre and join \
40, and divide it in E, so H

that 40 : AE in the gwen ratio; and find a point F, so
that ZF may be to OD in the given ratio; and with the
centre £ and radius EF descnbe a circle ; it will be the
locus required.
. Draw any line 4GC; join OC, EG. Since 4O :
.4E in a given ratio, as also OD : EF; .
. OC + EG :: A0 : AE,
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hence OC is pnrallel to EG,
and 4C : AG :: OC : EG,t.e. in the given ratlo
In the same manner it may be shewn that every line
drawn from 4 to BCD will be divided by the circum-
ference of the circle GFH in the same ratio, :.e. GFH
will be the locus required.

wors

(14.) Having given the radius of a circle; to de-
termine its centre, when the circle touches two given lines
which are not parallel.

Let BA, AC be the two lines
which touch the circle, whose
radius is given. ‘

Bisect the angle BAC by the
line AE, the centre of the circle
will be in this line (Eucl. iv. 4.)
From A draw AD at right angles to 4B, and make it
equal to the given radius; through D draw DO parallel
to 4B meeting AE in O; then the centre of the circle
being in this line also, must be at the point -of intersec-

tion O.

P L e

(15.) Through three given points which are not in
the same straight line, a circle may be described ; but no
other circle can pass through the same points.

Let 4, B, C be the three given points.
Join AB, BC, and bisect them in D and
E; from which points draw DO, EO
at right angles to them ; these lines will
meet in some point O; for if nos, they are
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parallel, and therefore 4B, BC must be parallel, which is
contrary to the supposition. " Join 40, BO, CO. .

Since AD = DB, and DO is common, and the angles
at D equal, .. 40=BO0. In the same manner it may .
be shewn that BO=CO; and the three lines 04, OB,
OC being equal, a circle described from the centre O at
the distance of any one of them will pass through the
extremities of the other two.

And besides this, no other circle can pass through 4,
B, C: for if it could, its centre would be in DF and EH,
and .". in their intersection ; but two right lines cut each
other only in one point, .. only one circle can be de-
scribed. '

’

DA

(16.) From two &uints on the same side of a line

gwen in position, to draw two straight dines which shall
contain a given angle, and be terminated in that line.

. Let 4 and B be the given points, A

and CD the given line.
Join 4B,andon it describeasegment "

of a circle containing an angle equal to .
the given angle, and (if the problem be possible) meet-
ing CD in P; P is the point required.

For join PA, PB; the angle APB being in the seg-
ment is equal to the given angle.

XTI PRV VNN Y e s

(11.) I from the extremities of any chord in a
circle perpendiculars be drawn, meeting a diameter ; the
Points of intersection are equally distant from the centre.

E .
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At Cand D the extremities
of the chord CD, let perpendi-
culars to it be drawn meeting
a diameter 4B in E and F; E
and F are equally distant from
the centre O.

Draw OG perpendxcular to CD, and therefore bisect-
ing it; then OG is parallel to DF;

whence GD : OF :: HG : HO :: HC : HE
since the triangles HGO, HEC are equiangular;

'+, (Bucl. v. 18,15.) DG : OF : GC : OE
but GD=GC, .. OF=O0E.

(18.) If from the extremities of the diameter of a
semicircle perpendiculars be let fall on any line cutting
the semicircle; the parts intercepted between those per-
pendiculars and the circumference are equal.

From 4 and B, the extremities of iy
the diameter 4B, let AC, BD be drawn ﬁ"‘
perpendicular to any line CD cutting Y‘ \
the semicircle in £ and F; CEisequal * °
to FD.

From O the centre draw OG perpendicular to CD,,

it will be parallel to 4C and BD,
whence CG : GD = AO : OB, i.e. in a ratio of equality.
But (Eucl. iii. 3.) EG=GF, and .". CE=FD.

~

(19.) In a given circle to place a strazght line
parallel to a given straight line, and having a given ratio
to tt.

~
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Let AB be the given line in the cir-
cle ABC whose centre is O. Draw the ,
diameter CD at right angles to 4B: and ¥
taking a line EF which has to 4B the ¢
given ratio (Eucl. vi. 12.), place it in the ¥
circle ABC ; bisect it in G and join OG;
make OH=0G, and through H, draw IK parallel to
AB; IK is the line requlred

For since OG=O0H, .. (Eucl. iii. 14.) IK =EF,
and EF : AB in the given ratio; .. IK : 4B in the
given ratio.

(%0 ) Through a given point, either without or within
a given circle, to draw a straight line, the part qf which
intercepted by the. circle, shall be equal to a given line,
not greater than the diameter of the circle.

Let P be the given point
without the circle 4BC, whose
centre is O. In the circle place
a btraight line AB equal to the
glven stralght line; which bisect -
in E; and join OE. With the
centre O and radius OF describe a circle ; this will touch
4B in E, since the angles at E are right angles (Eucl.
iii. 3.); from P draw PCD touching the cnrcle m F.
PCD is the line required.

Join OF. Then OF being equal to OE, CD will
be equal to 4B (Eucl. iii. 14.), i.e. to the given line.

(21.) From a given point in the diameter of a semi-
circle produced, to draw a line cutting the semictrcle, so
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that lines drawn from the points of intersection to the
extremities of the diameter, cuttmg each other, may | have
a given ratio. ’

Let C be the given point in-
the diameter BA produced. - E,
Make BC : CD in the given ¢ v

ratio ; and from the points Eand’
"D, in which CD cuts the semicircle, draw EB, AD to
the extremities of the diameter. CD is the line required.
Since the angles EDA, EBA in the same segment
are equal,and the angle at C common to the two triangles
ACD, CEB, the triangles are equiangular, whence
BE : AD :: BC : CD,i.e. in the given ratio.

o

vorrse

" (22.) From the circumference of a given circle o
draw to a straight line given in position, a line which
shall be equal and parallel to a given straight line.

Let AB be the given cir- D
cle whose centre is O, and DE e
the line given in position.
From O draw OF parallel and
equal to the given line; and
with the centre F, and radius equal to OB, the radius of
the given circle, describe a circle cutting DE in G join
FG, and draw O4 parallel to it; join 4G; 4G is the
line required.

Since FG=0B =04, and is parallel to it, 4G is
equal and parallel to OF, and .". equal and parallel to the
- given line. :

(28.) The bases of two given circular segments being
in the same straight line; to determine a point in it
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S uch, that a line being drawn through it making a given
exngle, the part intercepted between the circumferences of
Z ke circles may be equal to a given line.

Let AB, CD, the bases of

the segments be in the same ° x
Line. Through O the centre ¢ ' )
of the circle 4BI, draw EOG TN

xnaking with 4B an angle equal to the given angle, and
mnake OF equal to the given line. From E draw EF, to
the circle CFD, equal to the radius OB; draw OI pa-
arallel to EF; join IF cutting AD in H; H is the pomt_
wrequired. '

For OI being equal and parallel to EF, OE is equal
;nd parallel to IF, ... IF is equal to the given line; and
AF being parallel to EG, the angle FHC is equal to

~ZEGB, i.e. to the given angle.

If the distance of E from the centre of the circle
CFD be less than the sum of the radii, there are two
pointsin the circumference CFD, and two corresponding
Points in 4D, which will answer the conditions.

(24.) If two chords of a given circle intersect each
ather, the angle of their inclination is equal to half the
angle at the centre which stands on an arc equal to the

. 8um or difference of the arcs intercepted between them,
according as they meet within or without the circle.

Lgt AB, CD cut one other in the
-point £; and first within the circle 4BC; “'
" theangle of inclination is equal to half the A\~
. 1 F
angle at the centre standing on an arc ~—"
equal to the sum of CA4 and DB.
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Through D draw DF parallel to B4. Find O the
centre of the circle; join CO, FO. Then AB being
parallel to FD, (ii. 1.) AF is’ equal to BD; and the
angle CEA is equal to CDF, i.e. to half the angle
COF, which stands on the arc CF equal to CA and BD
together.

2. Next, let AB, CD intersect in E, without the
circle.

The same construction being n/\c
made, the angle CEA is equal to >
the angle CDF, ie. to half COF, ‘,’ _
i.e. to half the angle. standing on

CF which is the difference between CA4 and AF or CA
and BD. .

L]

\

. T ]

(25.) If from a point without two circles which do
not meet each other, two lines be drawn to their centres,
which have the same ratio that their radii have; the
angle contained by tangents drawn from that point
towards the same parts will be equal to the angle con-
tained by lines drawn to the centres.

From the point A4 let the
lines AB, AE be drawn to the
centres of two circles, and let
them have the same ratio that
the radii BC, DE, have;
-from A draw theétangents 4C,
AD ; asalso AF, AG ; each
of the angles CAD, FAG will be equal to
Since AB : BC :: AE : ED, and the angles at C
and D are right angles, .". the triangles ABC, ADE are
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equiangular (Eucl. vi. 7.), and the angle CAB=DAE;
to each of these add the angle BAD ; and CAD=BAE.

In the same manner F4G may be shewn to be equal
to BAD.

Ll ad

(26.) To determine the Arithmetic, Geometric and
Harmonic means between two given straight lines.

Let AB, BC be the two given lines. —D
Let them be placed in the same straight i 'E‘il E
line, and on AC describe a semicircle 4>y
4ADC. Through B draw BD at right '
angles to AC, join OD, and upon it let fall the perpen-
dicular BE. Then A0 being half of the sum of 4B,
BC is the arithmetic mean; and since (Eucl. vi. 8.)
AB : BD :: BD : BC, .. BD is the geometric mean.
And DE is the harmonic mean, for (Eucl. vi. 8.)
(DO=)A40 : DB :: DB : DE,.e. it is _a third pro-
portional to the arithmetic and geometric means, and
<. is the harmonic mean.

(27.) If on each side of any point in a circle any
number of equal arcs be taken, and the extremities of each
pair joined ; the sum of the chords so drawn will be
equal to the last chord produced to meet a line drawn
from the given point through the extremity of the first

arc. .

Let AB, BC, CD, &c., AE, EF, FG, &e. be equal
arcs and let their extremities BE, CF, DG be joined;
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(30.) If two equal circles cut each other, and from
either point of intersection a circle be described cutting
them ; the points where this circle cuts them and the
other point of intersection of the equal circles are tn the
same straight line.

Let the two equal circles cut each
otherin Aand B; and with the centre 4,
and any distance AC, describe a circle
FCD cutting their circumferences in C
and D; C, D, B will be in a straight line.

Join CB, and let it meet the cir-
cumference ADB in E. Join AE,
AC. Since the angle ABC is an angle
in each of the two equal circles, the cu'cumference 4C
is equal to the circumference 4E (Eucl. iii. 26.), .-. the
line AC is equal to the line #/E; and .. E is a point
in the circle FDC, and being by construction in the
circumference ADB, it must coincide with D; .-, CB.
passes through D, or C, D, B are in a straight line.

(31.) If two equal circles cut each other, and from
either point of intersection a line be drawn neeting the
_.circumferences ; the part of it intercepted between the
" etrcumferences will be bisected by the - circle whose
diameter is the common chord of the equal circles.

Let the two equal circles 4D B,
ACB cut each other in 4 and B;
join AB, and on it as a diameter let
a circle 4EB be described, and
from 4 draw any line 4DC meet-
ing the circumferences in D and C; DC'is bnsected in E.
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Join ‘BD, BE, BC. Since the angle CAB is in
each of the two equal circles, the circumferences BD,
BC on which it stands are equal, and .. the straight lines
BD, BC are equal, and consequently the angle BDE is
equal to the angle BCE ; and the angle BED in a semi-
circle is a right angle, and .. equal to :‘BEC, and BE is -
common to the two triangles BED, BEC, ... DE=EC.

PSPPI P s s PO s s st s

(32.) If two circles touch each other externally or
iternally ; any straight line drawn through the pomt
of contact, mill cut off similar segments.

Let the circles ADC, BCE & '
touch each other in the point C,and -
let any line ACB be drawn through

the point of contact; it will cut off
similar segments.

For draw the diameters CD, CE; and join AD, BE. -
Then DCE being a straight line (Eucl. iii. 12.), the
angle ACD is equal to BCE, and DAC=CBE each
being in a semicircle, and .". a right angle ; whence the -
angles ADC, CEB are equal and the segments 4DC,
CEB. similar; and .. the segments 4C and CB are
Uso similar.

P et Rt od

(833.) If two circles touch each other externally or
internally ; two straight lines drawn through the point
of contact will intercept arcs, the chords of which are
parallel. :
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Let the two circles /CD, ECB touch ¥
each other in C, and let 4BC, DEC be
any two lines drawn through the point of ¢
contact. Draw the tangent FCG; and
join AD, EB ; AD, EB are parallel.

For (Eucl. iii. 32.) the angle 4ADC
={(FCA =) BEC, whence (Eucl. i. 28.) 4D is pa-
rallel to BE.

Lada s g »

(34.) If two circles touch each ather internally or
externally; any two straight lines drawn through the
point of contact and terminated both ways by the circum-
Jerences will be cut proportionally by the eircumference.

Let the two circles touch each other in C, (see last
Fig.) and let 4CB, DCE be any two lines drawn
:through the point of contact ; then it may be shewn (as
in the last prop.), that 4D is parallel to BE and the
trlangles ACD, BCE are slmllar,

*.4C : CB == DC : CE,

'~

~ (85.) If two circles touch each other externally, and
parallel diameters be drawn; the straight line joining
the ertremities of these diameters, will pass through
the point of contact.

Let ABG, DGE be two circles
‘touching each other externally in the
point G; and let AB, DE be parallel
diameters; join AE; AE will pass B )
through G.
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Join O, C the centres of the circles; OC will pass
through G: let it meet AE in F. The vertically oppo-
site angles at F' being equal, and also the alternate angles
04F, FEC, the triangles 4OF, FCE are equiangular,

‘.40 : CE :: OF : FC,
comp. AO+CE : CE :: OF+FC : FC.
‘But OC=A0+CE, aund ... FC=CE=CG, and con-
sequently F and G coincide, or AE intersects OC in

the point G, i.e. it passes through the point of con-
tact. :

(36.) If two circles touch each other, and also touch
a straight line ; the part of the line between the points

of contact, is a mean proportional between the diameters
of the circles.

Let AEB, CED be two circles
touching each other in E, and a
straight line 4C in 4 and C; draw the
diameters 4B, CD; AC is a mean
proportional between 4B and CD.

Join AD, BC; these lines (ii. 25.), pass through’the
“point of contact C. And since CA touches the circle in
4, from which 4E is drawn, the angle CAD is equal to
the angle in the alternate segment ABE; also the angle
ACD being a right angle is equal to the ang]e CAB,
~. the triangles 4CD, ABC are equiangular, and

B4 : 4AC :: AC : CD.

o

(87.) If two circles touch each other externally, and
the line joining their centres be produced to their cir-
cumferences ; and from its middle point as a centre with
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any radius whatever a circle be described, and any line
placed i i passing through the point of cemtact ; the
parts of the line intercepted between the circumference
of this circle and each of the others will be equal.

Let ABC, DCE be two circles
which touch each other externally in
C; and let AFE be the line joining
their centres, and produced to the
circumferences in 4 and E. Bisect
AE in F; and with the centre Fand
* any radius, let a circle GHK be de-
scribed ; and in it any line GCH drawn through C meet-
ing the circumferences of the circles in B and D ; then
will GB=DH.

Join AB, DE, and draw FI parallel to 4B ; it will
- be perpendicular to GH, since ABC is an angle in a
semicircle ; and ... GH is bisected in I. And since IF
is parallel to 4B, )

(Bucl. vi. 2.) 4F : BI :: FC : IC,
also the triangles ICF, ECD being similar,
_ FC : CI : EF : ID,
<. (Eucl. v. 15.) AF : BI :: EF : ID.
But AF=FE, ... BI=1ID,
and it has been shewn that GI=IH, whence GB= DH.

(38.) If from the point of contact of two circles-
which touch each other internally, any number of lines be
drawn ; and through the points, where these intersect
the circumferences, lines be drawn from any other point
in each circumference, and produced {o megt ; the angles
Jormed by thess lines will be equal, : :
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Let the two circles ABC, DEC
touch each other internally in C,
from which let any lines C4, CB be
drawn ; and taking any two points
G and F, through E and B draw
GEI, FBI, and through D and 4
draw GDH, FAH ; if those lines
meet, the angle at I will be equal to the angle at H.
For the angles CBF, CAF standing on the same
circamference CF, are equal, .. the angle IBE is equal
to HAD. Also the angles CEG, CDG, standing on
the same circumference CG, are equal and .. the angle
IEB is equal to the angle HD A ; .-. the triangles IEB,
HDA have two angles in each equal, and consequently
the remaining angles equal, i.e. EIB=DHA.

vors

(89.) If two circles touch each other internally, and
any two perpendiculars to their common diameter be pro-
duced to cut the circumferences; the lines joining the
points of intersection and the point of contact are pro-
portionals.

Let the two circles ACB, AEI (V2 )
touch each other internally in the : g'
point 4, from which let the com- \
inon diameter AIB be drawn, and’ . it

from any two poiuts G, H let per-
'pendlculars GC, HD meet the circumferencesin C, D, E,
F; join AC,AD, AE, AF; these lines are proportional.
- Forsince AB : AD :: AD : AH,
- AB : AH in the duphcate ratio of AB : - AD.
For the same reason,
"AG : AB in the duplicate ratio of 4C : AB;
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. AG : AH in the duplicate ratio of AC : AD.
In the same manner it may be shewn that
A G : AH in the duplicate ratio of 4E : AF
<. (Eucl. v. 15.) the duplicate ratio of 4C : 4D,
is the same wnth the dupllcate ratio of 4E : AF,
. AC : AD :: AE : ‘AF.

(40.) If three circles, whose diameters are in- cons
* tinued proportion touch each other internally, and from
the extremity of the least diameter passing through the
point of contact, a perpendicular be drawn, meeting the
circumferences of the other two circles ; this diameter
and the lines joining the points of intersection and con-
tact are in continued proportion.

Let AB, AC, AD the diameters of
three circles touching each other in 4,
be in continued proportion, viz. AB :
AC :: AC ; AD, and from B the per-
pendicular BF meet the circumferences in E and F;
join AE, AF; then AB : AE :: AE : AF.
For (Eucl: vi. 8.) 4B : AF :: AF : AD.
But by the hypothems AC : AB :: AD : AC,
.AC : AF :: AF : AC,
whence AF=AC.
And (Eucl. vi. 8.) 4B : AE :: AE : AC,
. AB : AE :: AE : AF.

-~ .

(41.) If a common tangent be drawn to any number
of cirtles which touch each other internally ; and from
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any point in this tangent as a centre, a circle be described
cutting the others, and from this centre lines be drawn
through the tntersections of the circles respectively ; the
segments of them within each circle will be equal.

Let the circles touch each other in
the point B, to which let a tangent B4
be drawn, and from any point 4 in it
as a céntre with any radius, let a circle
EFG be described. Draw the lines
AED, AFH, AGI; then will the parts
DE, HF, IG be equal.

For since 4B touches the circle, (Eucl iii. 36.)

DA : AB :: AB : AE,
For the same reason, 4B : AH :: AF : AB,

- éx equo DA : AH :: AF : AE',"
but AF = AE, .. DA = AH and consequently DE = HF.
In the same maunner it may be proved, that IG = HF
or DE.

B et et et e

(42.) If from any point in the diameter of a circle
produced, a tangent be drawn ; a perpendicular from the
point of contact to the diameter will divide it into seg-
ments which have the same ratio that the distances of the
point without the circle from each extremity of the
diameter, have to each other.

From any point C in the dia- : D
meter BA produced, let a tangent %};
CD be drawn, and from D, draw € A /
DE perpendicular to 4AB; AE :

EB :: AC : CB.
' G
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Take O the centre of the circle, join DO; then
(Eucl. iii. 18.) the angle CDO is a rlght angle, and .
(Eucl. vi. 8.)

CO:0D:O0OD: OE,

orCO : 04 : 04 : OE,

. div. and comp. AC : CB :: AE : EB.
Cor. The converse may easily be proved.

.

- - - s

(43.) If from the eatremity of the diameter of a
given semicircle a straight line be drawn in it, equal to
the radius, and from the centre a perpendicular let fall
upon it and produced to the circumference; it will be
a mean proportional between the lines drawn from the
point of intersection with the circumference to the ex-
tremities of the diameter.

From B the extremity of the diameter
AB let a line BC be drawn, equal to the ]@
radius BO; and on it let fall a perpen- B~ 0 4
dicular OD meeting the circumference
in D; join DB, DA; DO is a mean proportional be-
tween DA and DB.

Join DC. Then the angles BAD, BCD on the
same base are equal. Also since OD bisects BC, it bi-
sects the arc BDC, .. also the straight line BD=DC
and the angle DBC=DCB, but ODA=04D, .. the
triangles ODA, DBC are similar, . 4D : DO :

(BC=) DO : DB.

" (44) If from the edtremity of the diameter of o
circle, two lines be drawn, one of which cuts ‘a perpen-

L
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dicular to the diameter, and the other is dm"than the
point where the perpemlzcular meets the circum

the latter of these lines is a mean proportional

the cuiting line, and that part of it which s intercepted b
tween the perpendicular and the extremity of the diameter.

Let CE be at right angles to the dia- £
meter AB of the circle ABC, and from d
4 let AD, AC be drawn, of whlch AD %
cats CE in F, then will ®

AD : AC :: AC : AF. .

For since the circumference AE is equal to the cir-
cumference AC, (Eucl. iii. 27.) the angle ECA is equal
to the angle 4DC, and the angle at 4 is common to the
two triangles ADC, ACF, .. the triangles are similar,
and . -

AD : AC :: AC : AF. -
But if the point of intersection f be without the cir-
de, draw d H partllel to CG, then, as before, the angle
HdA is equal to ACd, and the angle at 4 common to
the triangles 4AHd, ACd,
codd 2 AC :: AH : Ad :: AC : Af.

(45.) In the diameter of a circle produeed, to.deter-
mine a point, from which a tangent drawn to the cir-
cumference shall be equal to the diameter.

From A the extremity of the dia-
meter AB, draw 4D at right angles
and equal to 4B. Find the centre O,
join OD cutting the circle in C; and
through C draw CE at right angles to
0D meeting BA produced in E. '




-
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Take because the angle 04D is equal to OCE, each
(Eucl. ~right angle, and the angle at 0 is common to
p~wo triangles 04D, OCE, and 04=0C, .. AD=
s,‘E But 4D was made equal to 4B, ... CE=AB,
and £ is the point required. :

(46.) To determine a point in the perpendicular at
the extremity of the diameter of a semicircle, from whick
if a line be drawn to the other extremity of the diameter,
the part without the circle may be equal to a given
straight line. -

From B the extremity of the dia-
meter of the semicircle ADB, let a per-
pendicular BC be drawn; in which _
take BE equal to the given line; and -
on it as a diameter describe a circle ; through the centre
of which draw AGF, and with 4 as centre and radius
AF describe a circle cutting BC in C. Join 4C; CD
is equal to the given line. .

Join BD. Then BD being perpendicular to 4C,

(Eucl. vi. 8. Cor.) AC : AB :: AB : AD,

and (Eucl. iii. 36.) 4B : AF :: AG : AB,

- c.ex equo, AC : AF :: AG : AD,
whence 4G=A4D, and ... DC=GF=BE.

(47.) Through a given point without a gwen circle,
to draw a straight bine to cut the circle, so that the two
perpendiculars drawn from the points of intersection to
that diameter whick passes through the groen point, may
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together be eqial to a given line, not greater than the

diameter of the circle.

Let P be the given point with-

out the circle ABC, whose centre

8 O; AB the diameter which
passes through P, On PO de-
- seribe a semicircle. From P draw

line requn'ed

) at right angles to PB and equal to half the glven
P through D draw DE parallel to PB meeting the
h;n'cle in E; join PE; and produce it to C; PC

Wy For, draw FG, EH, CI perpendiculars to AB. Join
i bhd' then the angle PEO is a rightangle,and .-. (Eucl.
iil. 3.)- EF=EC; whence FG and CI together are

equal to 2 EH=2 PD= the given line.

s

(48.) If from each extremity of any number of equal
adjacent arcs in the circumference of ‘a circle, lines be
drawn through two given points in the opposite circum-
Jerence, and produced till they meet ; the angles formed

by these lines will be equal.
Let AB, BC, be equal arcs, and

F, E two points in the opposite cir-

cumference, through which let the
lines AFI, BEI; BFH, CEH be

A ‘
Ka

B “P H
"

drawn, so as to meet; the angles at I and H, will be

equal.

From E draw EK, EL, respectlvely parallel to Fd,
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FB. Since EK is parallel to F4, the angle KEB is
equal to the angle at I; for the same reason the angle
LEC is equal to the angle at H. But since the arcs
AB, BC, are equal, and 4K, BL being each equal to
EF (ii. 1.) are also equal to one another, ... KB, LC,
are also equal, and (Eucl. iii. 27.) the angles KEB,
LEC, are equal, .. also the angles at  and H are equal.
The. same may be proved whatever be the number of
equal arcs 4B, BC.

(49.) To determine a point in the circumferénce of a
circle, from which lines drawn to two other gwen points,
shall have a given ratio.

Let 4, B be the two given points ; join
AB, and divide it in D so that AD : DB
may be in the given ratio; bisect the arc
ACB in C; join CD, and produce it to E;

" E is the point required.

Join AE, EB. Since AC=CB, the angle AEC is
equal to the angle CEB, ... 4B is cut by the litte £D
bisecting the angle AEB, and consequently (Euel. vi. 3.)

4E : EB : AD : DB, i.e. inthe given ratio.

(50.) [f any point be taken in the diameler of a cir-
cle, which is not the centre; of all the chords whick can
be drawn through that point, that is the least whzch i
at right angles to the diameter.

In AB the diameter of the circle 4DB, let any point

A .
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€ be taken which is not the centre, and let 0
DE, FG he any chords drawn through it, ‘n
of which DE is perpendicular to 4B; DE :
is less than FG. ‘s
Take O the centre and draw OH perpendicular to
FG. Now in the triangle OCH, the angleat H is aright -
angle and ... greater than the angle OCH, ... CO is
greater than OH, and consequently (Eucl. iii. 15.) DE
is less than F'G.

P

/ (61.) If from any point without a circle lines be
drawn touching it ; the angle contained by the tangents, is
double the angle contained by the line joining the points of
contact and the diameter drawn through one of them.

From the point E without the circle
ABC let EA, ECD be drawn touching
the circle in 4 and C, and let EDD meet
the diameter 4B, drawn from A, in the
point D. Join AC; the angle 4EC is
double of C4B.

Through C draw the diameter COF;
then the angle FCD is a right angle, and .. equal to
EAD, and EDA is common. to the triangles EDA,
COD, .. the angle COD is equal to 4ED. But COB
s double of CAD, ... AEC is double of CAD.

s C

(52.) If from the extremities of the diameter of a
circle tangents be drawn, and produced to intersect atan-
gent to any point of the circumference; the straight lines
Jjoining the points of intersection and the centre of the
circle form a right angle.
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From 4 and B the extremities of the c
diameter 4B let tangents 4D, BE be
drawn, meeting a tangent to any other point
C of the c1rcumference, in D and E; and
let O be the centre; join, DO, EO ‘the
angle DOE is a right angle

“Join CO. Then since CE=EB, CO=0B, and
the angles at C and B, being right angles, are equal,
.. the angle CEO= OEB, and CEB is bisected by EO.
In the same manner it may be shewn that the angle
ADC is bisected by DO. And since the angles CEB,
CDA are equal to two right angles, ... CDO and CEO-
are equal to one right angle, and .. (Eucl. i. 32.) DOE
is a right angle. - -
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(53.) If from the extremities of the diameter of a
eircle tangents be drawn ; any other tangent to the cir-
cle, terminated by them, is so divided at the point of
contact, that the radius of the circle is a mean propor-
tional between its segments.

Let AD, BE be two lines touching the circle ABC,
(see the last Fig.) at 4 and B the extremities of its dia-
meter, and meeting DCE any other tangent to the cir-
cle; take O the centre, and join CO; then will DC :
CO :: CO : CE.

Join DO, EO; then as in the last proposition, it
may be shewn that DOE is a right angle ; and since from
the right angle OC is drawn perpendicular to the base,

<. (Eucl. vi. 8.) it"is a mean proportional between the
segments of the base, or

DC : CO :: CO : CE.
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- (b4.) Twocircles being given in magnitude and posi-
tion ; to find a point in the circumference of one of them,
lo which if a tangent be drawn cutting the circumference
of the other, the part of it mtercepted between the two
circumferences may be equal to a given line. -

" Let O and C be the centres of the
two given circles. To any point 4 in
the circumference of one of them let a
tangent 4B be drawn, and make 4B
equal to the given line. With the
centre C and distance CB describe a circle DBD cutting
the other in the point D, and from D draw DE touch-
ing the former given circle ; E will be the point required.

. Join CA4, CB, CD, CE, Since CA=CE and CB=
CD, and the angles at A4 and E are right angles, ... DE
is equal to B4, <. e. to the given line.

If the circle DBD neither cuts nor touches DD, it

is evident the problem will be impossible.

P N S el

(85.) To draw a straight line cuttmg two concentric
creles so that the part of it which is intercepted by the
circumference of the greater may be double the part in-
tercepted by the czrcumference of the less.

_Let O be the centre of the two circles.
Draw any radius OA of the lesser circle
and produce it to B, making 4B=A0. N
On 4B describe a semicircle ACB cutting =)
the greater circumference in C; join 4C, ®
and produce it to E; CE is the line required.

Join CB; and let fall the perpendicular OD. Then
: H
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the angle 4DO being a right angle is equal to the angle
- ACB, and the vertically opposite angles at 4 are equal,
and the side O4=A4AB, ... AC=AD, and DC=2 AD;
but DC is half of EC and AD half of AF, ... EC is
double of AF.

Cor. The same construction will apply whatever be
the relation required between the two chords. Take
OB : 04 in the required ratio, and proceed as in the
proposition.
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(56.) If two circles intersect each other, the centre
of the one being in the circumference of the other, and
any line be drawn from that centre; the parts of u,
which are cut off by the common chord and the two cir-
cumferences, will be in continued proportion.

From any point 4 in the circumference
of the circle ABG, as a centre, and with g
any radius, let a circle BDC be described,
cutting the former in B and C. Join BC;
and from 4 draw any line AFE; AF :
AD :: AD : AE.

From A draw the diameter AG, it will cut BC at
right angles in I. Join GE, AC. The right angle
AIF being equal to the right angle A/EG, and the angle
at 4 common, the tnangles AIF, AEG are similar,

. dF : AI :: AG : AE,

But (Eucl vi. 8. Cor) Al : AC :: AC : AG,
. ex equo, AF : AC :: AC : AE,

or AF : AD :: AD : AE.

’
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(87.) If a semicircle be described on the side of a -
quadrant, and jfrom any point in the quadrantal arc
a radius be drawn; the part of this radius intercepted
between the quadrant and semicircle, is equal to the per-
pendicular let fall from the same point on their common
tangent.

On AB the side of a quadrant let the a
semicircle 4E B be described, and from any
point C draw the radius CB, and CD per-
pendicular to 4D a tangentat 4; EC=CD. ®~—

Join AE, AC; then the angle AEB being in a semi-
circle, its adjacent angle AEC is a right angle, and ...
equal to ADC; and BCA=BAC= ACD the alternate
angle ; .-. the two triangles 4EC, 4CD have two angles
in each equal, and one side 4C common, .. EC=CD. -

Cor. Any chord of the semicircle drawn from the
centre of the quadrant, is equal to the perpendicular
drawn to the other side from the point in which the chord
produced meets the quadrantal arc.

Produce DC to F'; then CE being equal to CD,
the remainder BE is equal to the remainder CF.
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(68.) If a semicircle be described on the side of a
quadrant, and a line be drawn from the centre of the
quadrant to a common tangent; this line, the parts of
it cut off by the circumferences of the quadrant and of
the semicircle, and the segment of the diameter of the
semicircle made by a perpendicular jfrom the point where
the line meets tts circumference, are in continued propor-

fanes
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On the radius 4B of the quadrant y A
AGB et the semicircle 4EB be de- :
scribed, and at 4 draw the tangent AD.
From B draw any line BECD meeting ' N

thetangent in D, and the circumferences
in C, E; from E let fall the perpendicular EF'; then o
BD, BC, BE, BF are in continued proportion.
Since FE is perpendicular to B4, it is parallel to 4D,
-.BF : BE :: (B4A=) BC : BD,
But (Eucl. vi. 8.) BF : BE :: BE : (B4=) BC,
‘. (Eucl. v. 15.) also BE : BC :: BC : BD,
and BF : BE :: BE : BC :: BC : BD.
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(59.) If the chord of a quadrant be made the dia-
meter of a semicircle, and from ils extremities ‘two
straight lines be drawn to any point in the circumference
of the semicircle; the segment of the greater line tmter-
cepted between the two circumferences shall be equal to
the less of the two lines,

Let O be the centre of the quadrant , _¢
ADB; join AB, and on it let a semicircle ’ﬁ}*
ACB be described ; from any point C in :
which let lines CA, CB be drawn to 4 and’ /
B, of which CB:'is the greater; CD = CA. T

-Join 4D, and complete the circle 4BE; take any
point E; and -join E4, EB. Since ADBE is a quadri-
lateral figure inscribed in a circle, the angles 4EB,
ADB are equal to two -right -angles, and".". equal to
ADB, ADC; whence AEB=ADC ; but AEB is half
of AOB which is a right angle, .. ADC is half a right
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angle, and ACD being a right angle (Eucl. ii.31.), CAD

is half a right angle, and .*. equal to CD 4, consequently
C4=CD. :
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(60.) If two circles cut each other so that the cir-
cumference of one passes through the centre of the other,
and from either point of intérsection a straight line be
drawn cutting both circumferences; the part intercepted
between the two circumferences will be equal to the chord
drawn-from the other point of intersection to the point
where it meets the inner circumference.

’I‘hrough O the centre of the circle
ABC, let the circle 40OB be descrlbed
cutting ABC in A and B. If any line
AED be drawn from A4, and BE joined ;
DE will be equal to EB. -

Draw the- diameter 40C; join BC, BD. Then
since the angle 4OB is equal to AEB, ... the angle
COB is equal to DEB. Also the angles OCB, EDB,
being in the same segment, are equal to one another,

. the triangles OCB, EDB are equiangular, and .
since OB=0C, the angle OCB is equal to the angle
OBC, whence EDB = =EBD, and .. ED=EB.

(61.) If from each extremity of the diameter of a
circle lines be drawn to any two points in the circumfe-
rence ; the sums of the lines so drawn to each point will
have to one another the same ratio that the lines have,
which join those points and the opposite extremity of a
diameter perpendwular to the former.
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From A and C the extremities of AC the diameter of
the circle ABC, let lines AE, EC, AF, FC be drawn
to any points £ and F in the cir-
cumference, and draw the diameter
BD perpendicular to AC; join ED,
FD; then
AE + EC : AF.+ FC :: ED : FD. 4

Join AB; and with the centre B
and distance BA describe a circle
AGC; produce AB, AE, AF to the circumference.
Join GH, HI, BE, EF, GI, BF. Then since 4G and
BD are diameters of the circles, the angles 4HG, AIG
are equal to DEB, DFB ; but BAE, EAF are equal to
BDE, EDF, and the angle HIG being= HAG= BDE
=BFE, .. the angle HI4=EFD, and the triangles
GAH, HAI are similar to BDE, EDF, and

. AH : AI :: ED : FD,
But (11 60.) EH=EC, and FI=FC,
. AE+EC : AF+FC :: ED : . FD.

(62.) If from any two points in the circumference of
a circle there be drawn two straight lines to a point in
a tangent to that circle; they will make the greatest
angle when drawn to the point of contact.

Let 4 and B be the two points, and cC__D
CD the tangent at C; join AC, CB; the
angle ACB is greater than any other angle X
ADB formed by lines drawn to any other

point D.
Join BE. Then the angles ACB, AEB in the same
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segment are equal; but 4DB is less than the exterior
angle AEB, and .. is less than 4CB.

Cor. If two circles touch each other in C, it might
be-shewn in a similar manner, that the angle formed by
two straight lines drawn from 4 and B to C the point of
contact will be greater than the angle formed by lines
drawn from the same points to any point in the exterior
circle.

]

(63.) From a given point within a given circle to
draw a straight line which shall make with the circum-

ference an angle less than the angle made by any other
line drawn from that point. .

Let P be the given point within the
circle ABC.

Find O the centre, join OP, and
produce it to the circumference. From
P draw PB at right angles to 04 ; it is
the line required.

Join OB, and on it as a diameter describe a circle
OPB, which will touch the circle 4BC in B. Then
OBP is the greatest angle that can be included between
lines drawn from O and P to the circumference ABC

(ii. 62. Cor.), .. the angle contained by PB and the
circumference AB will be the least.

'(64.) To determine a point in the arc of a quadrant,
Jfrom which if lines be drawn to the centre and the point

of bisection of the radius, they shall contain the greatest
possible angle.



66 GEOMETRICAL PROBLEMS. [Sect. 2.

a given ratio, take 4B and EF in that ratio, and make
the same construction as in the proposition. -

(67.) To determine a point in the arc of a quadrant,
through which if a tangent be drawn meeting the sides
of the quadrant produced, the intercepted parts may
have a given ratio.

- Let OA, OB be the sides of a quad- a
rant produced; and take M and N two
right lines which are in the given ratio,
and let OC be a mean proportional be- _
tween the radius of the quadrantand M, © » B
and OD a mean proportional between the radius and N.
Join CD, and draw the radius OE cutting it at right
angles; E is the point required.

Through E draw the tangent AEB, which being per-
pendicular to OE (Eucl. iii. 18.), will be parallel to CD,
540 : OB :: CO : OD,
and since OC and OD are mean proportionals between
M and the radius, and N and the radius respectively,

M : N in the duplicate ratio of OC : OD,
i. e. in the duplicate ratio of 40 : OB.
But (Eucl. vi. 8. Cor.) '
AE : EB in the duplicate ratio of 40 : OB,
‘“AE : EB :: M : N, t.e. in the given ratio.

C E
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(68.) If a tangent be drawn to a circle at the extre-
mity of a chord which cuts the diameter at right angles,
and from any point in it a perpendicular be let fall; the
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segment of the diameter intercepted between that per-
pendicular and chord is to the intercepted part of the
tangent, as the chord is to the diameter.

Let the chord CD be perpendicular to
the diameter 4B, and let CE touch the
circle at C; from any point E in which
let EF be drawn perpendicular to 4B;

FG : CE :: CD : AB.

Draw the diameter CH; join HD, and draw CI per-
pendicnlar to EF. Since EC touches the.circle, the
angle ECH (Eucl. iii. 18.) is a right angle, and .". equal
to ICD ; whence, taking away from each ICH, the
angle ECI=HCD, and EIC, HDC are right angles,
<" the triangles £CI, HDC are equiangular. '

whence IC.: CE :: DC : CH,
or GF : CE :: CD : 4B.
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(69.) If a straight line be placed in a circle, and
Jrom its extremities perpendiculars be let fall upon any
diameter ; these perpendiculars together will have to the
part of the diameter intercepted between them, the same
ratio that a line placed in the circle perpendicular to the
Jormer line, has to the former line itself.

 Let the line CD be placed in the cir- ¢
cle ABC, and from its extremities let
CE, DF be drawn perpendicular {o a di- *
ameter AB. From D let DG be drawn
perpendncular to DC; then will
CE + DF : EF :: GD : DC.
Join CG, which is therefore a diameter of the circle ;
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and produce CE to I: join DI, and draw DH perpen-
dicular to CE. Since CI is perpendicular to AB, CE =
EI but HE = D¥; ... HI = CE + DF. Now (Ead.
iii. 21.) the angle at G is equal to the angle'at I, and
CDG, DHI are right angles, .. the triangles CGD,
HID are equiangular, ’ -
and HI : HD :: DG : DC,
or CE + DF : EF :: DG : DC.

rre rore
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(10.) In a circle to place a straight line of given
length, so that perpendiculars drawn to it from two géven
points in the circumference may have a given ratio.

Let 4 and B be the given
points in the circumference of the
circle whose centre is O. Join
BA,and produce it; and take 4C:
CB in the given ratio. In the
circle place a straight line equal to the given straight line,
and from the centre O let fall a perpendicular upon it.
‘With O as centre, and distance equal to this perpendi-
cular describe a circle DG, and from C draw CEDF
a tangent to it ; then HF is the line required

For (Eucl. iii. 14.) it is equal to the given straight
line. And if from 4 and B, 4E, BI be drawn perpen-
dicular to CF, they are parallel to each other, and the
triangles CAE, CBI are similar,

<. 4E : Bl :: CA : CB, i.e. in the given ratio.

(71.) If from any point in the arc of a segment of
‘a cirole a line'be drawn perpeniicular to the dase; and
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from the greater segment of the' base, and arc, parts be
cut off respectively equal to the less; the remaiming
part of the base shall be equal to the chord of the re-

maining arc.

From any point B in the arc ABC, let , —
BD be drawn perpendicular to 4C; make
BF=BC, and DE=DC; join AF; AF
will be equal to AE. 4 BDC
~Join FE, EB, FB, BC. Since the arc BC=the arc
BF, the straight line BC= BF; and DE being equal to
DC, and DB common, and at right angles to EC, .-.
BE = BC=BF, and the angle BFE is equal to the
angle BEF. Now since AFBC is a quadrilateral figure
inscribed in a circle, the angles AFB, ACB are equal to
two right angles, and .". equal to AEB, CEB, of which
ACB = CEB, .. AFB = AEB; but BFE = BEF,
consequently AFE=AEPF; whence AF=AE.

(72.) If from the point of bisection of any arc of
a circle a perpendicular be drawn to the diameter,
which passes through one extremity ; it will bisect the
segment of the chord cut off by the lne joining the
point of bisection of the arc and the other extremily of
the diameter.

Let AC be the arc biseéted in D. Join - ¢~
AC; and from D draw DE perpendicalar /5 \
to the diameter AB, and meeting ACin G; ¥ E
join BD; AG=GF.

Because 4C is bisected in D, the angle CAD is
equal to the angle. DB A, 1. e. to the angle EDA (Eucl.
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vi. 8.), .. the right-angled triangle ADF is equiangular

to the two triangles BED, DEA, .. the angle GFD =

GDF, and consequently GD = GF; also GAD=GDA,
. AG= GD, whence AG = GF.

d

(73.) In a given circle to draw a chord parallel to
a straight line given in position; so that the chord and
perpendicular drawn to it from the centre may together
be equal to a given line.

Let O be the centre of the circle, O4 the
straight line given in position ; draw OB per-
pendicular to it, and equal to the given line.
Take OA equal to the half of OB ; and join
AB, cutting the circle in C; through C draw
CD parallel to O4; CD is the chord required.

Because 04 is half of OB, and 04, EC are parallel,
o (Eucl. vi. 2.) EC is half of EB, and DC = EB;
therefore DC and OE together are equal to BE and OE
together, <. e. to BO, or to the given line.

D C
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(74.) Through a given point within. a gtven circle,
to draw a straight line such that the parts of it inter-
cepted between that point and the circumference may
have a given ratio. ' -

Let P be the given point within the cir- A
cle ABD. Through P draw the diameter <]
APB, and take AP : PC in the given ratio. eg
With P as centre, and radius equal to a
mean proportional between BP and. PC,
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describe a circle cutting ADB in D ; join DP, and pro-
duce it to £ ; DE is the chord requlred
' Since BP : PD :: PD : PC,

and (Eucl. iii. 35.) BP : PD :: PE : PA,
.. PE: P4 : PD: PC
and alt. PE : PD :: AP ;: PC,i.e.in
the given ratio. ’

Cor. Since one circle cuts another in two points,
there will be two chords which answer the conditions.
If C coincides with A, the ratio is one of equality, and
DE will be perpendicular to AB.
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(15.) From two given points in the circumference of
a given circle, to draw two lines to a point in the circum-
Jerence, which shall cut a line given tn position, so that
the part of it mtercepted by them. may be equal to a
given line.

Let 4, B be the glven pointsin the
circumference of the circle ABC; DE
the line given in position. From B
draw BF parallel to DE, and equal
to the given line. Join 4F; and on
it describe a segment of a circle AGF contalmng an
angle equal to the angle in the segment ACB; and let it
cut DE in G.  Join 4G, and produce it to C and join
BC cutting DE in H. AC, BC are the lines required.

Join GF. Since the angle 4GF=ACB, GF is

parallel to CB; but FB is parallel to GH, whence FGHB '
is a-parallelogram, and GH=FB.
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(16.) ¥f a cherd and diameter of a circla wmlersecs
. each other at any angle, and @ perpendicular to.the chord
be drawn from either extremity of i, meeling the cir-
cumference and diameter produced ; the whole perpen-
dicular Mas to the part of it withaut the circle, the same
ratio that the greater segment of the chord has to the
less.

Let the diameter 4B and chord DE intersect each
other at C; and from D draw DG perpendicular to DE,

D

meeting AB produced in G;
thean GD : GF :: DC : CE.

Through F draw F1 parallel to DE, and meeting the
diameter in I. Join FE, cutting the diameter in O. 8ince
the angle FDE is a right angle, FE is a diameter and O
is the centre. And since the angle IFO is equal to the
alternate angle OEC, and the angles at O are equal, and
FO=OE, .. the triangles OFI, OEC are equal, and
CE=FI. And since FI is parallel to DC,

(Eucl. vi. 2.) GD : GF :: DC : (FI=) CE.

In a similar manner it may be shewn that

' gH : gE : DC : CE.

P IR ettt et

(11.) If from the extremities of any chord of a cir-
cle, perpendiculars to it be drawn and produced lo cul
a diameter ; and from the points of intersection with the
diameter lines be drawn to a point in the chord, so as to
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make equal angles with it ; these lines together will be
equal to the diameter of the circle.

Let 4B be any.chord of the circle g '

ABC; draw AE and BF perpendicular to ,

. it, meeting the diameter CD in E and F'; A '
from which let the lines EH, FH be drawn

making equal angles with 4B; EH and HF together

are equal to CD.

Take O the centre, and join BO, and produce it; it
will meet AE produced in G. Produce EH, FB to
meet in I. Then since the angle JHB=A4HE=FHB,
and HB is perpendicular to FI, the triangles FHB,
HBI are equal, and FH=HI1 And since EG is pa-
rallel to FB, the angle EGO = OBF, and the vertical
angles at O are equal, and GO=0B, .. EG=FB=BI;
whence E/= GB, and .. EH, HF together are equal to
Eli. e. to GB or CD the diameter of the circle.
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- (18.) If from a point without a circle two straight kines
be drawn, one of which touches and the other cuts the
circle ; a line drawn from the same point in any direction,
equal to the tangent, will be parallel to the chord of the
are intercepted by two lines drawn from is other ex-
tremity to the former intersections of the circle.

From the point 4 let 4B, AD be
drawn, of which 4B touches the circle
BCD, and AD cuis it; and draw 4E= B
4B, in any direction; join CE, DE, @
cutting the circle in F and G ; the chord
FG will be parallel to 4E.
K
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Because (Eucl. iii. 36.) DA : AB.:: AB : AC,

and AE=AB, .. DA : AE :: AE : AC,
t. e. the sides about the angle A4 of the triangles ADE,
ACE are proportional, .. (Eucl. vi. 6.) the triangles are
equiangular, and the angle AEC is equal to the angle
ADE. Butsince CDGF is a quadrilateral figure in the
circle, the angles CDG, CFG are equal to two right
angles, i.e. to EFG, CFG, ... CDG = EFG, whence

AEF = EFG, and FG is therefore parallel to 4E.

(719.) If from a point without a circle, two straight
lines be drawn touching it, and from one point of contact
a perpendicular be drawn to that diameter which passes
through the other ; this perpendicular will be bisected by
the line joining the point- without the circle and the other
extremity of the diameter.

Let DA, DB be drawn from a point D ¢
without the circle 4BC, touching it in 4 B
and B; and from B let BE be drawn per-
pendicular to AC the diameter passing X—
through 4; join CD; BE is bisected by
CD in the point F. ‘

For produce 4D and CB to G; join AB. Then
since DA = DB, the angle DAB is equal to the angle
DBA. Now the angle ABG, being a right angle,
equal to BAG, BGA, of which ABD = BAG, ... DBG
= DGB, and DG=DB=D4; and since AG is pa-
rallel to EB, '

BF : GD :: CF : CD :: EF: AD,
and GD=DA, .. BF=FE.

,s .
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© (80.) Ifany chord in a circle be bisected by another,
and produced to meet the tangents drawn from the
extremities of the bisecling line; the parts intercepted
between the tangents and the circumferences are equal.

Let AB be bisected in E by CD ;
and to C and D let tangents be drawn,
meeting AB produced in F and G;
AF is equal to BG.

Find O the centre; join OC, OD, '
OE, OF, OG. Since OE is drawn from the cenfte to
the point of bisection of AB (Eucl. iii. 3.) the angle
OEF is a right angle; and the angle OCF is a right
angle (Eucl. iii. 18.); .. a circle may be described about
OEFC. Also since ODG and OEG are right angles
a circle may be described about OEDG ; and the angle
DOG is equal to the angle DEG in the same segment;
but DEG is equal to FEC, i. e. to FOC, .. DOG =
FOC; and ODG, OCF are equal, being right angles;
and OC= 0D, .. OF = OG, and consequently FE =
EG. But AE=EB, ... FA=BG.
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(81.) If one chord in a circle bisect another, and
tangents drawn from the extremities of each be produced
o meet ; the line joining their points of intersection will
be parallel to the bisected clu‘ml.

Let 4B be bisected by the line
- .CD in E, and let the tangents AF,
BE meet each other in F, and DG,
CG in G. Join GF'; GF is pa-
rallel to AB. .
- Join 40, CO, GO, FO; then
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GO bisect CD in H, and OHE is a right angle; for
the same reason FO passes through E, and AEO isa
right angle. And since F40 'is a right angle (Eucl.
iii. 18.), and from 4, AE is drawn perpendicular to the
base,

(Eucl. vi. 8. Cor.) FO OA : 04 : OE
for the same reason,
(0C=)04 : 0G : OH (0C=) 04,

.. ex equo per. FO : 0G :: OH : OE,
.. the sides of the triangles FOG, OHE about the com-
mon angle O are proportional, and consequently the
triangles are equiangular, and the angle GFO equal to
EHO, and .. a right angle, and equal to the alternate
angle FEB, ... AB is parallel to GF.

rroos

© (82) If from a point without a circle two lines be
drawn touching the circle, and from the extremities of
any diameter lines be drawn to the points of contact,

cuttmg each other within the circle ; the line produced,
- which joins their intersection and the point without the
circle, will be perpendicular to the diameter.

From the point P without the circle
ABC let there be drawn two tangents
PC, PD. From A and B the extremi-
ties of a diameter, draw 4D, BC to the
points of contact, intersecting each other
in E; join PE, and produce it to F; PF is perpendicuiar
to 4AB.

Take O the centre; join CO, DO, CD, DB. Smee

CPD, COD, are together equal to two right angles,
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CPD is equal to 40C, BOD together, ¢. e. to twice
ADC, BCD together, .. CPD js equal to the angle at
the centre of a circle passing through C, E,and D; and
since PC=PD, P is the centre itself; ... PE=PD,
and the angle PED is equal to the angle PDE. But
the angle DBA=PDE=PED = AEF, and the angle
at 4 is common, .. AFE=ADB, and (Eucl. iii. 31.) is
.. a right angle. '

P T T ettt adand

(83.) If on opposite sides qf the same extremity of
the diameter of a circle equal arcs be taken, and from the
extremitics of these arcs lines be drawn to any point in
the circumference, one of which cuts the diameter, and
the other the diameter produced ; the distances of the
points of intersection from the extremilies of the diameter
are proportional to each other.

On opposite sides of the point 4 in AB
the diameter of the circle 4BC let equal
arcs AC, AD be taken; from C and D let
CE, DE be drawn. to any point E in the
circumference, of which CE cuts 4B pro-
duced in F, and DE cuts AB in G; then
will AF : FB :: AG : GB.

Join AE, BE, and through B draw
HBI perallel to AE. Since AEB is a right
angle, CE A4 and BEI are together equal to a right angle,
and .. equal to 4ED, DEB; and since AC = AD,
CEA = AED, .. BEI=BED. Again since AE is
parallel to IH, the angle EIB is equal to CEA=AED =
the alternate angle EHB, .-. the two triangles EIB,
EHB having two angles in each equal, and one side EB
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angles DB, EFC are similar,
~. 4D : DE :: DE : EC.

(86.) If from a point without a given czrcle any
two lines be drawn cutting the circle ; to determine a
point in the circumference, such that the sum of the per-
pendiculars from it upon these lines may be equal to a
&gtoen line.

From the point 4 without the circle
BDC let AB, AC be drawn cutting the
circle; draw AF perpendxcular to 4B,
and equal to the given line ; FG parallel :
to AB, and meeting AC produced in

" G; from G draw GH bisecting the angle 4GF, and
(1f the problem be possible) meeting the circle in H; H
is the point required. .

Through H draw KL perpendicular to 4B, and HI
perpendicular-to 4C; then the angle KG H being equal
to HGI, and the angle at K to the angle at I, and the
side HG, opposite to one of the equal angles in each
common, HK = HI; whence HI and HL together are
equal to HK aud HL together, i. e. to AF, t. e. to the
given line.

If GH cuts the circle, there are two pomts which
answer the conditions. )

P Y e et Ll e d

(87.) If two circles cut each other, and any twe
points be taken in the circumference of one of them,
through which lines are drawn from the points of inters
section and produced to the circumference of the other;
the straight lines joining the extremities of those which
are drawn through the same point, are equal.
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" " Let the two circles /CB, AEB.
cut each other in 4 and B, and in
ACB let any two points C and D
be taken, through which - draw
4CG, BCE, ADH, BDF; and
join EG, FH ; EG=FH. .

For the angles CAD, CBD bejng on the same cir-
cumference CD are equal to one another, .". the circum-
~ ference EF'is equal to the circumference GH, Add to
each FG, and the circumference EFG is equal to FGH,
. (Euel. iii. 29.), the straight line EG=FH.

2

(88.) If two circles cut each other ; the greatest line
that can be drawn through the point of intersection zs'
that which is parallel to the line joining their centres

~ Let the two circles ABE, AFD
cut each other in 4. Join O, C
their centres, and through A let .
BAD be drawn parallel to OC;
BAD is greater than any other line .
EAF which can be drawn through 4.
Draw OG, CH, perpendicular to BD, and al, C'K
perpendicular to EF. Then 4G being half of 4B, .and
AH of AD, GH is half of BD. For the same reason
IK is half of EF. Draw CL parallel to EF, and there-
fore at right angles to OI, and equal to IK. Then since
the angle CLO is-a right angle, it is greater than COL,
. the side CO is greater than CL, and GH than IK,
consequently BD is greater than EF. In the same way
BD may be shewn to be -greater than any other line
drawn tbvough A.. :

L
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(89.) Having given the radii of two circles which
cut each other, and the distance of their centres; to
draw a straight line of given length through their point
of intersection, 8o as to terminate in their circumferences.

Let the two circles AFD, BGD - >
cut each other in D; on QC, the m
line joining their centres O and C, * ° <0
describe a semicircle CEO ; and in it, from C place CE
equal to half the given line, and through D draw FDG
parallel to it; FG will be the line required.

Through £ draw OEH, which (Eucl. iii. 31.) will
be perpendicular to FG; and draw CI parallel to OH,
and ... perpendicular to DG ; then (Eucl. iii. 3.) FD
and DG are bisected in H and I, and .. FG is double of
HI; but HECI being a parallelogram, HI = EC;
. FG is double of EC, and consequently equal to the
given line. .

(90.) If two circles cut each other ; to draw from one
of the points of intersection a straight line meeting the
circles, so that the part of it intercepted between the
circumferences may be equal to a given line.

Let the two circles ABC, ADB cut each
other in 4 and B. Join 4B, and draw BC
touching the circle 4BD. Join AC; and
take AF a fourth proportional to BC, B4
and the given line; join BF, and produce it
to E; BFE will be the line required. P

Since the angle 4FB together with the angle in t,he
segment ADB or (Eucl. iii. 32.) its equal 4BC, are
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equal to two right angles, 7. . to the angles AFB, AFE,
. ABC=AFE; and ACB = AEF, being in the same
segment, .-. the triangles 4CB, AEF are equiangular,
- and 4B-: BC :: AF : FE,
but 4B : BC :: AF : the given line,
whence FE is equal to the given line.

(91.) If two circles cut each other; to draw from
the point of intersection two lines, the parts of which in-
tercepted between the circumferences may have a given
ratio.

Let the two circles ABC, ABD cut
each other in 4 and B; in the circle
ABD place BE, BF, which have to each
other the given ratio; join 4E, AF,and
produce AE to G ; EG will have to HF
the given ratio.

Draw the diameters 4C, AD; join
GB, BH, BC, BD ; then ADBE being a quadrilateral
figure inscribed in a circle, the angles AER, ADB are
equal to two right angles, and .". equal to BEA, BEG,
<. BEG=BDA=BFA. Andsince AGBH is a quad-
rilateral figure inscribed in a circle, 4HB, AGB are
equal to two right angles, <. e. to 4HB, BHF, .. AGB
= BHF; hence the triangles GBE, FBH are equi-
angular, - o

<. GE : HF :: BE : BF, i.e. in the given ratio,

(92.) If a semicircle be described on the common
chord of two intersecting. circles, and a line be drawn
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AGEC, AHFD, meeting the circumfe-
rences; then HF : GE :: FD : EC.
Join BG, and produce it to K ;
then (Eucl.iii.35.) AL : LB :: LG : LH,
and AL : LB :: IL : LF
and also :: KL : LD,
v. (Eucl, v.15.) IL : LF :: GL : LH,
and (Eucl. v.19.) IG : HF :: IL : LF.
Forthesamereason,IK : FD :: IL : LF,
. 1G: HF :: IK : FD.
Inlike manner, GE: GI:: GB: GA :: GC: KG :: EC: IK,
.. ex equo GE: HF:: EC: FD.

(95.) In a given m’rclc; to place a straight line cut-
ting two radii which are perpendicular to each other, in
such a manner that the line itself may be trisected.

Let ABC be the given circle,
AO and OB being two radii at
right angles to each other ; bisect
the angle 40B by OC; at C draw
the tangent CD, and make it equal
to 3 CO; produce OB to E ; join :
OD, and from F draw FGIK parallel to DC; it will be
trisected at the points G and 1.

Since the angle at C is a right angle, and COB is
balf a right angle, .. also CEO is half a right angle, and
equal to COE; whence CO=CE. And since HF is
parallel to CD,

CE : ED : HG GF,
but ED is double of EC . FG is double of HG.
But HG = HI, since HO bisects the angle JOG, and is
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perpendicular to IG; .. FG = GIL Also HK = HF,
o IK=GF; \

whence FG=GI= IK and FK is trlsected

Rz

(96.) If a straight line be divided into any two
parts, and upon the whole line and one of the parts, as
diameters, semicircles be described ; to determine a point
in the less diameter, from which if a perpendicular be
drawn cutting the circumferences, and the points of in-
tersection and the extremities of the respective diameters
be joined, and these lines produced to meet ; the parts of
them without the semicircles may have a given ratio.

Let AB be divided into any two
parts in the point C, and.on 4B, 4C
let semicircles be described. Take 4G :
AC the duplicate of the given ratio,
and make CD : CB :: AG : GB;
D will be the point requlred '

From D draw the perpendlcular DFE; join BE
CF, and produce them to H; join AE, CI; and from
K draw KL parallel to EA. :

Since CD : CB :: AG : GB,
comp. and inv. DB : CD :: AB : AG,  ::
and since CI is parallel to BE, and KL to EA, . - -
BD :CD: BE :CK: B4:CL . ..
whence (Eucl V. 15)AB AG : AB-.: CL, -
~ AG=CL; S
consequent]y AG AC :: €L : CA,
. t.e. in the duplicate ratio of CK : CF,
or (by similar triangles) of HE .: HF.
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. But AG : AC is the duplicate.of the giveﬁ ratio,
<. HE : HF is in the given ratio.

.

‘(97.) If a straight line be divided into any two
parts, and from the point of section a perpendicular be
erected, which is a mean proportional between one of the
parts and the whole line, and a circle described through
the extremities "of the line and the perpendicular; the
whole line, the perpendicular, the aforesaid part, and a
perpendicular. drawn from its extremily to the circum-

Jerence will be in continued proportion.

‘Let AB be divided into any two
parts in C, and from C draw the per-
pendicular CD equal to a mean pro-
portional between 4B and AC; and
through 4, B, D let a circle be de-
scribed, and draw 4E perpendicular to 4B ; AB CD
AC, AE are in continued proportion.

In 4B produced take BF=.AC.. Join FD, meetmg

" the . circumference in G ; join 4G, AD, GE. Then
because BF = AC, ... CF = AB, and CD is a mean
proportional between 4C and CF, .". ADG is a right
angle, whence (Eucl.iii. 21.) 4EG is also a right angle,
and equal to E4C; ... EG is parallel and equal to
AB, i.e. to CF; whence (Eucl. i. 33.) EC and GF
are equal and parallel, and the angle ACE = CFD=
ADC, and the triangles AEC, ADC, CDF are similar,

(CF::) 4B : CD :: €D : CA 3 CA : AE.
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(98.) '!/‘ the tangents drawn to every two of three
unequal circles be produced till they meet ; the points of
intersection will be in a straight line. i

Let A4, B, C be the centres of the three circles; and
let DE, FG, HI he respectively tangents to each of two

circles, meeting the lines joining the centres in the
points P, @, R; P, Q, R are the points in which two
tangents to the circles would intersect, Join PQ, QR;
they are in the same straight line.

Join 4D, AF, BE, BH, €G, CI, and draw BK
rarallel to Q. Then BE and 4D being perpendicular
to PD are parallel, A

.4D : BE :: AP : BP,
or AF : BH :: AP : BP :: AQ : QK.
But (CG=)CI: AF :: CcQ : 4Q,
s.exaquo CI : BH :: CQ : QK.
But CI : BH :: CR : BR,
. (Eucl. v.15.) CR : BR :: CQ : QK,
and CR: CB :: CQ : CK;
\ allo the vertically opposite ang:le- at C are equal, .". the
| triangles CBK, CQR are similar, and the angle CQR
(Eucl. vi. 6.) is equal to BKC, ... CQR and CQP are
. M
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together equal to BKC, CQP, i. e. (Eucl. i. 29.) to two
right angles, whence (Eucl. i. 14.) PQ and QR are in
the same straight line.

(99.) If from the extremities of the diameter of a
circle any number of chords be drawn, two and two in-
tersecting each other in a perpendicular to that diameter ;
the lines joining the extremities of every corresponding
two will meet the diameter produced in the same point.

From A and B, the extremities of the diameter 4B
of a semicircle, let 4C, BD be drawn intersecting each

other in FH, which is perpendicular to 4B. Join CD,
and produce it to meet B4 in P; P ‘is a fixed point,
or the line joining the extremities of every other twe
chords intersecting each otherin F'H will pass through P.

Join BC; and bisect BG in O; and with the centre
0, and radius OB, describe a circle HGB, which will cir-
cumscribe the quadrilateral figure HGCB. Take E the
centre of the semicircle, and join HC, EC. "The angle
PCE is equal to PCA, ACE together, i.e. to DBA,
CAE together ; and the angle CHE is equal to 4CH,
CAH together, i.e. to DBA, CAH together, .. PCE
= CHE, and the angle at E being common, the triangles
CEH, CPE are equiangular;

whence EH : EC :: EC : EP,

in which proportion the three first terms being invariable,
EP is also, and the point E being fixed, P is alse, .

o, o
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- (100.) If from a given point in the diameter of a
semicircle produced, three straight lines be drawn, one of
which is inclined at a given angle to the diameter, another
touches the semicircle, and the third cuts it, in such a
manner, that the distance of the given point from the
nearer extremity of the diameter, and the perpendiculars
drawn from that extremity on the three aforesaid lines
may be proportional ; then will the lines, which join the
exiremities of the diameter and of that part of the cut-
ting line which is within the circle, intersect each other
in an angle equal to the given angle.

From a given point C, in the diameter 4B produced
of the semicircle 4GB, draw CD inclined at a given

angle to 4C, CG touching, and CIH cutting the circle
in such a manner that BD, BE, BF being drawn re-
spectively perpendicular to them, CB may be to BD as
BE to BF; then if AI, BH be joined, the angle 4LH
or BLI will be equal to BCD.

Join OH, OG; and draw OK perpendicular to HI. .
Now the angles at E and F being right angles, as also
those at G and K, BE is parallel to OG, and BF to OK ;

-.(0OG=)0H : BE :: CO: CB :: OK : BF,

) -.OH : OK :: BE : BF :: BC : BD;
also the angle at D is equal to OKH, .. (Eucl. vi. 7.) the
triangles OHK, BCD are equiangular, and the angle
OHK is equal to BCD. But OHB is equal to OBH,
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i.e. to AIH (Eucl iii. 21.) .. OHK is equal to AIH,
LHI together, t. e to ALH (Eucl. i. 32.); wherefore
ALH is equal to BCD.

Sect. III.

(1) Any side of a triangle is greater than the differ-
ence between the other two sides.

Let ABC be a triangle; any of
its sides is greater than the difference
of the other two. / .

Let AC be greater than 4B; % D ¢
and cut off AD=AB; join BD; then the angle ABD
is equal to ADB. But the exterior angle BDC is greater
than DBA, i.e. than BDA, and .. greater than DBC
(Eucl.i. 16.) ; whence BC is greater than DC, i.e. than
the difference of the sides 4C and 4B. In the same
way it may be shewn that 4B is greater than the
difference of 4C and BC; and 4C grealnr than the
difference of AB and 8C.

R) Inany ﬁgkt-ahgled treangle, the straight line
Joining the right angle and the bisection of the hypo-
thenuse is equal to half the hypothenuse.

Let ACB be avight-angled triangle, whose hypo-
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thenuse 4B is bisected in D; join
DC; DC is equal to the half of 4B.
From D draw DE parallel to AC,
. (Eucl. vi. 2.) BE=EC, and ED
i1s common and at right angles to BC, . DC=B8D,
2. e. the halfof 4B.

P T T et e

(3.) If from any point within an equilateral triangle
perpendiculars be drawn to the sides; they are together
equal to a perpendicular drawn from any of the angles
Zo the opposite side.

From any point 1) within the equi- B
Iateral triangle 4BC, et perpendiculars e
DE, DF, DG be drawn to the sides;
they are together equal to B a perpen-
dicular drawn from B on the opposite side
AC. -

Join DA, DB, DC. Since triangles upon the same
and equal bases are to one another as.their altitudes,
ABC : ADC :: BH : DE,
also ABC : BDC :: BH : DF,
and 4BC : ADB :: BH : DG;
whence 4BC : ADC+BDC+ADB :: BH : DE +
DF+ DG, in which proportion the first term being
equal to the second, .. DE+ DF+ DG =BH. :

\
A HE C

(4.) If the points of bisection of the sides of a given
triangle be joined; the triangle so fermed will be one
Jourth of the given triangle.
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Let the sides of the triangle ABC A

be bisected in the points D, E, F; ﬁi
join DE, EF, FD; the triangle
DEF is one fourth of the triangle E €
ABC.

Since AB and AC are hisected in D and F, (Eucl
vi. 2.) DF is parallel to BC; and for the same reason
FE is parallel to 4B, and DFEB is a parallelogram,
.. the triangle DFE is equal to DBE. In the same
way it may be shewn to be equal to FEC and ADF;
and .-. it is one fourth of 4BC.

(8.) The difference of the angles at the base of any
triangle is double the angle contained by a line drawn
Jrom the vertex perpendicular to the base, and another
bisecting the angle at the vertex.

From B the vertex of the triangle B
ABClet BE be drawn perpendicular
to the base, and BD bisecting the
angle 4BC; the difference of the A  ED c
angles BAC, BCA is double the
angle EBD.

The angle BAC is equal (Eucl. i. 32.) to the differ-
ence of the angles BEC and ABE, i. . of a right angle
and 4BE. Also the angle BCA is equal to the differ-
ence of a right angle and EBC, .. the difference of the
angles BAC and BCA is equal to the difference of the
angles 4BE and EBC, i.e. (since ABD=DBC) to
twice the angle EBD.

COPII PP IO Or PO OO P s sr s
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(6.) If from one of the equal angles of an isosceles
triangle any line be drawn to the opposite side, and from
the same point a line be drawn to the opposite side pro-
duced, so that the part intercepted between them may be
equal to the former ; the angle contained by the side of
the triangle and the first drawn line is double of the
angle contained by the base and the latter.

A

Let ABC be an isosceles triangle,
having the side AB equal to AC.
From B draw any line BD, and also
BE cutting off DE equal to DB;
the angle 4BD is double of CBE.

For the angle DCB is equal to the two DEB, CBE,
i.e. to the two DBE, CBE, or to DBC and twice
CBE ; but DCB is equal to ABC, ... ABC is equal to
DBC and twice CBE, and taking away the angle DBC,
which is common to both, the angle 4BD is equal to
twice CBE. :

(71.) -If from the extremity of the base of an isosceles
triangle, a line equal to one of the sides be drawn to
meet the opposite side; the angle formed by this line and
the base produced, is equal to three times either of the
equal angles of the triangle.

‘Let ABC bean isosceles triangle A
having the side 4B equal to AC.
From C to AB. (produced if neces-
sary) draw CD equal to 4C, and
let BC be produced ; theangle DCE
is equal to three times the angle 4BC.



96 GROMETRIOAL PROBLEMS. [Sect. 3.

Since CA is equal to CD, the angle CAD is equal
to CDA, ... CDA and twice 4BC are together equal
to two right angles, and .'. are equal to CD4, CDB;
whence CDB is double of ABC. Now (Eucdl. i. 82.) -
the angle DCE is equal to the two angles CDB, CBD
and consequently is equal to three times the angle 4BC.

(8.) The sum of the sides of an isosceles triangle is
less than the sum of the sides of any other triangle on the

same base and between the same parallels.

Let ACB be an isosceles triangle,
and ADB any other triangle on the
same base, and between the same pa-
rallels AB, ED; AC and CB to-
gether will be less than 4D and DB. ‘

Since EC is parallel to 4B, the angle ECA is equal
to CAB; and for the same reason DCB is equal to
CBA; but CAB being equal to CBA4, ECA is equal
to DCB; .. AC and BC-drawn from two given points
A and B on the same side of the line ECD given in
position make equal angles with the line, .». (i. 6.) they
are together less than any other two lines 4D, DB,
drawn from the same points to that line.

B s

(9.) If from one of the equal angles of an isosceles
triangle a perpendicular be drawn to the opposite side;
the part of it intercepted by a perpendicular from the
vertex will have to one of the equal sides, the same ratio
that the segment of the base has to the perpendicular
upon the base. '
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Let ABC bé an isosceles triangle,
having the side 4B equal to AC. From
Band A4 let fall peypendiculars BD, AE;
then will BF : AC :: BE : EA.

Since the angles BDA, AEC are
right angles, and the angle DAF common to. the two
triangles FAD EAC, .. the triangles are similar. But
the triangle BFE is similar -to AFD, and .-..to EAC;

whence BF : BE :: AC : AE,
and BF : AC :: BE : EA.

-

(10:) If from any point in the base of an isosceles
triangle lines be drawn to the opposite sides, making
equal angles with the base; the triangles formed by
these lines, the segments of the base, und the lines joining
the intersections of the sides and the angles opposite, -
will be equal.

From any point D, in 4C the base of R
the isosceles triangle 4BC, let DE, DF be
drawn, making the angles CDE, 4DF
equal to one another; join AE, CF; the =
triangles 4ED, CDF are equal '

Smce the angle ADF is equal to the angle EDC,
and F4D = ECD, the triangles ECD, FAD are equi-
angular, and 4D : DC :: FD : DE. Also since the
angle FDA is equal to EDC, add to each the angle
FDE, .- theangle ADE = CDF hence the sides about
the equal angles are reciprocally proportional, and .
(Eucl. vi. 15.) the triangles ADE, FCD are equal.

P Y L el I S
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From A one of the angles of the tri-
angle ABC, let AD be drawn parallel
. to BC the opposite side; and from any
point D in it, let DE, DH be drawn °

making any angles with the sides ; draw
BF, CG parallel to them respectively ;
DE : DH :: BF : CG.
Since DE is parallel to BF, and DA to BC the

triangles DEA, BFC are equiangular,

. DE : DA :: BF : BC;
and in a similar manner it may be shewn, that

DA : DH :: BC : CG,
~.DE : DH :: BF : CG.

H

D

\/ (15.) To bisect a given triangle by 4 lme drawvn  ~
Jrom one of its angles.

" Let ABC be the given triangle, and A

A the angle, from which the bisecting - _
line is to be drawn. Bisect the opposite

side BC in D, and join 4D; AD bisects ~ ©
the triangle.

For the bases BD, DC being equal (Eucl. i. 38)) =€
- the triangles 4BD, ADC are a]so equal.

* (16.) To bisect a given triangle by a line drawne="
Jrom a given point in one of its sides. -

Let ABC be the given triangle, -
and P the given point. Bisect BC
in D; join AD, PD; and from A4
draw AE parallel to PD; join PE;
PE bisects the triangle 4BC.
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, Since AE is parallel to PD, the triangle APD is

equal to the triangle EPD; from each of them take
away the triangle PFD, and AFP =EFD. Also since
BD is €qual to DC, the triangle ABD is equal to the
triangle 4DC; parts of which EFD, AFP are equal,
. ABEF is equal to PFDC ; whence ABEF and AFP
together, or ABEP will be equal tp PFIC and FED
together, i. e. to PEC; and .. the triangle 4BC is
bisected by PE.

'/ (17.) To determine a point within a given tﬁanéle,
Jrom which lines drawn to the several angles, will divide
the triangle into three equal parts.

Let ABC be the given triangle ; bisect A

AB, BC, in E, and D; join 4D, CE, x
BF; F is the point required. é ,
Since BD = DC, the triangle BADis * * . ©
equal to DAC; and for the same reason the triapgle
BFD is equal to DFC; .. the'triangle BFA is equal
to AFC. Again, sinte BE=EA, the triangle BEC is
equal to the triangle AEC; parts of which; the triangles
BEF, AEF are equal; .. the triangle BFC is equal to
AFC; and .. the three BFC, BF4, AFC are equal
to one another. '

(18.) Ta trisect a given triangle from a given-point
within . )

Let 4BC be the given triangle, and P the given
point within it. Trisect the side BC in D apd E; join
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PD, PE; and from 4 draw AF,

AG respectively parallel to them.

Join PF, PG, AP. 'Those three

lines will divide the triangle into three

equal parts. F o E ©
Join 4D, AE. Since AF is parallel to PD, the

triangle APF is equal to ADF; to each of these add

ABF, . APFB is equal to ADB. In the same man-

ner APGC is equal to AEC; and ... the remainder

FPG is equal to DAE. Now the triangles ABD, ADE,

AEC, being on equal bases and of the same altitude, are

equal, .. APFB, PFG, APGC are also equal; and the

triangle ABC is trisected.

(19.) From a given point in the side of a triangle,
to draw lines, which will divide the triangle into parts
which shall have a given ratio.

Let ABC be the given triangle,
and P the given point in the side
BC. Divide BC, in the points
D, E, F, into parts which shall
have the given ratio. Joih 4D,
AE, AF, AP; and draw DG, EH, FI para]lel to AP
Join PG, PH, PI; they will divide the triangle, as
required.

For the triangles ABD, ADE, AEF, AFC being as
their bases will be in the given ratio. And since DG is
parallel to AP, the triangles DGA, DGP are equal,

*. DBA, GPB are equal. And since the triangle ZDP
=AGP, and AEP = AHP, ... ADE = HPG. Also
APE=AHP, and APF= AIP, . AEF= AHPI, and

[
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AFC = PIC; .. the parts PBG, GPH, HPIA, IPC
are equal to ABD, ADE, AEF, AFC,and are .. in the

given ratio. ‘'The same may be proved whatever be the
number of parts.

(20.) If two exterior angles of a triangle be bisected,
and from the point of intersection of the bisecting lines,
a line be drawn to the opposite angle of the triangle; it
will bisect that angle. .

Let the exterior angles EBC, BCF, of the triangle
ABC, be bisected by the lines BD, x
CD meeting in D. Join D4 ; it will
bisect the angle BAC. B

Let fall the perpendiculars DE,
DF, DG. 'Then the angles DBE, A4 cr
DBG being equal, and the angles at E and G being
right angles, and DB common to the triangles DBE,
DBG, .. DE=DG. In the same manner DG =DF;
and ... DE=DF. Hence in the right-angled triangles
DAE, DAF, DE is equal to DF and DA is common,
.. the triangles are equiangular, and the angles DAE
DAF are equal, . e. BAC is bisected by 4D.

(21.) If in two triangles the vertical angle of the
one be equal to that of the other, and one other angle of
the former be equal to the exterior angle at the base of
the latter ; the sides about the third angle of the former
shall be proportional to those about the interior angle at
the base of the latter.
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Let AC be produced to D, so B S
that 4D may be to DC in the B -
duplicate ratio of 4B : BC; join
BD; it will be a mean propor- A c D

tional between AD and DC.

Draw CE parallel to AB; then AB : CE :: 4D :
DC, i.e. in the duplicate ratio of 4B : BC, whence
AB : BC :: BC : CE,i.e. the sides about the equal
angles ABC, BCE are proportional ; therefore the tri-
angles 4BC, BCE are similar, and the angle at A is
equal to the angle CBD; . . the triangles 4BD, CBD
are equiangular, and

AB : BD :: BD : DC.

-

(25.) To determine a point within a given triangle,
which will divide a line parallel to the base into two seg-
ments, such that the excess of each segment above the
perpendicular distance between the parallel lines may be

to each other in the duplicate ratio of the respective
segments. ’

Let ABC be the given triangle. £
_From C draw CD perpendicular to 4B; /1N
and from D draw DE, DF bisecting the A
angles 4DC, BDC. Join BE, cutting A‘V

CD in P; P is the point required.
Through P draw GHIK parallel to AB;; then: the=
angle PDH is equal to the angle HDA, i.e. to.the=
alternate angle PHD ; and .". HP, and in. like manner=
P1 will each be equal to PD the perpendicular dNétance>
of GK tfrom AB; and GH, IK will be equal to the
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excess of each segment above that distance PD And
" since GP is parallel to 4B,

GP : PK :: AD : DB :: GH : (HP=) PI,
hence (Eucl.v.19.Cor.) GH : (PI=)PH :. PH : IK,
and .. GH : IK in the duplicate ratio of GH : HP,
i.e. of GP : PK.

PRI T TR S R

(26.) If perpendiculars be drawn to two sides of a
triangle from any two points therein; the distance of
their concourse from that of the two sides will be to the
distance between the two points, as either stde is to the
perpendicular drawn from its extremsty upon the other.

From any two points E, F in the Y
sides 4B, AC of the triangle 4 BC, let
perpendiculars ED, FD be drawn, meet-
ing in D. Join 4D, EF; and from C
draw CG perpendicular to 4B; AD :

FE :: 4C : CG.

Produce ED to H. And since the angles 4ED,
AFD are right angles, a circle described on 4D as
a diameter will pass through F' and E, and .". the angles
FAD, FED standing in the same segment are equal ;
.. the triangles AHD, HEF are equiangular;

and .. AD : FE :: AH : HE :: AC : CG,
since HE is parallel to CG.

-

(21.) If the three sides of a triangle be bisected, the
perpendiculars drawn to the sides at the three poigts of
bisection, will meet in the same point.
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Let the sides of the triangle 4BC be
bisected in the points D, E, F. Draw
the perpendiculars EG, FG meeting in '
G. The perpendicular at D also passes
through G.

Join GD, G4, GB, GC. Since AF = FC, and
FG is common -to the triangles AFG, CFG, and the
angles at F' are right angles, ... 4G= GC. In the same
way it may be shewn that GC=GB; .. 4G = GB;
but AD = DB, and DG is common to the triangles
ADG, BDG, .. the angles at D are equal, and .". right
angles, or the perpendicular at D passes through G.

Cor. The point of intersection of the perpendiculars
is equally distant from the three angles. '

e i e e R T T )

(28.) If from the three angles of a triangle lines be
drawn to the points of bisection of the opposite sides,
these lines intersect each other in the same point.

Let the sides of the triangle ABCbe - »
bisected in D, E, F. Join AE, CD,
meeting each other in G. Join BG,

GF; BGF is a straight line.

Join EF, meeting CD in H. Then *

(Eucl. vi. 2.) FE is parallel to 4B, and .~ the triangles
DAG, GEH are equiangular, :

.. DA : DG : HE : HG,

or DB : DG :: HF : HG,
i. e. the sides about the equal angles are proportional ;
.. the triangles BDG, GHF are similar, and the angle
DGB=HGF:; and .. BG and GF are in the same
straight line. ' '

R R LI T Y ST P PPy
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(29.) The three straight lines, which bisect the three
angles of a triangle, meet in the same point.

Let the angle BAC, BCA be bisect- B.
ed by the lines AE, CD, and through G
their point of intersection draw BGF';
it bisects the angle at B.
For (Eucl.vi.3.) BC : CF :: BG : GF :: B4 : AF,

~.BC :BA : CF : F4,
or FB bisects the angle 4BC.

(80.) If the three angles of a triangle be bisected,
and one of the bisecting lines be produced to the opposite
side; the angle contained by this line produced, and one
of the others is equal to the angle contained by the third,
and a perpendicular drawn from the common point of in-
tersection of the three lines to the aforesaid side.

Let the three angles of the triangle ABC £
be bisected by the lines 4D, BD, CD;
produce BD to E, and from D draw DF
perpendicular to 4C; the angle ADE is
equal to CDF.

Since the three angles of the triangle 4 BC are equal
to two right angles, .. the angles DAB, DBA, DCF
are together equal to one right angle, i.e. to DCF, and
CDF; whence the two angles DAB, DBA are together
equal to the angle CDF ; but ADE is equal to the same
two angles, and .. 4DE is equal to CDF.

vror rrrsore

(31.) In a right-angled triangle, if a straight line
be drawn parallel to the hypotheénuse, and culting the
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perpendicular drawn from the right angle ; and through
the point of mitersection a line be drawn from one of the
acute angles to the opposite side, and the extremily of
this line and of the perpendicular be joined ; the locus of
its intersection with the line parallel to the hypothemcse
will be a straight line.

- Let EF be drawn parallel to 4C B
the hypothenuse of the right-angled
triangle 4BC; and from the right
angle B let the perpendicular DB be
drawn, meeting EF in G ; through G draw CGH ; join
HD; the locus of I, the mtersectlon of EF and HD is
a straight line.

Because EG is parallel to AC the base of the triangles
AHC, ABD, AK : KD : EI : IG :: AD : DC.
But AD and DC are invariable, .. the ratios'of AK
KD, and EI : IG are also. In.the same manner if any
other line be drawn parallel to the hypothenuse, and a
similar construction be made, the point of intersection
will divide the part intercepted between AB and BD in
the ratio of 4D : DC, or AK : KD, and will .". be in
the line BK, which is the locus required. :

P e T RS S S 2 Y

(82.) If from the angles of a triangle, lines, each
equal to a given line, be drawn to the opposite sides
(produced if necessary); and from any point within,
lines be drawn parallel to these, and mecting the sides of
the triangle; these lines shull together be equal to the
given line.

- From the angles of the triangle 4BC let the lines
Aa, Bb, Cc he drawn to the.opposite sides, cach equal
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'0.@ given line L ; and parallel to them respeetively draw,
frem any point P, the lines PP, PE, PF these tb»
vether will be equal te L.

Join P4, PB, PC. Then since the triangles ABC
APC are on the same base AC, they are to one another

as the perpendiculars from B and P, ¢. e. by similar tri-
angles, as Bb : PE, oras L : PE. - In the same way,
ABC : ABP :: L : PF,
and 4B€ : BPC :: L : PD;
. ABC : APC + ABP + BPC :: L : PE + PF+ PD;
and since the first term is: equal to the-second, the third
will be equal to the fourth, or L=PID+ PE + PF.

rrssssop et rrrerssss s

(83.) If the sides of a triangle be cut proportionally,
and lines be drawn from the points of section to the oppo-
stfc angles ; the intersections of these lines will be in the
same line, viz. that drawn from the vertex to the middle
of the base. '

Let the sides of the triangle14BC be
cut proportionally, so that 4D : AE ::
DF : EG :: FH : GL :: HB.: LC.
Join BE, BG, BL, CD; CF, CH ; these-
lines will intersect each other in thé line
4K drawn from 4 to K the middle of the base BC.
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- Joih DE. Then since when any number of mag-

nitudes are proportional, as one antecedent is to its con-
‘sequent, so are all the antecedents taken together to all
the consequents together, .. 4D : AE :: AB : AC, and
DE is parallel to BC. Join KO, and let it meet DE
in I. The triangles BOK, IOE are similar, and there-
fore,

BK : KO :: EI : 10, and for the same reason,

CK : KO :: DI : 10, whence EI= DI, and DE is
bisected by KO; and it is also bisected by 4K, ... 4K
passes through O. In the same manner it may be shewn
that BG and CF, as also BL, CH intersect each other
in points which are in the line 4K.

(84.) If from any point in one side of a triangle,
two lines be drawn, one to the opposite angle, and the
other parallel to the base, and the former intersect a line
drawn from the vertex bisecting the base; this point of
intersection, that of the line parallel to the base and the
third side, and the third angular point are in the same
straight line.

From any point D in the side AB
of the triangle 4BC, let DE be drawn
parallel to 4C, and DC joined ; and let
DC meet BF drawn from B to the
middle of 4C in G; A4, G, E are in
the same straight line.

Let DE cut BF in K. The tnangles DGK, CGF

are eqmangular, and
+~DG : GC : DK : FC : DE AC
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hence the triangles DGE, AGC, having one angle in
each equal, viz. EDG, GCA, and the sides about them

proportional, are therefore similar; whence the angles
AGC, DGE are equal ; and DGC belng a strmght line,
AGE is also.

L s st s s s st rr st rsses

(35.) If one side of a trzangle be diwided into any
two parts, and from the point of section two straight
lines be drawn parallel to, and terminating at the other
sides, and the points of termination be joined ; and any
* other line be drawn parallel to either of the two former
lines, 8o as to intersect the other, and to terminatein the
sides of the triangle; then the two extreme parts of the
three segments into which the line so drawn is divided
will always be in the ratio of the segments of the first
divided line.

Let AB be divided into any two parts-
in D, from which draw DE, DF paral-
lel to the other two sides of the triangle ;
join EF, and draw GH parallel to DE,
meeting DF and EF in I and K;
"GI : KH :: AD : DB; and if LM be parallel to DF,

LK : MN :: AD : DB.
Since Gl is parallel to 4F, and NK to DF,
GI: AF :: (ID=) NK : FD :: NE : DE :: KH : F€;
*"GI:KH :: AF: FC :: AD : DB, since DFis parallel
to BC. Agam since ML is parallel to BC,
MN : BE :: ND : DE :: KF : FE :: KL : EC,
" .~ MN:KL :: BE : EC:: BD:DA.

P S L Ll el e o )

P
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(86.) If through the point of bisection of the base
of & triangle any line be drawn, intersecting one side of
the triangle, and the other produced, and meeting a
parallel to the base from the verter; this line wzu be
cut harmonically.

From the vertex B of the
triangle 4BC, let BE be
drawn parallel to thebase AC,
and through the middle point
D let any line EGF be drawn
meeting 4B, BC, BE, in F,
G E;

EG : DG :: FE : FD.

Since 4D is parallel to BE,

FE : FD :: BE : AD,
but BE : (DC=) DA :: EG : GD,
since the triangles BGE, DGC are equiangular, -
.. (Eucl. v. 15.) EG : GD :: FE : FD,
or the line is divided harmonically.

-

(87.) If from either angle of a triangle a line be
drawn intersecting that whick joins the vertex and the
bisection of the base, the opposite side, and the line from
the vertex parallel to the base; it will be eut harmoni-
cally.

From the vertex 4 of the tri-
angle 4BC, let AE be drawn pa-

- rallel to the base BC, and 4D to
its point of bisection IJ; and from
C draw any line CFGE; then will

CE : CF :: EG : FG.
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Draw GH parallel to BC. Since AE and BC are
parallel, (Eucl. vi. 2.)
BAd : AG :: CE . EG
and since GH is parallel to BD,
B4 : AG :: BD : GH :: DC: GH,
:: CF : FG,
since the trlangles DFC, GHF are similar;
. CE : EG :: CF: FG,
and CE : CF = EG: FG.

o

(38.) To draw a line_from one of the angles at the
base of a triangle, so that the part of it cut off by a line
drawn from the vertex parallel to the base, may have a
given ratio to the part cut off by the opposite side.

From A let AE be drawn parallel € ___ ,
to BC. Divide 4B in G, so that "‘7‘
AB : AG in the given ratio ; join’ n
CG, and produce it to meet 4E in '
E. CGE is the line required.

For the tnangles AGE, BGC are equiangular,

.CG : EG :: BG : 4G,
whence (Euc] v. 18.) CE EG :: B4 : 4G,

¢. e. in the given ratio.

,o

(89.) To determine that point in the base produced
of a right-angled triangle, from which the line drawn to
the angle opposite to the base shall have the same ratio to
the base produced, which the perpendicular has to the
base itself. _

Let AB be the base, and CB the perpendicular of
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a right-angled triangle. Draw CE
at fight angles to 4C, meeting 4B m
produced in E. At the point C A

make the angle ECD=CA4B. D is
the point required.

From D draw DF perpendicular to 4C, and .". parallel
to CE. Since the angle FDC is equal to the alternate
angle DCE, i. e. to CAB, and the angles at F and B
are right angles, .". the triangles DCF, ACB are equi-
angular; and DAF is also equiangular to 4CB, hence

. FD : DA : BC : CA,
and DC : DF :: AC : AB,
.. ex equo per. CD : DA :: CB : BA.

POOC 0t s t s rs s tersrssss s

(40.) If the base of any triangle be divided into two
parts by a line which i8 a mean proportional between
them, and which being drawn parallel to the second side
18 terminated n the third; any line parallel to the base
will be divided by the mean proportional (produced if
necessary) tnto segments, which wil} be to each other in-
versely as the whole mean propertional to that segment
whick is terminated tn the third side of the tnangle

Let AC the base of the triangle
ABC be divided into two parts in
D, by aline DE which is parallel
to BC, and a mean proportional
between 4D and DC; then any
fine FG parallel to AC, and meetmg
DE (produced if necessary) in #, vnII be divided into

segments FH, HG, which are to each other inversely as
the lines DE, HE,
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For since FH is parallel to 4D,
FH : AD :: HE : DE,
“but 4D : DE :: DE : (DC=) HG,
~.FH : DE :: HE : HG.

P rossrrset s rersnansees

(41.) If from the extremities of the base of any
triangle, two straight lines be drawn.intersecting each
other in the perpendicular, and terminating in the oppo-
site sides ; straight lines drawn from thence to the in-
tersection of the perpendicular with the base, will make
equal angles with the base. i

From A and C, the extremities
of AC, the base of the triangle
ABC,let AE, CF be drawn inter-
secting the perpendicular BD in
the same point G. Join FD,
ED; these lines make equal angles
FDA, EDC with the base.
Draw EI, FH perpendicular, and KGL parallel to
the base; then FH is parallel to BD,
and ... BG : BD :: FM : FH.
And in the same manner it may be shewn that
BG: BD :: EN : EI;
whence FM : FH :: EN : EI;
and .. FM : EN :: FH : EI
But FM : EN :: FG : GN :: KG : GL :: HD : DI,
~-HD : DI :: HF : EI,
whence the two triangles DFH, DEI, having the angle
at H equal to the angle at I, and the sides about the
equal angles proportional, are equiangular; .. the angle
HDF is equal to EDI.

CrIrrr s st sssvsstsrrss
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(42.) In every triangle, the intersection of the per-
pendiculars drawn from the angles to the opposite sides,
the intersection of the lines from the angles to the middle
of the opposite sides, and the intersection of the perpen-
diculars from the middle of the sides, are all in the same
straight line. And the distances of those points from
one anotler are in a given ratio.

From the angles 4 and B of
the triangle 4BC, let AD, BE
be drawn perpendicular to the
opposite sides, H will be the in-
tersection of the three perpendi-
culars (vii. 34.). From 4 and B ' ¢
draw AG, BF to the points of bisection of the opposite
sides, intersecting in K, which .. is (iii. 28.) the inter-
section of the lines drawn from the angles to the middle
of the opposite sides ; and from F and G draw the per-
pendiculars FI, GI meeting in I, which .-. (iii. 27.) is the
intersection of the three perpendiculars. Join HK, KI;
HKI is a straight line.

Join GF. (Eucl.vi. 3.) 4B is parallel to, and double
of GF; .. by similar triangles 4BK, KFG, BK is
double of KF, and 4K double of KG. And the tri-
angles AHB, FIG are equiangular, ... 4H is double of
IG, and BH is double of IF;

and .. BH : IF :: 2 : 1 :: BK : KF,
whence the triangles BHK, KIF having the angles at
B and F equal, and the sides about them proportional,
are gimilar, .. the angle HKB is equal to IKF, .. H,
K, and I are in the same straight line.

And since BK is double of KF, HK is double of KI,
and .. their distances from each other will be in an in-
variable ratio.

oo
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(43.) If straight lines be drawn from the angles of
a triangle through any point, either within or without
the triangle, to meet the sides, and the lines joining these
points of intersection and the sides of the triangle be
produced to meet ; the three points of concourse will be
in the same straight lne.

Let ABC bea triang'le from the three:angles of which
let lines AF, BE, CD be drawn through a point P with-
in the triangle. Join DE, DF, EF, and produce them

to meet the sides in H, G, I; these three points will be
in the same straight line.

Join GH, HI. Then the three angles of the tri-
angle DHG being equal to two right angles, as also the
three EHI, EIH, and (HEI or) DEF, as also the
two DFI, GFI; ... the three angles of the triangle
DHG together with the angles EHI, EIH, DEF,
DFI, GFI are equal to six right angles. Now the
angles of the triangles DEF, FG1 are together equal to
four right angles, whence DHG, DHI are equal to two -
right angles; or GH, HI are in the same straight line.

COIIV AP 40005 0OV I PO s
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o Secrt. IV.

- (L) The diameters’é}‘ a rhombus bisect each other at
right angles.

Let ABCD ‘be a rhombus, whose B
diameters are 4C, BD; they bisect
each other at right angles in E. A k
Since 4B =AD, and AC is com- ‘y
mon to the two triangles 4BC, ADC,
the two BA, AC are equal to the two. D
DA, AC, each to each,and BC=DC, .. the angle BAC
is equal to the-angle DAC. Again, since BA, AE are
equal to D4, AE, each to each, and the included angles
are equal, ... BE=ED, and the angles AEB, AED
are equal, and .. are right angles. For the same reason
AE=EC; also the angles BEC, DEC are right angles.

(%) If the opposite sides or opposite angles of a
quadrilateral figure be equal, the figure will be a paral-
lelogram.

Let ABCD be a quadrilateral figure, :
whose opposite sides are equal. Join
BD. Since AB = DC, and BD is

common, the two 4B, BD are equal to

the two CD, DB, each to each, and 4D=BC, .-. the
angle ABD=BDC, whence (Eucl.i.27.) 4B is parallel
to DC; also the angle 4DB = DBC, whence AD is
parallel to BC; and the figure is a parallelogram.
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Again, let the opposite angles be equal. Then since
the four angles of the quadrilateral figure 4BCD are
equal to four right angles, and that BAD, ADC toge-
ther are equal to DCB, CBA, -. BAD, ADC together
are equal to two right angles; whence 4B is parallel to
CD. In the same way it may be shewn that 4D is
parallel to BC, and .. 4BCD is a parallelogram.

(8.) To bisect a parallelogram by a line drawn from
a point in one of its sudes. ‘

Let ABCD be a parallelogram,
and P a given point in the side 4B.
Draw the diameter BD, which bi-
sects the parallelogram. Bisect BD E
in F; join PF, and produce it to £. PE bisects the
parallelogram.

Since the angle PBD is equal to the angle BDE;
and the vertically opposite angles at F are equal, and BF
=FD, .. the triangles PBF, DFE are equal. But
the triangle 4BD is equal to BDC, ... APFD is equal
to BFEC; and to these equals adding the equal tri.
angles DFE, PFB, the figure APED=PECB; and
AC is ... bisected by PE.

Cor. Any line drawn through the middle point :of
the diameter of a parallelogram is bisected in that point.

B

rroe

(4.) If from any point in the diameter (or diameter
produced) of a parallelogram straight lines be drawn to
the opposite angle ; they will cut off equal triangles.

: Q
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From any point E, in 4C B ¢
the diameter of the parallelo- %
gram ABCD, let lines EB, & D
ED be drawn; the triangles ABE, AED are equal ; as
also the triangles BEC, CED.

Draw the diameter BD. The bases BF FD being
equal, the triangles BFA, DFA (Eucl. i. 38.), as also
the triangles BFE, DFE are equal, hence ... BAE,
DAE are equal. And ABC being equal to 4DC, the

triangles BEC, DEC are also equal.

D atad

(5.) From one of the angles of a parallelogram to
draw a line to the opposite side, which shall be equal to
that side together with the segment of it which is inter-
cepted between the line and the opposite angle.

Let ABCD be the paral-
lelogram, 4 the angle from
which the line is to be drawn.
Produce DC to K, making
CE=CD. Join AE, and at
the point 4 make the angle
EAF=AEF; AF is the line
required.

For CE being equal to CD, EF is equal to DC
and CF together; and the angles FEA, FAE being
equal, FA=FE, and .". AF=DC and CF together.

Cor. In the same manner if CE=CB, AF=EF=
BC and CF together.

(6.) If from one of the angles of a parallelogram a
straight line be drawn cutting the diameter, a side, and
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a side produced; the segment intercepted between the
angle and the diameter, is a mean proportional betwesn
the segments intercepted between the diameter and the
sides.

From B, oneof the angles
of the parallelogram ABCD,
let any line BE be drawn
cutting the diameter AC in
F,the opposite side in G, and
4D produced in E ; BF is a mean proportional between
FG and FE.

Draw D H parallel to BF, and .-. equal to it; .-. also
AH=FC, and AF=CH. Since HD is parallel to BG,
FG : DH(:: CF: CH :: AH : AF) :: DH : FE,

or FG : BF :: BF : FE.

-

(1.) The two triangles, formed by drawing straight
lines from any point within a parallelogram to the ex-
tremities of two opposile sides, are together ka{f of the
parallelogram.

Let P be any point with- A E__3
in the parallelogram 4BCD,
from which let lines P4,
PD, PB, PC be drawn to
the extremities of the oppo-
sitesides;; the triangles PAD,
PBC are equal to half the parallelogram ; as also the
triangles APB, DPC.

'l‘hrough E draw EPF parallel to AD or BC; then
{Eucl. i. 41.) the tnangle APD is half of AEFD and
BPC is half of BEFC, .., APD, BPC are together half

D F [
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of ABCD. In the same manner if a line be drawn
through P parallel to 4B or DC, it may be shewn that
APB, DPC together are half of ABCD. .

-

(8.) If a straight line be drawn parallel to one of
the sides of a parallelogram, and one extremity of this
line be joined to the opposite one of the parallel side, by
a line which also cuts the diameter ; the segments of the
diameter made by this line will be reciprocally propor-
tional to the segments of that part of it which is inter-
cepted between the side and the parallel line.

" Let EF be drawn parallel to AD A_E B
one of the sides of the parallelogram
ABCD, cutting the diameter BD in
G. Join AF, cutting it alsoin H; ° ¥ ¢
then will BH : HD :: HD : HG.

For the angle 4 BH being equal to HDF, and 4HB
to DHF, the triangles AHB, DHF are equiangular, and

-..BH : HD :: AH : HF :: DH : HG, since the
triangles AHD, FHG are also equiangular._

ad svroe

(9.) If two lines be drawn parallel and equal to the
adjacent sides of a parallelogram ; the lines joining their
extremities, if produced, will meet the diameter in the
same point.

_ Let HI, FG be drawn equal and parallel to the ad-

jacent sides AB, BC of the parallelogram 4BCD.
Join HF, GI; these lines produced will meet the dia-
meter DB in the same point. -
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Produce 4B, CB to K and L. Then the triangles
AFH, LBF having the vertically opposite angles at F
equal, and the alternate angles 4HF, FLB also equal,
are equiangular,

whence A4F : FB :: (HA=)IB : BL;
and in the same manner it may be shewn that -
(GC=) FB : (I :: BK : BI,
.. 4F : CI :: BK : BL.
But A4F=DG,and CI=DH, ... DG : DH :: BK : BL,
and ... HF, DB, GI converge to the same point.

(10.) If in the sides of a square, at equal distances
Jrom the four angles, four other points be taken, one in
each side; the figure contained by the straight lines
which join them shall also be a square.

Let E, F, G, H be four points at E
equal distances from the angles of the nj
square 4BCD. Join EF, FG, GH,
HE; EFGH is also a square.

Since AH=EB,and AE=BF,and 71D & c
the angles at A4 and B are at right angles, .. HE= EF,
and the angle AEH is equal to the angle BFE. In
the same way it may be shewn that HG and GF are
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each of them equal to HE and EF, .. the figure HEFG
is equilateral. It is also rectangular ; for since the ex-
terior angle FEA is equal to the interior angles EBF,
EFB; parts of which AEH and EFB are equal ; .-.the
remaining angle FEH is equal to the remaining angle
FBE, and .. is a right angle. In the same manner it
may be shewn that the angles at F, G, H are right
angles and .. EFGH being equllateral and rectangular,
is a square.

R S el

(11.) The sum of the diagonals of a trapezium is
less than the sum of any four lines which can be drawn
to the four angles from any point within the figure,
except from the intersection of the diagonals.

Let ABCD be a trapezium, whose
diagonals are 4C, BD, cutting each other
in E; they are less than the sum of any
four lines which can be drawn to the %
angles from any other point within the
trapezium.

- Take any point P, and join P4, PB, PC, PD.
Then (Eucl. i. 20.) 4C is less than 4P, PC; and BD
is less than BP, PD; ... AC, BD are less than AP,
PB, PC, PD. >
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(12.) Every trapezium is divided by its diagonals
into four triangles proportional to each other.
Let ABCD be a trapezium (see last Fig.) divided by

its diagonals 4C, BD into the triangles 4EB, BEC,
AED, DEC; these are proportional to each other.
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For (Eucl. vi1.) AEB : BEC :;: AE : EC,
“and AED : DEC :: AE : EC,
~.A4EB : BEC :: AED : DEC..

(13.) If two opposite angles of a trapezium be right
angles; the angles subtended by either side at the two
opposite angular points will be equal.

Let the two angles ACB, ADB of the
trapezium ACBD, be right angles. Join
4B, CD; the angles ACD, ABD, sub-
tended by 4D, are equal.

- Bisect 4B in E. Join CE, ED, and
produce CE to F. Then (iii. 3.) AE, EB EC, ED

are equal to one another. Also the angle 4ED is equal

to the two EDB, EBD, 1. e. to twice EBD ; and DEF

" is equal to the two DCE, EDC, i. e. to twice DCE;

and AEF is equal to twice ACE; .". twice ACE and
twice ECD, or twice ACD will be equal to AED, i.e.
to twice EBD, .. ACD=ABD.

The same may be proved for the angles standing on
any of the other sides.

(14.) To determine the figure formed by joining the

points of bisection of the sides of a trapezium ; and its
ratio to the trapesium.

Let ABCD be a trapezium, whose sides are bisected
in E, F, G, H. Let the points of bisection be joined ;
and draw the diagonals 4C, BD.

Since AB, AD are bisected in £ and H, (Eucl. vi. 2.)
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EH is parallel to BD; and for the same reason FG is
parallel to BD, and .. to EH. In the same way it
may be shewn that EF is parallel to HG, and .. the
figure EFGH is a parallelogram.

Again (Eucl. vi. 19.) the triangle EBF is to the tri-
angle ABC in the duplicate ratio of EB : AB, i.e.in the
ratio of 1 : 4, ... EBF is equal to one fourth of 4BC;
for the same reason HDG is one fourth of DAC, whence
EBF and HDG are together equal to one fourth of the
trapezium. For the same reason HAE and GFC are
together equal to one fourth of the trapezium ; therefore
the four triangles together are equal to half the trapezium;
and consequently HEFG is equal to half of 4BCD.

Cor. 1. Hence two lines, drawn to bisect the oppo-
site sides of a trapezium, will also bisect each other.

Cor. 2. If the sides of a square be bisected and the
points of bisection joined, the inscribed figure is a square,
and equal to half the original square.

v ros >~

(15.) To determine the figure formed by joining the
points where the diagonals of the trapezium cut the pa-
rallelogram ; and its ratio to the trapezium.

Let 1, K, L, M be the points of intersection; (see
lst Fig.) join IK, KL, LM, MI. And let O be

-
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the intersection of the diagonals. Since EK is parallel
to O,

BK : KO ::- BE : E4,i.e. in a ratio of equality.
For the same reason 4I=1I0. Whence the sides of the
triangle 4OB being cut proportionally, IK is parallel to
AB. In the same manner it may be shewn that KL,
LM, MI are respectively parallel to BC, CD, DA;
whence the figure IKLM will be similar to ABRCD.
Also since the triangle MIK is half the parallelogram
HK, and MLK half of GK, .. the figure IKLM is half
of HF, and .. equal to one fourth of the trapezium
ABCD. B
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(16.) If two sides of a trapezium be parallel; its
area is equal to half that of a parallelogram, whose base
8 the sum of those two sides, and altitude the perpen-
dicular distance between them.

Let ABCD be a trapezium, whose A
side 4B is parallel to DC. Produce
DC to E, making CE=AB. Draw .

BF, and CG, EH parallel to 4D, o
meeting 4B produced. Then AE isa parallelogram of
the same altitude with the trapezium, and its base is
equal to the sum of the sides 4 B, DC; and ABCD is
half of AE.

Since DF = CE, the parallelograms 4F, GE are
equal (Eucl. i. 36.); and the diameter BC besects the
parallelogram FG; whence 4BCD = BCEH, and .
the trapezium is half of the parallelogram AE.

R
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Join PA, and from the angle P N B
bisect thetrapezium APCD (iv.19.) P
* bytheline PE. On PE make the
triangle PEF equal to ABP. Bi- p4Z c

sect EF in G; join PG. PG
bisects the trapezium.

Since FG is equal to GE, the triangle PGF is equal
to the triangle PGE. But PGE is equal to half the
triangle 4BP; and PEC is half the figure PABC;
whence PGC is half of the tmpeznum ABCD; which is

. bisected by PG.

(1)) If two sides of a trapezium be parallel; the
triangle contained by either of the other sides, and the
two straight lines drawn from its extremities to the bi-

- section of the opposite side, is half the trapezium.

Let ABCD be a trapezium, having A

F B
the side 4B parallel to DC. Let @
AD be bisected in E; join BE, CE; [/ <
the triangle BEC is half of the trape-

zium.

Through E draw FEG parallel to BC, meeting CD
in G, and B4 produced in F. The alternate angles
FAE, EDG being equal, as also the angles at E, and
AE=ED, ..the triangles AEF, DEG are equal;
whence the parallelogram BFGC is equal to the trape-
zium ABCD. But BFGC and the triangle BEC, be-.
ing on the same base BC, and between the same parallels
BC, FG, the triangle BEC is half of BFGC, and
also half of ABCD.
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Cor, From the demonstration it appears, that a tra-
pezium which has two sides parallel, may be reduced to
a parallelogram equal to it, by drawing through the
point of bisection of one of the sides, which are not
parallel, a line parallel to the other of those sides, and
meeting the parallel sides. '

(22.) To divide a given trapesium whose opposite
sides are parallel, in a given ratio, by a line drawn

through a gitven point, and terminated by the two pa-
rallel sides.

Let ABCD be a trapezium
whose sides 4B, DC are parallel, = —
and P the given point. Bisect 4D :

in E, and draw EF parallel to 4B,

meeting BC in F. Divide EF in !
G in the given ratio ; and through ‘G and P draw IPH;
IPH will divide the trapezium in the given ratio.

Draw KGL, MFN nparallel to 4D ; then EA=KG
=MF, and ED=GL=FN; but AE=ED, ... KG=
GL, and MF=FN; wheunce (iv. 21. Cor.) ADIH=
AL, and HICB=KN.

" Now 4L : KN :: EG : GF, -
*.ADIH : HICB :: EG : GF
t.e in the given ratio.

(23.) If a trapesium, which has two of its adjacent
angles right angles, be bisected by a line drawn from the
" middle of one of those sides which are not parallel; the
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sum of the parallel sides will have to ome of them the
same ratio, that the side which is not bisected has to that
segment of it which is adjacent to the other. :

Let ABCD be a trapezium, having the
angles at 4 and D right angles, and .-. AB,
DC parallel; and let the trapezium be bi-
sected by EF'; if AD be bisected in E,

AB+DC : AB :: BC : CF;
but if BC be bisected in F,
AB+DC : AB :: AD : DE.
" Produce DA, CB to meet in G. Join AF, DF,
BE, CE, and let fall the perpendiculars AH, DI.
Since AE=ED, the triangles AFE, DFE are équal,

. the triangles DFC, AFB are equal; .. the rectangles

FG,- DI and BF, AH are equal,
and FC : FB :: AH: DI :: AB : CD,
~.4AB+CD : 4B :: (FC+FB=) BC : FC.

But if BC be blsected the triangles A B
EBF, ECF being equal, the triangles -
AEB, EDC are also equal, E

D

<. (Eucl.vi.15.) 4B : CD :: DE : E4,
and AB4+CD : AB :: (DE+EA=) AD : DE.
In like manner 4B + DC : DC :: AD : AE.
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(24.) If the sides of an equilateral and equiangular
pentagon be produced to meet ; the angles formed by these
lines are together equal to two right angles.

Let ABCDE be an equilateral and equiangulal"
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pentagan ; and let the sides be pro-
duced to meet in F, G, H, I, K;
the angles at these points are to-
gether equal to two right angles.
For since BCG is the exterior -
angle of the triangle FCl, it is equal
to the angles at F' and I. For the
same reason the angle CBG is equal to the angles at K
and H; and .. the angles at F, G, H, I, K are equal
to the three angles of the trlangle BCQG, i. e. to two right

angles.

3

(25.) If the sides of an equilateral and eq'uitmg'ularv
Rexagon be produced to meet; the angles formed by
~ these lines are together equal to four right angles.

Let ABCDEF be an equilateral R .
and equiangular hexagon; and let ' /\ n
the sides be produced to meet in G,
H, 1, K, L, M; the angles at these
points are together equal to four right
angles.

For GLI being a tnan«rle, the
angles-at G, I, L are equal to two
right angles ; and for the same reason, the angles at H,
K, M are equal to two right angles; .. the six angles'
are equal to four right angles.

)

(26.) The area of any two parallelograms described :
on:the two sides of a triangle is equal to that of a paral-.
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lelogram on the base, whose side is equal and parallel to
the line drawn from the vertex of the triangle to the in-
tersection of the two sides of the former parallelograms
produced to meet.

Let BE and CG be pa-
rallelograms described on the
sides 4B, BC of the triangle
ABC; and let EF, HG be
produced to meet in D. Join
DB; produce it, and make
IK=DB; through A draw
AL equal and parallel to IK;
and complete _the -parallelo-
gram AM. AM is equal to AF and CG together.

Produce LA, MC to N and O; since ND is parallel
to AB, and AN to BD, NABD is a parallelogram, and
equal to EB, which is on the same base, and between the
'same parallels. It is also equal to 4K ; because they are
upon equal bases DB, IK, and between the same pa-
rallels; .. AK=EB. In the same manner IM=BH,
<. AM is equal to AF and CG together.

- L dad

(21.) The perimeter of an isosceles triangle is greater
than the perimeter of a rectangular parallelogram whick
is of the same altitude with, and equal ‘to the gwen tri-
angle.

Let ABC be an isosceles triangle, A
whose base is BC. Draw 4E perpendi-
cular to BC,and .. bisecting it ; and draw
AD, CD parallel respectively to BC, » ¢
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AE ; then DE is a rectangular parallelogram of the
same altitude with, and equal to the triangle 4 BC (Euel.
i. 42.). - The perimeter of ABC is greater than that of

DE. .
' Because 4B=AC, and BE = EC, the perimeter of
ABC is double of 4C and EC together; also the peri-
meter of DE is double of 4E and EC together. But
since AEC is aright angle, 4C is greater than 4E ; and
.. the perimeter of ABC greater than that of DE.
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(28.) If from one of the acute angles of a right-
angled triangle, a line be drawn to the opposite. side;
the squares of that side and the line so drawn are toge-
ther equal to the squares of the segment atyacent to the
right angle and of the hypothenuse.

Let ABC be a right-angled triangle,
and from A let 4D be drawn to the oppo-
site side ; the squares of 4D and BC are
together equal to the squares of AC and
BD. : N
For the squares of 4D and BC together are equal o
the squares of 4B, BD and BC, i.e. to the squares of
AC and BD; since the squares of 4B and BC are
equal to the square 4C.
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(29.) In any triangle if a line be drawn from the c
vertex at right angles to the base ; the difference of the
squares of the sides is equal to the difference of the

squares of the segments of the base. -
S

\
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- From A thevertex of the triangle ABC,

let AD be drawn perpendicular to the

. base; the difference of the squares of 4B, -

AC is equal to the difference of the - B ¢
squares of BD, DC. ,

For since ABD is a right-angled triangle, the square
of AB is equal to the squares of 4D, BD; and since
ADC is a right-angled triangle, the square of AC is
equal to the squares of 4D, DC; whence the difference
of the squares of AC and 4B is equal to the difference
of the squares of CD and DB.
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(80.) In_any triangle, if a line be drawn from the
vertex bisecting the base; the sum of the squares of the
two sides of the triangle is double the sum of the squares
of the bisecting line and of half the base.

From the vertex 4 of -the triangle A

ABC, let AD be drawn to the point of _ _
bisection of the base ; the squares of 4B,
AC, are together double the squares of B E ¢

4D, DB.
. From A4 draw AE perpeundicular to BC;
Then (Eudl. ii. 12.) 4B*=AD" + DB*+2 BD x DE,
and (Eucl. ii. 13.) 4C*=4D*+ DC*-2CD x DE
_ =AD*+ DB*— 2 BD x DE,
whence.- AB*+ AC*=2 AD*+ 2 DB*.

(8L.) If from the three angles of a triangle lines be
drawn to the points of bisection of the opposite sides;
the squares of the distances between the angles and the
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common intersection are together one third of the squares
of the sides of the triangle.

From the angles of the triangle ABC,
let lines be drawn to the middle points of
the opposite sides, intersecting each other
in G; the sum of the squares of 4G,
GB, GC is one third of the sum of the
squares of 4B, BC, CA.

Join EF. Then AB*+ AC*= 2AE’+2 EB’
AB'+ BC* =2 4F+ 2 FB,
 AC*+BC*=24D*+2DC?,
~. AB 4+ BC? + CA4* = AE* + BF* + CD* + AF* +
[EB + AD,

Now the sum of the squares of AF, EB, AD isequal -
.to one fourth of the sum of the squares of 4B, BC, C4;
whence three fourthsof the sum of the squares of 4B, BC,
CA will be equal to the sum of the squares of 4E, BF,
CD ; or three times the sum of the squares of AB, BC,
CA, is equal to four times the sum of the squares of AE,
BF, CD. :
NowBG : GF :: BA : EF :: BC: CE :: 2 : 1,

..BG : BF :: 2:3,and BG* : BF* :: 4:9,
whence 4 BF*=9BG*. And the same being true of
each of the rest, three times the sum of the squares of
4B, BC, C4, is equal to nine times the sum of the
squares of 4G, BG, CG; .". the sum of the -squares of
AB, BC, CA is three times the sum of the squares of
4G, BG, CG. ] X

Cor. If from the angles of a triangle lines be drawn
to the points of bisection of the opposite sides, the squares
of those lines together are to the squares of the sides of
the triangle as 3 : 4.
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(32.) If from any point within or without any rec-
tilineal figure, perpendiculars be let fall on every side;
the sum of the squares of the altemate segments made
by them will be equal. ‘

Let ABCD be any quadrilateral  gx’
figure (the demonstration being the
same whatever be the number of sides).
From any point I let perpendiculars
IE, IF, IG, IH be drawn: AE*+ * ?
BF+ GC*+DH*=EB*+ FC*+ GD*+ AH".
From I draw lines to each of the angles;
~ then AE*+ EI'=(AI*=) AH?+ HFT,
BF+ FI'=(BI* =) BE* +EL,
CG*+GI'=(CI* =) CF* +FT,
DH*+ HPF=(DI'=) DG* + GI*,
whence, '
AE*® + BF‘+ CG*+ DH*=EB’ + FC* + GD* + H.A".

rer

(33.) lf Jrom any point within a rectangular pa-
rallelogram lines be drawn to the angular points; the

sums of the squares of those which are drawn to the
opposite angles are equal. :

Let ABCD be a rectangular parallel- 4 B
ogram, and F any point within it; join :
FA, FB, FC, FD; the squares of FA4
and FC are together equal to the squares
of FB and FD. ]

Draw the diagonals AC, BD; and join FE. . Be-
cause the triangles 4DC, BDC are similar and equal,
AC=BD; and .- their halves, 4E and DE, are equal.
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Now (iv. 30.) FD* + FB:=32DE'+3 EF, .
=2AE* + 2 EF° = AF* 4+ FC"*.

(84.) The squares of the diagonals of a parallelo-
gram are together equal to the squares of the four sides.

Let ABCDbeaparallelogram,whose 4,

~ diagonals 'are 4C, BD; the squares of v(
AC, BDare together equal to the squares Dc
of AB, BC, CD, D4. . ' .
Since DB is bisected by 4C,
24E*+2ED*=AD*+ AB?,
and for the same reason,
2CE* +2ED*=CD*+CB?,.
- AAE* 4+ 4ED*=AD? + AB* 4 CB* + CD?,
i.e. AC*+ BD* = AD* + AB*+ CB*+CDr. -

(85.) If two sides of a trapezium be parallel to
each other; the squares of its diagonals are together
equal to the squares of its two sides which are not pa-
rallel and twice the rectangle contained by its parallel
sides. :

Let the sides AB, DC of the trape- r_ A B 4
zium ABCD be parallel ; draw the dia-
gonals AC, BD ; the squares of 4C and '
BD, are together equal to the squares of
AD and BC, and twice the rectangle 4B, DC.
Let fall the perpendiculers CE, DF

Then (Eucl. ii. 12.), DB*= DA*+AB*+2A4B x AF,
and AC°=CB*+4B*+2 4B x BE,
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whence,
AC’+DB‘—AD’+CB‘+ 24B*+2ABxBE+2 AB x AF,
Now (Eucl. ii. 1.),
AB x FE=ABx FA+ ABx AB+ AB x BE,
. AC*+ DB*=AD*+ CB*+2 ABx DC.

(86.) 'The squares of the diagonals of a trapexium
are together double the squares of the two lines joining
the bisections of the opposite sides.

Let ABCD be a trapezium, whose A R _B
sides are bisected in E, F, G, H.
Join EG, FH ; and draw the diagonals %
AC, BD. The squares of AC, BD
are together double of the squares of
EG, FH.
" Join EF, FG, GH, HE. Then (iv. 14.) EFGHis
a parallelogram, and BD is double of EH ;
‘ ‘*BD*=4EH*=2EH*+2FG*,
and for the same reason 4C*=2 EF*+2 HG?,
. 4C*+ BD*=2EF* 1+ 2 FG* + 2 GH* + 2 HE",
=2 EG*+2 HF". (iv, 34.)

(871.) The squares of the diagonals of a trapesium
are together less than the squares of the four sides, by
Jour times the square of the line joining the points of bi-
section of the diagonals.

Let ABCD be a trapezium whose diagonals 4C,
BD are bisected in E, F'; join EF ; the squares of 4C,
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BD are less than the squares of the four - . B
sides by four times the square of EF. A, (/‘

Since BE bisects AC the base of the / b
triangle 4BC, n

AB +BC*=2A4E* +2EB’; .
and for a similar reason,

AD*+ DC*=2A4E*+ 2 ED?;

. 4B+ BC’ + CD* + DA = 4AE°+2EB’+2ED’
AC* +2EB*+ 2 EDF
AC? + 4BF*+AFE*
AC*+ BD +4FE*.

C
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(88.) In any trapezium, if two opposite sides be bi-
sected ; the sum of the squares of the two other sides,
together with the squares of the diagonals, is equal to
the sum of the squares of the bisected sides together with
Jour times the square of the line joining those points of
bisection.

- - Let AB, DC, two opposite sides of , = 2
the trapezium 4BCD, be bisected in E,
and F; join EF; and draw the diago- _

nals 4C, BD. Thesquares of 4D, BC,
AC, BD are equal to the squares of 4B,
DC, and four times the square of EF.

. Join AF, BF. Since AF blsects DC the base of
the triangle 4DC,
‘ )5 AD? + AC*= 2DF‘+2FA’;
and in ihe same manney;
"BC*+BD*=2DF* + 2 FB*;
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whence 4D*+BC*+ AC*+BD=4DF*+2 FA*+ 2 FB*
=DC*+ 2FA* + 2FB*=DC? + 4 AE* + 4 EF*
=DC* + AB* + 4EF*.

-

(39.) If squares be described on the sides of a right-
_angled triangle; each.of the lines joining the acute
angles and the opposite angle of the square, will cut off
from the triangle an obtuse-angled triangle, which will
be equal to that cut off from the square by a line drawn
- Jrom the intersection with the side to that angle of the
square which i3 opposite to it.

From the angles B, C
of the right-angled triangle
BAC, let lines BG, CD be
drawn to the angles of the
squares described upon the
sides, and from the inter-
sections H and I let HE; IF
be drawn to the opposite angles of the squares ; the trl-
angle BIC=AIF, and CHB = AHE.

« Join 4G, AD. Then (Eucl. i. 37.) the triangle
. AFI=AIG; to each of which add ABI, .. the tri-
angle BIF= BAG=BCA (Eucl. i. 37.) From each
of these equals take away the triangle BI4, and BIC=
AIF. 1In the same manner it may be shewn that CHB

=AHE. .

(40.) If squares be described on the two sides of a
right-angled triangle ; the lines joining each of the acute
angles of the triangle and the opposite angle of the
square will meet the perpendicular. drawn from the right
angle upon the hypothenuse, in the same point.
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Let BE, CF be squares described on the sides BA
AC containing the right angle. Join DC, BG; they

intersect AL, which is perpendicular to BC, in the same-
point O.

Produce DE, GF, to ineet in H. Join HA, HB,
HE€. Let BH, CH respectlvely meet DC, BG in 1
and K. Since EH=AF=AC, and E4 =A4B, and the
angles HEA, BAC are right angles, the triangles HEA,
BAC are equal and the angle EHA=BCA=BAL,
i. e. since EH and Bd are parallel, HAL is a straight
line, or LA produced passes through H, and HL is per-
pendicular to BC. Again, since 4C=CG, AH= BC,
and the angle HAC = BCG, .. the triangles HAC,
BCG are equal *. the angle CBK=CHL ; but BCK
=HCL ; BKC— HLC, i.e. is a right angle, and
BK is perpendlcular to HC. In the same manner it
may be shewn that CI is-perpendicular to BH. Hence

». HL, CI, BK are perpendicular to the sides of the tri-
angle HBC, and . they intersect each other in the same
point.

CLrOPO LI IO PO r S ss r s

(Al .) If squares be described on the tbree sides of
a right-angled triangle, md tlw extremities of the ad-
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Jacent sides be joined ; the triangles so formed are equal
to the given triangle and to each other. -

On the sides of the right-
angled triangle 4 BC letsquares
be described, and join GH,
FD, IE. The triangles AGH,
BFD, ECI are equal to ABC,
and to each other.

It is evident that AGH =
ABC. Produce FB, and from -
D draw DS perpendicular to %
it. Since ABS and CBD are right angles . the angles
ABC, SBD are equal; and BAC, BSD are also right
angles, and BC=BD, ... DS=A4C. And the triangles
ABC, FBD being upon equal bases 4B, FB are as
their altitudes 4C, DS (Eucl. vi. 1.); and .. are equal.
In the same manner if JC be produced, and ER drawn
perpendicular to it, it may be shewn that ER is equal to
AB, and the trlangle ECI to ABC. And since each of
the triangles is equal to 4BC, they are equal to one
another.

e -

(42.) If the sides of the square described upon the
hypothenuse of a right-angled triangle be produced to
meet the sides (produced if mecessary) of the squares
described upon the legs; they will cut off triangles
equiangular and equal to the given triangle.

Let DB, EC, the sides of the square described on
BC the hypothenuse of the right-angled triangle 4ABC;
be produced to meet the sides of the squares described
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upon BA, AC, in K and L; the
triangles BFK, CIL, cut off hy
them, are equal and equiangular
to ABC.

Since FBA and KBC are
right angles, the angles FBK,
ABC are equal; also the angles »
at ¥ and A4 are right angles, and
FB=BA, .. FK= AC; and the »—
triangles FKB, ABC are equiangular and equal.

In like manner it may be proved that the triangles
ABC, LCI are equiangular and equal.

D e Sl s e

43.) If from the angular points of the squares de-
scribed upon the sides of a right-angled triangle perpen-
diculars be let fall upon the hypothenuse produced ; they
will cut off equal segments ; and the perpendiculars will
together be equal to the hypothenuse.

Let FM, IN be drawn from
the angles F, I of the squares
described upon B4, AC, per-
pendicular to BC the hypothe-
nuse produced; MB will be 3o 53
equal to NC; and FM, IN together equal to BC
From A draw 40O perpendicular to BC. Since FBA
is a right angle, the angles FBM-and ABO together are
equal to FBM and BFM, ... ABO is equal to BFM;
and the angles at M and O are right angles, and 4B=
BF, :. BM= 40, and FM= BO. In the same manner
it may he shewn that CN= 40, and IN=CO; MB

\\
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=NC; and FM and IN togetlier aré equal to BO and
CO together, z.¢. to BC.

Cor. The triangles FBM; ICN are together equal
to ABC.

(44.) If on the two sides qf a nght-aitg'led tnangic
squares be described ; the lines joining the acute aigles
of the triangle and the opposite angles of the squares will
cut off equal segiments from the stdes ; and éach of thesé
equal segments will be a mean proportiondl betiveei the
remaining segments. :

On 4B, AC the sides of the
right-angled triangle BAC, let
squares be described, and BI, CF
- joined; the segments 4P, AQ
‘are equal, and each of them is a :

mean proportional between BP and CQ.

Since 4Q is parallel to HI, and AP to FG,

BH : HI :: BA : AQ,
and (CA=) HI : CG :: AP : (FG=) AB,
““BH : CG :: AP : 4AQ;
and BH bemg equal to CG AP = AQ.
Again, the triangles BPF, ACP béing éimilar, as also
4Bq, ICQ,
P . (BF=)AB :: AP : AC,
and B4 : AQ :: (IC=) AC : CQ,
.. ex equo BP : (AQ=) AP :: AP : CQ,

(45.) If squares be described oni the hypothed&se and
sides of a right-angled triangle, and the exti-ciitiés of
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the sides of the former and the adjacent sides of the:
others be joined ; the sum of the squares of the lines jotsi-.
ing them will be equal to frve times tke square of the
hypothenuse.

Let squares be described on ¢
the three sides of the right- N
- angled triangle ABC; join DF, : L—1

EI; the squares .of DF and .\ ’
EI together are equal to five BT [C
times the square of BC. o '

Draw FK, IL perpendicular
to DB, EC produced, and AM
to BC. The angle FBK is
equal to ABC, and the angle at K to the right angle

AMB, and FB= BA ‘. BK=BM. In the same way,
CL=CM.
Now (Eucl. ii. 12.) FD’.—_-DB“+B_F2 +2DB x BK
. =BC*+B4'+ 2BC x BM,
and EF = BC*+ CA*+2 BC x CM,
o FD*+ EI'=2BC*+ BA*+ AC*+2 BC x BM+
. [3BCx CM
=2BC*+BC'+3BC'=5 BC".

(46.) If a line be drawn parallel to the base of a
triangle, and terminated in the sides; to draw a line
- cutting it, and terminated also by the sides, so that the
rectangles contained by their segments may be equal.

Let ED be parallel to CB thé base of the triangle
ABC ; from D draw DF, making with AC (produced i -
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necessary) the angle DFE equal to . AA
ABC, and draw any line GH parallel
_ to FD, cutting ED in I; the rectangle
El, ID is equal to the rectangle GI,
IH.
Forthe angle 4GH=AFD=ABC *
=ADE, and the vertical angles at I are equal, .". the
triangles GEI, HID are equiangular ;
and HI : ID :: IE : IG,

.. the rectangle EI, ID is equal to the rectangle HI,
IG. ’

-

(47.) If the sides, or sides produced, of a triangle
be cut by any line; the solids formed by the segments
which have not a common extremity are equal.

. Let ABC be a triangle having
the sides (produced if necessary) c
cut by the line DEF; then AF BT
x CD x BE = AE x DB x CF,

Draw BG parallel to AC; the triangles AEF, BEG
~ will be similar, as also CDF, BDG ;
. AdAF : AE :: BG : BE, -
and CD : CF :: BD : BG, _
. AFx CD : AEx CF :: BD : BE,
v. AF x CD x BE=AE x DB x CF,

o s

(48.) If through any point within a triangle, three
lines be drawn parallel to the sides; the solids formed
" by the alternate segments of these lines are equal.
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Through any point D within the B
triangle 4BC, let HG, EF, IK, be NG
drawn parallel to the sides ; then ID x
DG x DF=ED x DK x DH. A H ¥ C

Since the lines are drawn parallel to
the sides, the triangles IED, GDK, HDF are similar to
ABC, and to one another;

ID : DE :: AC : CB
GD:DK :: AB : AC
DF : DH :: BC : 4B,
whence ID x DG x DF : DEx DK x DH :: ACx
"ABx BC : BCx ACx AB,
i e. in a ratio of equallty

(49.) If through any point within a triangle lines
be drawn from the angles to cut the opposite sides; the
segments of  any one side will be to each other in the
ratio compounded of the ratios of the segments of the
other sides.

Through any point D within the B H
triangle 4BC, let lines AE, BF, CG 3 4} %
be drawn from the angles to the op- A&
posite sides ; the segments ofany one A ¥ R
of them as 4C, will be in the ratio compounded of the
ratios AG : GB,and BE : EC. ‘ “

Draw IBH parallel to AC, meeting AE and CG pro-
duced in H and I. Then the triangles GCA, GBI, and
EAC, EBH, as also ADF, BDH, and FDC, IDB, are
respectively equiangular,

whence BH : AC :: BE : CE,
and 4C : BI :: AG : BG,

-
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- BH: BI': AGx BE : GB x CE.
But BH : BI :: AF : FC,
~.AF : FC :: AGx BE : GBx CE.

(50.) If from each of the angles ¢f any triangle,
a line be drawn through any point within the triangle,
to the opposite side; the solid contained by the segments
thereof, intercepted between the angles and the point
will have to the solid contained by the three remaining
segments, the same ratio that the solid contained by the
three sides of the triangle, has to_cither of the (equal)
solids contained by the alternate segments of the sides.

Let ABC be the given tri-
angle, and through any point B
within it, let AE, BF, CG be
drawn from the angles to the
‘opposite sides ; then will AD x
DBx DC : EDx DFx DG :
AB x BCx CA : AFX -CE)(
BG.

Let fall the perpendxc.ulars AH, Bl, CK EL, GM,
FN.

" Since EL is parallel 40BI, CB : CE :: BI : EL,
and GM being parallel to AH, BA : BG :: AH : GM,
also FN and CK being parallel, 4C : 4F :: CK : FN,
s AdCx ABx BC : CEx BG x AF :: BIx AHx CK :

[EL x. &M x FN.

Agam since EL is perpendicular to.)C, and CK to
DK, the triangles DEL, DCK are equiangular,

and ». DC : DE :: CK : EL.




Sect.5.]. '  GROMETRICAL PROBLEMS. 153

In the same manner, DB : DG :: BI :-GM,
aid DA : DF :: AH: FN,
DA x DB x DC : DE x DF x DG 3 BI x AH x-
CK EL xGM x FN :: AB xBC xCA : AF x CE x:
BG. :

(1.) 4 straight line of given length being drawn

- from the centre at right angles to the plane of a circle ;
o determine that point. in it, which is equally distant
JSrom the upper end of the line and the czrcumﬁerence qf
tke circle. , :

From O the centre of the centre, let =
04 be drawn at right angles to its plane R
draw OB perpendicular to 04; join 4B,
and make the angle ABC equal to BAC
C is the point required.

Since the angle 4BC=CA4B, ... AC=
CB. ' .

ro

o e

(2.) To determine a point in a line given in position,
to which lines drawn from two given points may have
the greatest difference possible. ,

-Let 4 and B be the given points, and CD the line
given in position. Let fall the perpendicular BC, and
U

L d
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produce it, so that CE may be equal to 4
CB; join AE, and produce it to meet
CD in D. :Join BD. D is the point’
required. -

ForDE=DB;and .. 4AE is equal to
the difference between 4D and DB. 1If 4
then any other point F be taken, BF
=EF ; and the difference between 4F and BR is equal
to the difference between AF and EF, which is less than
AE (m 1.). The same may be proved for every other
point in CD.

(8.) A straight line being divided in two given
points; to determine a third point such that its distances
from the extremities may be proportional to zts distances
Jrom the given points.

Let AB be the given line, divided x
in CandD. On AD and CB let m
semlclrcleshedescnbedmtersectmg in ° c¥p
E. From E let fall the perpendlcnlar EF; Fis the
point required. _
For (Eucl. vi. 8. Cor.) 4F : FE :: FE : FD,
and FE : FB :: FC : FE,

o dF : FB :: FC : FD.

(4.) In a straight line given in position, to deter-
miné a point, at which two straight lines, drawn from
goen points on the same szde, will contam the greatest

~angle. . .. : .



"
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: Let 4 and B be the given points, and °
CD the givenline. Join BA, and produce
it to meet CD in D. Take DC amean '
proportional between DA and DB. Cis
the point required. A

- Join AC, BC ; and about the triangle 4BC describe
a gircle; DC.is a tangent at the point C (Eucl. iii. 37.),
and .-. the angle is the greatest (ii. 63.).

(5.) To determine the positwn of a point, at which
lines drawn. from three gwen points, shall make with
each other angles equal to given angles. :

“Let 4, B, C be the three given points ; >
join 4B, and on it describe a segment of a %
circle containing an angle equal to that
which the lines from: 4 and B are to in-
clude. Complete the circle, and make the angle ABD
equal to that which the:lines from 4 -and C are to in-
clude. _Join DC, and produce it to the clrcumference
in E. E is the point required. .

Join AE, BE. Then the angle AEC= ABD and
AEB is of the given magnitude, by construction.

(6.) To dwide a straight line into two parts such, -
that the rectangle contained by them may be equal to the
square of their difference.

. Let 4B be the given -lme; @tpon it describe a semii-
circle A4DB.. From B draw BC at right angles and
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equal to 4B. Take O the centre, and c
join OC; and from D draw DE perpen-
dicular to 4B; 4B is divided in the point
E, as was required.

Since BC is double of BO, DE is [ 3
‘double of OE (Eucl. vi. 2.), and OE
being half the difference between AE and EB, DE is
equal to the difference. Also (Eucl. vi. 13.) the rectangle
AE, EB is equal to the square of DE.

(1. ) If a stratght line be divided into any fwo parts;
to produce it, so that the rectangle contained by the
whole line so produced, and the part produced may be
‘equal to the rectangle contained by the given line and one
segment.

Let 4B be the given line divided into
two parts in the point C. On 4B as
‘a diameter describe a circle #DB. From
B draw BE at right angles to 4B, and -
.. a tangent to the circle; and make BE a mean pro-
portional between 4B and AC. Take O the centre;
join EO, and produce it to F. Produce 4B to G, .
making BG equal to ED. Then will the rectangle
AG, GB be equal to the rectangle B4, AC.

Since DE =BG, the rectangle BG, GA is equal to
the rectangle DE, EF, i.e. to the square of EB, or to
the rectangle 4B, AC, by construction: '

Cor. 1. If it be required to produce the line, so that
the rectangle contained by the whole line produced and
the part produced, may be equal to the rectangle con-
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tained by two. given lines; find BE a mean proportional
between the two given lines, and proceed as in the pro-
position.

Cor. 2. If it be required to produce the lme, §0 that
the rectangle contained by the whole line produced and
the part produced, may be equal to a given square ;- take
BE equal to a side of the square, and proceed as in the
proposition.

<.

(8.) To determine two lines such that the sum of
their squares may be equal to a given square, and their
rectangle equal to a given rectangle. - '

Let AB be equal to a side of the given
square. Upon it describe a semicircle m
ADB; and from B draw BC perpendi-

cular to 4B, and equal to a fourth proportional to AB
and the sides of the given rectangle. From C draw CD
parallel to B4. Join AD, DB; they are the lines re-
" quired.

Since CB touches the circle at B, the angle CBD is
equal to DAB, and the angles DCB, ADB are right
angles; .. the triangles DCB, ADB are equiangular,

, and 4B : AD :: DB : BC,
whence the rectangle 4D, DB is equal to the rectangle
4B, BC, i. e. to the given rectangle. Also the squares
of AD, DB are equal to the square of 4B, i.e. to the
given ‘square,

-

(9.) To divide a straight line inio two parts, so that
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the rectangle contained by the whole and one of the parts .
may be equal to the square of a given line, whzch 18 less
than the line to be divided.

Let AB be the given line to be divided. c
Upon it describe a semicircle, in which
place the line AC = to the given line. &
Join CB; and on it describe a semicircle
CDB, cutting 4B in D; D is the point reqmred

Since the angle £CB is in a semicircle, it is a right
angle, .. AC touches the circle CDB (Eucl. iii. 16.Cor.);
whence the rectangle B4, AD is equal to the square
of AC, i. e. to the square of the given line.

(10.) To divide a given line into two such parts that
the rectangle contained by the whole line and one of the
parts may be (m) times the square of the other part, m
being whole or fractional. :

Let AB be the given ling, and init 2
produced, take BC=an m™ part of 4B. @
On AC describe a semicircle, and from B 531
draw BD perpendlcular to AC.” Bisect
CBin O; Jom OD, and take OE=0D; and 4B will
be divided in E, as required.

On BC describe a semicircle; cuttmg OD in F; join
FE. Then the angle DOE being common to the tri-
angles DOB, EOF, and DO, OB respectively equal to
EOQ, OF, the triangles will be similar and equal, and .. -
the angle OFE equal to OBD, and .. a right
angle; whence FE is a tangent to the circle CFB.
Hence the rectangle 4B, BC is equal to the square of
DB, i. e. to the square of FE, or the rectangle CE, EB.



~
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From each of these equals take away the rectangle
CB, BE; and the rectangle 4E, CB is equal to the
square of BE, .. (m) times the rectangle AE, CB,i. e.
the rectangle 4B, AE is equal to () times the square
of BE.

~rre

(11) To divide a given line into two such parts
that the square of the one shall be equal to the rectangle
contained by the other and a given line.’

'Let AB be the given line to be divided, (see last Fig.)
and BC the other given line. Let them be placed so as
to be in the same straight line. On AC describe a semi--
circle and draw the lines, as in the Iast proposmon and
E is the point required.

. For the rectangle AE, CB is equal to the square of
BE.

(12.) 4 straight line being given in magnitude and
position; to draw to it from a given point, two lines,
-whose rectangle shall be equal to a given rectangle, and
which shall cut off equal segments from the given line.

Let AB be the given line, and C the
given point. Bisect 4B in D, and from
D draw DO at right angles to 4B, and
let fall the perpendicular CE. With the.
centre C, and radius equal to a fourth proportional to
2 CE and the sides of the given rectangle, describe a cir-
cle cutting DO in'O. Join' OC; and with the centre O,
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and radius OC, describe a circle CFG, cutting 4B:in F
and G ; join CF, CG; they are the lines required.

For (Eucl. vi. C.) the rectangle CF, CG is equal
to the rectangle contained by 2CO and CE, i.e. to the
given rectangle. And since AD=DB, and FD=DG,
.. AF = GB. s

(18.) To draw a straight line which shall towch a
given circle, and make with a given line, an angle equal:
to a given angle.

Let AB be the given line, and O e
the centre of the given circle. From
any point 4 in the given line, draw
AC making with it an angle equal to
the given angle; from O draw OD 4
perpendicular to AC, and through the point E where:it
meets the circle, draw EF parallel to D4 ; EF is the
line required.
~ For being parallel to 4C it is perpendicular to OD,
and .. a tangent to the circle; and the angle EFB=
DAB =the given angle. "

(14.) Through a given point to draw a line termi-
nating in two lines given in position, so that the rectangla.
contained by the two parts may be equal to a gien
rectangle.

Let AB, CD be the lines given in position, E the
given point; from K draw EF perpendicular to 4B, and.
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and produce FE to G, so that the
rectanglé FE, EG may be equal
to the given rectangle. On EG
describe a circle, cutting CD in H.
Join HE, and produce it to A;
_AH is the line required. ' :
Join GH. The angle GEH is equal to AEF, and
the angles GHE, AFE are right angles, .. the triangles
GEH AEF are equiangular, and _
‘ "EH : EG :: EF : EA, :
whence the rectangle 4E, EH is equal to the rectangle
EQG, EF, i.e. to the given rectangle.

(15.) From a given point to draw a lime cutting two
grven parallel lines, so that the difference of its segments .
may be equal to a given line.

Let AB, CD be the given . . x
parallels, and P the given
point. From P draw any
line PB, meétitg the given ' ¢ ¥
lines in B and E. Make _ L \
EF = EP, and draw FG
parallel to 4B. With any point O as centre, and radius
equal to the given line, describe a circle cutting GF in
H.  Join OH, and draw, PGA parallel to it. PGA.
will be the line required. v -

Since PE is equal to EF, .. (Eucl.vi. 3.) PI=IG;
and 4G is equal to the difference of AI and IP, the
segmients- of P4; and 4G = OH = the given line.

. X
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(16.) From a gtven point without a cirele, lo draw
a straight line cutting the circle, so that the rectangle
contained by the part of it without and the part within
the circle shall be equal to a given square.

Let A be the given point,and BCD
the given circle. From A4 draw 4B |
touching the circle; and on it as a '
diameter describe a semicircle AEB,
in which place BE equal to a side of the given square.
Join AE; and with the centre 4 and radius 4E, describe
the circle EC, catting BCD in C. Join 4C, and pro-
- duce it to D. ACD is the line requlred

For the rectangle AC, AD is equal to the squareof
AB, i.e. to the squares of AE and EB or to the squares
of AC and EB; take away from each the square of AC,

*. the rectangle AC, CD is equal to the square of EB,
Y ‘e to the given square. .

i
\,
BT

-

(17.) From a given point in the circumference of a
semicircle, to draw a straight line meeting the diameter,
so that the difference between,the squares of this line
and a perpendicular to the diameter from the point of
intersection may be equal to a given rectangle.

Let A be the given point in the circumfe-
rence of the semicircle; from it draw 4D per- @
pendicular to the diameter. Take O the:
centre, and divide DO in B, so that the rectangle con-
tained by 2 OB, BD may be equal to the given rectangle,
" Join AB; and draw BC perpendicular to DB. AB
BC are the lines required.

For (Euel. ii. 12.) the square of AB together with
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twice the rectangle OB, BD is equal to the difference of
the squares of O4 and OB, i. e. to the square of BC;
.. the difference between the squares of 4B and BC is
equal to twice the rectangle OB, BD, ¢. e. to the given
rectangle.’

N\

(18.) From a given point to draw two lines to a third
gwen in position, so that the rectangle contained by
those lines may be equal to a given rectangle, and the
difference of the angles which they make with that part
‘of the third which s intercepted between them may be

equal to a given angle.

Let A be the given point, and BC the A
line given in position. From 4 draw
AD perpendicular to BC; make the =
angle DAE equal to the given angle; %
and produce 4E, till the rectangle D4, '

AE, is equal to the given rectangle. On 4E as a dia-
meter describe the circle AFG, cutting BC in F and G.
Join 4F, AG ; they are the lines required.

Draw GH perpendicular to the diameter 4E ; then
the arc HA is equal to the arc 4G, and the angle AGH
to AFG ; .. the angle HGF is equal to the difference of
the angles AGF AFG. Now the nght-angled triangles
AIK, KDG have the angles at K equal, ... the angle
KAI=KGD; but KAI was made equal to the given
angle; .. the difference of the angles 4FG, AGF is
equal to the given angle. And (Eucl. vi. C.) the rect-
angle AF, AG is equal to the rectangle DA, AE, z. e.
to the given rectangle.
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(16.) From a gtven point without a circle, lo draw
a straight line cutting the circle, so that the rectangle
contained by the part of it without and the part within
the circle shall be equal to a given square.

Let A be the given point,and BCD 4
the given circle. From A4 draw 4B /|
touching the circle; and on it as a ‘
diameter describe a semicircle AEB,
in which place BE equal to a side of the given square.
Join AE; and with the centre 4 and radius AE, describe
the circle EC, cutting BCD in C. Join AC, and pro-
- duce it to D. ACD is the line reqmred

For the rectangle AC, AD is equal to the square of
AB, i.e. to the squares of AE and EB or to the squares
of AC and EB; take away from each the square of AC,

. the rectangle AC, CD is equal to the square of EB,
i eto the given square. :

(17.) From a given point in the circumference of a
semicircle, to draw a straight line meeting the diameter,
so that the difference between,the squares of this line
and a perpendicular to the diameter from the point of
intersection may be equal to a given rectangle.

Let A4 be the given point in the circumfe-
rence of the semicircle; from it draw AD per- @
pendicular to the diameter. Take O the-
centre, and divide DO in B, so that the rectangle con-
tained by 2 OB, BD may be equal to the given rectangle,
" Join 4B; and draw BC perpendicular to DB. AB
BC are the lines required.

For (Eucl. ii. 12.) the square of 4B together with
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twice the rectangle OB, BD is equal to the difference of
the squares of OA4 and OB, i. e. to the square of BC;
.. the difference between the squares of 4B and BC'is
equal to twice the rectangle OB, BD, . e. to the given
rectangle.

Ll taataadadas e dadeiondadad

(18.) From a given point to draw two lines to a third
given in position, so that the rectangle contained by
those lines may be equal to a given rectangle, and the
difference of the angles which they make with that part
‘of the third which is intercepted between them may be

equal to a given angle.

Let A4 be the given point, and BC the A
line given in position. From 4 draw
AD perpendicular to BC; make the =«
angle DAE equal to the given angle; %
and produce AE, till the rectangle DA,

AE, is equal to the given rectangle. On AE as a dia-
meter describe the circle 4FG, cutting BC in Fand G.-
Join AF, AG ; they are the lines required.

Draw GH perpendicular to the diameter 4E ; then
the arc HA is equal to the arc 4G, and the angle AGH
to AFG ; .. the angle HGF is equal to the difference of
the angles A GF, AFG. Now the rlght-angled triangles
AIK, KDG have the angles at K equal, ... the angle
KAI=KGD; but KAI was made equal to the given
angle; .. the difference of the angles AFG, AGF is
equal to the given angle. And (Eucl. vi. C.) the rect-
angle AF, AG is equal to the rectangle D4, AE, . e.
to the given rectangle. ,
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(16.) From a gtven point without a cirele, lo draw
a straight line cutting the circle, so that the rectangle
contained by the part of it without and the part within
the circle shall be equal to a given square. :

Let A be the given point,and BCD ,
the given circle. From 4 draw AB |
touching the circle; and on it as a |
diameter describe a semicircle AEB,
in which place BE equal to a side of the given square.
Join AE; and with the centre 4 and radius AE, describe
the circle EC, cutling BCDin C. Join AC, and pro-
- duce it to D. ACD is the line reqmred

For the rectangle .4C, AD is equal to the square of
AB, i.e. to the squares of 4E and EB or to the squares
of 4C and EB; take away from each the square of AC,

*. the rectangle AC, CD is equal to the square of EB,
3. e. to the given square.

» s

(17.) From a given point in the circumference of a
semicircle, to draw a straight line meeting the diameter,
80 that the difference between,the squares of this line
and a perpendicular to the diameter from the point of
intersection may be equal to a given rectangle.

Let A be the given point in the circumfe-
rence of the semicircle; from it draw 4D per- @
pendicular to the diameter. Take O the:
centre, and divide DO in B, so that the rectangle con-
tained by 2 OB, BD may be equal to the given rectangle,
" Join 4B; and draw BC perpendicular to DB. AB
BC are the lines required.

For (Euecl. ii. 12.) the square of 4B together with
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twice the rectangle OB, BD is equal to the difference of
the squares of O4 and OB, i. e. to the square of BC;
.. the difference between the squares of 4B and BC is
equal to twice the rectangle OB, BD, i. e. to the given
rectangle.’

et aatatad

(18.) From a given point to draw two lines to a third
gwen in position, so that the rectangle contained by
those lines may be equal to a given rectangle, and the
difference of the angles which they make with that part
‘of the third which is intercepted between them may be

équal to a given angle.

Let A be the given point, and BC the A
line given in position. From -4 draw
AD perpendicular to BC; make the «
angle DAE equal to the given angle; s
and produce 4E, till the rectangle D4, '

AE, is equal to the given rectangle. On AE as a dia-
meter describe the circle AF G, cutting BC in Fand G. -
Join AF, AG ; they are the lines required.

Draw GH perpendicular to the diameter 4E ; then
the arc HA is equal to the arc 4G, and the anglé AGH
to AFG ; .. the angle HGF is equal to the difference of
the angles A GF, AFG. Now the rnght-angled triangles
AIK, KDG have the angles at K equal, ... the angle
KAI=KGD ; but KAI was made equal to the given
angle; ... the difference of the angles 4FG, AGF is
equal to the given angle. And (Eucl. vi. C.) the rect-
angle AF, AG is equal to the rectangle D4, AE, i. e.
to the given rectangle. :
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(16.) From a gtven point without a circle, lo draw
a straight line cutting the circle, so that the rectangle
contained by the part of it without and the part within
the circle shall be equal to a given square.

Let A be the given point,and BCD &
the given circle. From 4 draw 4B |
touching the circle; and on it as a
diameter describe a semicircle AEB,
in which place BE equal to a side of the given square.
Join AE; and with the centre 4 and radius 4E, describe
the circle EC, catting BCD in C. Join 4C, and pro-
- duce it to D. ACD is the line required.

For the rectangle .4C, AD is equal to the square of
AB, i.e. to the squares of AE and EB or to the squares
of AC and EB; take away from each the square of AC,

. the rectangle AC, CD is equal to the square of EB,
4. e to the given square. .

» -

(17.) From a given point in the circumference of a
semicircle, to draw a straight line meeting the diameter,
so that the difference between,the squares of this line
and a perpendicular lo the diameter from the point of
intersection may be equal to a given rectangle.

Let A4 be the given point in the circumfe-
rence of the semicircle ; from it draw 4D per- @

pendicular to the diameter. Take O the:
centre, and divide DO in B, so that the rectangle con-
tained by 2 OB, BD may be equal to the given rectangle,
~ Join 4B; and draw BC perpendicular to DB. AB
BC are the lines required.

For (Eucl. ii. 12.) the square of 4B together with
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twice the rectangle OB, BD is equal to the difference of
the squares of OA4 and OB, 1. e. to the square of BC;
.. the difference between the squares of 4B and BC'is
equal to twice the rectangle OB, BD, i. e. to the given
rectangle.

N

(18.) From a gwven point to draw two lines to a third
gwen in position, so that the rectangle contained by
those lines may be equal to a given rectangle, and the
difference of the angles which they make with that part
‘of the third which ts intercepted between them may be

équal to a given angle.

Let A4 be the given point, and BC the A
line given in position. From 4 draw
AD perpendicular to BC; make the =
angle DAE equal to the given angle; %
and produce AE, till the rectangle DA '

AE, is equal to the given rectangle. On AE as a dia-
meter describe the circle AFG, cutting BCin Fand G. -
Join 4F, AG ; they are the lines required.

Draw GH perpendicular to the diameter 4E ; then
the arc HA is equal to the arc 4G, and the angle AGH
to AFG ; .. the angle HGF is equal to the difference of
the angles A GF, AFG. Now the nght-angled triangles
AIK, KDG have the angles at K equal, .. the angle
KAI=KGD; but KAI was made equal to the given
angle; ... the difference of the angles 4FG, AGF is
equal to the given angle. And (Eucl. vi. C.) the rect-
angle 4F, AG is equal to the rectangle D4, AE, i. e.
to the given rectangle. _



162 GEOMETRICAL PROBLEMS. [ Sect. 5.

(16.) From a gtven point without a circle, lo draw
a straight line cutting the circle, so that the rectangle
contained by the part of it without and the part within
the circle shall be equal to a given square. :

Let A be the given point,and BCD ,
the given circle. From 4 draw 4B
touching the circle; and on it as a
diameter describe a semicircle AEB,
in which place BE equal to a side of the given square.
Join AE; and with the centre 4 and radius AE, describe
the circle EC, cutting BCDin C. Join AC, and pro-
- duce it to D. ACD is the line requu'ed

For the rectangle AC, AD is equal to the square of
AB, i.e. to the squares of 4E and EB or to the squares
of AC and EB ; take away from each the square of AC,

. the rectangle AC, CD is equal to the square of EB,
Y ‘e to the given square. :

—

| Fead

-

(17.) From a given point in the circumference of a
semicircle, to draw a straight line meeting the diameter,
so that the difference between,the squares of this line
and a perpendicular to the diameter from the point of
intersection may be equal to a given rectangle.

Let A be the given point in the circumfe-
rence of the semicircle; from it draw 4D per- @
pendicular to the diameter. Take O the-
centre, and divide DO in B, so that the rectangle con-
tained by 2 OB, BD may be equal to the given rectangle,
" Join 4B; and draw BC perpendicular to DB. AB
BC are the lines required.

For (Eucl. ii. 12.) the square of 4B together with
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twice the rectangle OB, BD is equal to the difference of
the squares of O4 and OB, i. e. to the square of BC;
-~ the difference between the squares of 4B and BC is
equal to twice the rectangle OB, BD, t. e. to the given
rectangle.

e e e g

(18.) From a given point to draw two lines to a third
gwen in position, so that the rectangle contained by
those lines may be equal to a given rectangle, and the
difference of the angles which they make with that part
‘of the third which is intercepted between them may be

equal to a given angle.

Let A be the given point, and BC the
line given in position. From 4 draw
AD perpendicular to BC; make the =
angle DAE equal to the given angle; %
and produce AE, till the rectangle D4,

AE, is equal to the given rectangle. On 4E as a dia-
meter describe the circle A/FG, cutting BCin Fand G. -
Join AF, AG ; they are the lines required.

Draw GH perpendicular to the diameter 4E ; then
the arc HA is equal to the arc 4G, and the angle AGH
to AFG ; .. the angle HGF is equal to the difference of
the angles A GF, AFG. Now the nght-angled triangles
AIK, KDG have the angles at K equal, .. the angle
KAI=KGD; but KAI was made equal to the given
angle; .. the difference of the angles 4FG, AGF is
equal to the given angle. And (Eucl. vi. C.) the rect-
angle 4F, AG is equal to the rectangle D4, 4E, i. e.
to the given rectangle. _
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(19.) Two points being given without a given cir-
cle; to determine a point in the circumference, from
which lines drawn to the two given points shall contam
the greatest possible angle.

Let 4 and B be the given
points, and EDF the given circle
whose. centre is O. -Describe a
circle through 4, B, 0. Join EF,
BA, and produce them to meet in
G. From G draw GD touching
the given circle in D. Through
D, A, B describe another circle; then since the square of
GD is equal to the rectangle EG, GF, 1. e. to the rect-
angle AG, GB, ... GD touches the circle ABD. Join
AD, DB. D is the point required, as is evident from
(ii. 62.)

e

(20.) From the bisection of a given arc of a circle
to draw a straight line such that the part of it inter-
cepted between the chord of that and the opposite circum-
Jference shall be equal to a given straight line.

Let DAE be the given are of the
circle ABC, bisected in A4; AFC the
diameter, and HI tke given straight line. I”
Produce HI to K, so that the rectangle
HK, KI may be equal to the rectangle
FA, AC. From A place in the circle AB=HK; AB=—
is the line required.

Join BC; then the angle AFG being a rlght apgle=
is equal to the angle 4BC, and the angle at 4 is com—
mon, .. the triangles 4GF, ABC are equiangular,
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and AF : AG :: AB : AC, :
.. the rectangle G4, 4B is equal to the rectangle FA,
A4C, i. e. to the rectangle HK, KI. But 4B = HK,
.+ AG=KI, and consequently GB=HI.

B et e

(2l.) To draw a straight line through a given
point, so that the sum of the perpendiculars to it from
two other given points may be equal to a given line.

Let 4, B, C be the three given
points, 4 being that through which the
line is to be drawn. Join AC, and pro-
duce it, making 4D = AC. Join BD,
and on it describe a semicircle; in which place BE equal
to the given line. - Join DE; and through 4 draw FAG
parallel to DE; it is the line required.

For let fall the perpendicular CG, and draw DH
parallel to BE; then the triangles 4CG, AHD being
similar, and 4C=4D, .. CG=HD=FE, FD being
a parallelogram ; ... BF and CG together are equal to
BE, i.e. to the given line; and FH being parallel to
ED, BF is perpendicular to FG.

(22.) Todraw a straight hne through one of three
poiuls grven in position ; so that the rectangle contained
&y the perpendiculars let fall upon it from the other
two may be equal to a given square. ‘

Let 4, B, C be the three given points, and 4 the
point through which the line is to be drawn. Join 48,
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AC; and draw CD parallel to B4, c B
and take CE a third proportional to '
AB and a side of the given square. x

On AC describe a semicircle; and 1

from E draw EF at right angles to

CD, and meeting the semicircle in F. Join AF, and
produce it; it is the line required.

Join CF, which will be perpendicular to 4D ; and
from B draw BG perpendicular to AG. Since CE is
parallel to B4, and CF to BG, the triangles ABG, CEF
will be similar, 4
' . 4B : BG :: CF : CE,
. the rectangle BG, CF, is equal to the rectangle 4B, .
CE. . But since the side of the given square is, by con-
struction, a mean proportional between 4B and CE, the
rectangle 4B, CE, is equal to the given square; .. the
rectangle BG, CF is equal to the given square.

(23.) A given straight line being divided into two
parts; to cut off a part which shall be a mean propor-
ttonal between the two remaining segments.

Let AB be divided into two parts .
in the point C; bisect CB in D, and * 7
draw DE perpendicular, and equal to
AD ; and through-the points B, C, E
describe a circle; produce ED to F.
Join AE, and bisect EF in O; and from O draw OG
parallel to 4B, meeting AE in G ; and since AD = DE,

*. GO = OE, and G is a point in the circumference.
From G draw GH perpendlcular to AC; H is the
pomt required.
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For HG, being perpendicular to 4D, is perpendi-
cular also to GO, and .. is a tangentat G ; .'.the square
of HG is equal to the rectangle CH, HB. But since
AD=DE, ... AH=HG, and consequently the square
of AH is equal to the rectangle CH, HB ; and 4AH is a
mean proportional between the two remaining segments
CH and HB.

(4.) To draw a straight line making a given angle
with one of the sides of a given triangle, so that the tri-
angle cut off may be to the whole in a given ratio.

‘Let ABC be the given triangle; D
make the angle 4CD equal to the 2C [
given angle which the cutting line is
to make with 4C. Produce 4B to
D ; and make AE : AB in the ratio ¢ ¢
of the part to be cut off to the whole. Take AF a mean
‘proportional between AE and AD ; draw FG parallel to
CD; FG is the line required.

Join EC. Then the-triangle ADC : AFG :
AD* : AF® :: AD : AE = ACD : ACE, and ... AFG
=ACE. . | i '

But ACE : ACB :: AE : AB,
.. AFG : ACB :: AE : AB,i.e. in the given ratio.

(25.) Between two given straight lines containing
a given angle, to place a straight line of given length,
and subtending that angle, so that the segment of the one
of them adjacent to the angle may be to the segment of
the other which is not adjacent, in the ratio of two given
lines.
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Let ED, EF be the lines given in [
length and position. Produce one of
them FE, till EG : ED in the given H,
ratio. Join DG; and with the centre
E, and radius equal to the given line to ¥
be placed, describe a circle cutting DG
in H; join EH, and draw HI parallel to EF, and IC
parallel to HE. IC is the line required. :
For (Eucl. vi. 2.) HI : ID :: GE : ED,
and HC heing a parallelogram, HI=EC,
. EC: ID :: GE : ED,:.e. in the given ratio;
and IC=EH= the > given line.

(26.) From two given points to draw two lines to
a point in a third, such that the difference of thew

squares may be equal to a giver square.

Let 4 and B be the given points; + 5
join 4B; and from A draw AE perpen- \
dicular to it, and equal to a side of the
given square. Join BE, and bisect it in
F; from F draw the perpendicular FG,
meeting 4B in G; and from G draw
GD perpendicular to 4B, meeting CD
in D; join AD, DB ; these are the lines required.

Join GE, it is equal to GB. And (iv. 30.) the
difference between the squares of BD and 4D is equal
to the difference between the squares of BG and G4,
i. e. between the squares of EG and G4, or it is equal
to the square of AE, 1. e. to the given square:

xr
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(27.) To divide a given straight line into two such
parts, that the square of the one may be to the exgessqf a
gwen rectangle above the square of the other, m a given
ratio.

Let AB be the given straight line.
From B draw BC at rightangles to AB,
and make 4B’ : BC? in the given ratio. -
Join AC. Find a mean pmportmn&l
between the sides of the given rectangle
and with it as radius, and B ds centre descrlbe a cir cle
cutting AC in D. Join BD, and draw DE parallel to
BC; E is the point required.

For (Eucl. vi. 8) AE* : ED' :: AB* : BC.
Now the square of ED is equal to the difference of the
squares of BD and BE, i.e. to the dlfference of the
glven rectangle and the square of BE; .. the square of
AE is to the dlﬂ'erence between the glven rectangle and
the square of BE as AB* : BC", ¢.e. in the given ratio.

N.B. The given rectangle must not be less than the
square of the perpendicular from B upon AC; and when
BD is less than BC, there are two points E.:

eQrecRterrsccrsvrrisarrrss

(28.) From any angle of a triangle, not isosceles
about the angle, to draw a line without the triangle to
the opposite side produced, whick shall be a mean pro-
portional between the segments of the side.

Let ABC bethe triangle, and B the -
angle from whichthe mean proportional
is to be drawn. About' the triangle £
describe a circle, and to the point B

Y
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draw a tangent BD meeting theside CA produced in D.

BD is a mean proportional between 4D and DC.
(Eucl. iii. 36.) the rectangle 4D, DC is equal to the

square of DB; and .. AD : DB :: DB : DC.

R R L IS e s e

(29.) From the obtuse angle of any triangle, to
draw a line within the triangle to the opposite side,
which shall be a mean proportional between the seg-
ments of the side.

Let ABC be a triangle having the B
8 g /A\

obtuse angle ABC. Describe a circle { 0
about it, and produce BA to D, making 5 L

AD=AB. From D draw DE parallel
to AC, meeting the circle in E; join BE, cutting AC
in F; BF will be a mean proportional between AF and
FC. -
For (Eucl. vi. 2.) BF : FE ":: BA : AD,

and since BA=A4D, ... BF=FE. ,
Now the rectangle AF, FC is equal to the rectangle BF,
FE,1i.e. to the square of BF; -

“A4AF : FB :: FB : FC.

G nr st ns st rrnrrrerrsnnsse

(30.) From the common extremity of the diameters of
two semicircles given in magnitude and position ; to draw
a line meeting the circumferences, so that the rectangle
contained by the two chords may be equal to a groen
square.

Let AB, AC be the diameters drawn from A, and
given in magnitude and position. With the centre 4,
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and radius equal to a side of the given square, B

describe a circle, cutting the lesser semicircle -

in D. Draw ‘DE perpendicular to 4C, (‘

and meeting the other semicircle in F, Join

AF, and produce it to G; AG is the line \

required. *
For joining GC, the triangles AGC, AFE are similar,

S AC : AG :: AF : AE, '

and .. the rectangle F4, AG is equal to the rectangle

CA, AE, i. e. to the square of AD; whiclt is equal to

the given square.

\7SS

(81.) To draw a line parallel to a given line, which
shall be terminated by two others given in position, 8o as
to form with them a triangle equal to a given rectilineal

JSigure.
Let AB, AC be the lines given in
~ position, AD the line to which it is re< - F
quired ‘to draw- a parallel. Describe
a rectangular parallelogram AEFG
equal to the given figure. Produce EF :
to H; and take 4K a mean proportional between DH
and 2 EF; draw KC parallel to 4D; KC is the line
required.
For the angles DHA, CAK being equal, as also
- DAH, ACK, the triangles DAH, AKC are eqmangular,
and similar ; whence )
AKC : AHD :: AK* : DH* :: 2EF : DH :: 2EF

_ [xAE : DHx AE.
Now 'the rectangle DH, AE is double of the triangle
AHD, . AKC is equal to the rectangle EF, AE e
to the given rectilineal figure.

vrerrvrsvrtrsesssessrseioa
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. (82) To bisect a triangle by a tine drawn paradld
1o one of its sides.

Let ABC -be u triangle to be bi- '
sected by a line parallel to its side 4B..
On BC describe a semicirele ; bisect
BC in O, and draw the perpendicular 4 F ¢
OD; join CD; and with C as centre, and radius CD,
describe a c(rcle catting CB in E; draw EF parallel to
AB; EF bisects the triangle.

' (Eucl.vi. 8.) BC : CD : CD CO
. BC* : (CD*=) CE* : BC CO : 1;
but- the triangles ABC FEC are.in the duphcate ratio
of BC :-CE, and .": in the.ratio.of 2 : 1, i.e. EFC is
half of ABC, and EF bisects the tnangle, -

R R R S R S Y L e a sl

(33.) To divide a gien triangle into any number
of parts having a given ratio to each other, by lines
drawn parallel to one of the sides of the triangle.

" Let ABC be the given triangle ;
divide 4C into parts 4E, EF, FC
having the same ratio to one another
that the parts of the triangle are to
have. On AC describe a semlclrcle,
and draw the perpendiculars EG, FH; and mth the
centie 4, and radii 4G, AH, describe circles meeting 4C
in I and K, from which points draw IL, KM parallel to
BC’ these will divide the triangle in the ratio required.

For the triangles ALI, AKM ABC are to one another
in the duplicate ratio of the sides AI, 4K, AC, i.e. in
the ratio of the rectangles 4C, AE; AC, AF; and the
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. square of AC; or in the ratio.of the lines 4K, 4F, AC;
whence ALI, LIKM, MKCB are in the ratio. of AE,
EF, FC,i.e. in the given ratio.

Croesvsrrs et ssives apsre

. (34.) Todivide a given triangle inlo any ‘number Qf
equal parts by lines drawn parallel to a gwen line.

Let ABC be the given
triangle; from the angle C
draw CD parallel to the
given lines and let.it be re- -
quired todivide the triaugle
into five equal parts. On
AD, BD describe’ semi-
circles AID, BMD; divide AB mto five eqaal parts in
the points E, F, G, H; draw EL FK, GL, HM per-
pendicular to 4B ; and make AN, 40, AP respectively
equal to AI, AK, AL, and BQ=BM; and draw NR,
OS, PT, QV, parallel to DC they dmde the tnangle
as required. :

(Eucl. vi. 1) the trlangle ABC : ADC :: AB : AD,
(Eucl vi. 19.) ACD : ANR :: AD* : AN*: AD AE

. X @quo, ABC : ANR :: AB : AE : 1,
it.e. AFR is one ﬁfth of ABC.

In the same manner 4BC : 408 :: 5 : 2,

whence NRSO is also one fifth of 4BC.
And by a similar manner, OPTS and BQV, may each
be shewn to be one fifth of 4BC, ... TPQ¥ will also"
be.aue fifth of ABC.

Cor. In nearly the same manner the mangle may
be divided into any number of parts having a given ratio.

COPP L 020007000000000 000000
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(35.) To divide a trapesium which has two sides
parallel into any number of equal parts, by lines drawn
parallel to those sides.

Let ABCD be the given trapezium
having the sides 4B, DC parallel. On
AB the longer side describe a semi-
circle AFB; from D draw DE parallel
to BC; with the centre B, and radius
BE, describe the arc EF, and from F
let fall the perpendicular FG'; and di-
vide 4G intothe given number of equal parts, e. g. three,
in IH and I; and draw HK, IL at right angles to 4B.
Make BM, BN respectively equal to BL, BK ; and
draw MO, NP parallel to BC; and PQ, OR parallel to -
AB ; and produce 4D, BC to S.

Since DC = BE = BF, and OR = BM=BL, and
PQ=BN=BK, the triangle ORS is to DSC in the
duplicate ratio of OR to CD, or of BL to BF,i. e.in the
ratio of BI : BG;

whence ODCR : DSC :: GI: GB.
In the same manner PDCQ : DSC ::GH: GB,
-.ODCR : PDCQ :: GI: GH,
and ODCR : PORQ :: GI : IH,
1. e. in a given ratio of equality.
And in a similar manner APQB may be shewn to be

equal to PORQ. And so on, whatever be the number
- of equal parts.

Cor. In nearly the same manner, the 'trapezium
might be divided into parts having any given ratio.

RS R LI S L e 2 Y S Y ]




Sect. 5.] GEOMATRICAL PROBLEMS. | 175

(86.) From one of the angular points of a given
square to draw a line meeting one of the opposite sides,
and the other produced, in such a manner, that the ex-
terior triangle formed thereby may have a gwen ratio to
the square.-

Let ABCD ,be the given square, and 4 ~
M : N the given ratio. From 4 to DC Z
(produced if necessary) draw a line 40, *® "°°
such that M : M+ N : DC : A0. With the centre
O and radius: O4, describe a semicircle meeting DC
‘produced in £ and F Join AF; which will be the
line required. -
Join AE. Then M: M+ N :: DC: AO :: ABCD::
the rectangle 40, AD. Now the tnangle ADE is
similar to ABG, and equal to it, since AB = A4D;
*. the trapezium AECG is equal to 4BCD; and the
rectanble 40, AD is equal to the triangle 4EF,
whence M : M+ N = AECG : AEF,
“M: N : AECG : GCF
- :: ABCD : GCF.

P R e et

(37 ) From a given point in the side produced, of
a given rectungular parallelogram, to draw a line which
shall cut the perpendicular sides and the other side pro-
duced, 8o that the trapezium cut off, which stands on the
aforesaid side, may be to the triangle which stands upon
the produced part of the opposite side, in a given ratio.

Let AKCD be ihe given rect- A—K B
angle, and E the given point in 5 u/
the side CD produced. On EC [/~

describe a semicircle, and in it place * be ¢
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EF =ED; join FC; and divide EC in G, so that EG :
GC in the given ratio, and draw GH at right angles to
EC. In AK produced take BK a fourth proportioeal to
EG, GH and FC. Join BE; it is the line required

For (Eucl. vi. 19.) the triangle ECM.: EDI :.
EC’" : ED?,

.. div. CDIM : ECM :: EC*—ED’ : EC,

but ECM : BMK :: EC* : BK®, T

.. ex equa CDIM : BMK EC'- EF*: BK*

. FC*: BK*
EG‘ GH® by conshuclmm
: EG : GC,

i.e. in the given ratio.

cson voe -

(88.) Through a given point, between two étraight
lines containing a gwven angle, to draw a line which shall
cut off a triangle equal to a given figure.

Let AB, AC be the lines containing
the given angle BAC, and D the given
point. Through D draw DE parallel
to AC, and describe a parallelogram EG
equal to the given figure. Draw GH
perpendlculal to AC, and equal to DE; and, make HC
= DF; join CD, and produce it to meet AB in B; €B
is the line required.

For the triangles EBD, DIF, GIC being similar,
are to one another in the duplicate ratio of the sides
DE, DF, GC; but the square of HC is.equal to the
squares of HG, GC; and .. the square of DF is equal
to the squares of DE, GC; whence the triangle DIFis
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equal to the triangles DBE, GIC; .. the triangle ABC
is equal to 4EFG, t.e. to the given ﬁgure
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(39.) Between two lines given in position, to draw
a line equal to a given line, so that the triangle thus
Jormed may be equal to a given rectilineal figure.

Let AB, AC be the lines
given in position, and DE the
line whose magnitude is given.
Bisect it in F, and on DF de- .
scribe a rectangular parallelo-
gram equal to the given figure. On DE describe a seg-
ment of a circle containing an angle equal to the angle at
4, and cutting HG in 1. Join DI, IE; and 'make
AK=1ID, and AL= IE Join KL; it is the line re-
quired.

Since AK=1D, and AL=IE, and the angle at A=
DIE, . KL = DE, and the triangle 4KL = IDE =
HGFD =the given figure.

_/‘\l

(40.) From two given lines lo cut off two others, so
that the remainder of one may have to the part cut off
Jrom the other a given ratio; and the difference of the
squares of the other remainder and part cut off from the
Jirst may be equal to a given square.

Perpendicular to 4B one of the given lmes, draw BC
equal to a side of the given square; and take 4D to the
other given line in the given ratio of the part remaining

7 ,
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~ from the first to the part cut off from the x
second. Join DC; and with.the centre 4, '
and radius equal to the second given line,
describe a circle cutting DC in E; join
AE, and draw CGF parallel to it, mecting D=
AF, drawn parallel to EC, in F. Then
BG and GF are equal to the parts to be cut off.
For the difference between the squares of CG, GB
is equal to the square of BC, <. e. to the given square;
and AG : GF :: AD : AE,i.e. in the given ratio. .

o ryid

" (41) From two given lines to cut off two others -
which shall have a given ratio, so that the difference of
the squares of the remainders may be equal to a given
square.

Let AC be one of the two given lines.
From C draw CD perpendicular to AC,

F

and equal to a side of the given square. 7
Take AE to the other given line in the \
given ratio of the parts to be cut off. A

Join ED, and produce it ;"and with the

centre 4, and radius equal to that other given line, de-
scribe a circle cutting ED in B. Join 4B; and let it
meet DF, which is parallel to 4C, in F. Draw FG
parallel to CD. CG and BF are the parts required to
be cut off.

. For (DF=) CG : FB :: EA : AB, i.e. in the
given ratio of the parts to be cut off ; and the difference
between the squares of F4 and 4G is equal to the square
of GF, i. e. to the square of CD, or the given difference
of the squares of the remainders.

P00 2022000000700000000425,
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(42.) From two given lines to cut qﬁ' two others
8o that the remainders may have a gwen ratio, and the
sum of the- squares. of the parts cut off may be equal la
the square of a given line. ‘ ,

Let AB be one of the given lines,
and in it take 4C to the other given line,
in the- given ratio of the remainders.
From C draw CD perpendicular to 4B,
and equal to the second given line. Join
AD, and draw CE parallel to AD; and with the centre
B, and radius equal- to the side of the given square;
describe a circle, cutting CE in E. Draw EF parallel
to DC. Then BG, GE wxll be equal to the parts to be.
cut off.

Join BE. The squares of BG, GE are equal to the '
square of BE, i. e. to the given square ;

and 4G : GF :: AC : CD,’
t. e. in the given ratio of the-remainders.

D)

Crrrrrrrrer s rrssr st irse

(43.) Two points being given in a given straight
line; to determine a third such that the rectangles con-
tained by its distances from each extremity and the given
point adjacent to that extremity may be equal.

Let ABbethegiven straight
line, C and D the given points
in it. On 4C and DB as dia-
meters let circles be described,
and let EF touch them in E
&d F. Bisect EF in G, and let fall the perpendlcular

H ; H is the point required.

From G draw any lines GNK, GLM cutting the

circles. Take O the centre of the circle ACE, and draw
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OP perpendicular to GK. (Eucl. ii. 6.) the rectangle
NG, GK together with the square of PN is equal to the
square of PG ; to each of these add the square of PO;
and thé rectangle NG, GK together with the squares of
OP, PN (. e. the square of OC) is equal to the squares
of OP, PG, i.e. to the square of OG, or to the squares
of OH, HG. But the square of OH is equal. to the
rectangle CH, HA together with the square of OC;
whence the rectangle NG, GK is equal to the rectangle
CH, HA together with the square of HG. In the same
manner it may be shewn that the rectangle LG, GM is
‘equal to the rectangle DH, HB together with the
square of HG. But since the rectangle NG, GK is
equal to the rectangle LG, GM, the rectangle CH, HA
is equal to the rectangle DH, HB.

Cor. If IH be a mean proportional between CH
and H4; IG=GE.

(44.) Through the point of intersection of two given
* circles, to draw a line in such a manner that the sum of
the respective rectangles contained by the parts thereof
which are intercepted between the said point and their
czrcumferences ‘and given lines A and B, may be equal to
a given square.

Let the two circles CID, CEK
cut each other in the point C; from
C draw the diameters CD, CE. JIn
CD take the point F'such, that CD :
CF :: 4 : B. Join EF; and on.
it as a diameter describe a semicircle, in which place EG
a third proportional to A and the side of the given square.
‘Draw ICK parallel to EG ; it will be the line required.
~ Join FG, and produce it to H. The angle DIC is

Q-
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equal to FGE, t. e. to FHC, . FH is parallel to DI;
andCI: CH :: CD : CF :: 4: B,

.. the rectangle 4, CH, is equal to the rectangle B, CL
Now since EG is a third proportional to 4 and the side
of the given square, the rectangle 4, EG will be equal to
the given square. But the rectangle 4, EG, is equal to
the rectangles 4, HC, and 4, CK, i.e. to the rectangles
‘B, IC, and 4, CK; .-. the rectangles 4, KC, and B
IC, are equal to the glven square. .

(45.) Through a given point, to draw an indefinite
line, such, that if lines be drawn from two other given
points,.and forming given angles with it, the rectangle
contained by the segments intercepted between the given
‘point and the two lines so drawn, shall be equal to the
square qf a given line.

. Let A be the given point through
which the line is to be drawn ; B and
.C the other given points. Join 4B,
AC; and on them describe segments
of circles 4DB, AEC, containing
angles equal to the given angles. Draw either diameter
AF, on which produced take 4G such, that the rect-
angle F4, AG, may be equal to the given square. Draw
GE perpendlcular to GF; join EA, and produce it both
ways; it is the life required.

_ Join DF. The angles at G and D being right
angles, the trlangles AGE, ADF are similar,

o cEA: AG :: Fd : AD,
.. the rectangle E A, AD is equal to the rectangle F4,
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AG, i.e. to the given square ; and CE, BD form with -
ED angles equal to the given angles. .
"If GE does not meel the circle, the problem is im-

pessible.

(46.) Through a given point between two straight
lines containing a given angle, to draw a line such that
a perpendz'cular upon it _from the given angle may have
a given ratio to a line drawn. from one extremity of 1it,
parallel to a line given in position.

Let AB, AC be the lines forming
the given angle BAC, and D a point
between them, and 4E the line given
in position. Draw any line FG pa-
rallel to 4E, and take 4H : FG in
the given ratio ; and with the centre 4, and radius 4H,
describe a circle, to which draw FIK a tangent. Join
. AI; and through DD draw LMN parallel to FK, and
LO parallel to FG. LN is the line required.

For Al is perpendicular to FK, and ... AM to LN ;
and LO is parallel to 4E, :

and FG : LO :: AF : AL :: (Al=) AH : AM,
cAM: LO :: AH : FG,4.e. in the given ratio.

e

_ (41.) Through a given point between two indefinite
straight lines not parallel to one another, to draw aline
which shall be terminated by them, so that the rectangle -
contained by its segments shall be less than the rectangle
contained by the segments of any other line drawn
through the same point.. oo
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Let AB, AC be the
given lines meeting in 4.
In AC take any point D,
and make AE=AD. Join
DE; and through I the
given point draw FIG pa-
rallel to DE. FIG is the line required.

Draw the perpendiculars FO, GO meeting in O.
Then since E D is parallel to FG, and the angles 4ED,
ADE are equal, ... AFG and AGF are equal. But
AFO = AGO, each being a right angle, ... OGF=O0FG,
and OF= 0G; a circle ... described from the centre O,
and radius OG, will pass through F, and touch 4B, AC
in G and F, since the angles at G and Fare right angles.
Let now any other line HKLM be drawn through ,
and terminated by AB, 4C. Since all other points in
AB but G are without the circle, H is without the circle ;
». HM cuts the ¢ciréle in K ; and for the same reason also
in L. Now 'the rectingle KI, IL is equal to the rect-
angte GI, IF. But the rectangle KI, IL is less than
the rectangle HI, IM; .. the rectangle GI, IF is less
than the rectangle HZ, IM. In the same manner it may
be .shewn .that the rectangle GI, IF is less than the
rectangle contained by the segments of any other line
drawn through I, and terminated by 4B, AC.

'
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Secr. VI.

(1.) To describe an isosceles triangle on a grven
Sonite straight line. .

Let AB be the given straight line. Pro- £
duce i, if necessary; and make 4C and BD,
each equal to one of the equal sides of the tri- oL
angle. With 4 and B as centres, and radii
AC, BD, describe circles, cutting each other in E; join
AE, BE ; AEB is the triangle required.

For AE=AC=BD=BE.

- eroe

(2.) To describe a square which shall be equal to the
difference of two squares, whose sides are given.

Take a straight line 4B terminated at <
and cut off 40 equal to a side of the @

‘Wer, and OB equal toaside of the lesser * »2

. With ‘O as centre, and radius 04, describe

D; and from B draw BC at right angles to

iquare described upon BC is the square re-

(Eucl. i. 48.), the square described upon
the difference of the squares on OC and
J and OB.
a mean proportional between the sum
( two given lines may be determined.

COPererrerr s oresresree
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(8)) To-describe a rectangular paralielogram which
shall be equal to a given square, and have its ad]acmt
sides together equal to a given line. '

Let AB be equal to the given line.
Upon, it describe a semicircle. ADB.‘
From 4 draw 4C perpendlcula.r toAB, i
and equal to a side of the given square.. Through C draw
CD parallel to. 4B, and let fall the perpendicular DE,
The rectangle contained by AE, EB will be the rect-
angle. required. . .

.For the. l:ectangle AE EB is, eqnal o the sqwe oﬁ
ED, swhich is. equal to.the square of 4C, ¢, e.-to the
given. square; and 4B is the sum of the adJacent sides
AE, EB. :

o

(4.) Todescribe a rectangular parallelogram whick
shall be equal to a given square, and have the difference
of its adjacent sides equal to a given line. :

Let AB be equal to the given line. On
it as diameter describe a circle. From A .
draw AC at right angles to 4B, and .-
tangent t to the circle at A; make AC equal '
lo @ side of the given square. Take O the centre ; join
CO, »and produce it to D, The rectangle contamed by
EC, CD is the rectangle required.

For the rectangle EC CD, is equal to the square of
AC, i. e. to the given square; and the differerice of the
rdcs containing the rectangle is ED AB the glven
ine
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(5) To describe a triangle which shall be equal to

a.given equilateral and eqmangular pentagon, and of
the same altitude.

+ Let ABDCE be the given pentagon.
Join 4C, AD; and produce CD inde-
finitely both ways. Through Band Edraw
BG, EF respectively parallel to 4D and
AC. Join AF, AG. AFG is the tri-
angle required.

Since 4D is parallel to BG, (Eucl.i. 37.) the tri-
angles 4BD, AGD are equal ; and for a similar reason,
AEC=AFC; .. the triangles ABD, AEC are equal to -
AGD; AFC; to these equals add the triangle ADC;
and the pentagon 4BDCE is equal to the triangle
« AGF; and they have the same altltude, viz. the perpen-.
dicular from 4 upon DC.

(6) To describe an eqmlateral triangle equal to
a given isosceles triangle.

Let ABC be the given isosceles tri-
angle. On AC describe an equilateral
triangle ADC, and from D draw DE
perpendicular to AC; it will also bi-
sect AC and pass through B. On DE
describe a semicircle; and from B draw
BF perpendicular to DE, meeting the circle in F.~
with the centre E, and radius EF, describe a circle
meeting ED in G; draw GH, GI parallel to D4, DC
respectively ; the tnangle GHI is equilateral, and equal
to ABC. . 4
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. Since GH is parallel to 4D, and GI to DT, the tri-
angles GHI, ADC are similar ; but ADC is eqmlateml“
" and .. also GHI is equilateral.
Also (Eucl. vi. 8. Cor)ED EG : EG 'EB, -
and (Eucl. vi. 2. ) ED : EG :: EA : EH,
~EG : EB : EA : EH,
*. (Eucl. vi. 15.) the triangles - EGH EBA are
equal But GHE = GIE, and BAE:—- BCE .. also
GHI=BAC. :

e

oo e L E e

e

(’7 ) To describe a parallelogram, the area and pen-'
" meter of which shall be respectively equal to the area
and perimeter of a given tnangle

Let ABC be the given trlangle Pro-
duce 4B to D, making BD=BC; bisect
AD in E ; draw BF parallel to 4C; and
with the centre 4, and radius AE, describe
a circle 'cutting BFin G. Join AG; and -
bisect 4C in H. Draw HF parallel to AG -AGFH
is the parallelogram requlred .

For HF=AG=AE, .. HF and AG together are
equal to 4D, i.e. to AB and BC together; and GF=
AH= HC, .. the perimeter of 4GFH is equal to the pe-
rimeter of ABC; and AGFH is.double of a trlangle on
the base 4H ‘and between the same parallels, and
equal to the triangle ABC -

(8.) To describe a parallelogram which shall be é/"
given altitude, and eguzangular and equal to a gwfm
parallelogram. -



188 . GEOMETRICAL PROBLEMS, [ Sect. 6.

Let ABCD be the - i
givea parallelogram, and Bl ./ .
EF the given altitude. / - -/

Draw EH arid FG atright » c ¥ {2
angles to FE ; and at the
point F, in the line GF, make the angle GFI equal to
CDA; take FG a fourth: proportional to FI, 4D and
DC; and from G draw GH parallel to FI, meeting EH
produced in H; IFGH is the parallelogram:required: '
For its altitude is EF; and the angle GFI= CD4,
<. FIH=DAB; whence the parallelograms are equi-
angular; and they are equal; since the sides.about tiie
equal angles are reciprocally proportional (Eacl.yi. 14.).

-

(9.) To descrabe a square which shall be egual to the
sum qf any number qf gtven squares

" Let 4B be a side of one of the gwen ,
squares, From:B draw BC perpendicular - |
to AB, and equal to a side of the second
square. Join AC; and from C draw CD A
perpendicular to it, and equal:to a side of A
the third square. = Join 4D; and from D draw DE
perpendicular to 4D, ‘and equal to a side of the fourth.
Join 4E. The square of 4E is equal to the squaresﬂf
4B, BC, CD, DE.

Since the angles ADE, ACD ABC are rlght angles,
the square of AE is equal to the squares of AD DE,
i.e. to the squares of 4C, CD, DE; and ... to the
squares of 4B, BC, CD, DE. '

And by proceeding in the samre manner whatover be.
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the number of given squares, one equal to theu' sum
may be found. \

Coxr: Hence lines may be found, whlch have the
same ratio as the square roots of the natural numbers.

(]0) Havmg given the di j‘erence between the dia- -
Meter and side of a square; to describe the square.

Let AB be the given difference. me p—TFara
AC; AD, each making half a right angle v
with 4B; and complete the square EF. |
Take AG =the difference between B4 and ¥ ¢
BF. Since the ratio between the side of a square and
its diameter is given, that of their difference to the dia-
meter is also given. Take .. AH : AB :: AB : AG;
and through H draw HC, HD perpendlcalar to AC,
AD CD is the square required. - ‘

For DC being a parallelogram is also (Eucl. i. 46.
Cor) rectangular; and the angle DAH being half
a right'angle, is equal to DHA, . DA=DH; whence
the sides are equal; and the figure is a square. And
since BG=BF, HB=HC; and-AB is the dlﬂ'erence‘
between the dnameter and slde

-

(11.) To dtmde a circle mto any number Qf concen-
tric equal annuli.’ R

Let ABC be the given circle, and O its centre.
Draw any radlus 04, and divide into the given number
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of equal portions in the points D, E,

F, G, &c. On 04 describe a semi-

circle, and draw the perpendiculars

DH, EI, FK, GL, &c. Join OH,

Ol1, &c. and with the centre O and

radii OH, OI, &c. let circles be de-

scribed ; they will divide the circle ABC as is required.

- Since the areas of circles are in the duplicate ratio of
theirradii; the area of the circle whose radius is O4 is
to that whose radius is OH in the duplicate ratio of 04:
OH, i.e. in the ratio of 04 : OD; .- the area of the
first annulus will be to the area of the circle whose radiis
is OD :: AD : OD. And in the same manner the area
of the second annulus, will be to the area of the circle
whose radius is OD, as DE : OD ; and since AD = DE,
the annuli will be equal. The same may be proved of
all the rest.

Cor. The construction will be nearly the same, if |t
be requlred to divide the circle into annuli which shall
have a given ratio; by dividing the radius 4O in thnt
proportion. :

. (12) In any quadrilateral figure circumscribing o
circle, the opposite sides are equal to half.the perimeter.

Let ABCD be a quadrilateral figure -

" circumscribing the circle EFG ; its oppo-

site sides are equal to half the perimeter. o

For (Eucl. iii. 36. Cor.) AE = AH, and

DH = DG, .. AD is equal to 4K and ~ °

DG together. In the same way BC is equal to BE:

and GC together, ... 4D and BC together are equal to

AB and DC together
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-(18.) If the opposite angles of a quadrilatéral .ﬁgufe
be equal to two nght angles, a circle may be described.
about i, :

. Let ABCD be a quadrilateral figure, , R
- whose opposite angles are equal to two right @
angles
Join BD; then if a circle be described ®
about the triangle BCD it will pass through :
4. For the angle BCD and the angle in the segment
BED, are together equal to two right angles, and .-.
equal to BCD, BAD; whence BAD is equal to the

angle in the segment BED ; and .. 4 must be a point in

the circumference ; or the circle will be descrlbed about
-ABCD.

s S0 o S PP
o S g

-

(14.) A4 quadrilateral figure may have a circle
described about it, if the rectangles contained by the
segments of the diagonals be equal.

Let ABCD be a quadrilateral figure, the 2
rectangles contained by the segments of ‘@
whose diagonals are equal, viz. the rectangle
AE, EC, equal to BE, ED. _ "D
Describé a circle about the triangle 4BC; ifit does
not pass through D, let it cut BD in F'; then (Eucl. iii.
35.) the rectangle BE, EF, is equal to the rectangle 4E,
EC, i.e. to the rectangle BE, ED, by the supposition ;
whence EF is equal to ED, the less to the greater,
which is impossible ;- .. the circle must pass through D..
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‘(16.) If from any point within a regular figure
circumscribed about a circle perpendiculars be drawn to

the sides ; they will together be equal to that multiple of
the semidiameter, which is expressed by the number of
the sides of the figure.

Let ABCD he a regular figure circum-
scribed about the circle; and from any-
point O, let perpendiculars OE, OF, OG,
&c. be drawn. Take 8 the centre of the cir- -
cle. Join 8D, SC, SH. Then the figure -
will be divided into as many triangles round S and O as
 there are sides of the figure; now the triangle SCD

OCD :: SH : OG; and the same being true of the
: triangles on each side, the sum of the triangles round
S, will be to the sum of the triangles round O, as the sum
of the lines SH to the sum of the perpendiculars from 0.
And the first term of the proportion being equal to the
second, the sum of the perpendlculars from O is equal to
that multiple of the radius which is expressed by. the
number of the sides; each perpendicular from S being
a radius of the circle.

 (16.) If the radius of a circle be cut in extreme and
mean ratio; the greater segment will be equal to the
side of an equilateral and eqmangular decagon mscnbed
m that circle. .

Let AO, the radius of the’ clrcle ABC :

be cut in eéxtreme and mean ratio in D;
AD is equal to the side of an equilateral
“and equiangular decagon inscribed in the
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circle. In the circle place 4C equal to AD ; join CO.,
Then (Eucl. iv. 10.) the angles at 4 and C are double
the angle at O; whence 4OC is one fifth part.of two
right angles, or one tenth part of four right angles, 1. e:
of the angles at O; and ... 4C is the side of a regular
decagon inscribed in the circle. o

B e T il L

(1) )lny segment of a circle being described on
the base of a triangle; to describe on the other sides
segments similar to that on the base. '

Let ABC be a triangle, on the
base 4C of which a segment of a
circle ADC is described. Produce
AB, CB to E and D. Join AD,
CE; and through 4, D, B, and
C, E, B let circles be described ; the
segments 4D B, BEC are similar to ADC.

For the angle ADC being in the segments 4ADB,
ADC; those segments are similar. For the same reason
the segments’ ADC, BEC are similar. And since the
angles ADC, AEC are equal, .. the segments ADB
BEC are similar. ' :

 (18) If an equilateral triangle be inseribed in a
circle; the square described on a side thereof 1s equal ta
three times the square described upon the radius.

Let ABCbean equilateral triangle inscribed in a circle.
From A draw the diameter 4D, and take O the centre ;
‘Bs
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join BD, BO. Then the angle BOD= -
BAC=BCA=BDO, .. BD=BO; and
the squares of 4B, BD are equal to the
square of AD); i. e. to four times the square
of BO, or BD ; and .. the square of 4B is
equal to three times the square of BD or BO.

. (19.) To inscribe a square in a gwen nght-angled
zsosceles triangle.

Let ABCbe arlghl-angled isosceles tri- .
angle, having the side B4=BC. Trisect @&‘
the hypothenuse AC in the points D, 4 ,
E; and from D, E draw DF, EG per- .
pendicular to 4C; join FG; DFGE is the square
required.

Since the angle DAF is half a right angle, and the
angle at D a right angle, .. the angle DFA is half a
right angle, and equal to DAF; whence DF=DA. In
the same manner it may be shewn that EG=EC. But
. AD=EC; and .. FD, DE and EG are equal; and
(Eucl. i. 33.) FG = DE; .. the figure is equilateral.
And it is rectangular, (Eucl. i. 46.) since the angles at D
and E are right angles; .. it is a square.

(20.) 7o inscribe a sW- in a given quadrant of
a circle. )

Let A0B be the given quadrant, whose centre is 0.
Bisect the angle 40B by the line OC. Draw CE (%))
parallel to 04, OB. -DE is a square.-
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For the angle COD = COE, and CDO
=CEO, since each of them with DOE ")
make angles equal to two right angles, and
CO is common, ... CE=CD. And by con-
struction CE=O0D, and OE=CD, .. the figure is equl-
lateral. - And the angle DOE is a right angle, .. (Eucl
i. 46. Cor.) all its angles are right angles ; and .conse- -
quently the figure is a square.

- v e d

(%1.) To imscribe a square i a given semicircle.

- Let ACB be the given semicircle;
take O its centre, and from B draw BD
perpendicularand equal to B4. Join OD,
cutting the circumference in E ; and from
E draw EF perpendicular to 4B, and H 0 F B
EQG parallel to it; draw GH parallel to EF. Then EH
is the square required. .

Join OG. Since EG is parallel to 4B, theé angle
GOH=EOF, und the anglesat H and ¥ are rlghtang}es
and GO=0E, ... HO=OF.

" Now EF : FO :: DB : BO, .

.« EF=2F0=FH; the ﬁgure ie .. equilateral ; and it
is, by construction, rectangular ; .". it is a square.

Cor. Since FE = 2 FO, FE"-40F2 and OE*=
50F?; and if FK be drawn perpendlcular to OFE,

' OE : OK :

K4

- (32.) To inscribe a a square in a given segment of
& circle.
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Let AIB be the segment of a circle, 2 ¢
whose base AB is bisected in D. From B d oo
draw BC perpendicular to B4 and equal | U 1}
to BD. Bisect BD in E, and join CE,

Draw DG parallel to CE, and GF to CB. Take DH=
DF; draw HI perpendicular to 4H, and .. parallel to
GF; Join GI. FI is the square required. -

Since GD and GF are respectively parallel to CE

and CB,

GF : FD :: CB : BE :: 2:1,
o. GF=2FD=FH. Take O the centre, and draw OL,
OM perpendiculars to HI, ¥G ; then since HD = DF,
. OL = OM, .. (Eucl. iii. 14.), IL = GM; but LH =
FM, ... IH=GF; whence IG = HF, and the figure is
equllateral and since the angle at F'is a right angle, the
figure is rectangular, and .". is a square. -

(23.) -Having given the distance of the centres of
two equal circles which cut each other; to inscribe o
square in the space included between the tmo circum-
Jerences.

Let 4 and B be the centres of two equal
circles, which cut each other in C’and D.
Join 4B, and bisect it in E ; and at the point *
E make the angle GEF =half a right angle;
and from F draw FGH perpendicular'to 4B.
Make EI=EG ; and through I draw KL perpendicular
to AB; join KF LH. KH is a square.

Since El=EG, BI=AG, and .. (Eucl. iii. 14 .y KL
= FH ; and they are parallel, .. KF is equal and parallel
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to LH, . KH is a parallelogram. Also since' GEF - is
half a right angle, and EGF a right angle, .. EFG is

“half a right angle, and .. equal to GEF'; whence EG =
GF, and FH=1G. But KF is equal and parallel to /G-
(Eucl. i. 33) ; .. the four sides are equal; and GFK is
a right angle, .. the figure is rectangular (Eucl. i. 46.
Cor.), and consequent]y is a square.

(24.) In a given segment of a circle to inscribe a
rectangular parallelogram, whose sides shall have a given
ratio.

Let ABC be the given segment of a B
circle. From 4 draw 4D perpendicular @‘
to AC, and make 4D : AC in the ratio of * ¢
the sides. Complete the parallelogram AE. Bisect AC
in G, and join DG ; and from F draw FH perpendicular,
and FI parallel to 4C. Draw IK parallel to FH ; HI is -
the rectangular parallelogram required.

Since FH is perpendicular to AC, it is parallel to AD

and ... FH : HG :: AD : AG,
whence FH : HK :: AD : AC, - :
i. e. in the given ratio. And FHG being a right angle
all the angles of the figure are right angles.

-

(25.) In a given circle to tnscribe a rectangular
parallelogram equal to a given rectilineal figure.

Let AEB be the given circle; on the % .
diameter AB describe a rectangular pa- E .
rallelogram ABCD equal to the given 3
rectilineal. figure; and let lhe sidle DC
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the inscribed one is to be similar, ... the angle at E will
be equal to the third angle. Join 4E, and produce it to
G; and from G draw GH, GI respectively parallel to
ED, EF; join HI. HIG is the triangle required.

Since DE and EF are respectively parallel to HG,
GI, the angle DEF is equal to HGI.

Also DE : HG :: AE : AG :: E¥ : GI,
whence (Eucl. vi. 6.) the triangles HG I, DEF are simi-
lar, and .. HGI is similar to the given triangie.

R 2 e a2 T R

(29.) In a given equilatcral and equiungilu: pen-
tagon, lo inscribe a squarc.

Let ABCDE be the given pestsgon. A .
Join EB; and from E dcaw KF perpen-  500-7%

dicular and equal (o EB. Join A47; ¢ i ;

and from G, where it cus KD, draw | Gri o

GH parallel to F%. Dwaw HI, GK~©

parallel to EB. Join IK. HK © o
square required. '

Since HG is poralicl o EF--;wen line '3
HG : EF:: AH: 3. .7

oL
o g

and join LB,

but EF= EB, . HG~" """ 3 ince Al =B, ..
(Eucl. vi. 2.) HE= i, D"‘; » and 12C heing paral-
lel to 2B, and DE- 7 #G=BK. 'The triangles
EH(:, IKB, :her callel Y€ WO sides in cach and the
incltided angies o0 and . HG =X, and the angle
Elic; RIK, Y J,;,..e HG and A :re also parallel;
therefor e isj<o (:N ‘equaii i0 [I1: i,+cce the four sides are
equal;nidihie . rat/d being arig.i angle,all theangles
are right an; * “ind coasequently HK is a square,

Y
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(30.) In a given triangle to inscribe a rhombus, one
of whose angles shall be in a given point in the side of
the triangle.

Let ABC he the given triangle, and 4
D the given point. Join BD, and pro- A
duceit ; and with the centre 4, and radius A ——\e¢
AC, describe a circle cutting it in E. /
Join AE ; and draw DF parallel to it,
FG parallel to AC, and GH to FD. FH
is the rhombus required. €
Since F'D is parallel to AE, BF : FD :: BA AE;
and since FG is parallel to AC
BF.: FG :: B4 : AC :: B4 : AE,
. FD=FG; and the sides opposlte to these are equal
. the figure FDHG is a rhombus.

P PP r s st rssrsssrrrrs

(31.) To inscribe a circle in a given quadrant.

Let ABCbethe given quadrant. Bi- =
sect the angle 4CB by the line CD; .| ¢
. and at Ddraw DE touching the quadrant,
and meeting C4 produced in E. Make ¥4 R
CF=A4E. From F draw FG at right angles to 4C.
G is the centre of the circle required. '

From G draw GH perpendicular to BC. Join DF.
Since the angle DCE is half a right angle, and the
angle at D a right angle, DE=DC=AC=FE, .. the
angle EDF=EFD; whence also GDF=GFD, and
GD=GF; andsince the angles FCG, GCH are equal,
and GC common to the right-angled triangles GFC,
GHC, .. GF=GH; .. the three lines GD, GF, GH

Cc

D
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are equal and the circle described from the centre G, and
distance of any one of them, will pass through the extre-
mities of the other two, and touch the arc and sides in
the points D, F, H, because the angles at those points
are right angles.

PR I Y e et t el

v (32.) To describe a circle, the cifcumference of which
shall pass through a given point, and touch a given
straight line in a given point.

Let AB be the given straight line, C
the given point, in which the circle is to
touch it, D the point through which it
must pass. Draw CO perpendicular to
AB. Join CD; and at the point D make the angle
CDO=DCO; the intersection of the lines CO and DO
~ is the centre of the circle required.

Since the angle DCO=CDO, CO=DO, and ..z
circle described from the centre O, at the distance OD,
will pass through C, and touch the line 4B in C, be-
cause OC is perpendicular to 4B. :

»

\j (33.) To describe a circle which shall pass through
a given point, have a given radius, and touch a gives
straight lne.

Let AB be the given straight line,
and C the given point through which

the circle must pass. )
In AB take any point B; and from
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it draw BD at right angles to 4B, and equal to the
given radius ; through D draw DE parallel to 4B ; and
with the centre C, and radius equal to the given radius,
describe a circle cutting' DE in O. O is the centre of
the circle required.

From O draw OF perpendicular to AB, it is equal
to DB, i.e. to the given radius ; and the circle described
from the centre O, and radius OF will touch (Eucl. iii.
16 Cor.) the line AB in F, and pass through C.

B ettt

(84.) To describe a circle which shall pass through
two giwen points, and touch a given straight line.

F D

Let A, B be the given points, and CD ¢
the ‘given straight line. Join 4B. And i 2 o j
B

1. let CD be parallel to 4B. :

Bisect AB in E, and draw EF perpen-
dicular to 4B, and . to CD. Join FA, and make the
angle FAO=AFO; then will O be the centre of the
circle required.

Since the angle FA0 = AF0, AO=QF. But AE=
EB, and EQ is common to the triangles 4EQ, BEO,
and the angles at E right angles, ... 40=0B. Whence
A0, OB, OF are all equal; and the circle described
from the centre O, at the distance of any one of them,
will pass_ through the extremities of the other two, and
touch the line CD, since OF is perpendicular to CD.

2. But if AB is not parallel to CD,
fet them be produced to meet in £; and )
take EF a mean proportional between
E#A and EB. Join F4, FB; and
describeacircleaboutthe triangle 4FB;
it will be the circle required.
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Since EF is a mean proportional between £4 and
EB, EF touches the circle (Eucl. iii. 37.), which passes
through 4 and B.

(35.) To describe a circle, the circumference of which
shall pass through a given point, and touch a circle in
a given point; the two points not being in a tangent
to the given circle.

Let A be the given point in the cir-
cumference of the circle whese centre
* is O; B the given point without. Join
BA, and produce it to D. Join OD;
and through 4 draw OAE ; and draw
BE parallel to OD, cutting O4E in E. E is the
centre of the circle required.

Since (Eucl. i. 29) the angle ODA is equal to ABE,
and 04D to BAE, .. the triangles ODA, ABE are
similar,-and OD being equal to 04, AE will be equal
to EB; a circle ... described with the- centre E, and
radius EA4, will pass through B, and touch the circle
ADF in the point 4, since the line joining the centres
_ passes through 4.

>~

(86.) To describe a circle the centre of which may
be in the perpendicular of a given right-angled triangle,
and the circumference pass through the right angle and
touch the hypothenuse.

Let EAD be thegiven right-angleéd triangle, having
the angle at A4 a right angle. Make EC = E4. Join
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CA; and draw. CO at right angles to
ED. The circle described with O as
centre, and radius OA, will be the circle
required.

Since E4A=EC, the angle ECA=
EAC, and ECO, EAO are equal, being
right angles ; .. 0C4=0A4C and 04=
OC. The circle ... described from the centre O, and
radius OA, will pass through the extremity of OC, and
touch E£D in C, because CO is at right angles to ED.

B R e e e L T

(317.) To describe a circle which shall pass through
the extremities of a given line, so that if from any point
in its circumference a line be drawn making a given angle
with the given line; the rectangle contained by the seg-
ment it cuts off and the given line, may be equal to the
square of the line drawn from the same point to the
Sarther extremity of the given line.

Let AB be the given line. On it de-
scribe a segment of a circle containing an
angle equal to the given angle. Complete N
the circle; it will be the one required.

From any point C draw CD, making with 4B the
angle ADC equal to the given angle; join C4, CB.
Since - the angle CDA = ACB, and the angle at 4 is
common, the triangles 4CD, ABC are equiangular, and
therefore

D

AB-: AC :: AC : 4D,
whence the rectangle contained by 4B, AD, is equal to
the square of 4C.

B TR S ettt ansedd
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(38.) To determine a point in the perpendicular let
Jall from the vertical angle of a triangle on the base; '
about which as a centre a circle may be described touching
the longer side, and passing through the opposite angular
© point.
Let ABC be a triangle, and from B x
the vertex let BD be drawn perpendi-
cular to 4C. In DB take any point E,
and from it draw EF perpendicular fo ¢ 3
AB; and from E to BC,draw EG = EF ;
from C draw CH parallel to GE, and from H draw HI
perpendicular to 4B; H is the point required.
Since EF is parallel to HI,
FE : HI :: BE : BH,
and since GE is parallel to HC,
GE : HC :: BE : BH,
.. FE : HI :: GE : HC;
but, by construction, FE=EQG, ... HI= HC; aund a cir-
cle described from the centre H at the distance HI, will
pass through C, and touch AB in I, since the angle
HIB is a right angle.

(89.) To describe a circle which shall have a given
radius, and its centre in a given s{raight line, and shall
also touch another given straight line inclined at a gwen
angle to the former.

Let 4B be the given line, in which
the centre is to be; BC the line which
the circle is to touch.

In BC take any point C, and draw
CD at right angles to it; and make
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CD equal to the given radius. Through D draw DO
parallel to CB; O is the centre of the circle requu'ed

Through O draw OE parallel to DC; -.COisea
parallelogram whence OF is equal to DC i. e. to the
given radius. With the centre O, and radius OFE, de-
scribe a circle; it will touch CB in E, because CO
being a parallelogram, and ECD a right angle, CEO is
also a right angle.

- (40.) To describe a circle, which shall touch a

straight line in a given point, and also touch a given
circle.

Let AB be the given line, and C the
given point in it, O the centre of the
given circle. Draw CD perpendicular to
AB, and OE parallel to CD. Join CE,
meeting the circumference in F. Join
OF, and produce it to meet CD in D.
D is the centre of thé circle required. '

Since the triangles OEF, CFD are similar, and OF
=OF, .. FD=DC; consequently a circle described
with the centre D, and radius DF, will pass through C,
and touch 4B in C, because the angles at C are right
angles ; and it will touch the given circle in F, since the
line .joining the centres passes through F.

(41.) To describe two circles, each having a given
radius, which shall touch each other, and the same given
straight line on the sapme side of it.
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Let AB be the given straight line. x
From any point 4 in it, draw 4AC at
right angles to it, and make 4C, 4D,
equal to the given radii. Produce CA4
to E, making 4E=A4D. Draw DO
parallel to 4B ; and with the centre C, :
and radius CE, describe a circle cutting DO in O.
C and O will be the centres of the circles required.

Join CO; and draw OB perpendicular to 4B then
DAB being aright angle, asalso 4BO, .-. AD is parallel
to BO; and DO was drawn parallel to 4B, ... AO isa
parallelogram, and OB=4D. With the centres C and
O, and radii C4, OB describe circles, they will touch
AB, since the angles at 4 and B are right angles ; - they
will also touch each other, for CO is equal to CE, or to
CA and AE, t.e. to CA and AD, or the sum of the
radii.

0,

rrrrrse

(42.) To describe a circle passing through two grven
points, and touching a given circle.

Let 4 and B be the given points,
and CDE the given circle. - Describe a
circle through 4 and B, and cutting the
given circle in D and E. Join DE,
EB, DA, AB. Then the angle EDA
=EBA; if ... DE and BA be pro-
duced to meet in F, the triangle FDA will be similar to
the triangle FBE ;

and .. DF : FA :: BF : FE,
or the rectangle DF, FE is equal to the rectangle AF,
FB. Draw FG atangent to the‘given circle ; then the
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aquare of FG is equal to the rectangle EF, FD, and
.*. to the rectangle BF, FA4; whence a circle described -
t.hrough the points 4, G, B, will touch the given circle,
since it touches FG.
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(43) To describe a circle, which shall pass through
.a given point, and touch @ given circle and a gwen
straight line.

Let ABC be the given circle, D
the given point, and EF the given
straight line. Through O draw
AOE perpendicular to EF. Join
AD; and divide it in G, so that the
rectangle AG, AD, may be equal to
the rectangle AC, AE. Through
G and D describe a circle touching EF in F'; this will
also touch the circle 4BC.

Draw the diameter F'H ; it is (Eucl. iii. 18.) parallel
to AK. Join AF, meeting the circle in B. Join CB.
- The triangles 4BC, AEF having the angle at 4 com-
mon, and the angles 4BC, AEF right angles, are similar ;
whence

AC : 4B :: AF : AE,

~.the rectangle AB, AF is equal to the rectangle AC,
AE i. e. to the rectangle AG, AD; .. Bis a point in
the circle ZDF. Take I the centre join OB, BL
Since AC is parallel to FI, the angle 0A4B=BFI ; but
OAB = OBA, and IFB = IBF, ... OBA=IBF; and
OBI is a straight line, which joins the centres of the two
¢ircles, which . . touch each other. ‘

Dpo



210 - GEOMETRICAL PROBLEMS:. [ Sect. 6.

(44.) To.describe a cirele which shall towch a

straight line and two. cu'cles given n magmtude and
position.

Let 4 and B be the centres
of the two circles, and CD the
line given in position. From
B let fall the perpendicular BE,
and.produce it, making EF=
the radius of the circle whose
centre is 4. Through F draw
FG parallel to CD. . With the
centre B, and radius-equal to
the difference of the radii of the. two circles, descnbe a
circle ; through A let a circle be described, touching. the
line GF and the last described circle (vi. 43.); and let
G and H be the points of contact. The centre of this
circle will also be the centre of the circle required. -

Let O be the centre ; join O4, OG, OH ; and with the
- centre O, and radius OI, describe the circle IKL. Since
LG=KH=AI, ... OL=0K=0lI; the circle IKL ..
touches CD in L, and the circle, whose centre is 4, in 1 ;
and since OB is equal to the difference between' OH
and HB, . e. between OA4 and (14— BK), or is equal

to OK and KB together, .. it touches the circle whose
centre is B, in K. . -

L R Y L S L R P

-(4b.) * To deseribe a circle which shall touch. fwo

gwen straight lines, and pass through a given poznt
between them. . .

‘Let AB, CD be the g:iven lines, and E the given
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point. Produce the lines to meet

in F.  Bisect the angle. BFD. by A
the line FG ; and from E draw EG .
perpendicular to F'G, and produce
- it both ways to B and D. Take a
GH=GE ; and make DI a mean

proportional between DE and DH ; a circle described
through the.points H, E, 1, will touch CD. .

- For the rectangle DE, DH, is equal to the square of
DI. And for a similar reason it will touch 4B ; since.
the rectahgle BH, BE, is equal to the:rectangle ED,
DH. :

If the lines 4B, CD be parallel ;
through the given point E, draw DEHB
perpendicular to 4B or CD ;.bisect it in
G, and make GH= GE. Take DI a
mean proportional between DE and DH ;
and a circle described through I, E and H will be the
circle required. '

R e R L T R S

(46.) To describe a circle which shall touch two
given straight lines, and also touch a gwen circle.

Let AB, CD be the given
straight lines, EFG the given
circle, whose ‘centre - is O.
Draw HI, KL parallel to the
given lines, so that their per-
pendicular distances from those
lines may' be equal to OF the
radius of the given circle. By
the last’ problem describe a-circle.touching HI, KL
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and passing through O the centre of the givén circle.
Let P be the centre of this circle; it will also. be the
centre of the circle required.

Join PM, PN, PO. S8ince these lines are equal,
and MQ, RN, OF are also equal by construction, .,
PQ, PR, PF are also equal; and a circle described
from the centre P at the distance of any one of them,
will pass through the extremities of the other two, and
touch the lines 4B, CD, in @ and R; since the angles
at those points are equal to the angles at M and 2V, and
~.right angles ; and it will also touch the circle EFG
in F, since OP the line joining the centres passes
through F.

(41.) To describe a circle which shall touch a circle
and straight line, both given in position, and have its
centre also in a given straight line. -

Let the circle whose centre is A,
and the straight line BC be given
in position ; and let CD be theline,
in which the centre of the required
circle is to be. On BC let fall the
perpendicular 4B ; and make BF ° '
=AE ; through F draw FG parallel to BC, meetmg
DC in G.

Join GA; and draw CH parallel to it meetmg the
given circle in H, (if the problem be possible). Join
AH, and let it meet DC in O. O is the centre of the
circle required.

Let fall the perpendicular OI. Then (Eucl. vi. 9)

-
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HO : OC 4H : GC :: FB : GC by construttion,
i BD DC, (Eucl. vi. 8.)
: 10 : OC, by sim. triangles;
. HO=10; andacircle described with the centre O, and
radius Of or O H, will pass through the extremity of the
ather, and touch the line BC in I, and the.circle in H ;
because the angles at I are right angles ; and 40 the
line joining the centres of the circles passes through H.

(48.) Through two gtven points within a given
circle, to describe a circle, which shall bisect the circum--
JSerence of the other.

Let A and B be the given points
within the circle whose centre is. O.
Join 40 ; and produce it indefinitely ; D
and from O draw OC at right angles to
it. Join 4C; and draw CD at right
angles to it, meeting AQ produced in I); and through
A, B, D describe a circle ; it will biseet the other in the
points E, and F.
Join EO, OF. Then (Eucl. vi. 8.)
A0 : OC : OC : OD,
. the rectangle 40, OD is equal to the square of OC,
i.e. to the rectangle £O, OF; whence (Eucl. ili. 35.)
EOF is a straight line ; and since it passes through the -
centre of the circle ECF, it will be a diameter of that
circle ; .. the circumference ECF is equal to the cir-
cumference EGF, or the circumference of_the glven
circle is blse\ed

-
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‘Lat A be the centre of the interior
circle, and 4D its radius. Describe
(vi. 80.) the circles DF, EF touching g
the circle DE, and each other. Then
‘the angle at 4 being one third part of
two, or one sixth part of four right
angles, subtends an arc £D equal to one sixth of the
whole circumference, And the same being true of every
other contiguous circle, the number of circles-which can
be described touching each other and the interior one
will be six.

(58.) To draw two lines parallel to the adjacent sides
of a given rectangular parallelogram, which shall cut off
a portion, whose breadth shall be every where the same,
and whose area shall be to that of the parallelogram in

-any gtven ratio.

Let AC be the given parallelo-
gram, Produce 4B to D making BD
=BC. On AD describe a gemicircle,

"and produce CB to I; and let the
ratio of the part to be cut off, to the
whole, be that of 1 : n. Make BE
: BF :: n : n—1; and take BG a mean proportional
between BE and BF. Bisect AD in O; and with the
centre O, and radius OG, describe a semicircle HGI;
AH = ID, will be the breadth of the part to be cut off.

Make BL = B, and draw HEK, LK pansllel to the
sides of the parallelogram ; then 4C : HL in the ratio
compounded of the ratios of 48 : BH and BD ;. BL

—C .
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i e. in. the duphcate ratio of BE : BG, or the ratw of
BE : BF, i.e.in the ratio of n : n—1, .
. the portion 4KC'is to AC in the ratio of 1 : n.

_(54.). To describe a triangle equal to a given rec-
tilinear figure, having its vertex in a given point in a
side of the figure, and its base in the base (produced if
necessary) of the figure.

Let ABCDETF be the given rectilineal iigure, and P
a given point in CD;, which is to be thée vertex of the
triangle, the base being in AF. Join C4,and draw BG

parallel to it; join CG, PG, PF, PE. Draw CH
parallel te PG. Join PH. Draw DI parallel to PE,
meeting FE produced in I Join PI; and draw
- IK parallel to PF, meeting AFin K. Join PK ; HPK
will be equal to ABCDEF.

Since BG is parallel to C4, the triangles BAG,
BCG are equal; the figure therefore is' equal to
GCDEF. Andsince GPis parallel to CH, the triangles
GCP, GHP are equal. Again, since DI is parallel to
PE, the triangles PIE, PDE are equal; .. PDEF is
equal to the triangle PIF, i. e. to the tnangle PKF,
since IK is parallel to PF; whence the whole ﬁgure

Ee :
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ABCDETF is equal to the triangles PHG, PGF, PKF,
i. . to the triangle PHK.

(55.) On the base of a given triangle, to describe a
quadrilateral figure equal to the triangle, and having
two of its sides parallel, one of them.being the base of the.
triangle; and one of its angles being an angle at the
base, and the other equal to a given angle.

. Let ABC be the given triangle, 4C. B
its base. At the point C make the
angle ACD equal to the given angle; 5 >
and let CD meet BD drawn parallel to
AC, in the point D. On BD describe & '
a semicircle BED; draw AF parallel * ¢
to CD, and FE perpendicular to BD; and with the
centre D, and radius DE, describe the arc EG. Draw
GH parallel to AF, and HI to AC; AHIC will be the
figure required.

Join HC. Since DG=DE,
' BD : DG :: DG : DF, -
(Eut:l v.19.)BG : GF :: DG : DF :: HI : AC
NowBG : GF :: BH : HA,
. BH : H4 :: HI : AC. :

But the triangles HCI, AHC are in the proportion of
HI : AC, and the triangles BHC AHC in the propor
_tion of BH : HA, '

' . HCI : AHC :: BHC : AHC ,
or HCI= BHC . ACH, and HCI together are equal
to ACH, and;BCH together, or AHIC=ABC.
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(56.) A trapesium bemg given, two of whose sulesv
are parallel; to-describe on one-of those sides another
trapezium, having tts opposite side also parallel to this,

~and one of the angles at the base the same as the jbrmer,
and the other equal to a gven angle. o

" Let ABCD be the given tra- ® : _
pezium whose sides 4D, BC are N
parallel. Join BD; and draw- “‘SE E . : /¢
CE parallel to it," meeting 4B )\ VA

_produced in E. Then the trian- S
gles BCD, BED are equal ; and .- the triangle 4ED is

equal to ABCD. Hence (vi. 55.) a figure ADGF may
- be described equal to 4DE, and .. to ADCB.

(67.) If with any point in the circumference of a
circle as centre, and distance from its centre as radiws,
a circular arc be described ; and any two chords be drawn,
one from the centre of the circular arc, and the other
through the point where this cuts the arc, and parallel to
the line joining the centres; the segments of each chord
" intercepted between the circumferences which are concave
" to each other, will be equal respectively to those qf the
other between the other circumferences.

With any point' C in the circumference ‘
of thecircle 4BC as centre, and radius CE ‘!
- equal to the distance from the centre E, let a '
circle DFE. be described. -Join CE, and
--draw any chord CFA4 ; and through FKdraw HFG parallel
to CE; then will CF=FH, and GF=F4.
Produce CE to B, and join HE, Andsince HG is
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parallel to BC, the angle FHE is equal to HEB. Also
since the circles are equal, the arc HB is equal to the
arc FE (ii. 1. Cor. 1.), .. the angle HEB is equal to
FCE, ... FCE = FHE, and HC is a paralielogram;
whence HF_EC- CF. Also since the rectangle CF,
FA is equal to the rectangle HF, FG, and HF = CF,

‘. FA=FG.

Cor. Hence if any number of lines be drawn parallel
to BE, and terminated by the two circumferences, each
of them will be equal to BE. ’

(68.) If two diagonals of an equilateral and equi-
angular pentagon be drawn to cut one another, the
greater segments will be equal to the side qf the pen-
tagon; and the dwgonals cut one another tn extreme
and mean ratio. i

Let ABDCE be an equflateral and. 2 '
equiangular pentagon ; draw theé diagonals. ¢

ED, BC cutting each other in F; EF

and FB will be each equai to a side of the ¢
pentagon ; and ED, BC are cut in F, in extreme and
mean ratio.

About the penmgon descnbe a circle. And since
AB=CE, the arcs AB, CE are equal; .". AE is pa-
rallel to BC. For the same reason, 4B is parallel to
EF; .. the figure ABFE is a parallelogram ; whence
AB=FE, and AE=FB; but AB=AE, .. EF=FB,
and each is equal to a side of the pentagon.

Also the angle DCF=CDF= DEC *.the triangles
DCF, DEC ere sinilar. S
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and ED : CD :: CD : DF,
- or ED : EF :: EF : FD;
. ED is cut in extreme and mean ratio. The same may
also be proved of BC.

.
. -

(89.) If the sides of a triangle inscribed in the seg-
“ment of a circle be produced to meet lines drawn from
the extremities of the base, forming with it angles equal
to the angle in the segment ; the rectangle contained by
these lines will be equal to the square described on the
base .

Let the sides 4B, CB of the tri-
angle ABC, inscribed in the segment
ABC, be produced to meet CE, AD,
-which make with 4C, angles equal to
the angle ABC in the segment; the 4 ¢
rectangle 4D, CE is equal to the square of AC.

Since the angle ABC=DAC, and the angle at C is
common to the triangles ABC, ADC, the triangles are
similar. In the same manner it may be shewn that.
ABC, AEC are similar; and .. 4ADC, AEC are also
slmilar, whence

4D : AC :: AC : CE, :
and the rectangle 4D, CE is equal to the square of 4C.

(60.) If two triangles (one of them n'gﬁt angled)
have the same base and altitude, and the hypothenuse in-
tersect a line which is drawn bisecting the right angle ; 4
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line passing through this point of intersection parallel to
the base, and terminated by the sides of the other triangle,
shall be a side of the square tnscribed within st.

Let ADC be a right-angled triangle,
and 4BC on the same base, have its
altitude BE = A4D; and let the hypo-
thenuse DC, meet AF which bisects the
angle DAC in F; through which draw
GH parallel to AC; IH will be. the side of a square
inscribed in the triangle 4BC.

- From I draw IK perpendicular to AC; then (Eucl.
Vi, 3.)

DA : AC :: DF : FC :: DG : (GA=)IK,

.. also AC : BE :: IH : (BL=) DG,
c.exequo DA : BE :: IH : IK;
But DA=BE, .. IH=IK; and if HM be drawn per-
pendicular to AC, IM is a parallelogram, whose sides
are equal and the angles at K and M being rlght angles
(Eucl. i. 46. Cor.) it is a square.

(61.) If on the side of a rectangular parallelogram
as a diameter, a semicircle be described, and from any
potnt in the circumference lines be drawn through is
extremities to meet the opposite side produced; the alti-
tude of the parallelogram will be a mean proportional
between the segments cut off.

On AB, the side of the rectangular E
parallelogram ABCD, let a semicircle. - A
~AEB be described; and from any

point E, draw. E4, EB, and produce ¢ D c ¥
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them to meet CD produced; 4D will be a mean pro-
portional between GD and CF. ,

Since DG is parallel to BA, the angle DGA is equal
to BAE, and the angles at D and E are right angles;
.. the triangles BAE, DGA are equiangular. In the
same manner it may be shewn that FCB' is equiangular
to BAE, and .. to DGA ; whence

GD : DA :: (CB=)D4 : CF. .

\

A S

/

(62) If on the dzameter of a semicircle a rectan-.
gular parallelogram be described, whose altitude is equal
to the chord of half the semmrcle, and lines drawn ﬁ'om
any point in the circumference to the extremities of
the base intersect the diameter; the squares of the
distances of each point of section from the farthest ex-
tremity of the diameter will be together equal to the
square of the dzameter ‘

Let. ABC be a. semlcirc_le, on the
diameter of which describe the rectan-
guler parallelogram AE, whose side 4D
is equal to 4B a chord of half 4BC; and
from any point. F in the semicircle draw
FD, FE cutting the diameter in G and ° S
H ; the squares of AH and CG are together equal to the
square of AC.

 Draw the perpendicular FK the trianglés DG A,
DFK being similar,

DA: AG :: FK : KD,
and ECH, FKE being snm_llar,

(CE=)DA : CH : FK : KE,

-



rd
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<DA* : AGx CH :: FK* : (KE x KD =) IF’
: DE*: GH".

Now the square of DE is double of the square of D4,
. the square of GH is double of the rectangle 4G, CH.
But the square of 4H is equal to the squares of AG,

GH and twice the rectangle 4G, GH,i. e. to the square
of AG and twice the rectangle AG, GC; .-. the squares
of AH and GC are together equal to the squares of 4G,

GC, and twice the rectangle AG GC, t. e. to the square
of AC, (Eucl. ii. 4.).

Cor. The square of the part of the diameter inter-
cepted between the two lines drawn from the point in
the semicircle is double of the rectangle contained by the
two extreme segments.

(63.) If on the radius drawn from the point of con-
tact of a circle and its circumscribed square, another
circle be described ; and from any point in the outer cir-
cumference a line be drawn through its centre to the inner
circumference, and through the same point another line
bé drawn_parallel to the common tangent to the circles,
and terminated by the side of the square and its diago-.
nal; these two lines are equal.

Let O be the centre of the cirele,
circumscribed by a square, whose dia-
gonal is DE. On AO describe-a circle
AOF; and from any point F"draw a
line FOG ; and through G draw HI
parallel to AD FG is equal to HI.

Join AF and let HI cut 4B in K. Smce IG is:
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paralld to AD, it is perpendicular to AB; .. the angle
GKO is a right angle, and equal to 470 ; and the ver<
. tical angles at O are equal, and GO=04; .. the tri-
angles GKO, OFA are equal, and OF = OK. But
since OB = BE, .. (Eucl. vi. 2.) OK= KI; and ... OF
=K1, and OG=KH; .. FG= IH,

anag . 2

(64.) If two sides of a trapesium inscribed in a
circle be produced, and from the same point in one side
produced a line be drawn parallel to the other, intersect-
ing the adjacent side of the trapesium, and a second line
to the extremity qf that other intersecting the circum-
Jerence; the line joining the two points of mtersechon,
will pass through. the same point.

. Let the two sides 4D, BC, of the tra-
pezium ABCD inscribed in the circle
ABC, be produced, and let them meet in
E ; and from any point in 4D produced,
draw FH parallel to BE, meeting the
side DC in H; and join FB, meeting the
circumference in 7 ; the line joining G, H
will always pass through the same point.

Let GI}) produced meet the circle in I.
Join AI, DG. The angle GDH=GBC
in the same segment, and .". is equal to the alternate
angle GFH ; whence a circle may be described througti
the points G, H, D, F; and .. the angle DGH =DFH
=DEB. But the angle DEB being always the same,
DG@GI, and .’. DAI and also the arc DI will be invariable;
and D being a fixed point, I must be also; 2. e. GH will
always pass through L _
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- (65.) If the dwgmcals of a quadrilateral jigarem-
scribed in a circle cut each other at right angles, the
. rectangles contained by the opposite stdes are togethef

double of the quadrilateral figure. ‘

Let ABCD be a quadrilateral figure in- 2
scribed in a circle, whose diagonals 4C, BD
cut each other at right angles in E; the @
rectangles contained by 4B, CD, andA4D, D
BC are together double of the figure. .

For (Eucl. vi. D.) the rectangles contained by 4B,
CD,and 4D, BC,are together equal to the rectangle 4C,
BD, i. e. to the rectangles contained by 4AC, BE and
AC, ED. But the rectangle contained by AC, BE is
double of the triangle ABC, and the rectangle contained
by AC, ED, is double of ADC; hence the rectangles
contained by 4B, CD and AD, BC are together double
of ABCD.

(66.) If a rectangular parallelogram be inscribed
in a right-angled triangle, and they have the right angle
common ; the rectangle contained by the segments of the
hypothenuse ts equal to the sum of the rectangles con-
tained by the segments of the sides about the right angle.

. Let ABC be a right-angled triangle, ‘B
in which the rectangular parallelogram @'l
DBEF is inscribed, having one of its £ ¢/
angles at B; the rectangle 4F, FC is
equal to the rectangles 4D, DB and BE, EC togetler.

Draw EG perpendicular to FC. The triangles
ADF, EFG being similar,

AD : AF :: FG : (EF=) BD,
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-~ the rectangle 4D, DB is equal to the rectangle AF,
FG. In the same manner, - »

: (FD=) EB :: EC : CG,
.. the rectangle BE, EC is equal ‘to the rectangle AF,
GC, whence the rectangles 4D, DB and BE, EC are
together equal to the rectangles AF, FG and 4F, GC,
i. e. to the rectangle AF, FC (Eucl. ii. 1.).

(67.) If on the diameter of a semicircle, two equal
circles be described, and in the curvilinear space included
by the three circumferences a circle be inscribed; its
diameter will be to that of the equal circles in the pro-
portion of two to three.

On AB the diameter of the semi- - D
circle ADB let two equal circles ACE, ° e
BCH be described ; and in the cur- A .
vilinear space let the circle DEG be '
inscribed ; its diameter FG : AC ::

2: 3.

Let O and I be the centres of the circles. Join OI,
which will pass through the point of contact £ ; and pro-
duce it to K. From C draw CD perpendicular to 4B,
which will pass through O. Then the rectangle KO,
OE is equal to the square of OC;

and OFE : OC :: OC : OK,
~.OE : OC : OE+0OC : OC+OK :: CD : KE+
: [CD ::1: 2;

and OFE : CD =:1: 3,
G : (CD=) 4C :: 2 : 3.
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(68.) If through the middle point o fany chord of a
circle two chords be drawn; the lines joining their.er-
tremities will intersect the first chord at equal distances

Jrom the middle point. -

Let ABC be a chord of the circle
ABD, bisected in C; and let DCF,
ECG be any chords drawn through C. | .
Join DG, EF cutting 4B in I and H;
then will CI=CH. ,

Through H draw KHL parallel to DG, meeting
DF in K, and GE produced in L. Because LH is
parallel to' GI, the angle HLE = CGI= HFK, and-the

vertical angles at H are equal, .. the triangles LEH,
HKF are equlangular, S

‘. LH : HE :: HF : HK,
and the wctangle LH, HK is equal to the rectangle' HE, -
HF, i.e. to the rectangle AH, HB or the difference.of
the squares of 4C and CH. The sriangles CID, CHK- |
may in like manner be proved to be equiangular, as also
the triangles CHL, CIG ; hence

KH : HC : : DI : IC,

and LH : HC :: GI : IC,

KHx LH : HC* :: DI« 1G : IC.
ButKHx LH=A4C*-HC?, and DIx IG=AC*- IC’
' *~ AC*—HC* : HC® :: AC*—IC? : IC*

comp. AC* : HC® :: AC? : IC",

- HC*=1IC?, and HC=1IC.

Caadled

(69.) The longest side of a trapesium being given,
and made the diameter of the circumscribed circle; also



Sect. 6.) GBOMETRICAL PROBLEMS. 229

the distance between ils extremity and the intersection of
the opposite. side, produced to meet it; and the angle
Jormed by the intersection qf the duzgonale to consiruct
the trapezium.

'~ With a diameter equal to the &
given longest side, describe a circle, .4@
and from O its centre draw the radii 2
OC, OD making with each other an angle equal to twice.
the complement of the given angle formed by the in-
tersection of the diagonals. Join CD, and produce it;
and with the centre. 0, and radius equal to the radius of
the circle together with the given mtercepted distance,
describe a circle cutting it in E. Join EO, and produce
it to B; AE is equal to the given intercepted distance.

.Join BC AD; ABCD is the trapezium requlred :
' Join AC, BD. 'Then the angle ACB in a semi-
tircle being a nght angle, FBC is the complement of
- CFB; but FBC is half of DOC, and ... BFC is equal
" to the given angle to be made by the diagonals.

.. (70.) The diagonals of a quadrihteral Jigure in-
scribed in a circle are to one another as the sums of the
rectangles of the sides which meet their extremities.

. Let ABCD be a quadrilateral figure in-

scribed in a circle; join 4C, BD; ACis to

- BD, as the rectangles 4B, AD and CB,

CD together, to the rectangles 4B, BC

and 4D, DC together. :
Make the angle 4BF equal to the angle DBC; to
each.of which add the augle FBD, .. the angle ABD is
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equal to EBC; and 4DB is equal to ECB, being in:
the same segment; .. the triangles 4BD, EBC are
equiangular, and . :
AB : BD :: BE : BC,
.. the rectangle BD, BE is equal to the rectangle 4B,
BC. Join FC; and since the angle 4BD = FBC,
<« AD=FC. Also since the angle EFC is equal.to
BDC in the same segment, and ECF equal to ABEF,1.e.
to DBC; .-. the triangles ECF, BDC are equiangular,
and BD : DC :: CF: FE,
<. the rectangle FE, BD is equal to the rectangle CF,
CD, i.e. to the rectangle 4D, DC; whence the rect-
angles BE, BD and FE, BD or the rectangle BF, BD is
equal to the rectangles AB, BC and 4D, DC together.
In the same manner if the angle BCG be taken equal
to the angle ACD, it may be shewn that the rectangle
CG, CA is equal to the rectangles 4B, 4D and CB,
CD together. And since the angle BCG=ACD, the
arc BG isequal to AD, i.e.to FC; to each of these add
GF; ...the arc BAF is equal to GFC, and consequently
the line BF=GC; .. the rectangle AC, CG is equal to
the rectangle AC, BF. And AC : BD as the rectangle
AC, BF to the rectangle BD, BF, i, e. as the rectangles
AB, AD and CB, CD together, to the rectangles 4B,

BC and 4D, DC together.

.o

(71.) The square described on the side of an equi-
lateral and equiangular pentagon inscribed in a circle,
ts equal to the sum of the squares of the sides of a regu-
lar hexagon and decagon inscribed in the same circle.

‘Let ABC be an isosceles triangle havingeach of the
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angles at the base double of the angle at 4.
With the centre 4, and radius 4B, describe
a circle BCE. Draw CE bisecting the
angle ACB. Join EB, EA4; and draw -
EF perpendicular to 4B. Then the angle
EAB is double of ECB, and therefore is equal .to CDB
(Eucl. iv. 10.), and consequently is equal to the vertia
cally opposite angle ADE ; whence AE=ED. Hence
EB, ED and BC are equal to the sides of a regular pen-
tagon, hexagon and decagon, respectively inscribed in the
circle; and the squares of BC and DE are together equal
to the square of BE.

For the angles at F being right angles, the squares of
"~ AF, FE are equal to the square of AE, t.e. to the
square of ED or to the squares of EF, FD; whence
AF is equal to FD. And since 4D is bisected in F,
and produced to D, the rectangle 4B, BD together with
the square of DF is equal to the square of BF'; .. the
rectangle AB, BD together with the squares of DF and
FE, is equal to the squares of BF and FE; or the rect-
angle 4B, BD together with the square of DE is equal
to the square of BE. But (Eucl. iv. 10) the rectangle
AB, BD is equal to the square of 4D, i.e. to the square
of BC; .. the squares of BC, DE are together equal to
the square of BE.

sose o~

(12.) If the opposite sides of an z'rregula;' hexagon
tnscribed in-a-circle be produced till they meet ; the three
points of intersection will be in the same straight line.

Let ABCDEF be the hexagon inscribed in “the -
circle ; and let its opposite sides meet in G, H, I. Join
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two opposite angles as 4, D;
and about 4DI describe a cir~
cle meeting G4, GD produced
if necessary, in K, L. Join
FC, KI, LI, LK. Then be-
cause AKID is a quadrildteral
figure inscribed 'in a circle, the
angle AKI is equal to ADE :
and for the same reason 4DE
is equal to GFE, .. theangle
AKI is equal to GFE, and KI
is parallel to FH. In the same
manner it may be shewn that the angle 4IL is equal to
ADL and consequently to CBI, and LI paraliel to HB.
Again the angle KLD is equal to DAF, i.e. %o FCD,
and KL is parallel to FC.
Hence GF : FC :: GK : KL,
and FC : FH :: KL : KI,
~.GF : FH :: GK : KI;
whence G, H, I will be in a straight fine.

Secr. VII.

(1) Trz vertical angle of any oblique-angled tri-
angle inscribed in a circle, is greater or less than a right
angle, by the angle contained by the base and the diameter
drawn from the extremity of the base. :

Let ABC be a triangle inscribed in a circle. From
4 draw .the diameter 4D ; join BD; the angle ABC
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is greater or less than a right '

angle, by the angle CAD. ( ‘
For the angle ABD in a | d

semicircle is a right angle;

and 4BC is equal to the

sum of ABD and DBC in ohe case; and is équal to

their difference in the othér; and in each case DBC:=

DAC in the saiie segment. :

»

(2.) If from the vertex of an isvsceles triongle a
ctrcle be described with a radius less than one of the equal
sides, but greater than the perpendicular; the parts of

the base cut off by it, will be equal.

From. the vértex O of the isos- VA 3
celes trinngle 40B, with a radiis : “v;‘v
less than 4O, but gréater than the °

perpendicular from O on AB, leta
circle be described, cutting AB in C and D; AC=BD.

Join EF, OC, OD.

Then OF : OB :: OF : 04,

and .. EF is parallel to AB; and (ii. 1.) the arc FC
equal to the arc DE; or the angle FOC=DOE; but
A0, OC are equal to BO; OD each to each; .. AC=
DB.

\ D gt N IR N e

(8.) If acircle be instribed in a Tight-angled tri-
angle ; the difference between the two sides contatning
the right angle and the hypothenuse, is equal to the
diameter of the circle.

Gg
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Let DEF be a circle, inscribed in Apn_ .
the right-angled triangle 4BC. The
difference between AC, and AB, BC, is AN
equal to the diameter of the circle. ) Y

Find O the centre, and join OD, OE. | AW
Then the angles at D, B, and E being.. = = ¢
right angles,.and OD = OE, OB is a square ; and. DB
BE are equal to OD, OE, i.e. aré together equal to the
diameter of the circle. Now (Eucl iii. 36. Cor.) CE=
CF, and AD=AF; i.e. AC is equal to 4D and CE;
whence it is less than the sides containing the right angle,
by DB and BE, or by the diameter of the circle.

(4) If a semicircle be inseribed in a- rzglzt-angled-
triangle, so as to touch the hypothenuse and perpend:-
cular, and from. the extremity of its diameter a line be
drawn through the point of contact to meet .the perpen-,
dicular produced ; the part produced will be equal to the
perpendicular.

Let the semicircle ADE touch the )
hypothenuse BC of the right-angled tri- \
B

angle 4BC in D, and the perpendicular
in 4; and from E let ED be drawn to >~ - :
ﬂ .

meet 4B produced in F; AB=BF. .
Join AD. Since ADE is a right an-
gle, ADF is also a right angle, and .. equal to DAF
DFA together. But DAF is equal to BDA, since BD
=BA, being tangents from the same point B without
the circle; and .. the angle BFD=BDF, and BF=
BD=BA. | ' e '

vsss ”, g
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(5.) If the base of any triangle be bisected by the
diameter of its cirtumseribing circle, and from the ex-
tremity of that diameter a perpendicular be let fall upon
the longer side; it will divide that side into segments,
one of which will be equal to half the sum, and the other
to half the ds, fa‘ence of the sides.’ '

Let the base gC of the triangle 4BC ’

be bisected in E,. by the diameter of the g‘
circumscribing circlé 4CD; and from D SV
draw DF’ perf)endlcular to AB the longer N2
side; BF will be equal to half the sum,
and AF to half the difference of 4B, BC. X
: Join D4, DB, DC; and make BG =BG} joki

DG. Since-BG = BC, and BD is commen; and- the
angle GBD = CBD, since the arc AD=DC;:.". D6 =
DC=DA, and-DF is at right. angles to 4G, . 4F=.
FG. Whence the sum of 4B and BC is equal to 4G
and 2BG,%.e.to 2 BF; and the difference of 4B and
BC is equal to the dlﬂ'erence of AB and BG, i.e. to
2A4F. - _

s i rr s s vt st s s rew !

(6.) The same supposition being made, as in the last
proposition ; if from the point, where the perpendicular
meets the longer side, another perpendicular be let fall
on the line bisecting the vertical angle,; it will pass
through.the middle of the base.

The same construction being made as before ; {see
last Fig.) let FH be drawn perpendicular to BD, which
bisects the verical angle; FH will pass through E.

Because CB = BG, and the angle CBD = GBD,
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. BD is perpendicular to CG; and .. FH is parallel to
CG. Butsince AF=FG, .. (Bucl. vi. 3.) AC is bisect-
ed by FH; which .. passes through E.

(7.) If a point be taken without a circle, and from #
tangents be drawn to the circle, and another point be
taken in the circumference between the two tangents, and
a tangent be drawn to it ; the sum of the sides of the
triangle thus formed is equal to the sum of the two tan-
gents.

From a given point D let twa tangents
D4, DB be drewn ; and to C any point in
the circumference between them, let a tan-
gent ECF be drawn. The sum of the sides
of the triangle is equal to the two tangents

DA and DB. _

’ Since AE = EC, and FC = FB, ... DE, EF, FD
together are equal to 4D and DB 'together. In the
same manner, if through any other point in the arc 4CB
a tangent be drawn, it will be equal to the two segments
of DA, DB intercepted between it, and the points of
contact 4 and B; and the three sides of the triangle so
formed will be equal to DA, and DB together.

(8.) Of all triangles on the same base and between
the same parallels, the isosceles has the greatest vertical
angle.

Let ABC be an isosceles triangle on LI

the base AC, and between the parallels /‘ %

AC BD. Hhasagreater vertical alwlg £ )
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than any: other triangle AXC on the same base, and
between -the same parallels.

About ZBC describe a segment of a clrcle ABC ;
and sinee A is the middle point of the arc, and BD is
parallel to AC, BD is a tangent at B. Let the arc cut
AD in E; join EC. Then the angle 4BC = AEC,
and .'. is greater than 4DC. :

Cog. Of all triangles on the same base and having
the same vertical angle, the isosceles is the greatest.
For the triangle AEC has the same vertical angle with
ABC, and ABC=ADC on the same base and between
the same parallels ; but ADC is greatex than JEC, .
ABC is greater than AEC. o

>

(9.) If through the verter of an equilateral triangle
a perpendicular be drawn to the side, meeting a per-
pendicular to the base drawn from s extremity ; the
line interce, _pted between the vertex and the latter per-
pendicular i3 equal to the radius of the circumscribing
circle.

L_etBE 'perpendlcular to AB meet =
AE, which is perpendicular to the
base AC, in E; BE is equal to the
. radius of the circle desecribed about
ABC.

Draw BF, CG perpendlcular to the sldes, and pro-
dace CG to H. Then CI is equal to the radius of the
circle described about 4BC; and EBIH is a parallelo- :
gram. And since CF is equal to FA4, (Eucl. vi. 2.) CI
is equal to IH, i.e. to the opposite side BE; and .
BE is equal to the radius.of the circumscribing olrcle.
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(10.) If a treangle be inscribed in a seviticirele, and

a perpendicular drawn from axy point in the diameter,
meeting one side, the circumference, and the other side
produced ; the segments cut off will be in cmtzmed piro-
porton. .

" Let ABC béa triangle in the semi-
circle ABC; and from any point D in
the diameter, let DF be drawn perpen-
dicular to 4D, meetmg BC, the circum-
ference, and 4B produced inE, G, F; &

. DE : DG :: DG : DF.
For the angles at E being equal, and the angles at
B right angles, .-. the angle ECD is equal to BFD;
and the angles at D are right angles; ... the triangles
EDC ADF are similar, and therefore
- DF : DA :: DC : DE,
but D4 : DG :: DG : DC;
~.exequo DF : DG :: DG : DE.

D

CrPrrse st rr o s st s s .

(11.) If a trigngle be inscribed in a semicircle, and
one side be equal to the semi-diameter; the other side
will be a mean proportional between that side and a line
equal to that side and the diameter together.

Let ABC be a triangle inscribed s

in the semicircle, and let BC be

equal- to the seml-dnameter‘ then AD‘

will - oo
- BC: B4 :: BA : BC+CA.

Prodice 4C to D, making CD equal’'to the semi-
diameter. Take O the eentre. Join-BD; BO. Sitice *
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BO =BC, the angle BCO is equal to BOC,i.c.to OAB
and OBA together, or to 2 BAC. .But BCA .is .equal
to CBD and CDB together, i.e. to 2 CDB, since CB=,
CD; hence the angle BAC = BDC, and B4 = BD;
also the triangles BAD, BCD are similar ;

. BC : (BD=)BA :: BA : AD, which is equal to
BC and CA together.

i
:

aad

(12.) If a circle be inscribed in a right-angled tri-
angle; to determine the least angle that can be formed
by two lines drawn from the extremity of the. onpothe-.
nuse to the arcumference of the circle.

Let ABC be a rlght-angled S

triangle, in which a circle DEG /{‘\
is inscribed. On AC describe /// \ '
a segment of a circle 4 DC, which < ¢

may touch the inscribed circle in

some point, as ). The lines 4D, DC, drawn to this
point from 4 and C, contain an angle less than the lines
drawn to any other point in the c1rcunference of the
circle DEG. -

For take any 'other 'point E, “and join 4E, EC';
produce CE to F, and join 4F. The exterior angle
AEC is greater than 4FC, i. e.. than ADC, which is in
the same segment. And the same may be proved of
lines drawn to every other point in the circumference of
the circle DEG.

(13) If an equilateral triangle be_inscribed in a
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circle, and through the angular points another be tirs
cumscribed ; to determine the ratio which they bear to
each other. .

Let ABC be an equilateral triangle
inscribed in the circle, about which
another D EF is circumscribed, touching
the circle in the points 4, B, C.

Since DA touches the circle; the c
angle DAB=ACB (Eucl. iii. 32.); but ACB= ABC

‘. DAB = ABC, and they are alternate angles, .. DF is
parallel td BC. In theé same manner it may be shawn
that 4B is parsllel to FE, ... ABCF is a parallelogtam ;
and the triangle 4BC is equal to AFC. In the ssmé
manner 4BC may be shewn to be equal to each of the
triangles 4BD, BCE; and .. it is one fourth jof the
circumscribing trlangle

e

(14.) A straight line drawn from the vertex of an
equilateral triangle inscribed in a circle to any point in
the opposite circumference, is equal to the two lines to-
gether, which are drawn from.the extremities of the base
to the same point.”

Let ABC be an equilateral triangle in-
scribed in a circle ; from B draw BD to any
point D in the circumference. Join AD,
CD. BD is equal to 4D and CD together. -

Make DE = DA, and join AE. The
angle DAE is equal to the angle DEA; but ADE=
ACB in the same segment, ... DAE and DEA together
are equal to CBA and CAB together; whence DAE
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_CAB and taking away the common angle CAE
DAC = EAB; but DCA = EBA, and 4C = 4B,
BE=DC; and BD is equal to 4D and CD together.

" (15.) If the base of a triangle be produced both.
ways so that each part produced may be equal to the
adjacent side, ard through the extremilies of the parts
produced and the vertex a circle be described; the line
Joining its centre dnd the vertex of the tricngle will
bisect the angle at the vertex.

" Let AC a side of the triangle R
ABC be produced both ways till 4D m
=AB, and .CE=CB; and through DWB
D, B, E let a circle be described, - s

. whose centre is O. 1f-OB be joined, it will bisect the
angle ABC.

Join BD, BE, 04, OD, OE. Since DA = 4B,
the angle ABD is equal to ADB; but the angle OBD
is equal to ODB, and .. the angle OBA is equal to
ODA. In the same manner it may be shewn that the
angle OBC is equal to OEC; and since ODA is equal
to OEC, OBA is equal to OBC; or ABC is bisected
by OB.

P R L LI T I R 2 e

(16.) If an isosceles triangle be inscribed in a circle,
and from the vertical angle a line be drawn meetmg the
circumference and the base; either equal side is a mean
proportional between the segments of the line thus drawn.

Hu
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Let ABC be an isosceles triangle in-
scribed in the circle 4EC, the side 4B
being equal o 4C; and from 4 draw .
any line 4ED, meeting the circumfe-
rence in E, and CB produced in D; 4B is a mean
proportional between DA and AE.

Join EC. Since AB=AC, the angle ACB=ABC
=AEC in the same segment; and the angle at A is

" common to the triangles 4EC, ACD, .. the triangles
are equiangular and similar ; ' '
: oAD : AC :: AC : AE.

(17.) If from the extremities of one of the equal
sides of an isosceles triangle inscribed in a circle, tan-
gents be drawn to the circle, and produced to meet ; two
lines drawn to any point in the circumference from the
point of concourse and one point of contact will divide
the base (produced if necessary) in geometrical proportion.

- Let CBG be an isosceles tri-
angle inscribed in a circle, the side
CB being equal to BG; and at B
and C let tangents BA, CA be
drawn, meetingin 4. From A and
B draw AD, BD to any point D in the circumference,
cutting the base CG in E and F';
CE : CF :: CF : CG.

Join CD. The angle ABC being equal to BGC, is
equal to BCG, and .. CG is parallel to 4B; and the
triangles ABC, CBG are equiangular;

~BC: CG :: AB : BC;
but (vii. 16.) BF : BC :: BC : BD.
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~.eraequoBF : CG :: AB : BD :: EF : FD,
since CG is parallel to 4B ;
but CF : BF :: FD : FG,
. CF : CG :: EF : FG,
whence (Eucl. v. 19.) CE : CF :: CF : CG.

P D e s et ot ol

(18.) If on the sides of a triangle, segments of cir-
cles be described similar to a segment on the base, and
Jfrom the extremities of the base tangents be drawn inter-
secting their circumferences; the pomts of intersection
and the vertex of the triangle will be in the same straight
line.

On 4B, BC, the sides of the -
triangle 4BC, let the segments
ADB, BEC be described, similar

- to AFC the segment on AC. At
A and C let tangents 4D, CE be
drawn. Join DB, BE; they are
in the same straight line.

Sirice DA touches the circle 4FG, the angle DAC
is equal to the angle'in the alternate segment 4GC,
i. e. to the angle in the segment 4HB. But the angle
ADB, together with the angle in the segment AHB,

- will be equal to two right angles; .-. the angles C4D,
ADB are equal to two right angles; .. AC, DB are
parallel. In the same manner AC, BE may be shewn
to be parallel; .. BD and BE being drawn from the
same point, parallel to the same lines will also be in the
same straight lkne

. ’ .
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(19.) The centre of the circle, which touches-the
- semicircles described on the two sides of a right-angled
triangle, is in the middle point of the hypothenuse.

On the sides 4B, BC of the
right-angled triangle 4BC, let
semicircles 4DB, ‘BEC be de-
scribed. Bisect AC in O; O is
the centre of a circle which will
touch both the semicircles.

From O draw OFE, OHD
perpendicular to the sides. Then
OH bheing parallel to BC,

(Eucl. vi. 2.) 40 : OC :: AH : HB,

. AH=HB, and H is the centre of the semicircle
ADB. Hence the centre of a circle touching 4DB in
D is in the line DHO. For the same reason, the centre
of a circle touching BEC in E is in the line EFO.
Also since OD . is equal to OH and HD together, 1.e.
to BF and HB, or EF and FO together, i.e. to EO,
O is the centre of the circle, which will touch both.

Cor. The diameter of this circle will be equal to
the sides of the triangle together. .

.
PSS e

(20.) If on the three sides of a right-angled triangle
semicircles be described, and with the centres of those
described on the sides, circles be described touching that
described on the base; they will also touch the other

- semicircles. - , o

On the sides 4B, BC of the right-angled triangle

ABC let semicircles be described ; and with the centres
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D and E, let circles: be described
touching that described on the base
- in -F and G; each of these circles
will touch the semicircle described
on the other side. :
Join ODF, OEG, DE. Since.
AB, BC are bisected in D and E,
DE is parallel to 4C, and equal to half 4C, i.e.to 40
or OC. In the same manner OD is parallel to BC, and
OE to AB; ... ODBE is a parallelogram, and EB,
i.e. EH=0D; but OF=DE, ... DH=DF, and H is
a point in the circumference of the circle FHK ; and
being in the circumference of BHC, it will be the point
of contact, since DE joins the centres. In the same

manner it may be shewn that the circle GI touches the
-circle ABI in I ' :

"

) (1) If from any point in the circumference of a

circle perpendiculars be drawn to the sides of the in-

scribed triangle; the three points of intersection will be
in the same straight line.

From D any point in the circumference -
of the circle 4BC, let DE, DF, DG be
drawn perpendicular to the sides of the in-
scribed triangle ACB; join EF, FG; EFG
is a straight line. ' . ,

Join 4D, BD, CD. Since the angles DFB,
DGB are right angles, a circle may be described about
the quadrilateral figure DGBF (vi. 13.); and the
angle DFG is equal to DBG. Also since the angles
DFA, DEA are right angles, a circle may be described
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-about the quadrilateral figure DFEA ; whence the angles
DFE, DAE are together equal to two right angles. But
ADBC being a quadnlateral figure inscribed in a clrcle,
the angle DAC is equal to DBG, i.e. to DFG;
DFE, DFG are equal to two right angles ; and EFG is
a straight line. \

(22.) The base of a right-angled triangle not bemg
greater than the perpendicular; if on any line drawn
Jrom the vertex to the base a semicircle be described, and
a chord equal to the perpendicular placed in it, and
bisected ; the point of bisection will always fall within
the triangle.

Let ABC be a right-angled triangle,
of which the side 4C is not greater than
BC. From B let any line BD be drawn
to the base; on which describe a semi-
circle BCD, and in it place EF=BC,
which bisect in G; the pomt G is within the triangle
ABC. :

- Take O the centre of the semicircle ; draw OH per-
pendicular to BC; join OG. Since BC is equal to EF,
OH is equal to OG ; and the angles at G and H being
right angles, a circle described with the eentre O] and
radius OG, will touch BC in H, and .*. G is within the
angle DBC. Also since AC is not greater than BC,
DC is less than BC or EF, ... EF is nearer to the centre
O, than DC is; or G falls above DC and within tbe
angle DCB. _
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(23.) The straight line bisecting any angle of a tri-
angle inscribed in a given circle, cuts the circumference

in a point, which is equidistant from the extremities of
the side opposite to the bisected angle, and from the
centre of a circle inscribed tn the triangle. .
Let ABC be a triangle inscribed in ‘ '
the circle ACD. Bisect the angles BAC, l‘
ABC by the lines 4D, BO, which meet )’,A |
in O; O is the centre of the circle inscribed » ﬁy
in the triangle. Join BD, DC. The >
lines DB, DC, DO are equal to each other.
Because the angles DAB, DAC are equel, BD=DC;;
and because the angle CBD = CAD=DAB, to each of
- these add the angle CBO or its equal ABO; and the
whole angle OBD is equal to the two 4BO, OAB,
i.e. to BOD (Eucl. i. 32.); and .. OD=DB.

o

(24.) The perpendicular from the vertex on the base
of an equilateral triangle is equal to the side of an equi-
lateral triangle inscribed in a circle, whose diameter is
the base.

From C the vertex, let CO be drawn
perpendicular to AB, the base of the equi-
lateral triangle 4BC; upon AB describe
a circle ADB, and let DEF be an equi-
lateral triangle inscribed in it; CO will be
equal to a side of this triangle. ,

Draw DG bisecting the angle at D, and .. bisecting-
EF at right angles, consequently passing through the
centre. Join EG. The angles 4CO, ADG being
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each equal to half the angle of an equilateral triangle,
are equal to each other, and AOC=DEG, each being
a right angle, and AC=4B=DG, ... CO=DE.

(25.) If an equilateral triangle be inscribed in a
circle, and the adjacent arcs cut off by two of its sides be
bisected; the line joining the points of bisection will be
trisected by the sides.

Let ABC be an equilateral triangle in- ‘ N
scribed in a circle; bisect the arcs 4B, c
AC in D and E; join DE; it is divided ‘»
into three equal parts in the points F' and

‘G.

Since DE and BC cut off equal arcs BD, CE, they
are parallel, and .. (Eucl. vi. 2.) AF=A4G. Join BD,
AE. The angle BFD=AFE, and DBF=AEF in the
same segment, and BD = AE, since they subtend equal
arcs; ... DF=FA. In the same manner it may be
shewn that 4G=GE. Now the triangle 4FG being
similar to 4BC is equilateral, .-. DF, FG, GE are all
equal, and DE is trisected, : :

(26.) If any triangle be inscribed in a circle, and
Jrom the vertex a line be drawn parallel to a tangent at
either extremity of the base; this line will be a fourth
proportumal to the base and two sides.

Let ABC be a triangle inscribed in the c1rcle ABC'
and from B let BD be drawn parallel to 4E a tan-
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gent at 4; then will 4C : 4B :: BC :
BD

i -
~ Produce CB to meet the tangentin E. 4 c
Since the angle EAB is equal to the angle - .
in the alternate segment 4CB, and the = °

angle AEB is equal to CBD, .. the triangle ABE is
similar to CBD, o

, and AE : AB : CB : CD;
but from similar triangles BI)C EAC,

AC : AE :: DC : DB,
. ex equo AC : AB :: CB : DB.

Y el 2 X VoS S Y Py R

(27.) If a triangle be inscribed in a circle, and from
-ats vertex lines be drawn parallel to langents at the ex-
tremities of its base ; they will cut off similar triangles.

" Let ABC be a triangle inscribed in a

circle, and 4D, CE tangents at the points ﬂ‘ c
Aand C. From B draw BF, BG respec-

tively parallel to them ; these lines will cut - :
off the triangles ABF, CBG, which are

similar.

For (Eucl. iii. 32. ) the angle 4ACB is equal to DAB,
i.e. to the alternate angle ABF and the angle BAC is
equal to BCE, 1. e. to CBG whence the triangles 4BF,
CBG having two angles in each equal, will be eqm—
angular and similar.

Cor. 1. The rectangle contained by the segments of
the base adjacent to the angles will be equal to the square
of either line drawn from the vertex.

For if AD and CE be produced, they will meet and

I
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form with AC. an isosceles triangle, to which BFG is
similar, ... BF=BG. :
Now AF : BF » BG : GC
.. the rectangle AF, GC is equal to the rectangle BF;
BQG, i. e. to the square of BF. '
Cor. 2. Those segments are also in the duplicate
ratio of the adjacent sides.
For the triangles 4BF and CBG are each of them
similar to 4BC, whence AC : AB :: AB : AF,
+. AC : AF in the duplicate ratio of 4C : 4B;
for the same reason,
AC : CG in the duplicate ratio of AC : €B,
<. AF : CG in the duplicate ratio of 4B : CB.

oo

_ (28.) If ome circle be circumscribed and another

nscribed n a gtven triangle, and a line be drawn from
the vertical angle to the centre of the inner, and pro-
duced to the circumference of the outer circle ; the whole
line thus produced has to the part produced the same
ratio that the sum of the sides of the triangle has to the
base. o

Let ABD be a circle circumscribed about
the triangle ABC; O the centre of the in-
scribed circle. Join 40, and produce it to
D; then 40D bisects the angle BAC. Join
BD, DC; and draw BO, CO to the centre
of the inscribed circle ; then

AD : DQ :: AB+AC : CB.

Draw OF, OG parallel to 4B, AC, meeting BD,

CD in F and G. The angle DBC=DAC=DAB=

DOF, and the angle at 1) is common to the triangles
, .
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BED, OFD, and (vii. 20.) BD = DO, ... OF = BE.
In the same manner it may be shewn that O0G = EC.
Now the trapeziums BACD FOGD being similar, and
similarly situated,
4D : OD : AB+ AC : FO +0G
: AB+ A4C : BC.

(29.) If in a right-angled triangle, a perpendicular
‘be drawn from the right angle to the hypothenuse, and
circles inscribed within the triangles on each side of it;
their diameters will be to each other as the subtendmg
sides of the right-angled triangle.

Let ABCbe a right-angled
triangle ; from the right angle
Blet fall the perpendicular BD ;
and .in the triangles 4BD,
BDC let circles be inscribed ;
their diameters are to one
another as 4B to BC.

Bisect the angles BAD, ABD by the lines AO
BO, they will meet in the centre O; in the same manner
lines bisecting DBC, DCB meet in the centre E; draw
OF, EG to the points of contact. Now the triangles
ABD, BDC being similar (Eucl. vi. 8.), .". the triangles
ABO, BCE are similar; whence

AB : BC :: BO : CE;
but the triangles OBF, EGC are similar,
~.BO : CE :: OF : EG=: 20F : 2EG,
* ..4B : BC :: 20F : 2EG.

CrOCP IV O IOP IO EIOI TG 4490 0 >
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(30.) To find the locus of the vertex of a triangle,
whose base and ratio of the other two sides are given. -

Let AB be the givgn-base; divide - o
it in C so that 4C : CB may be in -
the given ratio of the sides. Produce

4B to O; and take CO a mean pro- cre
portional between 40 and BO. With the centre O,
and radius CO, describe a circle; it will be the locus
required,

In the arc CD take any point D; Jom DA, DB
DC, DO. Since OD=0C, g

‘ AQ : OD :: OD : OB,

“. the sides about the common angle O are proportional,
and the trlangles ADO, BDO are eqmangular

4D : DB : DO : OB :: CO : OB :: 40 : CO

: A0-CO : CO OB : AC CB,

e in the glven ratio. In the same manner, if any
other point be taken in the circumference of the circle,
and lines drawn to it, they will be in the same given
ratio, and .. the circumference is the locus requlred '

Cor. Since in any triangle, if from the vertex a line
be drawn cutting the base in the ratio of the sides, it
‘will bisect the angle, .. the angle 4DC= BDC.

(31.) A gwen straight line being divided into any
three parts; to determine a point such; that lines drawn
to the points of section and to the extremilies of the lme
shall contain three equal angles.

Let AB be the given line, and 4C, CD, DB the
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given parts. Take CO a mean pro-- : R
portional between 40 and DO; . . j. :
and with the centre O and radius OC . A o\
‘describe a circle. Produce CB; and = o

make DE a mean proportlonal between CE and BE;
and with the centre E, and radius ED, describe a circle
cutting the former in F'; F is the point required.
' For as was proved in the last proposition;
- AF © FD :: AC : CD,
and .. the angle AFC= CFD and
CF: FB :: CD : DB,
.. the angle CFD=DFB;
and .. the three angles AFC, CFD, DFB are equal.

(32) If two equal lines touch lwo unequal circles,
and_from the extremities of them lines containing equal
angles be drawn cutting the circles, and the pomts of
section joined ; the triangles so formed zodl be recz[rro-
cally proportwnal

Let two equal lines 4B, CD touch two unequal

D .
) X /N
IV - 1. \\

c [ H
o F

circles EBF, GDH'; and from 4 and C let lines AIK,

AEF, CLM, CGH be drawn containing the equal -
angles KAF, MCH. Join IE, KF, GL, MH; then

will the triangle AKF : CHM :: CGL : AIE.
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Since 4B is equal to CD, the rechngles EA AF,
and GC, CH are equal; :

: ~AF : CH :: GC : AE,

and for the same reason,
AK : CM CL : AI :
whence AFx AK : CHx CM :: CG x.CL : AE x A],
. the triangle 4KF : CMH :: CGL : AIE,

since 4K : C’M in the ratio of the perpendicular from K
and M on AF and CH; and CL : Al in the ratio of
the perpendiculars from L and 1.

(83.) If from an angle of a triangle a line be drawn
to cut the opposite side, so that the rectangle contained
by the sides including the angle, be equal to the rectangle
contained by the segments of the side together with the
square of the line so drawn ; that line bisects the angle.

From B one of the angles of the triangle
ABC, let BD be drawn, so that the rect-
angle 4B, BC may be equal to the rectangle
AD, DC together with the square of BD ;
BD bisects the angle B.

For if not, let BE bisect it ; the rectangle AB, BC
is equal to the rectangle 4E, EC together with the
square of BE. About 4BC describe a circle, and pro-
duce BD, BE to the circumference in F and G ; join
FG. The rectangle 4D, DC is equal to the rectangle
BD, DF; ..the rectangle 4B, BC is- equal to the
rectangle BD, DF together with the square of BD,
t.e. to the rectangle BF, BD. In the same way the
rectangle 4B, BC is equal to the rectangle BG, BE;




Sect. 7.] GEOMETRICAL PROBLENS. 255

whence the rectangle BG, BE is equal to the rectangle
BF, BD ; a circle may therefore be described through
D, E, G, F; whence DEG, DFG are equal to two
‘right angles, i. e. to DEG, DEB; and .. DFG is equal
to DEB, or to DAB and 4A4BG; and .. the arc 4B
equal to the arc BC, which is absurd, unless the triangle .
be isosceles. Hence ... BG does not bisect the angle ;
and no other bt BD can bisect it.

(34.) In any triangle, if perpendiculars be drawn
from the angles to the opposite sides ; they will all meet
& a point.

Let ABC be any triangle; and AF, B
CD perpendiculars drawn upon the op-
posite sides, intersecting each other in
G. Through G draw BGE; it is per- - 8
pendicular to 4C.

Join FD; and about the trapezium i
BFGD descnbe a circle. The trlangles ADG, GFC
being eqmangular,

AG : GC :: GD : FG,
whence also the triangles AGC FGD are equiangular ;
and .-. the angle ACD=DFG=ABE; and the angle
BAC is common to the two triangles ABE, ACD;
the angle AEB=ADC, i.e. it is a right angle, and BE
is perpendicular to AC :

(35.) lf from the extremities of the base of any tri-
angle, two perpendiculars be let fall on the line bisecting
the vertical angle; and through the points where they
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meet that line, and the point in the base whereon the pér-
pendicular from the vertical angle falls, a circle be
described ; that circle will bisect the base of the triangle.

Let ABC bé a triangle, whose vertical
angle B is bisected by the line BD, on which ’ i\\
let fall the perpendiculars AF, CE. From A
B let fall BG per pendicular to AC; a circle D
described passing through E, F, G will also bisect 4C.

About the triangle 4BC describe the circle ADB;
and from D draw a diameter which will bisect AC in
H. Now since the angle 4ID is common to the tri-
angles AIF, HID, and the angles AFI, IHD are right
angles, .. the triangles AIF, HID are similar. Iu the
same manner BIG, CEI are similar. Whence

HI : ID :: IF : IA,
and IG : IB :: IE : IC,
S HIxIG : IDxIB :: IFx IE : I4Ax IC,

and since ID x IB=14 x IC, .. HI x IG = IF x IE,
or a circle passing through E, F, G will pass through H
(vi. 13.), and .". bisect the base AC.

(36.) If from ome of the angles of a triangle a
straight line be drawn through the centre of its inscribed
circle, and a perpendicular be drawn to this line from
one of the other angles; the point of intersection of the
perpendicular, and the two points of contact of the in-
scribed circle, which are adjacent to the remaining angle,
are in the same straight line.

Let ABC be a triangle, and O the centre of its in-
scribed circle. From B draw'BOD through the centre;
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and from Clet fall CH perpendiculayr
toit. Let the circle touch the sides -
of the triangle in' Fand &; join HG,
GF. HGF is a sthight kine. - -
Join OG, OC; and let a circle be - “\
described ‘about -the triangle 4BC;
join CD. The triangles OGE, CHE, - - -+
-having the vertical angles at-E equa} and OGE CHE
- right angles, are similar, = -
.CE : HE :: OF : EG; :
and .".the rectangle CE, EG is equal to the rectangle OFE,
HE ; whence a circle will pass through the points C, O,
G, H, .. the angle COH = CGH, Aguin (vii. 20.)
CD DO and AG = AF, also the angle CDO= G AF,.
- COE=AGF; whence CGH=AGF; and CG, GA
are in the same straight line, .-. FG, GH are in the same.
stralght line. B ‘

. (87.) If from the three angles of any triangle three
straight lines be drawn to the potnts where the inscribed:
circle touches the sides; these lines shall tntersect eacb

other tn the same point. . .

Let ABC be a tnangle, in which
a circle is inscribed, touching the
sides in E, F, D. Join AF, CE,
cutting each other in 0. Join BO,
and produce it; it will pass through D.

" . Forif'not let it pass through some - '
other point K; draw EG, EH re-
spectively parallel to 4C, BC. Then -
the triangles OEH, OFC being slmllar,

K K
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OE : EH :: OC (CFs) CD' ST
in the same manner, .- s
EG : EO . KC CO S
~“EG : EH :: KC : CD. . SRR
Agam, since EH is parallel to BF, C
AE : EH :: AB : (BF=) BE :: AK : EG,
AK AE :: EG : EH :: KC : CD ‘ T
. orAK : AD :: KC : CD;
o AK+4+KC : AD+DC :: AK : AD;
whence 4K=A4D, and K coincides wnth D.

(38 ) If three cireles touch each other, two of wluch'
are equal; the vertical angle of the triangle formed by
Joining: the poisits of contact, is equal to either of the

dngles at ‘the base of the triangle, which is formed Qy’ '
Joiring the centres.

Let three circles, whose centres
are 4, B, C, touch each other in the
points D, E; F; and let the two
¢iréles, whose centres are 4 and B,
be equal. Join AB, BC, CA, ED, -
DF, FE ; the angle EDF is equal.
to either of the angles at A or B. .

Since AE is equal to BF, the sides of the trnangle
ACB are cut proportlonally, . EF is parallel to 4B,
and the angle FED is equal to EDA. Now since c4
is equal to CB, the’ angle at 4 is equal to the angleat B;
but 4D, AE are each equal to BF, BD, .. DE is equal
to DF, and the angle DFE = FED = EDA JED
whénce the ang-le EDF= DAE DBF "
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" (89 If three equal circles touch each- other;” to
<ompare the area of the triangle formed by jommg thew
centres with the area of the tmngle formed by ]ommg
the pomts of cemtact

Let three equal clrcles, whose cen-
tres are 4, B, C, touch ecach other in
D, F, E. Join 4B, BC, CA4, ED,
DF, FE.- -

Since the circlesare equal, their radii
.are equal, .. the sides of. the trlangle
ACB are cut proportlonally, and DF is parallel to AC
and DE to BC; .. AEFD is a parallelogram, and the
triangle DEF is equal to ADE. In the same manner
it may be proved to be equal to each of the triangles
DFB, FCE ; and .. it is equal to one fourth of ABC. + .

(40 Y If four straight lines intersect each other, and
Jorm four triangles ; the circles which ctrcumambe them
will pass through one and the same point,

Let the lines AB, AC, DE, DC
form the four triangles ABC, AEF,
DCE, DBF; and let the circles
tircumscribing AEF, DBF, inter-
sect each other in G; the circles
circumseribing the triangles ABC,
DEC will also pass through G.
Join G4, GE, GF, GB, GD. Because the points -
&, F, B, D are in the circumference of a circle, the
‘.'ﬁglé- GDB = GFA4 = GEA;i. e. GDC = GEA, and
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.*, the points G, E, C, D are in the circumference of the
same circle, i. e. the circle circumscribing ECD pasees
through G. Also since the angle GAE= GFD=GBD,
i.e. GAC=GBD, ... the points G, 4, C, B are in the
circumference of the same circle; or the circle circum-
scribing ACB also passes through G.

. wrrose

(41.) Having given the base and vertical angle of
a triangle; to determine the locus of the extremily qf
the line which always bisects the vertical angle, and is
equal to half the sum of the sides containing the angle.

Let AB be the given base; and on it
describe a segment of a circle 4CB, con-
taining an angle equal to the given ver-
tical angle. Complete the. circle; and
draw the diameter FD bisecting AB.

Join 4F, FB; and with the centre F,

and radius F4, describe a circle ABE, . '
tutting FD in E. On DE as a diameter descrihe a
circle; it will be the locus required.

'Let ACB be any position of the triangle, and draw
CGD ; it bisects the angle at C, since 4CD is equal to
AFD, i.e. to the half of 4FB or to the half of ACB.
Produce AC, AF to I and H. Join HI, CF, EG. The
angle CAF is equal to CDF, and the angles 4IH, FCD,
DGE are right angles; .. the triangles AIH, CDF,
EDG are equiangular,

_ and AH : AI :: FD : CD :: FE : CG.
But 4H is equal to 4F and FB together, j.e.to 3 FE,
pnd A7 is equal to 4C and GB-together (ii.-60.), .. 4C
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and CB together are équal to 2 CG, i.e. CG is half the
sum of the sides 4C.and CB, and its. extremity is-in
the circumference of the circle EGD.

DR S P S e ol

42.) If from the extremities of the base of -a tri-
angle inscribed in a circle, perpendiculars be drawn to the
opposite . sides, intersecting. a diameter which is perpen-
dicular to the basé; the segments of the diameter inter-
cepted between these points and a point in it, whose
distance from the base is equal to the lesser segment of
the diameter made by the base, will be to one another in
the ratio of the sides of the triangle. o
Let ABC be a triangle inscribed in a_
eircle, whose diameter DE is perpendicular
to the base /C, Make FG=FE; and ’
let the perpendiculars be drawn from A4 /
and C to the opposite sides, intersecting in
H, and meeting the diameter in 7 and K ;
" KG: IG :: 4B : BC. S
Join 4G, GC. Because GF = FE, the angles
GAF, GCF are each equal to FCE, i.e. to half the .
vertical angle of the triangle ; ... 4GC, ABC are toge-
ther equal to two right angles (Eucl. i. 32.); and since
AHC is equal to its vertically opposite angle, 4 HC, ABC
are equal to two right angles; whence 4GC=A4HC;
and 4, G, H, C are in the circumference of a circle ;
« the angle GHA = GCA =half the angle 4BC. Now
the angle KHI, contained: by the perpendiculars, -is
equal to ABC, .. GH bisects the angle KHI. ‘Also the
angle GKH=KHB= BAC; and KIH=A4IF=ACB;
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.. the triangle KHI is equiangular to 4/BC; and it has
been shewn that GH bisects the angle KHT. ’
~KG : GI :: KH : HI :: AB : BC.

" (43.) If the exterior angle of a triangle be bisected
by a straight line which cuts the base produced; the
‘square of the bisecting line is equal to the difference of
the rectangles of the segments of the base and qf the
.sides of the triangle. .

‘" Let CBD the exterior
angle of the triangle 4BC
be bisected by BE which -
meets 4C produced in E;
the square of BE is equal
to the difference of the rectangles AE, EC and AB,
BC. '

About the given triangle describe the circle ABC
and produce EB to F; and join AF. Then because
the angle EBC=EBD=FBA, and AFB=BCE, since
gach of them together with 4CB is equal to two right
angles, .. the triangles EBC, FBA are equiangular,

aud 4B : BF :: EB : BC,

. the rectangle 4B, BC is equal to the rectangle EB,
;BF to each of these equals add the square of BE, and
the rectangle 4B, BC together with the square of BE is
equal to the rectangle £B, BF together with the square
of BE, i.e. to the rectangle FE, EB, or its equal 4E;
£C; and .*. the square of BE is equal to the difference
" between the reclanglées 4E, EC and 4B, BC.. .. -._ s
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~ Secr. VIII.

(1.) Ir from the centre of a circle a line be drawn
to any point in the chord of an arc; the square of that
line together with the rectangle contained by the segments

of the chord will be equal to the square descnbed on the
radms S

" From the centre O of the circle ABD,
let OC be drawn to a point C in ‘any NN
chord 4B ; the square of OC together with » '-
the rectangle AC, CB is equal to the square T
described on the radius. :

Through C draw DE perpendicular to OC. Jom
OD. Then DC = CE, and the rectangle DC, CE is.
equal to the square of DC; but the rectangle DC, CE:
is ‘equal to the rectangle 4C, CB, .. the rectangle 4C,
CB together with the square of CO is equal to the.
squares of DC, CO, 1. e. to the square of DO. . ;.

(rrrirortsGrarristreerssre

- () If two straight lines in a circle cut each other
at nght angles ; the sums of the squares of the two lines,
" joining their extremities will be equal.

Let the two straight lines 4C, BD cut
each other at right angles’in E; join 4B, -
BC, CD, ; the squares of 4B, CD
are equal to the squares of 4D and CB. .
" For the squates of 4B and CD are equal
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to the squares of 4E, EB, DE, EC. But the squares
of AE and DE are equal to the square of 4D, and the
squares of EC and EB are equal to the square of BC;

<. the squares of 4B and CD are equal to the squares of
AD and BC

(8.) If two points be taken in the- diameter of a
circle, equidistant from the centre; the sum of the
squares of two lines drawn from these points to any
point in the circumference will aliways be the same.

. Let 4 and B be two points in the dia- s .
meter of the circle CDE, equally distant '/“
from the centre O; if lines AC, BC be
drawn to a point in the circumference, the
sam of the squares of 4C, CB will be.the same, in whal-
éver point of the. circumference. C is taken..

" Join CO; then (iv. 30.) the sum of the. squares of
AC, CB is double of the sum of the squares of AO ant
OC, which is an invariable quantity. o

PYPNIIILII LI S TP VIV YRS P

(4.) If from any point in the diameter of a semicircle
there be drawn two straight lines to the circumference,
one to its point of bisection, and the other at right
angles to the diameter; the squares of these two lines
are together double of the square of the semi-diameter. .

From any point C'in the diameter 4B, A
let CD, CE be drawn ; of which CD is per- R
pendicular to 4B, and CE is drawn to the :
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middle point E of the gemi-circumference 4EB; the
squares of CD and CE together will be double of the
square of the semi-diameter.

Join DO, OE. The angle EOC is a right angle,
and .. the square of EC is equal to the sum of the
squares of £0 and OC; but the square of DC is equal
to the difference of the squares of DO and OC; .. the
squares of EC and CD together are equal to the squares
of £O and DO together, i. e. are double of the square of
EO.

B N et e e et ekt atad
0

(5.) If a straight line be drawn at right angles to
the diameter of a circle, and.be cut by any other line;
the rectangle contained by the segments of this cuiting
line, together with the square of that part of the perpen-
dicular line which is intercepted between 1t aml the
digmeter, is alwa_ys qf the same magnitude.

Let AB be drawn at rlght angles to CD cx
the diameter of the circle ABC; and let it * »
be cut in G, by any other line EF; the
rectangle EG, GF, together with the square D
of HG is of invariable magnitude.

For the rectangle EG, GF is equal to the rectangle
AG, GB, and the rectangle 4G, GB together with the
square of HG is equal to the square of 4H, .". the rect-
angle EG, GF together with the square of HG is equal
to the square of half AB, which is always the same.

| errerrrvortsrrrrrssscsorsy
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* (6.) A straight line being drawn from the centre of
a quadrant bisecting the arc and meeting a tangent
drawn from one extremity ; if from any point in the
bounding radius a line be drawn parallel to the tangent,
the sum of the squares of the segments of it, cut off by
the aforesaid line and by the circumference will be equal
- %o the square of the radius.

" 'From the centré O let OC be drawn 3 *
bisecting the quadrantal arc 4B, and meet- '
ing a tangent to the point 4 in C. From
any point D in 4O draw a perpendicular
DE; the squares of DF and DE are together equal to
the square of OB.

Join FO. Since the angle DOE is half a right
angle, and the angle at D a right angle, ... DEO is half
a.right angle, and equal to DOE; whence DE = Do.
‘Now the squares of DO and DF are together equal to
the square of OF ; .. also the squares of DE and DF are
together equal to the square of OF, or OB. In the
same manner it may be shewn that the squares of GH
and GI are together equal to the square of OB.

2 S S i it e Y P

(1.) If froma point without a circle there be drawon
two straight lines, one of which is perpendicular to a
diameter, and the other cuts the circle ; the square-of the
perpendicular i3 equal to the rectangle contained by the
.whole cutting line and the part without the circle, toge-
ther with the rectangle contamed by the segments of the
diameler.

From the point 4 let AB be drawn perpendicular
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to. CD the diameter of the circle DEC;
and AFE cutting the circle ; the square of
AB is equal to the rectangles EA, AF, and
CB, BD together.

Through the centre O draw 4G H. The
squares of 4B, BO are equal to the square ..
of 4O, i. e. to the rectangle HA, AG together with the
square of GO (Eudl. ii. 6.), i.e. to the rectangle HA4,

. AG together with the rectangle DB, BC and the square,
of OB ; and . . the square of AB is equal to the rectangles,
HA, AG and DB, BC together.

R e d e o T T F R L e

(8.) If any strazght line be drawn perpendicular to- .
the diameter of a given circle, and produced to cut any
. chord; the rectangle contained by the segments of the
diameter will be less or greater than the rectangle con-
tained by the segments of the chord, by the square of the
line intercepted between them, according as it as drawn
without or within the circle.

. Let AB meet the diameter CD of
the circle CGD at right angles in the
point E, and any other chord GH in
F; the rectangle CE, ED is less or
greater than the rectangle GF, FH, by
the square of EF, according as 4B is

_ without or within the circle.

“Take O the centre of the circle, and through it draw
* FOK cutting the circle in I and K. Then because KI
is bisected in O, and produced to F, the rectangle KF,
FI together with the square of OI is equal to the square
of. QF i.e. to the squares of OE and EF. But when E
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is without the circle, the rectangle CE, ED together.
with the square of OD is equal to the square of OE,

.. the rectangle KF, FI together with the square of QI
is equal to the rectangle CE, ED, together with the
squares of OD, and EF. And since Ol is equal to
OD, and the rectangle KF, FI is equal to the rectangle
GF, FH, (Eucl. iii. 36. Cor.); ... the rectangle GF,
FH is equal to the rectangle CE, ED together with the
square of EF. In nearly the same manner it is demon-
strated if 4B be within the circle.

P L e R N e e add

(9.) If a diameter of a circle be produced to bisect
a line at right angles, the length of which is the double
of a mean proportional between the whole line through
the centre and the part without the circle; and from any
point in the double of the mean proportional a line be
drawn cutting the circle; the sum of the squares of the
segments of the double mean proportional will be equal
to twice the rectangle contained by this cutting line and
the part without the circle.

Let the diameter BA produced bisect .
DCE at right angles, and let CD and CE
be each mean proportional between 4C
and CB; and through any point F' let
FGH be drawn cutting the circle in G and
H ; the squares of DF, and FE are together equal to
twice the rectangle GF, FH.

Since the rectangle AC, CB is equal to the square of
CD, the rectangle AC, CB together with the square of
CF is equal to the squares of CD and CF. But (viii. 8.)



Sect. 8:} ' GEOMETRICAL PROBLEMS. WBY

the rectangle 4C; CB together with the square of CF
is equal to the rectangle GF, FH ; whence the rectangle
GF, FH is equal to the squares of CD and CF together;
and the doubles of equals are equal, .. twice the rect-
angle GF, FH is equal to twice the squares of CD and
CF together t. e. to the squares of DF and FE together
(Euel ii. 9.).

Cor. If from F tangents be drawn to the circle, the.
sum of their squares will together be equal to the sum
of the squares of DF and FE.

-(10.) If from a point without a circle two straight -
lines be drawn, one through the centre to the circumfe-
_rence, and the other perpendicular to it, and on the former
a mean proportional be taken between the whole line and
the part without the circle; any other line passing.
through that extremity of the mean proportional which
i Wwithin the circle, and terminated by the circumference
and.perpendicular, will be similarly divided.

From a point C without the circle
ABG, let CAB be drawn through the
centre take a point D such that 4C :
CD :: CD : CB; and from Clet CE ¢
be drawn perpendlcular to CB; if through D, any line
EFG be drawn terminated by the circamference and the
perpendicular CE, EF : ED :: ED : EG.

For the rectangle 4C, CB together with the square
of CE is equal, by construction, to the squares of DC,
CE, i e. to the square of DE. But (viii. 8.) the rect-
angle 4C, CB together with the square of CE is equal



270 GEOMETRICAL PROBLEMS.. [Sect. 8.

ta the'Arectangle FE, EG; ..the recmnglé FE, EG
is. equal to the square of ED ;
and EF : ED :: ED : EG.

(11.) If a chord be drawn parallel to the diameter of
a circle, and from any pomt in the diameter lines be
drawn to its extremities; the sum of their squares will
be equal to the sum of the squares of the segments of tlu
diameter.

Let CD be drawn parallel to 4B the o«
diameter of the circle ACD ; and from any ‘@,
point E in 4B, lét EC, ED be drawn; the

squares of EC and ED are together equal

to the squares of £4 and EB.

Take O the centre, and join CO, DO; and let fall
the perpendiculars CF, DG. Then since CD is parallel
to AB, the angles AOC, BOD are equal, and OF= OG.

Now (Eucl. ii. 12.) CE* = CO*+ OE*+2O0F x OE;
and (Eucl. ii. 13.) ED*=DO0*+ OE*—20G x OE,
whence the squares of CE, ED are equal to twice the
squares of CO, OE, or twice the squares of 40, OE,

t.e. to the squares of AE, EB (Eucl. ii. 9.).

(12.) If through a point within or without a circle,
two straight lines be drawn at right angles to each other,
and meeling the circumference; the squares of the seg-
ments of them are together equal to the square of the
diameter.
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- Let 4B, CD cut ene  _—=% :
another at right angles in E; @5 @:
the sum of the squares of AE, A A
EB, CE, ED will be equal to '

the square of the diameter.

Draw the diameter AF. Join FB, BC, FD, DA ;
then ABF being a right angle is equal to 4ED, and
. BF is parallel to CD, and (ii. 1. Cor. 2.) BC=FD.
And since the angles at E are right angles, the squares
of CE, EB are equal to the square of CB, i. e. to the
square of DF; but the squares of AE, ED are equal
to the square of 4D ; .. the squares of CE, EB, AE,
ED are equal to the squares AD, DF, i.e. to the square .
of AF, ADF being a right angle.

(18.) If from a point without a circle there be draun
two straight lines, one of which touches the circle and the
other cuts it; and from the point of contact a perpen-

. dicular be drawn to the diameter ; the square of the line
.which touches the circle is equal to the square of that
part of the cutting line which is intercepted by the per-
‘pendicular, together with the rectangle contained by the
segments of that part of it which is within the circle.

.From the point 4 without the cir- ¢.—%
cle BCD let two lines AB, AC be /QE'K
drawn ; of which 4B touches the cir- y 4
cle, and AC cuts it; and from B let ©
BFG be drawn perpendicular to the diameter ; the square
of AB is equal to the square of AE together with the
rectangle CE, ED. :
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For the square of 4B is equal to the squares of AF,
FB. But (Eucl. ii. 5.) the square of FB is equal to
the rectangle BE, EG together with the square of EF,
i. e. to the rectangle CE, ED together with the square
of EF; .. the square of 4B is equal to the squares of
AF, FE together with the rectangle CE, ED, i.e. to
the square of 4E together with the rectangle CE, ED.

(14.) A straight line drawn from the concourse of:
tfwo tangents to the concave circumference of a circle i
_ dvoided harmonically by the convex circumference and the
chord which joins the points of contact.

- Let AB, AC touch the circle '3

ADC, and AGE cutit. Join BC; ﬂ$\
| AR\
\ [~

then will »
AE : AG : EF : FG.

On EG as dlameter describe a
circle EHG, and through F draw HFI perpendlcular to
EG. Join AH. Then the rectangle BF, FC is equal
to the rectangle EF, FG, i.e. to the square of HF, or
the rectangle HF, FI; and ... the points H, B, I, C
are in the circumference of a circle. And since the square
of AH is equal to the squares of AF, FH, or to the
square of AF and the rectangle BF, FC,i.e. to the
squares of 4K, KF, together with the rectangle BF, FC,
t. e. to the squares of 4K, KB, or to the square of 4B;

‘. AH = AB; and since the square of 4H is equal to the
rectano'le EA, AG, AH is a tangent at H. And since
EG is a diameter, (ii. 42.)

AE : AG :: EF : GF.

rosrss
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(15.) If from the ach‘anmetofanyebprdih
straight lines be drawn to any point in the ctrewuﬁrawa

meeling a diameter perpendicular to the chord; therecs
angle contained by the distances of their. points of inter<:
section from’ the centre s equal to the sqmdesu‘lbcdv
upon the radius.

From A and B, the extremities of P
the chord 4B, let AC; BC be drawn ‘Mh
'to any point C in the circumference; 2l
and let-them meet a diameter perpen-
dicular to 4B in D and E. Take O
the centre; the rectangle DO, OE is equal to the
square described on the radius.

Draw the diameter BOG. " Join CG, €O0. Since
the angle OCB s equal to OBC, and BGC tp FAD,
angle; . OCE and FAD togqthgr are Qg,ual toa ;;gh_t_.
angle, and ". to FAD and ADF together ; hence OCE
is equal to 4DO, .-. the trlangles COD, COE are equi-
angular, .
~ and DO : OC :: OC: QE.
the rectangle DO, OE is equal to the square of OC '

(16.) If from any point in the base or buse producad,
of the segment of acircle, a line:be drawn making there-
with ‘an.angle equal: to-:the angle. in the segment, and
Jrom.the extremily of - the base any line be. dreaven to the
JSorme, and cutting the civcumference ; the rectangle;con-
tained by this line and the.part.of it within the segment
is always of the same magnitude.

Mwm
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. Let.ABC he a segmeiit of a circle :.
on the base 4C; and from any pomt :
D,let-DE be. drawn, making with 4C
an angle equal to the angle ign the seg- A i
meiit, and meeting any line 4 B.drawn from the extmmty
4 ; the rectangle E4, AB is of invariable magnitude. -

Since the angle ADE is equal to 4BC, and the
angle at 4 common to the triangles ADE ABC the.
triangles are .. similar; whence |
- AD : AE :: 4B : AC,
and the rectangle AE, 4B is equal to the rectangle AD
AC, which is invariable. :

(17.) To determine’ the locus of tlw eztrem:tbsqf
any number of straight lines drawn from a given point,
8o that the rectangle contained by each and a segment

cut qﬂ" 'from each by a line gwen in position may beequal
to a given rectangle.

" "Let A4 be the given point, and DE the
line given in position. Draw AGF per- ‘h\ "
pendicular to DE; and take AF such that ~ A=
the rectangle 4G, AF may be equal to the -
given rectangle ; and on AF as diameter
describe a circle ; it will be the locus required.

Draw any line 4C; and Jom FC. The trlangies
ABG AFC being similar,

-y ©  AF : AC :: AB : AG, .

*. the rectangle AC, 4B is equal to the rectangle 4F,
AG t. e. to the given rectangle. And the same- way. be
proved -of ‘any other line drawn from 4 to. the circum~
ference, which .°. is the: locus .

E!
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i {18.)If from: ‘a gtven- point dwo straight lisies be
draum, containing a given angle, and such that their
rectangle may beequal to a giver rectilineal figure; and
one of them be terminated by -a straight line’ given Wi
posmon to determme the: iocus qf the extremzty qf the

Let A be the 'given point, and BC the
line given in position. From A draw AD
perpendicular to BC; and draw AE,
mulung with it the angle DAE equal to- -
the given angle; and make AE. of such > *> - 9
e magmtnde that the rectangle 4D, AE may be eqﬂal
to. the given figure. On AE.as diameter describe 'a
cu'cle AFE: it will be the locus required. .

Draw any other line 4B, and AF makmg with it the
lngh ‘FAB equal to the given angle; join FE.. Then
the triangles 4BD, AFE, bemg equiangular, - -, |
. AB : AD :: AE : AF, :

whence the rectangle 4B, AF is equal to the rectangle
AD, AE, i.e. to the given figure ; and the same may be
proved, of any othgr two lines, similarly drawn from 4.,

. B L e 2L T Yo . . on ek

- €19.) If from the vertical angle of a triangle twe
lines be drawn to the base making equal angles with the
adjacent sides ; the squares of those sides will be propar:
tional to the rectangles contained by the ad)acent seg.
ments of the base. B . e

- Let AD, AE be- drawn. from the ver- ;t S
ﬁu]‘ angle A making equal-angles' BAD, ]A\ ;
EAC with the adjacent sides; then- will -- Q

AB : AC* :: BDx BE... CDx.CE. BD=—"3
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. About the triangle .ADE describe a cirele, eadtting
4B, AC (produced if necessary) in G and ¥, Join FG.
{Chen-(Eucl. .iii. 26.) the arcs GD, FE are eqnl, e
(\il #,Cor.) FG is parallel to BC; o
*.dB : 4AC :: BG.: CF, .
and 4B : AC* :: ABx BG : ACx CF,
:: BDx BE : CDx CE (Eucl. iii. 36.).

(20.) If a line placed in. one circle be made the
diameter of a second, -the circumference of the latier
passing through the centre of the former ; and any chord
n the former.circle be drawn through this diameter per-
pendicularly ; the reetangle contained by the sagments
made by the circumference of the laiter circle will be
aqual to that contained by the whole dzameter and a mean
proportional between its segments. -

Let a line AC, placed in the circle
ADC, be the diameter of the circle #4BC,
whose circuniference passes through the
centie of ADC. Through any point B
let a line DBE be drawn perpendicular
to AC; the rectangle DB, BE is equal
to the rectangle AC, BF.

. Draw GBG. And since the circumference 4BC
pasges through the centre of 4GD, .. (ii. 60.) 4B i
equal to-BG, and the rectangle 4B,.BC' is equal to-the
rectangle GB, BC, 1. e. to the rectangle DB, BE. Alo
the rectangle 4B, BC is equal to the rectangle AC, "BF,
(Eucl. vi. C.), .. the rectangle DB, BE is equa_l._to‘ the
rectangle AC, BF.
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(R1.) :Jf semicircles. be deseribed on. the segments of
the base made by a perpendicular drasen from the right
angle of a triangle; tluy will cut off from the sides,
aegmentc which will be in the triplicate ratio qf the ndes

* From the right angle B let BD be -'
drawn perpendicular to 4C; and on 1‘
AD, DC let semicircles be described,

cutting 4B, CB in E and F; 4E :
CF in the triplicaté ratio of 4B : CB.’

Join DE, DF; they are perpendlcular to AB, BC
respectively; ... (Eucl. vi, 8. Cor.) .
"';':ACAB 4B : AD -

AB : AD :: AD : AE;"
" hence AC : AE i in the trlpllcate ratio of AC ;: 4B,
In the same manner it may be shewn that ‘
"~ . AC: CF in the triplicate ratio of 4C : CB;
. inv. and ex a:quo,
AE : CF in the triplicate ratio of 4B : CB.

(22.) If from any point in the diameter of a semi-
circle a perpendicular be drawn, and from the extre-
mities of the diameter lines be drawn to any point in the
circumference, and meeting the perpendicular ; the rect-
angle contained by the segments which they cut off from.
the perpendicular, will be equal to_the rectangle con-
Yained by the segments of the diameter.

From any point D in the diameter b4
AC of the semicircle ABC, let a perpen-
dicular DF be drawn ; and to any point 7
B in the circumference let the lines 4B,
CB be drawn, meeting the perpendicular 4 ¢
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of any other chord passing through the same poins; the
line joining their intersections ofthc circle wdl be
parallel to the first chord.

On opposite sides of any point C
of the chord 4B of the circle 4BG 4
let two lines CD and CE be taken,
such that the rectangle DC, CE may
be equal to the rectangle AC, CB;
and through C let any chord GCF be drawn, -nd DF,
GE joined, meeting the circuniference in i and I
Join HI; it will be parallel to 4B.

Since the rectangle DC, CE is equal. to the rectangk‘
AC, CB, 1. e. to the rectangle GC, CF,

*“DC: CF :: GC: CE,

. the" triangles DCF, GCE are equiangular, and’ the
angle FDC is equal.to CGE or FHI iu the.same seg-
~ment; .. HI is parallel to AB .

(26.) If from two points without a circle two tan-
gents be drawn, the sum of the squares of which is equal
to the square of the line joining those points; and from
one of them a line be drawn cutting the circle; and two
lines from the other point to the intersections with the
circumference; the points in which these two lines cut
the circle, are in the same straz}ght line m’th the ﬁqner

point.’ .
. AR U T e T
me A.and B two. pommmﬂmuhthe‘mde CDE

let tangents' 4C,- BB be drawn,. such: timt . the sum of.
their \squares  may be. equab:¢o the\square - of . AB: If
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from 4 any line AFE be drawn,
and BF, BE joined; the points
4, H, G will be in a straight line.

In 4B take a point I, so that
- the rectangle 4 B, BI may be equal
to the square of BD. Join IF,
IH, AH, HG. Then the rect-
angles 4B, AI and AB, BI are together equal to the
square of 4B, i.e. to the squares of AC, BD; .". the
rectangle 4B, AI is equal to the square of AC or to the
rectangle A4F, AE '

. AF : AB :: AI : AE,

and . (Eucl vi. 6.) the angle AIF is equal to 4EB,
whence also FIB=FHG. Now the rectangle BI, BA
being equal to the square of BD, or to the rectangle
BH, BF,

*.BF : B4 :: Bl : BH, .
and . the angle AHB is equal to FIB, or FHG; and
BHF is a straight line, .. AHG is a straight line.

(21.) If fromthe vertex of a triangle there be drawn
a line to any point in the base, from which pointJines
are drawn parallel to the sides ; the sum of the rectangles
of each side and its segment adjacent to the vertex will
be equal to the square of the line dratn from the vertex
together with the rectangle contained by the segments of
the base. :

From the vertex 4 of the triangle 4BC let a line 4D
be drawn to any point D in the base; from which let
DF, DE be drawn parallel respectively to 4B, AC;the

N~
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rectangles B4, AE, and CA4, AF will
together be equal to the square of 41), and
the rectangle BD, DC together.

About ABC let a circle be described; %
and let 4D meet the circle in G. Join ' ¢ :
BG, GC. From E draw EH, making the angle 4HE
equal to /BG. Produce 4B to 1. Because the angles
AHE, ABG are equal, the -points E, B, G, H are in
the circumference of a circle, .-. the rectangle BA, AE
is equal to the rectangle G4, AH ; and the angle EHD
will also be equal to GBI, i.e. to ACG. And because
AC, DE are parallel, the angle EDFE is equal to GAC;
hence the triangles EDH, GAC are equiangular,

and .. 4C : 4G :: DH : DE,

and the rectangle 4G, DH is equal to the rectangle AC,
DE, i.e. to the rectangle AC, AF. And because the
rectangle BA, AE is equal to the rectangle G4, 4H
and the rectangle CA4, AF to the rectangle 4G, .DH,

*. the rectangles B4, AE and CA4, AF are together
equal to the rectangles G4, 4H, and G4, DH, i.e. to
GA, 4D or to the rectangle AD, DG together with the
square of 4D ; or to the rectangle BD, DC together
with the square of 4D.

~

(28.) If on the chord of a quadrantal arc a semi-
circle be described ; the area of the lune so formed will
be equal to the area of the triangle formed by the chord
and terminating radii of the quadrant.

Let ABO be a quadrant, on the chord
of which let a semicircle ADB be described ;
the lune ADBE is equal to the tnangle ‘
"ABO._
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Since circlés are as the squares of their radii, the
quadrant AEBO : ADC :: AQ®® : AC* :: 2 : 1, .:
the quadrant 4EBO is equal to the semicircle 4DB;
and taking away the part AEBC, the lune 4DBE is
equal to the triangle 4BO.

* -~

(29.) If from the extremities of the side of a square
circles be described with radii equal the former to the side,
and the latter to the diagonal of the square; the area of
the lune so formed will be equal to the area of the square.

From D and C the extremities of DC
the side of a square, with radii DB and P
€B, let circles be described, cutting each N
other again in E; the area of the lune
BFE is equal to the square 4C.

Join CE, ED. Since BC is equal to CE;and CD
is common, and BD is equal to DE; .-. the angles BCKYD
ECD are equal ; whence BE is a straight line ; also the
angles BDC, EDC are equal ; and BDC being half
a right angle, BDE is a right angle; - . the arc BE is
a quadrant; ... the lune BFE is equal to the triangle
- BDE (viii. 28 .) t.e. to the square 4C.

P Y ettt et

30) I on the sides of a triangle inseribed in a
semicircle, semicircles be described ; the two lunes formed
thereby will together be equal to the area of the triangle.

Let ABC be a triangle inscribed in a semicircle.
On 4B, BC let semicircles ADB," BEC be described ;



~
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the lunes ADBF, BGCE are together ®
equal to the triangle 4BC. - -
Since the areas of circles are as the

squares of their diameters, the semi- ¢
circle ABC : ADB :: AC* : AB*,
and ABC : BEC :: AC®* : BC*,

». ABC : ADB +BEC :: AC* : AB+ BC,
_i.e in a ratio of equality, .. ABC = ADB + BEC;
from these equals take away the segments AFB, BGC,
* and the triangle ABC= AFBD + BGCE.

ore

(81.) If on the two longer sides of a rectangular
parallelogram as diameters, two semicircles be described
towards the same paris; the figure contained by the two

remaining sides of the parallelogram and the two cir--

cumferences shall be equal to the parallelogram.

* Let ABCD be a rectangular parallel-
ogram, on the sides 4B, DC of which
let semicircles 4EB, DFC be described; *|
the figure DAEBCHFG is equal to »
ABCD. '

Since AB=DC, the semicircles are equal; from
each of which take away FGH, and AGFHBE=
DGHC; if to these equals be added 4DG and BHC,
the whole ADGFHCBE will be equal to the whole
ABCD.

(82.) If two points be taken at equal distances from
the extremities of a quadrant, and perpendiculars he

———
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drawn’ from these peints to the radius; the mirtilinear
space cut off, shall be equal to the sector which stands on
.the arc between them.

Let two points C, E be taken at equal
distances from 4 and B, the extremities of the ’%
quadrant 4B ; and let fall the perpendiculars
CD, EF on 40. Join CO, EO; the figure
CDFE is equal to the sector COE.

Since the arc 4C=EB, the angle 4A0C=EOB=
OEF, and the angles at D and F are right angles, and
CO=0E, .. the tnangle COD =EOF; from each of

these take away OFH, ... DFHC=OHE; to each of
these add CHE, and CDFE =COE. '

LI

N s

(33.) If the arc of a semicircle be trisected, and
Jrom the points of section lines be drawn to either extre-
mily of the diameter ; the difference of the two segments
thus made, will be equal to the sector which stands on
etther of the arcs.

Let the arc of the semicircle #CBbe ¢
divided into -three equal parts in the @
points C, and D. From A4 the extre- X —% 5
mity of the diameter draw 4C, AD; )
take O the centre, and jein OC, OD; the difference of
the segments 4C and ACD is equal to the sector COD.

Since the angle C4AD, DAB stand on equal cir-
cumferences, they are equal ; but theangle DAO =0DA,
»+. CAE = EDO; and CEA = OED, .. the triangles
CAE, EOD are equiangular ; and since OE is drawn
bisecting the vertical angle O of the isosceles triangle



286 GEOMETRICAL PROBLEMS, [Sect. 8.

AOD, it bisects the base, .. 4K=ED; and conse-
quently the triangle AEC is equal to the tnangle DOE;
add to each CED, and CAD=COQOD..

PP s s s s s st ot e s rrerre

(84.) If a straight line be placed in a circle, and on
the radius passing through one extremity, as a diameler,
another circle be described ; the segments of the two
circles cut off by the above straight line will he similgr,
and in the ratio of four to one.

Let EC be a straight line placed-in the
circle ABC. Take O the centre, and join
OC; and upon it describe a semicircle ODC.
The segments EAC, DGC are similar, and
in the ratio of 4 : 1

Join OD, and produce it both ways to the circum-
ference. Take F the centre of the semicirele OPDC.
Join OE, FD. Then ODC being a right angle, ED
= DC, and OF = FC, ... (Eucl. vi. 2.) DF is parallel
to EO;

and CE : EO :: CD : DF,
and the segments EAC, DGC are similar;
whence EAC : DGC :: EC* : CIF :: 4 :
Cor. The segment 4DC is bisected by the circum-
ference DGC.

orsrps

(85.) If on any two segments of the diameter of a
semicircle semicircles be described; the area included
between the three circumferences will be equal to the
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area of a circle, whose diameter is the mean proportional
between the segments.

On 4D, and DC, segmeats of AC B
the diameter of the semicircle 4BC "N
let semicircles 4ED, CFD be de- Am\
scribed ; from D draw DB perpendi- : Y
cular to AC, and .:. @ mean propor-
tional between AD and CD; the figure AEDFCB is
equal to the circle described upen DB. :

Join AB, BC. Since ADB is a right angle, the
semicircle on 4B is equal to those on 4D and DB
together ; and the semicircle on BC is-equal-to those on
BD and DC; .. the semicircles on 4B and BC, or the
semicircle ABC which is equal to them, will be equal:to
the semicircles AED, DFC and the circle -described
upon DB. 'From these equals take awe'y the semicircles

AED, DFC, and the figure AEDFCB is equal to the
circle described upon DB.

.o

(86.) If the diameter of a semicircle be divided into
any number of parts,-and on them semicircles be de-
scribed ; their circumferences will together be equal to
the circumference of the given semicircle.

" Let- AB the diameter of the semi-
- circle ACB be divided into any num-
ber of parts in the points D, E; and
on AD, DE, EB, let semicircles be -
described ; their circumferences are
together equal to ACB.

For since the circumferences of clrcles are as their
diameters, A
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ACB : AFD ~: AB : AD

ACB : DGE :: AB : DE

ACB : EHB :: 4B : EB,
whence ACB : AFD + DGE+EHB :: 4B : 4D+
[DE+EB,
in which praportion the thlrd term being equal to the

fourth,
ACB= AFD + DGE + EHB.

(31.) If two equal circles cut each other, and from
either point of section a line be drawn meeting the two
circumferences ; the area cut off by the part of this line
between the two circumferences will be equul to the area
of the triangle contained by that part and lines drawn to
ils extremities from the other point of section.

Let the two equal circles 4DB, ACB
cut each other in 4 and B; and from 4
draw any line 4C, cutting the circles in D
and C; join DB, BC; the figure DbBc CD
is equal to the triangle DBC.

Take any points E, F in the clrcumferences AEB,
AFB; join AE, EB, AF, FB. Since the arcs ADB,
AFB are equal, the angles ADB, AFB are equal. But
the angles AF B, AEB are equal to two right angles, and
*.to ADB, BDC; whence the angle BDC=AEB=
ACB, and BD=BC; .. the segment Db B is equal to
the segment BcC; to each of these add DbBC, and
- the triangle DBC is equal to DbBcCD.

Cor. If AE is a tangent to 4DB at A4; the ares
ADbBc CEA will be equal to the triangle ABE.
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(38.) K twe equal circles touch each other externally;.
andl through. the point of contact another be described.
with the same radius; the area contained by the comves -
circumferences cut off from the touching circles, and the
_ part of the third without them, is equal to the area of the

quadrilateral figure formed by lines drawn from . the
. poinis of intersection to the pomt of contact, and to the
point where the third circle is cut by a tangent drawn’
to the point of contact of the two circles. '

Let twe equal cireles touch each other
in 4; and through the point of contact let
am equal circle 4BC be deseribed, cutting -
the former in B and €. Join 4B, 4C; = :
aad o the peint A let a tangent 4D be drawr; join BD :
ID¥€. Fhe area eontained by 4EB, AFC and the inter-
cepted arc BDC is equal to the quadrilateral figuré
ABDC. '
Sinee DA touehes the circle 4E B, the angle DAB:
is eque¥ to the angle in the alternate segment, and .°
equal to:the dngle in the segment BC4, 1. e. equal to the-t
angle BDA, whewee BA=BD; .. the segment BEA
is equul to the' segment BGD; and AEBGD 4 is equak:
to the triangle #4BJ>. In the same mananer it may be
shewn that AFCHDA is equal te the triangle 4CE;.
. AEBGHCF4 is eqnal to the qnadnlateral figure
ABDC.

-

-

(39.) If a straight line be divided into any two paits,
and upon the whole and the two parts semicircles be de-
scribed ; and from the point of section a perpendiculorx

Oo
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be drawn, on each side of which circles are described
touching it and the semicircles; these circles will be
equal.
. Let AB be divided into any D
two parts in C; and on 4B, AC, b t
CB let semicircles be described ;
from C draw the perpendicular G
CD, on each side of which let ‘
a circle be described touching * ¢ °
- the perpendicular and each of ‘the semicircles. These
circles are equal. .
Let EFGH touch the perpendicular in H, and the
semicircles in F and G. Draw the diameter £ H parallel
toAB. John FE, EA; AF will be a straight line (ii. 35.).
Produce it to meet the perpendicular in D. Join FH,
HB; FB will also be a straight line, and perpendicular
to 4D at the point F, Join EG, GC, HG, G4 ; EC
and HA will also be straight lines.. Produce AH to I
Join BI; it will be perpendicular to A4I, and pass
through D, since the perpendiculars to the three sides
of the triangle 4HB meet in a point. And since the
angles 4GC, AIB are equal, EC is parallel to DB,
~AD : DE :: AB : BC;
and AC, HE are parallel,
~.A4AD : DE :: AC : EH,
..AB : BC :: AC : EH, .
In the same manner it may be proved that
AB : AC :: BC : KL
KL being the diameter of the other circle driwn parallel
to AB. Hence EH=KL, and the circles are equal.
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Secr. IX.

(1.) G1rzx one angle, a side adjacent to it, and the
difference of the other two sides; to comstruct the tri-
angle.

Let CB be equal to the given
side; draw the indefinite line CA,
makmg with it an angle equal to
the given angle and cut off CD .
equal to the given difference. Join
BD; and make the angle DBA equal to BDA; ABC
is the triangle required.

The angle DBA being equal to 4D B, the side 4D
is equal to 4B ; and the differences between CA4 and 4B
is equal to CD, 1. e. to the given difference.

(2.) Given one angle, a side opposite to it, and the
difference of the other two sides; to construct the tri-
angle.

In any line C4, (see last Fig.) take CD equal to the
given difference ; make the angle CDB greater than .
a right angle by half the given angle; from C draw CB
equal to the given side, and meeting DB in B; apnd
make the angle DBA equal to BDA ABC is the tri-
angle required.

Since the angles 4BD, ADB are equal, 4B is equal
to AD; .-. the difference between CA4 and 4B is equal



292 GEOMETRICAL PROBLEMS. [Sect. 9.

to CD, i.e. to the given difference. Also the angle at
4 is equal to the difference between the angles CDB,
DBA, or CDB, BDA, i.e. to the given angle. And
CB was made equal to the given side.

(3.) Given the base and one of the angles at thé
base; to comstruct the triangle, when the side opposite
the given angle is equal to half the sum of the other side
and a given line. '

Let AB be the given base,and 4BC ¢
the given angle; produce CB to D,
making BD equal to the given line.
Jain AD; and from B to AD draw
BE, equal to half BD. From A4 draw
- AC parallel to BE; ABC is the triangle required.

For AB and ABC are made equal to the given basé
and angle; and since BE is parallel to 4C,

AC : CD :: BE : BD ::1: 2.

A

- ’ ve

(4.) Groen the bage of a right-angled triangle, and
the sum of the hypothenuse and a straight line, to which
the perpendicular has a given ratio; to construct the
triangle.

Let AB be equal to the given
hase. From B draw BC perpen-
ir to it, and such that it may
te the given sum, the given
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ratio, Jojn CA4, and produce it; and from B to-CD,
draw BD equal to the given sum. From A draw 4E
perpendicular to AB; ABE is the triangle requu'ed
For AE bemg parallel to BC, :
AE : ED :: BC : BD,.e. in the given ratio; -
<. 4E is equal o the perpendicular; and 4B was made
equal to the given base. .

(5.) Given the perpendicular drawn from the ver-
- tical angle to the base, and the difference between each
side and the adjacent segment of th&base made by the
perpendicular ; to construct the triangle.

- From any point C in an indefinite line D .
AB, erect a perpendicular CD equal to the
given perpendicular ; and take CE equal to
the given difference between the side and A c *»
adjacent segment on the opposite side of the perpendi-
cular. Also take CF equal to the other given difference,
Join ED, FD; and make the angle FDA = DFA, and
EDB=DEB; ADB is the triangle required. ‘
Since the angles ADF, AFD are equal, AD= AF

- the difference between 4D, AC is equal to CF, i.e. to
the given difference. In the same manner the difference
between BD and BC is equal to CE, . e. to the given
difference.

(6.) Given the vertical angle, and the base ; to con-
struct the tnangle when the line drawn from the vertex
culting the base in any given ratio, bisects the vertical

angle.
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Let AB be equal to the given base;
and upon it describe a segment of a circle B
containing an angle equal to the given
angle ; and let the base be divided in the
given ratio in D. Complete the circle;
and bisect the arc ACB in C; join CD, and produce it
to E; join AE, EB; AEB is the triangle required.
For AEB is equal to the given angle ; and since the
arc AC=CB, the line ED, which divides 4B in the
given ratio in D, makes the angle 4ED=DEB.

’v .a—

(7.) Given the vertical angle, and one of the sides
containing it; to conmstruct the triangle when the line
drawn from the vertex making a given angle with the
base, bisects the triangle.

Let 4B be equal to the given side; and
on it describe a segment of a circle containing
an angle equal to the given angle made by the -
bisecting line with the base; and make the
angle 4BC equal to the given vertical angle.

Bisect 4B in D; and draw DE parallel to BC, meeting
the circle in E; join AE, and produce itto C; 4ABC
is the triangle required.

Join BE. Since DE is parallel to BC, (EucL vi. 2.)
AE is equal to EC,and ... BE bisects the triangle ; and-
it makes with the base AE an angle equal to the given
angle. Also 4B is equal to the given side, and 4BC
to the given angle at the vertex.

oooooooooooooooooooooooooo
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(8.) Gtiven one angle, a side opposite to it, and the
sum of the other two sides; to construct the triangle.

Let 4B be the given side. Upon it ¢
describe a segment of a circle containing an !A\
angle equal to half the given angle and £
from 4 draw AC equal tothe given sum of e
the two sides’ je join BC; and”make the angle CBD
equal to BCD ; ABD is the triangle required.

. Since the angle DCB is equel to DBC, DB is equal
toDC; .4D, DB together are equal to the glven sum.

And the angle ADB is equal to DBC, DCB, ti.e. to
twice DCB, and .". is equal to the given angle.

(9.) Given the vertical angle, the line bisecting the
base, and the angle whick.the bisecting line makes with
the base; to construct the triangle.

On any line AB describe a seg- n
ment of a circle containing an angle P ‘\
equal to the given angle. Bisect B \
AB in C; and at C make the angle
BCD equal to the given angle which the bisecting line
makes with the base; produce it, if necessary, till CE is
equal to the given line; join DA, DB; and draw FE,
EG respectively parallel to them; EFG is the triangle
required.

For FE and EG being respectively parallel to D4,.
DB, S
FC:CE :: (AC=)CB : CD :: CG : CE,

». FC=CG, and EC, which is equal to the given line,
bisects the base ; and the angles FEC, CEG \hémg eons\
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to the angles #DC, CDB, FEG is equal to ADB, i. e.
to the given angle.

(10.) Given the vertical angle, the perpendiculer
drawn from it to the base, and the ratio of the segments
of the base made by it; to construct the triangle.

Take any live 4B, and on it describe
a segment of a cigcle containing an angle
equal to the given angle. Divide 4B in
C, in the given ratio; and from C draw 4 c B
the perpendicular CD, from which cut off DE equal to
the given perpendicular. Join D4, DB ; and through
E draw FEG parallel to AB; DFG is the triangle
required. .

Sioce FG is parallel to 4B,

FE : EG :: AC : CB,i. e. in the given ratio;
and DE is equal to the given perpendicular, and FDG
to the given angle. '

(11.). Given the vertical angle, the base, and a line
drawn from. either of the angles at the base to cut the
oppasite side in a gwen ratio ; to canstruct. the triangle.

Let 4B be equal to the given base;; :
and divide it at D in the given ratio. %
On AD describe a segment of a cirele
containing an angle equal to the given angle; and from
B draw BE equal to- the given line.. Join AE, ED;
and from B draw B€ parallel to DE, and meeting 4F

produced in C; ABC is the txiangle required.
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For 4B is the given base; BE is the given line;
and 4E : EC :: AD : DB, i.e. in the given ratio;
and the angle at C is equal to 4ED, t.e. to the given
angle. '

112.) Given the perpendicular, the line bisecting the
“pertical angle, and the line bisecting the base; to con-
struct the triangle.

From any point C in the inde-
fiite line 4B, draw a perpendicular
CD equal to the given perpendicular;
and with D as centre, and radii equal 3
to the two given lines describe circles : <
cutting 4B in E and F. Through
E draw GEH perpendicular to 4B; join DE, DF;
and produce DF to meet HE in G. Bisect DG in I;
and draw: 1O at right angles to DG, meeting GH in O.
With the centre O, and radius OG describe a circle
cutting 4B in K and L; join DK, DL; DKL is the
triangle required.

Join OD, OK, OL. Since OI bisects DG at right
angles, OD = OG, and the circle passes through D. And
since OK is perpendicular to KL, KE=EL, or KL
is bisected by DE, which is equal to the given bisecting
line; and the arc KG = GL, and the angle KDF is
equal to FDL, or the angle KDL is bisected by DF,
which is equal to the given line; and DC was made
equal to the given perpendicular.

(18.) Giwven the line bisecting  the verticol omgle,
Pe

’
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the line bisecting the base, and the difference of the
angles at the base; to construct the triangle.

Construct a right-angled triangle FDC, (see last Fig.)

having its hypothenuse F'D equal to the given line which
bisects the vertical angle, and the angle FDC equal to
half the given difference of the angles at the base. Pro-
duce FC both ways; and to it from D draw DE equal
to the given line which bisects the base. Draw HEG
parallel to DC, meeting DF produced in G. Bisect
GD in I; and from I draw IO at right angles to DG,
meeting GH in O. With the centre O, and radius OG,
describe a circle, cuttmg FC produced in K and L ; join
DK, DL ; DKL is the triangle required.
. For KE EL, 7. e. the base KL is bisected by DE,
which is equal the given line; and the angle KDFis
equal to FDL, being on equal circumferences KD, DL
i. e. the vertical angle KDL is bisected by DF, which
was made equal to the given bisecting line. Also (iii. 5.)
the difference between the angles DLK and DKL is
equal to twice the angle FDC, 1. e. to the given angle.

e

(14.) Given the vertical angle, and the line drawn
to the base bisecting the angle, and the difference between
the base and the sum of the sides ; to construct the iri:
angle.

Let ABC be equal to the given
angle, and BD the line bisecting it.
Make BE and BF, each equal to
half the given difference. From F -
draw FO perpendicular to BC, meet- Bt
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ing BD in O. With the centre O, and radius OF
describe a’ circle, it will touch 4B in E (Eucl. iv. 4,).
Through D draw a line 4C touching the circle in G;
ABC will be the triangle required.

For (Eucl. iii. 36. Cor.) 4AE=AG, and GC=CF,
<. 4C is equal to AE and CF together; whence the
difference between 4AC and the sum of the sides 4B,
BC is equal to BE, BF together, i. e. to the given
difference. Also BD is equal to the given line, and it
bisects the angle 4BC, which is equal to the given ver-
tical angle.

(15.) Given the line bisecting the vertical angle,
the perpendicular drawn to it from one of the angles at
the base, and the other angle at the base; to conmstruct
the triangle.

Let AB be equal to the given bisecting
line ; and upon it describe a segment of a
circle containing an angle equal to the
given angle. Draw BC perpendicular to
4B, and make BD equal to the given
perpendicular ‘Bisect AB in E; join ED, and produce
it to F; join F4, FB; and through D, draw GDH
parallel to 4B. In FB produced take BI equal to BH.
Join AI; AFI is the triangle required.

Join IG, cutting AB in K. Because GH is parallel
to AB, and FE bisects AB, it also bisects GH, t.e. GD

=DH ; but HB also is equal to BI; .. BD is parallel
to GI, and IK is half of IG, and !.equal o BD e

/
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given perpendicular. Also since 4B bisects GI at right

“angles, it also bisects the angle IAG ; and it is equal to
the given bisecting line. And 4FI is equal to the other
given ang]e

(16.) Given the siraight line bisecting the vertical
angle, and the perpendiculars drawn to that line from
the extremities of the base; to construct the trumgle

On the indefinite straight line 4B, take
AC, CD respectively equal to the greater
and less perpendiculars; and from C draw
CE at right angles to 4B, and equal to the
given bisecting line. Take 4B : BD :: F
AC : CD. Join BE; and produce it to meet AF,
DG, drawn from A and D, perpendicular to AB. Join
GC, CF; GCF is the triangle required.

Draw FI, GH perpendicular to CE. Then the tri-
angles BGD, ABF being similar,

AF : GD :: AB : BD :: AC : CD,

and the angle at 4 is equal to GDC'; whence (Eucl. vi.

6.) AFC, GDC are similar, and the angle ACF is

equal to GCD ; and .. the angle FCE is equal to ECG,

t. e. the angle FCG is bisected by EC, which was made
~equal to the given bisecting line. Also FI, GH are

respectively equal to AC, CD, which were made equal to

the given perpendiculars.

(17.) Giwven the vertical angle, the difference ¢f
the two sides containing it, and the difference of the
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segments of the base made by a pemmdzcular ﬁ‘om the
vertex ; lo construct the triangle.

Let AB be equal to the given differ- _
ence of the segments of the base. Draw ’ ¢

BD, making the angle 4BD equal to half ‘@
the given angle and from 4 draw 4D

meeting it in D, and equal to the given difference of the
. sides ; produce it, and make the angle DBE =EDB,
and with the centre £ and radius EB describe the circle
DBC meeting AB, AD produced in C and F'; join
EC; AEC is the triangle required.

~ Jein FC. Since BDFC is a quadrilateral figure in-
scribed in a circle (Eucl. iii. 22.) the angles 4BD, DFC
are equal ; but AEC is double of DFC (Eucl. iii. 20.),
and .. also of ABD, i. ¢. it is equal to the given angle.
Also since the angles EDB, EBD are equal, ED=EB
=EC, .. the difference of the sides AE, EC is equal
to. AD, i.e. to the given difference; and 4B is evi-

dently equal to the difference of the segments of the
base. ‘

(18.) Given the base and vertical angle; to construct
the triangle, when the square of one side is equal to the

square of the base, and three times the square of the
other side.

Let AB be equal to the given base.
Upon it describe a segment of a circle
containing an angle equal to the given
angle. Produce 4B to C, and make * BE - ¢©
BC equal to BA4; and upon BC describe a semicircle
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BDC cutting the segment in D. Join 4D; BD;
ABD is the triangle required.

Let fall the perpendlcular DE; then (Eucl vi. 8.)
the square of DB is equal to the rectangle CB, BE or
to the rectangle 4B, BE; and (Eucl. ii. 12.) the square
of 4D is equal to the squares of 4B, BD, and twice the
rectangle 4B, BE, i. e. to the square of 4B, and three
times the square of BD. Also, by construction, 4DB
is equal to the given angle.

(19.) Given the base and perpendicular ; to con-
. 8truct the triangle, when the rectangle contained by the
sides 18 equal to twice the rectangle contained by the
segments of the base made by the line bzsectmg the ver-
tical angle. ,

Let AB be equal to the given base;
and draw the indefinite line £D bisecting
it at right angles. Take CE, CD each “{ ¢
equal to the given perpendicular; and 2
through the points 4, D, B describe a
circle. Draw EF parallel to 4B meeting the circle in F.
Join AF, FB; AFB is the triangle required.

Draw FG perpendicular to 4B, it is equal to the
given perpendicular. Join FD. Since DC is equal to
CE, DF is equal to twice DH; and ... the rectangle
DF, FH is double of the rectangle DH, HF, i.e. it is
double of the rectangle 4H, HB, contained by the seg-
ments of the base, made by DF which bisects the angle
AFB, And 4B was made equal to the given base.

P RS N S et aasd
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(20.) In a right-avigled triangle, having given the
sum of the base and hypothenuse, and the sum of the
base and perpendicular ; to construct the triangle.

Let BD be taken equal to the
sum of the base and hypothenuse,
and BG equal to the sum of the base
and perpendicular. At the point G
in the straight line GB, make the
angle BGC equal to half aright angle ; and let CG be pro-
duced to meet a perpendicular to BD drawn through D,
in F. Join BF; and from G to BF draw GH=GD.
From B draw BC parallel to GH, meeting GC in C; *
and let fall the perpendicular C4 ; 4CB is the triangle
required.

Draw CE parallel to AD. Because GH is equal to
GD, BC is equal to CE,i.e. to.AD; and .. BC and
BA together are equal to BD, the given sum of the hy-
pothenuse and base. And since 4GC is half a right
angle and the angles at A4 right angles, 4G is equal to
AC, .. B4 and AC together are equal to BG the ngen
sum of the base and perpendicular.

'''''

(21.) Given the perimeter of a right-angled tri-
angle whose sides are in geometrical progression ; to
construct the triangle.

Let 4B be equal to the given peri- K
meter; and on it describe a semicircle /
ACB. Divide 4B in extrenie and mean \

ratio -in D; and from D draw DC at
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right angles to AB. Join AC, CB. Bisect the angles
CAB, CBA by the lines AE, BE, meeting in E; and
draw EF, £G respectively parallel to 4C,CB ; FEGis
the triangle required.

Since FE is parallel to 4C, the angle FEA=EAC=
EAF, and ... AF=FE. And in the same manner it
may be shewn that EG=GB. Hence GF, FE, EG
are together equal to 4B the given perimeter. And the
anglesat F and G being equal to the angles BAC,BCA,
the angle FEG is equal to ACB, and is .". a right angle.

Also since 4B : AD :: AD : DB
- and (Eucl. vi. 8. Cor) AB : BC :: BC: DB
-~ . AD=BC;
whence also AB AC :: AC : (AD=) BC;
and since the triangles 4BC, FGE are equiangular,
FG : FE :: FE : EQG,
i. e. the sides are in geometrical progression.

(22.) Given the di ifference of the angles at the base,
the ratio of the segments of the base made by the per-
pendicular, and the sum of the sides; to construct the
triangle.

Take any line 4B, and divide it in C,
in the given ratio of the segments. On 4B
describe a segment of a circle containing an @
angle equal to the given difference. From *

C draw the perpendlcular CD. Join AD, DB; and
take DE : DA in the ratio of the given sum, to the
sum of 4D, DB; and through E draw EF parallel to
AB; and make the angle GDH equal to GDF, and
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*. DH equal to DF, and GH equal to GF; DEH is
- the triangle required.
.For DE : DA :: DF : DB :: DE + DH : D4
[+ DB,
. DE + DH is equal to the given sum. Also the angle
EHD is equal to the two HDF, DFH, i.e. to HDF,
DHF, and DEH is equal to the difference between
DHF and EDH ; . the difference between EHD and
DEH is equal to the sum of HDF and EDH, 1. e. to
EDF, or the given difference.
-Also EG : GH :: EG.: GF :: AC : CB,
i e. in the given ratio.

B Y e el

(23.) Given the difference of the angles at the base,
the ratio of the sides, and the length of a third propor-
tional to the difference of the segments of the base made
by a perpendicular from the vertex and the shorter side ;
to construct the triangle. :

Let ABC be equal to the given differ- B
ence of the angles at the base ; and take
AB : BCin the given ratio of the sides. 4
Join AC; and produce BC to D, so that * ®> ¢ T
BD may be to the given third proportional in the ratio
CA : CB. Through D draw EDF parallel to 4C;
and from B draw BG perpendicular to it; make GF=
GD ; join BF ; EBF is the triangle required.

Since DG GF, and the angles at G are right
angles; .. BF = BD, and the angle BFD = BDF.
Hence the dlﬂ'erence between BFE and BEF is equal to
the difference between BDF and BEF, i. e. to EBD or
the given difference.

Qe



. 806 GEOMETRICAL PROBLEMS. [Sect. 9.

Also EB : BF :: EB.: BD :: AB : BC,
i. e. in the given ratio. And
DE : BF :: DE : BD :: C4 : CB :: (BD=) BF:
the given third proportional, whence DE is equal to the
. given difference of the segments of the base.

s sl

(24.) Given the base of a right-angled triangle; to
construct it, when parts, equal to given lines, being cut
off from the hypothenuse and perpendicular, the re-
mainders have a given ratio.

Let 4B he equal to the given base.
From B draw BC at right angles to it, and
equal to the part to be cut off from the ,
perpendicular. Take CD to the given part
to be cut off from the hypothenuse, in the ¥ -
given ratio of the remainders; and from C to D4, draw
CE equal to that given part, and produce it. From 4
draw AF perpendicular to 4B, meeting CE produced in
F. Draw FG parallel to AB; CFG is the triangle
required.

Since AF is parallel to CD, the angles AFE, ECD
are equal, and the angles at £ are equal, .-. the triangles

AEF, CED are equiangular,
] and .. FE : AF : CE : CD.
And since AG is a parallelogram, 4F=BG,
~.FE : BG :: CE : CD, T
4. e. in the given ratio of the remainders ; and FG is equal -
‘to the given base; and CB, CE are equal to the given
parts to be cut off.

Q@ W v O

e
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- (25.) Gwven one angle of a triangle, and the sums of
each of the sides containing it and the third side ; to con-
struct the triangle.

Let BAT be equal to the given an- A
gle; and 4B, AC equal to the given
sums. Join BC; and draw any line X
DE parallel to it. Make CF, FG, each
equal to BD; join CG, and produce it
to H; and.draw HI parallel to GF. AHI is the tri-
angle _requu'ed
. Since DG is parallel to BC, and GF to HI,
BD : BH (:: CG : CH) :: GF : HI :: CF : (I,
and since BD, GF and FC are equal, BH, HI and IC
are also equal ; whence 4H and HI together are equal
to AB; and AI, IH are together equal to AC; and
HAI is equal to the given angle.

GO PP P rrr st st s s s sss s

(26.) Given the vertical angle, and the ratio qf the
sides. containing it, as also the diameter of the circum-
scnbmg circle; to construct the triangle.

On the given diameter describe a circle ; 2
and from it cut off a segment 4CB con- ' X
“taining an angle equal to the given vertical ‘ ’
hngle Divide the base AB in D, in the A G -
given ratio of the sides; and draw the dia-
meter EF at right angles to 4B. Join ED, and let it
meet the circumference in C; join 4C, CB; ACB is
the triangle required.
- Since AE=EB, the angle ACB s bisected by CE,
*.4C : CB :: 4D : DB, i.e. in the given ratio.

10t s s 0t Prssss000s00000
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(27.) Given the vertical angle, and the radii of the
inscribed and circumscribing circles; to conmstruct the
triangle.

With the given radius describe the - =
circumscribing circle ; and from any point
A in it take AB, AC each equal to the =
arc subtending at the centre an angle equal
to the given angle. Join BC; and pa- A
rallel to it, at a distance equal to the radius of the in-
scribed circle draw EF. Join 4B ; and from 4 to EF
draw 40=A4B, and produce 40 to G. Join CG, BG;
GCB is the triangle required.

For the angle CGB (Eucl. iii. 20.) is equal to the
angle at the centre, which stands on 4C, and .-. is equal
to the given angle. Also the angle CGA=AGB. Join
BO; and since 4B = A0, the angle AOB= ABO; but
AOB is equal to the two OBG, OGB; and AGB=
ABC, .:. CBO = OBG, and BO bisects the angle CBG;
whence O, the point of intersection of the bisecting lines
GA and BO, is the centre of the inscribed circle ; and
its distance from BC was made equal tlie given radius.

=]
L]

(28.) Given the vertical angle, the radius of the
inscribed circle, and the rectangle contained by the
siraight lines drawn from the centre of that circle to the

angles at the base ; to construct the triangle.

Let the angle 4BC be equal to the vertical angle,
which bisect by the straight line BD. Let D (ii. 14.)
be the centre of a circle which would touch B4 and BC;
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“and let E and F be the points of con-
tact; join DE, DF, and produce BD
to G, so that the rectangle DE, DG
may be -equal ‘to the given rectangle.
On DG describe a circle cutting B4,
BC in 4 and C; and in H and L
Join AC (or HI). ABC or AHI is.
the triangle required.

Join 4D, DC; and draw DK per-
pendicular to AC. Then since B4 and .
BC make equal angles with BG which passes through
the centre, the arcs 4D, DI, which they cut off, are
equal; .. the angle 4CD is equal to DCI, i.e. ACB is
bisected by CD, or D is the centre of the circle inscribed
in the triahgle ABC; .. K is the point of contact, and
DK=DE. But (Eucl. vi. C.) the rectangle 4D, DC
is equal to the-rectangle DK, DG, i. e. to the rectangle
DE, DG, which is equal to the given rectangle.

(29.) Grven the base, one of the angles at the base,
and the point, in which the diameter of the circumscribing
circle drawn from the vertex meets the base; to con-
struct the triangle.

Let AB be equal to the given base,
and C the given point. Bisect AB'in D,
and draw DE at right angles to 4B.
Upon AC describe a segment of a circle
containing -an - angle equal to twice the -
difference between the given angle and a right angle;
and let it meet DE in O. Join 40, OC; and produce




310 GEOMETRICAL PROBLEMS. [Sect. 9.

CO to F, meking OF =04 ; join AF, FB; AFB is the
triangle required. : '

Join OB. Because 4D = DB, and DO is common,
and the angles at D right angles, ... OB=04= OF;
and a circle described from O as a centre, and radius 04,
will pass through F and B; and circumscribe the triangle -
ABF. And FOC produced is a diameter. -Also the
angles 40C, AOF are equal to two right angles, <. e. to
AOC and twice the given angle; .. 4OF is equal to
twice the given angle; and since it is double of 4BF,
ABF will be equal to the given angle.

(30.) Given the vertical angle, the base, and the
difference between two lines drawn from the centre of
the inscribed circle to the angles at the base ; to construct
the triangle.

Take any line 4B, unlimited . . =
“towards B, and cut off 4C equal to the
given difference; and at the point C —
make the angle BCD such that its S————)

quadruple together with the given
angle at the vertex may be equal to two right angles.
From 4 to CD, draw 4D equal to the given base.. At
the point 4 make the angle BAE=BAD, and at the
point D make the angle CDB = DCB, and BDE =
BDA; EDA is the triangle required.

For the angles EAD, EDA being bisected by 4B,
BD, B is the centre of the inscribed circle. And the
angle BCD heing equal BDC, BC is equal to BD, and
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. the difference between BA and BD is equal to 4C,

i. e. to the given difference. Also the angles E4D,
EDA are together double of the angles BAD, BDA,
i.e. of BCD and BCD, and .. are equal to 4 BCD;
whenee the angle AED together with 4 BCD will be
equal to two right angles; and .*. the angle 4E D is equal
to the given vertical angle. Also 4D is equal to the
given base. ‘

D T e e s d

(31.) Given that segment of the line bisecting the
vertical angle which is intercepted by perpendiculars let
Jall upon it from the angles at the base ; the ratio of the
sides; and the ratio of the radius of the inscribed circle
to the segment of the base which i3 intercepted between
the line bisecting the vertical angle and the point of con-
tact of the inscribed circle; to construct the triangle.

Let AB be equal to the given seg-
ment of the bisecting line ; from 4 and
B, on opposite sides, draw AC, BD at
right angles to it. On 4B, as hypo-
thenuse, describe a right-angled triangle

_ AEB, whose sides are in the given ratio of the radius of
the inscribed circle to the segment of the base inter-
cepted between the bisecting line and the point of contact

- of the inscribed circle. Divide 4B in F in the ratio of
the sides ; and through F, draw CFD parallel to 4E,
and meeting the perpendiculars in C and D. Make
BG=BD. Join CG, and produce it to meet 4B pro-
duced in H; join HD; HCD is the triangle required. -

Draw CO blsectmg the angle HCD. Since BG=
BD, and BH is perpendicular to GD, it bisects the
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angle GHD ; whence O is the centre of the inscribed
circle. From O draw OI perpendicular to CD, and ..
parallel to BE ; whence
OI : IF :: BE : EA,
i. e. in the given ratio of the radius of the inscribed circle
to the segment of the base intercepted between the bi-
secting line and the point of contact of the inscribed
circle. Also from the similar triangles AFC, BFD,
AF : FB :: CF : FD :: CH : HD,
. CH : HD in the given ratio of the sides.

.o

(32.) Gtven the line bisecting the vertical angle,
and the differences between each side and the adjacent
segment of the base made by the bisecting line ; to con-
struct the triangle.

Let AB be equal to the given bisect- A
ing line. Produce it to C, so that BC
may be a fourth proportional to 4B and =
the given differences. On AC, as a dia- £
meter, describe a circle ADE ; in which c :
place a line DBE, passing through B, equal to the sum
of the given differences; and from 4 draw AF, -AG to
the circumference, each equal to DE ; and produce them
to 'meet DE produced in H and F; AHI is the triangle
required.

Since DE is equal to the sum of the given differ-
ences, and the rectangle DB, BE, is equal to the rect-
angle 4B, BC, i.e. to the rectangle contained by the
given differences, DB and BE will be the given
differences. And since AF=A4G, the arcs AF, AG are
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equal and 4C being a diameter, FC and CG will also be
equal, . . the angles FAC, CAG are equal, or HAI is
bisected by AC. Also since FA=DE, AH and HE
will be equal ; .-. the difference between AH and HB is
equal to BE one of the given differences. In'the same
manner AI=1ID; and .-, the difference between A1 and
IB is equal to BD, the other given difference.

B e e el I

(33.) Given one of the angles at the base, the side
opposite to it, and the rectangle contained by the base
and that segment of it made by the perpendicular which
t8 adjacent to the given angle; to construct the triangle.

Let AB be equal to the given side.

Upon it describe a segment of a circle con- -

taining an angle equal to the given angle.

Bisect 4B in C; and from C draw to the
circumference, a line CD such that the

difference between the squares of CD and

CB may be equal to the given rectangle. Join 4D,
DB ; ADB is the triangle required. :

On AB describe a circle ABE. Join BE. Thén
the rectangle AD, DE is equal to the rectangle GD,
. DF, i.e. to the difference of the squares of CD and CG
or to the glven rectangle. And BE is perpendicular to
~ AD; AB is equal to the given s1de, and 4DB to the
given angle. Co

.

(34.) Given the vertical angle, and the lengtlzs of
two Lnes drawn from the extremities of the base to the
points of bisection of the sides ; o construct the triangle.

R=r
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Let AB be equal to one of the &
given lines; bisect it in C; and on 4C
describe a segment of a circle containing s
an angle equal to the given angle.
- From BA cut off BD equal to one
third of B4 ; and from D to the circle, draw DE equal
to one third of the other given line. Produce ED, and
make DF equal to twice DE. Join AE, FB; and
produce them to meet in G. Join AF; AFG is the
triangle required.

Join CE. Since BD is double of DC, and DF
double of DE; EC is parallel to FG; and .. the angle
AGF is equal to 4EC, 1. e. to the given angle. Hence
also AE is equal to EG ; and BF being double of EC,
is equal to BG; .. 4B and FE, equal to the given
lines, are drawn to the points of bisection of the sides.

(85.) Given the lengths of three lines drawn from
the angles to the points of bisection of the opposite sides;
to construct the triangle.

. Describe a triangle ABC whose sides 8
are respectively equal to two thirds of »
the given lines; and complete the paral-
lelogram ABDC. Join AD; and pro-
duce CB to E, making BE=BC. Join
AE, ED; AED is the triangle required.
Produce 4B, DB to F and G. Since the diagonals
of parallelograms bisect each other, 4H is equal to HD,
and BH to HC; ... EH is equal to EBand BH toge-
ther, ¢.e. to BC and BH or to 3 BC and .. is equal to
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one of the given lines. Again,since GB is parallel to 4C,
(Eucl vi. 2.) it bisects AE and BG=44C; but DB=
AC, ... DG=34C, and .. is equal to another. of the
given bisecting lines. In the same manner, AF may he
shewn to be equal to the other given line, and to bisect
DE in F.

(36.) Given the segments of the base made by the
perpendicular, and one of the angles at the base triple
the other ; to construct the triangle.

Let AB, BC equal to the given S S
segments, be placed in thesame straight m
line. Make BD=BC; bisect AD in : B ©

E, and BE in F. On AD describe a semicircle; and
from F draw FG at right angles to 4D. Join 4G, GD;
and let 4G meet the perpendicular BH in H. Join
HC; 4HC is the triangle required.

Draw EI perpendicular to 4D; join DI, DH.
Then AE being equal to ED and the angles at E right
angles, 41 =1ID, and the angle IAD = IDA4; whence
the angle DIH is double of D4AH. But since EF is
equal to F'B, and GF parallel to IE and BH, .. IG =
GH; and the angles DGI, DGH being right angles,
DI is equal to DH, and the angle DHI equal to DIH, -
and .. double of DAH. Also since DB=BC, and the
angles at B are right angles, .. the angle HCB is equal -
to HDB,i.e. to DHA, DAH together, or to three
times the angle DAH. Also AB, BC, by construction,
are equal to the given segments made by the perpendi-
cular.

PO PIIOCPOCOPIP GNP O 1 PPt 0P 0
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(87.) The area and hypothenuse of a right-angled
triangle being given; to construct the triangle.

Let AB be equal to the given hy- -
pothenuse. Bisect it in C, and on CB @
describe a rectangular parallelogram CD £~ ¢ . &
equal to the given area. On 4B de-
" scribe a semicircle 4EB, cutting the side parallel to AB,
in E. Join AE, EB; AEB is the triangle required.
Join CE. Since 4C=CB, the triangle AEB is
double of CEB (Eucl. i. 38.), and .". equal to the rect-
angle CD, 7. e. to the given area. )

S Y Y e e Ll

(38.) Given one angle, and a line drawn from one
of the others bisecting the side opposite.to it; to con-
struct the triangle, when the area tis also given.

Let 4B be the given bisecting D ¢
line; and upon it describe a seg- 2
ment of a circle containing an

F
angle equal to the given angle.
Upon AB also describe a rectangular parallelogram
ABCD equal to the given area; and let DC meet the
circlein E ; join EA4, and produce it, making 4F = 4E;
join FB, BE ; FEB is the triangle required.

For BA bisects the side EF'; the angle BEF is equal
to the given angle; and the triangle BEF is double of
BAE (Eucl. i. 38.) and .. equal to ABCD, t.e. to the
given area.

(39.) In two similar right-angled triangles, the
sum of the base of the one and perpendicular of the other
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18 given ; to determine the triangles such that their hy-
pothenuses may contain the right angle of another tri-
angle similar to them, and the sum of the three areas
mdy be equal to a given area.

Let AB be equal to the givensum; » c
and upon it describe a rectangular paral- Z&
lelogram equal to the given area. On

AD also describe. a semicircle, cutting
CD in E; join AE, EB; the triangles AED, BEC,
AEB are the triangles required; as is evident from the
construction.

A T B

J.

(40.) Given the vertical angle, the area, and the
distance between the centres of the inscribed circle and
the circle which touches the base, and the two sides pro-
duced; to construct the triangle.

" Let AB be equal to the given distance between the
centres ; and make the angle BAC equal to half the
given angle at the vertex. On AC let fall the perpen-

N /;\

A
b B

dicular BC; and produce C4, till the 'rectangle AD,
DC is to the given area, in the ratio of 4C : CB.
Complete the parallelogram DEFC; and from the cen-
tres 4 and B, describe two circles touching EF in G and
"F. Draw HI, IE touching the two circles; HIE is the
triangle required.
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For AB is equal to the given distance between the
centres. The angle IEF is double of 4EF, i.e. of
BAC, and .. is equal to the given angle. And from the
similar triangles 4BC, AED, '
AC : CB :: AD : (DE=) AG :: ADx DC : AG

[x EF.
But since EF is equal to half the perimeter of the tri-
angle EHI, the rectangle 4G, EF is equal to the tri-
angle EHI; whence EHI is equal to the given area.

(41.) Given the area, the line from the vertex
. diiding the base into segments which have a given ratio,
and either of the angles at the base; to construct the
triangle.

On 4B the given line, describe
a segment of a circle containing an
angle equal to the given angle.
Describearectangular parallelogram
ABCD equal to twice the given
area; and divide BC in the given ratio at 7. Through
F draw GH parallel to AB. Join BH, HA; and pro-
duce HB so that /B may be to BH in the given ratio.
Join I4; I4AH will be the triangle required.

Draw IK perpendicular to 4B. The triangles IKB,
BFH are similar, '

- . IK: BF: IB: BH :: FC : FB,

. IK=FC; and the triangle 14 B is equal to half of the
parallelogram GC; and the triangle 4BH is equal to
half of BG; .. I4H is equal to half the parallelogram
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AC, and .". equal to the given area. And 4B is equal
to the given dividing line, and IB : BH in the given ratio.

(42.) Guwen the difference between the segments of
the base made by the perpendicular, the sum of the
squares of the sides, and the area ; to construct the trz-
angle.

Take a line AB such that its square 2
may be equal to the difference between
half the given sum of the squares, and the
square of half the given difference of the
segments of the base. Upon 4B describe
a rectangular parallelogram 4BCD equal
to the given area ; and also on 4B describe a semicircle
cutting CD in E. Join AE, and produce it both ways;
and make 4F, 4G, each equal to half the given differ-
ence of the segments, and make EH =EG. Join BF,
BH ; BFH is the triangle required.

Join BG, BE. Since GE=FEH and the ang]es at
E are right angles, ... GB= BH ; and the sum of the
squares of FB, BH is equal to the sum of the squares of
FB, BG, i. e. (iv. 30.) is equal to twice the sum of the
squares of 4 and 4B, <. e. by construction, is equal to
the giveh sum. Also the difference between FE and
EH is equal to the difference between FE and EG,
i.e. to F'G, which is equal to the given difference. And
the area of the triangle FBH is double of the area of the
triangle 4BE, and .'. (Eucl. i. 41.) equal to 4BCD, or
the given area.

. D
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- (48.) Given the base, one qf the angles at the base,
and the difference between the side opposite o it and the
perpendicular ; to construct the triangle.

Take an indefinite line AB; G

and from any point C in it draw %
CD perpendicular to it, and equal b)) Sy
to the given difference. From D Aéo ¥ !

draw DA makmg the angle DAC

equal to the glven angle. Draw DE parallel to AB and
equal to the given base. Join AE; to which from D
draw DF=DC. Draw EG parallel to F' D, and meeting
AD produced; EDG will be the triangle required.

From G draw G B perpendicular to 4B. Since DF
is parallel to GE, and DC to GB,

DC : GB :: AD : AG : DF : GE.

But DC being equal to DF, GB is equal to GE;
whence the difference between GE and GH is equal to
HB, or DC, 1. e. to the given difference. And the angle
GDE is equal to DAC, 1. e. to the given angle; and

DE is equal to the given base.

D R e i e el R

(44.) Given the vertical angle, the difference of the
base and one side, and the sum of the perpendicular drawn
Jrom the angle at the base contiguous to that side upon the

opposite side and the segment cut off by it from that
opposite side contiguous to the other angle at the base;

to construct the triangle.

Let 4B be equal to the given sum, and BC to the
given difference ; and let them be placed so as to contain
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an angle ABC, which with the
given vertieal angle will be equal to
two right angles. Through C draw
DCE perallel to 4B, and through
B draw DBF making half a right .
angle with it. Join 4D; and to .
it from B draw BG equal to BC;
and parallel to these respectively draw AF, FH; AFH
will be the triangle required. -

- Prodace FH to I; and let fall the perpendicular FK.
Since BC is parallel to FI, and BG to AF,

: BC:FI::BD:FD::BG:AF,

bat BC=B@, .. FI = AF; and HI = BC will be the
difference between the base AF and the side FH. Also
since the angle BFK is half a right angle, FK=KB;
and 4B is the sum of the perpendicular FK and the
segment K4. Also BCIH being a parallelogram, the
angle AHF, or its vertically opposite FHB, together with
ABC will be equal to two right angles; and .4HF is
equal to the given vertical angle.

ooy

(45.) Given the base, the difference of the sides, and
the segment intercepted between the vertex and a per-
pendicular from one of the angles at the base upon the
opposite side ; to construct the triangle.

Let AB be eqtal to the given seg-
ment intercepted between the perpen-
dicular and the vertical angle; BC
equal to the given difference of the
sides; draw BD perpendicular to AB,
and make BE=BA; join AE, and

Ss
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produce it; and from C to 4E draw CF such that its
square may be equal to the given squares of the base-and
segment 4B ; draw FG perpendicular to 4B ; and make
GH=BC. From H to BD, draw HD equal to the
given base ; join 4D ; AHD is the triangle required.

For 4B is made equal to the given segment, and' HD
to the given base. Alsosince 4B="BE, 4G = GF;and
HB=GC; whence the squares of G4 and HB are
equal to the squares of G4 and GC, i.e. to the square of
CF, or. the squares of HD and 4B, by construction.
But (iv. 29.) the squares of 4D and HB are equal to
the squares of HD and 4B ; .. the squares of GA4 and
HRB are equal to the squares of 4D and HB; whence
GA=A4D; and .-. the difference between AH and 4D
is equal to HG, i.e. to BC, or the given difference.

(46.) Guven the vertical angle, the side of the in-
scribed square, and the rectangle contained by one side
and its segment adjacent to the base made by the angular
point of theinscribed square. To construct the triangle.

Let AB be equal to a side
of the inscribed square; and
upon it describe a segment of
a circle containing an angle
equal to the given angle, *From
A draw AC perpendicular and
equal to 4B; and through C
drawn DCE parallel to 4B.
Find O the centre of the circle; and from- it to. DE,
draw OD such that the difference of the squares of 0D
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and the radius of the circle may be equal to the given
rectangle. Join DA, and produce it to F.  Join FB,
and produce it to E ; DFE is the triangle required.

From D draw the tangent DG. Join GO. Then
the squares of DG, GO are together equal to the square
of DO, 1.e. to the square of GO and the given rectangle ;
and ... the square of DG, i. e. the rectangle 4D, DF is
equal to the given rectangle ; .. DF is a side of the tri-
angle, in which 4B is the side of an inscribed square.
And DFE is equal to the given vertical angle.






APPENDIX.

PLANE TRIGONOMETRY.

(1) Der 1. Prane Trigonometry is that branch
of Mathematical science which treats of the measures
of angles and the relation between the respective sides’
and angles of plane triangles.

Lmu'm 1.

(2.) If from the centre of a circle two straight lines
be drawn to its circumference, the included angle will be

to four right angles, as the intercepted arc is to the
whole circumference.

Let BA, BC be two straight lines.  J
drawn from the centre B of the circle ADE, A"‘
meeting the circumference in 4 and C; the ‘v
angle 4ABC will be to four right anglesas - ™~
the arc 4C is to the whole circumference.

Produce 4B till it meets the circumference again in
F; and through B draw DE perpendicular to 4B,
meeting the circle in D and E. Then (Eucl. vi. 33.)
the angle ABC : the right angle 4BD :: the arc 4AC :

. AD ; and quadrupling the consequents, the angle 4BC :

" four right angles :: the arc AC : 44D, or the whole
circumference. '
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Lemma 1I.

(8.) If from the common centre of two circles two
straight lines be drawn intersecting the circumferences ;
the intercepted arc of either circle will be to the inter-
cepted arc of the other circle, as the circumference of the
Serst circle to the circumference of the second.

From B the common centre of two
circles are drawn the lines B4, BC, inter- N
secting the circumferences in 4, C, a, c;
the arc 4C : ac :: the whole circumfe-
rence of the first circle : the whole circumference of the
_ second. . ) :
For (2) the arc 4C : the wholé circumference (C)
of which it is an arc :: the angle ABC : four. right
angles ;. which is the same ratio with that of ac : the
whole circumference (C) of which it is an arc,
v+ (Eucl.v.15.) AC : C :: ac: C,
and alt. AC :ac:: C : C.

" (4.) Cor. 1. If the circumferences of any two cir-
cles be severally divided into the same number of equal
parts, whatever number of such parts is contained in any
arc (A4C) of one circle, the same number will be contained
in that arc (ac) of the other circle which subtends the
same angle. ' '

(5.) Cor. 2. Any arc of a circle is the measure of
the angle which it subtends at the centre.

For (see Fig. 1.) draw any straight line B to the cir-
cumference ; then (Eucl. vi. 33.) the arc 4C : the arc
Az :: the angle ABC : the angle ABux, i. e. in whatever
proportion the angle at the centre is increased, the sub-
tending arc js increased in the same proportion *.

* If the angle be not at the centre, but between it and the circum-
ference;
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- (6.) *Angles at the centres of different circles vary as
the arcs which subtend them, directly, and the radii of
the circles inversely. :

. For (2) the arc 4C.: the. circumference 4DEA ::
the angle 4BC : four right.angles. Hence the angle
ABC= —h—thjlggjc x four right angles; and since- tllre
circumference ADE o< AB, and four right angles is an
invariable quantity, the angle 4BC oc% .

(7.) Till lately, Geometers almost unanimously
agreed to divide the circumference of the circle into 360
equal parts called Degrees ; each degree into 60. equal
parts called Minutes; and each minute into 60 equal
parts called Seconds, &c. This method appeared to the
Greek Geometers to afford some facilities for calculations,
in consequence of the great number of divisors of 360
and 60; but it is in reality subject to inconvenience from
complicated numbers, and tediousness in operations.
Upon the introduction therefore of a new system of
weights and measures into France, in which they were
decimally divided and subdivided, it was thought proper
to make a similar division of the quadrant. The quad-
rant isaccordingly divided into 100 minutes, each minute
.inte 100 seconds, &c. One great advantage of which
method is its identity with the common decimal scale of

ference ; it will be measured by half the sum of the arcs intercepted
between the sides, and the sides produced. If it be without the circle,
it will be measured by half. their difference (ii. 24.).

If the angle be formed by a tangent and chord, it will be measured
by half the arc subtended by the chord. If by a line cutting the circle
and a tangent, or by two tangents, it will be measured by half the differ~
ence between the convex and concave arcs intercepted between the
lines. : '
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notation; thus 6 deg. 15 min. 53 sec. would be repre-
sented by 6.1553 deg. and 34 deg. 5 mim. 9 sec. by
34.0509.

The length of a degree then on that scale will be less
than one on the common scale in the proportion of 90 :
100, or 9 : 10; a minute in the proportion of 90 x 60 :
100 x 100, or 27 : 50, and a second in the proportion of
90 x 60 x 60 : 100 x 100 x 100, or 81 : 250.

- If then n=the number of degrees on the new scale,
the corresponding number on the former scale will be=
nx9 n. (10— 1) _

10 10
rule, for reducing the new to the old graduation.

Express the measure in decimals, and from it sub-
tract !5th of this number; mark off the decimals in the
remainder, which multiply by 60, and mark off the
decimals again ; these again multiply by 60, and mark off
as before, and so on ; the whole numbers so obtained will
be the degrees, mmutes, seconds, &c. on the common
scale.

Thus to determine how many degrees, minutes, &c.
in the old graduation, correspond te 46 deg. 43. min.
15 sec. in the new.

From 46.4315
Subtract 4.64315

41.78835
60

47.30100
6o

18.06000
or 41 deg. 47 min. 18.06 sec.

n— . Hence .. the following
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(8.) Degrees, Minutes, Seconds &c. are expressed
by % /, “; thus 10° 15°. 45” represent an arc of ten
degrees, fifteen minutes and forty five seconds. -

(9.) Arcs and angles are expressed without distinction
in trigonometrical calculations by degrees, minutes, and
seconds.

(10.) A rightangle is measured by an arc of 90°; two
right angles by 180°; half a right angle by 45°; and
each angle of an equilateral triangle by 60°.

(11.) Der. 2. With the centre O and y 2 »
radius OA describe a circle, and draw the C@A
diameters AOC, BOD at right angles to

each other. These will divide the circum- - )

ference into four equal parts called Quadrants.

-~ (12.) Dkr. 3. The Complement of any arc or angle
is the difference between that arc or angle and a quadrant
or 90°. Thus taking any point P in the quadrant 4B;
the complement of the arc AP is the arc BP; and the
complement of the angle 4OP is the angle BOP. If
AP =62°. 16', BP its complement=27°. 44’. Also the
complement of 35° 15'. 45” is an arc of 54° 44'. 15"
And in general 4 being any arc whatever, its comple-
ment is 90°— A4; or 4—90°, if 4 be greater than 90°.

The two acute angles of a right-angled triangle, being
together equal to aright angle, are complements to each
other.

(13.) DEF. 4. The Supplement of any arc or angle
is its defect from a semicircle or 180°. Thus, taking any
point P, the supplement of the arc 4P is PBC, and of
the angle AOP is the angle POC; the supplement of
ABP' is CP, and of the angle AOP is the angle COP.
" The supplement of 32°. 42°. 18" is an arc of 147°. 17". 42%,
Tr
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if A be any arc, its supplement is (180—A). Also
the supplement of (90 - 4) is (90 + 4).

In every triangle, the sum of the three angles being
equal to two right angles, each angle is the supplement
to the sum of the other twao.

(14.) DEr. 5. The Chord of an arc isa stralght lme
Jjoining the extremities of the arc. Thus AP is the
thord of the atc 4P. AB is the chord of the quadrant
AB. The diameter is the chord of a semicircle ; and
the chord of the whole circumference is =0.

(15.) If the chord does not pass through the centre,
as AP, it is the chord of two unequal arcs, 4P and the
remaining part of the circumference ADCBP, Iu speak-
ing however of the chord of an arc of a circle, the lessarc
is generally meant. ,

(16.) Cor. The chord of 60°=radius of the circle.
For the triangle AOP is equiangular and ... equilateral.

The chord of a quadrant = R,/2.

(17.) Der. 6. The Sine or Right Sine of an arc is
a straight line drawn from one end of the arc perpendi-
cular to the diameter passing through the other end of the
arc.

Thus, if from P, PE be drawn per-
pendicular to AC, it will be the sine of the
arc AP less than a quadrant. If PQ be
perpendicular to BO, it will be the sine
of thearc BP. AlsoP' E',P" E',P"E"
are the sines of arcs 4P, AP", AP" measured from 4
and terminating in the second, third and fourth qnadrants
respectively.

If ftom A4, Ax be drawn perpendicular to OP, it
will be the sine of 4P, and be equal to PE.

4
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(18.) To trace the changes in magnitude of the
Right Sine.

The sine begins with the arc; when the arc is
nothing, P coinciding with 4, E also coincides with it.
But as P moves from A4 towards B, PE continually in-
creases, % e. as the arc increases, the sine increases; and
when P coincides with B, E coincides with O, and the
sine of 90° becomes radius. When the arc is greater
than 90°, and terminates in the second quadrant, as the
arc increases, the sine decreases, till it becomes =0, at the
end of the second quadrant, P and E’ both coinciding
with C. If the arc terminates in the third quadrant, the
sine contmually increases, till at the end of it, it becomes
radius ; and if in the fourth quadrant, it continually de-
creases again till-it becomes=o0.

Hence it appears that the sine never exceeds radius.

(19.) To trace the changes in the Algebraic Sign of
the right sine.

If the right sines of arcs in the first quadrant be
reckoned positive, they will be positive or negative for
arcs which terminate in the other quadrants, according as
they aredrawn in the same or contrary directions with the
former, ?. e. according as they fall on the same or con-
trary sides of the diameter 4C. Hence during the two
first quadrants the algebraic sign is positive, and for arcs
which terminate in the two next it is negative.

. (20.) Cor. The sine of an arc is equel to the sine of
its supplement.

For PE is equal to the sine of CBP which is the
supplement of AP. Thus 48°. 15’ being the supplement
of 131°. 45/, the sine of 131° 45'=the sine of 41°. 15.
Also sin. (180 - 4) = sin. 4, and sin. (90 4+ A) = sin,

(90— 4).
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The exterior angle of a triangle being the supplement
of its interior adjacent angle, their sines are equal.

(21.) DEer. 7. The Versed Sine is that part of the
diameter passing through the beginning of the arc, which
is intercepted between the beginning of the arc and the
right sine.

Thus AE is the versed sine of the arc AP. AF,
-AE’", AE" are the versed sines of the arcs AP’, AP",
AP" respectively.

(22.) To trace the changes in magnitude of the
versed sine.

The versed sine begins with the arc, and when the
arc is nothing, the versed sine =0, E coinciding with 4.
It increases with the arc, till the arc becoming a semi-
circle, the versed sine becomes the diameter ; after which
it again decreases, whilst the arcs terminate in the third
and fourth quadrants, till at the end of the fourth
quadrant it becomes=0. But as it is always measured
in the same direction from 4, it is positive through all
the four quadrants.

(23.) Cor. Hence (Eucl. vi. 8.) the chord of an arc
is a mean proportional between the diameter and the
versed sine of that arc.

(24.) Der. 8. The Tangent of an arc is a straight
line which touches the circle at one end of the arc, and
is terminated by the radius produced through the other
end of the arc.

Thus, if the line TAT" touch the
circle in 4, and 4P be an arc less than
a quadrant, and OP joined ; since T 40,
AORP are less than two right angles, OP
and AT will meet above AO; and AT
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will be the tangent of AP. But if 4P’ be taken an arc
greater than a quadrant,and less than a semicircle, T'40,
AOP’ are greater than two right angles, and .-. T'4 and
PO will meet on the contrary side of 40, or AT” will
be the tangent of ABP. In the same manner it may
be shewn that AT is the tangent of an arc ABCP” ter-
minating in the third quadrant; and 47" of one termi-
nating in the fourth. :

(25.) To trace the changes in magnitude of the tan-
gent. o ’

The tangent begins with the arc; when the are is
nothing, P coinciding with 4, T coincides with it also.
Whilst the arc is less than a quadrant, as AP increases,
the angle 4OT, and .-. AT increases, or the tangent in-
creases; and as the arc approximates to a quadrant, OP
approximates to the direction OB which is parallel to
AT, and .-. the tangent approximates to a line greater
than any that can be assigned. But if the arc be greater
than a quadrant, and less than a semicircle, as the arc in-
creases, BP' increases, .". the angle BOP’ or DOT" in-
creases, and 4OT" decreases, .. PT" intersects AT in
points continually nearer and nearer to 4, or the tangent
decreases, and at the end of the second quadrant; the
tangent=0. In the same manner it may be shewn that
the tangent of an arc terminating in the third quadrant
continually increases till it approximates toa line greater
than any that can be assigned ; and for arcs terminating
in the fourth quadrant, it decreases till it becomes =o0.

(26.) To trace the changes in the algebraic sign of
the tangent.

If the tangent of an arc in the first quadrant be
reckoned positive, it will be positive or negative for arcs
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terminating in the other quadrants, according as it is
drawn in the same or contrary directions with the tan-
gents of arcs ending in the first quadrant, <. e. according
as it falls on the same or opposite sides of the diameter
AC. Hence the tangents of arcs ending in the first and
third quadrants have a positive sign, and those of arcs
ending in the second and fourth, a negative one.

(27.) Cor. 1. The tangent of an arc is equal to the
tangent of its supplement ;

For the angle POC is equal to the vertically oppo-
site angle AOP" ; and (24) 4T is the tangent of ADP”
which measures 4OP”. As one of the arcs is less, and
the other greater than a quadrant, they will be affected
with contrary signs.

Hence if 4 be any angle, tang. (180 — 4)=—tang. 4
and tang. (90 + 4) = —tang. (90— A4).

(28.) Cor. 2. .- Tang. 45° =radius. For in the tri-
angle OAT, theangle OAT is a rightangle, and 40T'=
45°% . ATO=45°=A0T and AT = AO0.

(29.) DEr. 9. The Secant of an arc is the line drawn
from the centre through the end of the arc, and produced
till it meets the tangent ;

Thus, the constraction remaining as
in Art. 24. OT is the secant of the arc
AP; and the secant of the arc AP
terminating in the second quadrant is
-OT". The secants also of arcs AP”, AP"
terminating in the third and fourth quad-
rants will be OT, OT" respectively.

(30.) To trace the changes in magnitude of the
secant. : _ ‘
When P coincides with 4, the secant coincides with
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the radius O4, i. e. in the beginning of the circle the
secant=radius. In the first quadrant as 4P increases,
AT increases (25.) .. OT increases (Eucl.i.47.) i. e. as
the arc increases, the secant increases ; and when the arc
approximates to a quadrant, the secant approximates to
a line greater than any that can be assigned. . But if the
arc be greater than a quadrant and less than a semicircle,
as the arc increases, T" approaches nearer to 4, and the
secant decreases, till at the end of the second quadrant, it
becomes equal to radius. In the same manner, the se-
cant of an arc ending in the third quadrant increases
from radius till it approximates to a line greater than any
that can be assigned; and for arcs terminating in the
fourth quadrant, decreases again till it becomes = radius.

Hence the secant is never less than the radius.

(81.) To trace the changes in the a]gebralc sign of
the secant.
~ Ifthe secants of arcsin the first quadrant are reckoned
positive, those of arcs ending in the other quadrants will
be positive or negative according as they are drawn from
the centre through the end of the arc, or from the end of
the arc through the centre. Hence the secants of arcs
ending in the first and fourth quadrants have a positive
sign; and of those ending in the second and third, a
negative sign.

(32.) Cor.1. The secant of an arc is equal to the
secant of its supplement

For OT is the secant of ADP” which is the supple-
ment of AP. As one of the arcs is greater and the other
less than a quadrant, the secants will have contrary signs.
If 4 be any angle, sec. (180 — 4) = — sec. 4, and
sec. (90+4)= —sec. (90— A).

(83.) Cor. 2. Sec. 45°=R\/2.
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(84.) DEer. 10. The Cosine of an arc is that part of
the diameter passing through the beginning of the arc;
which is intercepted between the centre and the rlght
sine, : : ;

Thus OE is the cosine of the arc
AP in the first quadrant; OQ the co-
sine of the arc BP. Also OF’, OF’,
OE" are the cosines of arcs AP, AP,
AP respectively terminating in the
second, third and fourth quadrants.
(35.) To trace the changes in magnitude of the
cosine.

- When P coincides with 4, E also coincides with it,
and in the beginning of the arc, cosine=radius. In the
first quadrant, as AP increases, EO decreases, i. €. as the
arc increases, the cosine decreases ; till at the end of the
first quadrant, the cosine=0. But if the arc be greater
than a quadrant, and less than a semicircle, as AP’ in-
creases, QE' increases, and .. as the arc increases the
cosine increases, till at the end of the second quadrant it
=radius. In the same manner the cosines of arcs ter-
minating in the third quadrant decrease from radius, till
at the end of the third quadrant the cosine=0, and in
the fourth quadrant increase till at the end of it, cosine
=radius. :

Hence the cosine is never greater than radius.

(36 ) To trace the changes in the algebraic sngn of
the cosine.

If the cosines of arcs ending in the first quadrant be
reckoned positive, those of arcs terminating in the other
quadrants will be positive or negative according as they
are drawn in the same or opposite directions with those
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of arcs ending in the first quadrant, +.e. according as
they are measured on the same or opposite sides of the
centre with the cosines of arcs in the first quadrant.
Hence the cosine has a positive sign in the first and
fourth quadrants, and a negatlve one in the second and
third.

(37.) Cor. 1. The cosine of an arc is equal to the
cosine of its supplement.

For OE is the cosine of the arc CBP which is the

. supplement of 4P. But as one of the arcs is less and
the other greater than a quadrant, they will be affected
with contrary signs. Henceif 4 beanyarec, cos. (180 ~ 4) °
= —cos. 4; and cos. (90 + 4) = —cos. (90— A).

< {(38.) Cor. 2. The cosine of an arc is equal to the
sine of its complement.

- For OE the cosine of AP is- equal to PQ the sine _
of BP. Hence cos. A=sin. (90— A) and cos. (90— A)
=sin 4. If A = 30" cos. 30° = sin. 60°, and cos. 60°=
sin. 30"

(39) Cor. 3. Cos. 45°—sm 45° —:/-— (Eucl.i. 47)

(40.) Cog. 4. The versed sine of an arc less than a
quadmnt is equal to the difference of the radius and
cosine; and of an arc greater than a quadrant is equal to .
their sum.

(41.) DEr. 11. The Cotangent of an arc is. a lme
touching the circle at the end of the first quadrant and
meeting the radius produced through the end of the are,

Thus, if IBI’ be drawn touching the circle in B the
end of the guadrant 4B, BI will be the cotangent of the
arc AP which is less than a quadrant. But if the arc

' Uv
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arc ABP’ be greater than a quadrant and
less than a semicircle, BI' is its cotan-
gent. Also the cotangents of the arcs
AP’, AP"” ending in the third and
fourth quadrants are respectively BI and
BI.

(42.) To trace the changes in magnitude of the co-
tangent.

When P coincides with 4, OPI falls in the dlrectlon
04, and being parallel to BI, the cotangent is greater
than any assignable line. In the first quadrant, as the
arc AP increases, OI intersects the line BIin points con-
tinually nearer to B. Hence in arcsless than a quadrant,
as the arc increases, the cotangent decreases, till at the
- end of the first quadrant it=0. In arcs greater thana
quadrant and less than a semicircle, as the arc 4 BP in-
creases, BI' the cotangent increases; till as the arc ap-
proximates to a semicircle, the cotangent approximates
to a line greater than any that can be assigned. In the
same manner the cotangents of arcs ending in the third
quadrant continually decrease, till at the end of it, the
cotangent = 0; and if the arcs terminate in the fourth
quadrant, the cotangent increases again, till it approx-
imates to a line greater than any that can be assigned.

(43.) To trace the changes of the cotangent in
the Algebraic Sign.

If the cotangents of arcs ending in the first quadrant
be reckoned positive, those of arcs ending in the other
quadrants will be positive or negative according’ as they
are drawn in the same or contrary directions with those
of arcs ending in the first quadrant, <. e. according as they
fall on the same side of the diameter BD with the cotan:
gents of arcs ending in the first quadrant or the contrary.
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Hence'the cotangents of arcs ending in the first and third
quadrants have a positive, those of arcs ending in the\
second and fourth, a negative sign,

(44.) Cor. 1. The cotangent of an arc is equal to
the cotangent of its supplement. o

For BI is the cotangent of CBP whlch is the supple-.
ment of 4P. But these cotangents have contrary signs..
If .-, 4 be any arc, cot. (180 — 4) = ~cot. 4, and cot,

(90 + A)= —cot. (90~ A). ,
(45.) Cor. 2. The cotangent of an arc is equal to
the tangent of its complement.

For BI the cotangent of AP is the tangent of BP
which is the complement of AP. If... 4 be any are,
cot. A=tang. (90 — A) and cot. (90—A)—tang A
‘ (46.) Comr. 3. Cot 45 =radius.

(47.) Der. 12, The Cosecant of an arc is a straight
line drawn from the centre through the end of the arc
and produced till it meets the cotangent.

Thus the arc AP being less than a quadrant, OI i ia
its cosecant. Also -OI' is the cosecant of the arc ABP’
greater than a quadrant and less than a semicircle. And
- OI, OF are the cosecants respectively of the arcs 4P’
AP terniinating in the third and fourth quadrants

(48.) To trace the changes in magmtude of the
cosecant. :

When P coincides with 4, OPI falls in the direction
of OA which is parallel to BI, and therefore at the
beginning of the arc the cosecant is greater than any
assignable line. In the first quadrant, as the arc AP in-
creases, the line Ol cuts Bl in points continually nearer
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to B, i. e. as the arc increases, the cosecant decreases, till
at the end of the first quadrant it becomes equal to radius.
As the arc increases from a quadrant to a semicircle, I'B
increases (42) and the cosecant increases, till as the arc
" approximates to a semicircle, the cosecant approximates
to a line greater than any that can be assigned. If the
arc terminates in the third quadrant, as the arc increases,
the cosecant decreases, till it becomes equal to radias;
and during the fourth quadrant it increases again, till it
approximates to a line greater than any that can be
assigned.

Hence the cosecant is never less than radius.

(49.). To trace the changes in the algebraic sign of
the cosecant.

The cosecants of arcs terminating in the first quadrant
being reckoned positive, and drawn from the centre
through the ends of the arcs; the cosecants of arcs end-
ing in the other ‘quadrants will be positive or negative
according as they are drawn from the centre through the
ends of the arcs, or from the ends of the arcs through
the centre. And hence the cosecants of arcs ending in
the two first quadrants have a positive slgn and those of
arcs ending in the two last a negative sign.

{60.) Cor. 1. The cosecant of an arc is equal to the
cosecant of its supplement, and they have the same sign.
If .. 4 be any arc, cosec. (180 — A) = cosec. 4, and
cosec. (90 + A4) = cosec. (90 — A).

(51.) Cor. 2. The cosecant of an arc is equal to the
secant of its complement ; for OI the cosecant of the arc
AP is the secant of BP the complement of AP. Hence
cosec. A=sec. (90— A) and cosec. (90 — 4) =sec. A.

(62.) Cosec. 45°= R, /2. (33.) -
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(53.) Intrigonometrical calculations, when the quan-
tity required is deduced in terms of the sine, the case ia
ambiguous, since the sine of any arc and its supplement
{19) have the same algebraic sign. The ambiguity may
however be removed by some other consideration, Butif
an expression be deduced in terms of a cosine or a tan-
gent, there will be no ambiguity, since a positive cosine
(36) or tangent (26) denotes an arc less than 90°, and
a negative cosing or tangent indicates an arc greater than
" 90° and less than 180°. In calculations arcs and angles
are generally less than 180°. :

‘Prop. 1.

{64.) The sines, cosines, tangents, &c. of the same
angles at the centres of different circles are proportional
to the radii of those circles.

Let AB, ab be two arcs described with BT
the centre C and radii C4, Ca, subtendmg Afﬂ"fﬂ
the same angle at C. Draw BS the sine ¢

and AT the tangent of 4B; bs the sine

and a¢ the tangent of ab. Then the triangles CBS
Cbs being similar,

BS : bs :: CB : Cb,
z e. the sines are proportional to the radii.
Also CS : Cs :: CB : Cb,
or the cosines are proportional to the radii.
Andsince CS : Cs :: CB : Cb :: C4 : Ca;
. (Bucl. v.19.) 4S8 : as :: CA : Ca,
or the versed sines are proportional to the radii.
“Again from the similar triangles 4T'C, atC,
AT : at :: AC : aC. -
or the tangents.are proportional to the radii.

sS4 BA
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: and CT : Ct :: AC : aC, . - :
or the secants are proportional to the radii.

(95) Cor. 1. Hence gg :s nd .. if Sands
represent the sines of the same angle to radii R and r,
%-—:,and8= 1,-3 xs Ifr= l,:SaRé, and%:sf
And the same is true of any other corresponding lines.
Hence if any expresslons be calculated for rad. =1;
the corresponding expressions in a circle whose radius is
R will be determined by taking each line an R* part of
the former. '

(56.) Comr. 2. If a given radius be divided into any
number of equal parts, and the sines &c. of every. angle
. be given in such parts, the sines &c. of any given angle

may be found, corresponding.to another given radius.

Pnop II. -

(57. ) To ﬁnd the relation between the sines, cosmes,
tangents &c. of the same angle.

Let AP be any arc, PE and OE its
sine and cosine, draw the tangent 4T,
secant OT and cotangent BI.. Then
PE being parallel to AT, the triangles -
OPE, OAT are equiangular;

*.OFE : EP :: 04 : AT,
or cos. : sine :: rad. tang. .
sine . sine* if R=1.

n .-rad X —— =
- tang CO8. COS.

# In the second quadrant the sine is positive and the cosine negative.
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Also from. the same trlangles, OE : OP ;: 04 ; OT,
2 .
or cos :R: R: ._sec.=£— =‘£ifR=
Also from the similar triangles OPE BOI o
PE : PO :; OB : Ol orsin. : R R cosec. ; .

2

..cosec.=-—R—-—- 1 (lfR 1). .

sine  sine
And from the same triangles, PE : EO :: BO: BI,
orsin. : cos. z R : cotang HE
' cos. _ cos.}
..cotang Rxm— sme ,if R=1,
Also from the similar triangles 04T, OBI,
TA-: AO :0B : Blor tang. : R :: R : cotang.,
1
tang. ~ tang.’ fR 1

(58.) Cor. 1. If either the sine or cosine of an arc
A be known, all the rest may be found.

. cotang. =

o g (130~ = S, =S4

confirms what was shewn in Art. 26.

When the sinie and cosine have the same algebraic sign, the tangent
will have a positive sign, and when different, a negative one. Alsp

= — tang. 4, which

smce cos 90°=0 and sin. 90°=R, tang. 90°= -= @, which con-

A ﬁrms what was shewn in Art. 25.

. '* Hence the secant will have the same algebré.ic sign as the cosine.
+ Hence the cosecant will have the same algebrmc sign as t.he

‘ right sine.

1 Hence the cotangent will bave a positive sign, when the cosine
and sine have the same algebraic signs, and a negative one, when
different ; or as also appears from the next equation, X W have W=
saime sign as the tangent. .
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For (Eucl. i. 47.) PO* = PE* + EQ?, i.e. R° =
sin®. A+cos’. 4, .. sin. A=,/(R*—cos’. A), and cos. 4
=,/ (R*~sin®. ), which values may be subtituted in
the preceding expressions. .

(59.) Cor. 2. Since OT* = OA* + AT", sec’. 4 =
R*4tang®. 4, and .".sec. 4 =,/ (R’ +tang®. 4), whence
cos. A= R andsin. 4= R x tang. 4

A= TR Tang )y "o 4= 7 rang. 4y

(60.) Cor. 3. Also tang. 4=,/ (sec'. 4- R’), and
cosec’. 4=R"+cotang®. A.

(61.) Cor. 4. If the radius be represented by unity,
the expressions become, sin. 4 = ./ (1 — cos’. A),
cos. 4 =,/ (1 - sin’. 4), sec. 4=,/ (1 + tang". A),

1

tang. A — ./ (sec’. 4 — 1), cos. 4 = T Fung 4
tang. 4
and sin. A= Ja +tgan 71k , tang. A x cotang. A=1.
Pror. II1.

(62.) Thesmeq'anyawuequaltokay‘thcchord
qf double the arc.

Let the arc PB be double of PA. »

Join 04, PB intersecting each other in

E. Since PB is double of P4, PA=.

AB, and .. the angles POE, BOE are

equal, but OPE is equal to OBE, and .
OZE is common to the tnangles OPE, OBE " (Eudl. i.
. 26.) PE is equal to EB, and .. is half of PB; and the
oles OEP, OE B are equa), i.e, @ch» mf\g\\\\%\%;
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hence P£ is the sine of the arc AP, and is half the chord
of double the arc. ’

(63.) Cor. 1. Hence the sin. 30° = ;radius. For
(16) the chord of 60°=radius.

~ Alsocos.30°= ,J (R*—sin®. 30) = \/(-R2 - E) =1£2@;

R 2R
0 — = .
tang. 30 /3 and sec. 30° 73

Hence sec. 30° is double the tang. 30°.
(64.) Cor. 2. Sin.60°=-—\2—/—_(38), and cos. 60° = g .

Versed sine. 60° = %, tang. 60° = R./3, and
sect. 60°= 2R.

Pror. 1V,

(65.) The diameter is to the versed sine of any arc
as the square of radius is to the square of the sine of
- half that arc.

Let ABD be a semicircle, 4D its dia-
meter,ACBany arc, whose chord is4Band '
versed sine AE. Join DB, and from the ® o0 ¥ 4
centre O draw OFC perpendicular to the chord 4B, and
meeting the circumference in C; then AB is bisected
in F, and the arc 4B in C; and AF is the sine of {+ 4B.
Also the triangles DAB, OAF are similar,
whence DA : AB :: 04 : AF. -
But (Eucl: vi. 8. and v. Def. 10.)
. D4 : AE :: D& : 4B,
coD4: AE :» 04 -« AF. .
: X x
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(66.) Cor. 1. Hence the rectangle contained by the
radius and the versed sine of any arc is equal to twice
. the square of the sine of half that arc.

(67.) Cor. 2. And the square of the sine of any
arc varies as the versed sine of double that arc.

Proe. V.

(68.) Radius is to_the cosine of any arc as twice |
the sine of that arc is to-the sine of double that arc.

The same construction remaining, OF o

is the-cosine of AC; and the triangles 5 v

K
OAF, BAE, hayjng the angle at 4 com- B o E a
mon, and right angles at F and E, are equiangular;
whence O4 : OF :: (BA=) 24F : BE.

(69.) Cor. 1. Hence the rectangle contained by the
sine and cosine of any aic o< the sine of double that arc ;
. for BEc< 2A4F x OF < AF x OF, t. e. sin. 24 o<
sin. 4 x cos. A.

Adso R x sin. 4=2sin. £ 4 x cos. £ A.
. (70.) Cor. 2. If from O, OG be drawn perpendi-
cular to DB, it bisects it, .. DB=2 BG=2 OF = 2 cos.
L 4B; or the chord of an arc is equal to twice the co-
sine of . half the supplemental arc.

Prop. VI.
(71.) In any right-angled triangle, radius is to the
sine of either of the acute angles, as the hypothenuse i
to the side opposite to that angle.

Let ABC be aright-ang\ed triangle,hexing theangleat
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A arightangle.” With the centre C, and
radius CD = the tabular radius, describe - Zﬂi
an arc DE, meeting CB produced in E ; I
it will be a measure of the angle C.
Let fall the perpen'dlcular EF, which will be equal to
the tabular sine of the angle C The trlangles CEF,
CBA being similar,” -
: CE : EF : CB: B4,
orrad. : sin. C :: CB : BA.
In the same manner, if BA be produced till it be equal to
the tabular radius, and a circular arc be described 'Wlth
B as a centre, it may be shewn that rad. : sin. B :: . BC :
CA. . : .
(712.) Cor. 1. Rad. : cos. C :: CB : CA;
and rad. : cos. B :: CB : BA.
(13.) Cor. 2. If rad =1, BA :'CB x sin. C, or
CB x cos. B, .
" and C4 = BC x sin. B orBCx cos. C.

Proe. VII.

(74.) In any right-angled triangle, radius is to the
tangent of either of the acute angles as the side aa{]acent
to that angle is to the opposite side.

Let CAB be a right-angled trlangle, ) B
having the angleat 4 a rightangle. With ‘.j
the centre C, and radius CD = the ¢ A D
tabular radius, describe a circulararc DE i
meeting CB produced in E; then DE is the measure
of the angle C; and drawing DG perpendicular to DC
meeting CE in G, DG will be the tingent of DE or
of the angle ACB. Now the tnano']es DGC, ABC
being slmxlar,

-

G *
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In the same manner the trlangle mlght be solved, if
AB and the angle B were given.

If AC and the angle B were given ; since the angle
C=90°- B, C is also known, and . this is reducible to
the second case.. ‘

3. Having given the hypothenuse BC and one side
AC; to find the rest. '

Here (72) BC : CA :: rad. : cos. C, in which pro-
portion the three first terms being known, cos. C=
Rx CA

BC
from the tables.

Also the angle B=90° — C and is .. known. .
And 4B=,/(BC*-CA*)=,/{(BC+C4).(BC-CA)}
which may be found ;

Or since rad. : sin. C :: BC : B4, ... BA =
BCxsin. C

R .
. In the same manner the triangle may be solved, if
BC and 4B be given.

4. Having given the two sides B4 and AC containing
the right angle ; to find the rest. '

Here (74) AC : AB :: rad. : tang. C, in which
proportion the three first terms being known, the tang. C=
ABx R

dc
from the tables.

Also the angle B=90° — ~-c

And tabular radius : sec. C.:: 4C : CB whence

ACx sec. C.

CB = —R— may be det.ermmed

may be computed, and .". the angle C'determined

may be computed.

may be computed, and the angle C determined
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or CB = ‘%g may be computed.

(77.) By Case 2. the height of any object may be
determined, the base of which is accessible. From: the
base A, measure along the horizontal plane any length
AC. At C let the angle be observed which the object

subtends. Then its height B4 = 21208 C.

Prop. IX. -

(18.) The sides of any triangle are to one another as
the sines of the angles opposite to them.

Let ABC be any triangle, BD a perpendicular let
fall on 4C, and ' ~

- 1. Let it fall within the triangle, then

(71) AB : BD :: rad. : sin. 4, B
- and BD : BC :: sin. C : rad.
.. ex equo per. AB : BC:: sin. C :sin. 4
: A c
2. But if BD falls without the triangle, B

"AB : BD :: rad. : sin. 4
and BD : BC :: sin. BCD : rad.
. AB : BC : sin. BCD : sin. 4

A—¢
:: sin. BCA : sin. A, since the
angle BCA is the supplement of BCD (20).

R

Pror. X.

(19.) Having given, in any triangle, a side and an
angle opposite to it, and also one other angle or one
- other side, the remaining sides and, ongles moy be Jownd..
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1. Having given the angles at 4 :
and C, and the side BC; to find the
rest.

Since the angles at 4 and C are

given, their sines may be found from the tables, and (78)
sin, 4 : sin. C :: BC : BA, in which proportion the

three first terms being known, B4 = W

be determined.

Also the angle B = 180° — (4 + C) and may .. be
found.

Whence also sin: 4 : sin. B :: BC : CA,

and .. C4 = ————————BC x sin. B may be computed

sin. 4 )

In the same manner, if the angles 4 and B and the
side BC; or the angles B and C and the side AC; or
the angles 4 and C and the side 4C were given ; the
other sides and angles might be found.

Ex. 1. Hence may be determined the height of an

object, the base of which is ipaccessible.

Let AB be the height; along the B
“horizontal base measure any distance CD, |
and at C let the angle BCD be observed, ¢
and at D the angles BDC, BDA; then - '\
D A

- in the triangle BDC, the angle CBD=
180°— (BCD+BDC) and .. is known;
and sin. CBD : sin. BCD : CD DB

<. DB=CD x sm ggg , which may ... be computed.
Hence in the rlght-angled triangle BAD, rad. : sin.
BDA : BD : BA, and .. B4 = B2 x #in. BD4

. rad.
which may .. be determined.
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Ex. 2. To determine the heiglit of & CoA
+ cloud 4 or any object in the air; let two :
- observers C and D in the same’ vertical
plane take the angles of elevation ACB, X
ADB (=a° and §°) and measure CD (= ¢ D B
c yards) the distance between them ;. the height and the
distances from them may be found ; fer the angle ADB
bemg ¥, ACB = o*, ADC = 180"~ b, and CAD=
V-a"=d. S
' Hence ini- the triangle €AD, sin. CAD : sin. € ::
CD : DA, :

c.sin.a

orsin.d :sin.a ::c: D'A=m , which is ... known.

And sin. CAD : sin. GPA :: CD : c4,

c. smb

t.e.sin. d ; sin. (180-b) :: ¢ : C4 = “d whlch

is also known. Hence'in tire ﬁght-ahgled trlangle ADB,
rad. : sin. ADB :: AD : AB,
AD x sin. ADB _ c.sin. a x sin. b
4B =——p =" TRend
which'may be detérmined. '
Ex. 3. To determine the breadth of A

ariver and the distance of an object Bby /| \
its side frdm another object 4 on the
opposite bank, let a line BC be mea- B

sured (=a yards) along its bank; and: by’means of a
Theodolite let the angles CBA, BCA be‘meadured ( =
and ¢’); then the angle BAC=180°- (B+C) =

And sin. BAC : sin. C :: BC + AB

2 sm dc s wluch may be

orsin.d : sin.c :: @ : AB._

determined. Whence in the ng\\t-a“g\eﬁ wiengle ADB,
Yy
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ra.:slnB : AB : AD, *

AB 'sin. B a.sin. cxsin. b
4D = R =T R.sin.d ’
which may be computed

Ex. 4. From B the top of a tower, the angle of
depression of a vessel at anchor (HBS =a°) was observed,
and at C the bottom of the tower, the angle of depression
(ECS = b°) was again observed. - The height of the
tower (BC = c) being known; to determine the hori-
zontal distance A4S, and the height CA of the bottom of

_the tower above the level of the sea.

The angle BSC = BSA4 — CSA 5=
= HBS — ECS =a — b =d and ‘
SBC = 90 — HBS — 90 — a,

.. in the triangle SBC,
. sin. BSC : sin. SBC :: BC : CS s —a
orsin.d : cos.a :: ¢ : CS,
€.cos. a
§= sin. d . . o
And in the triangle CS4, rad. : sin. CS4 :: CS : C4,
'CS.sin. CSA ¢.cos. axsin, b
'.'C_,A= R =" Rxsin.d °’
and rad. : cos. CSA4 :: CS : S4,
CSx cos. CSA c.cos. ax cos. b

, which may be found.

‘ 84 = R = "Rxsind
. 2. Having given the angle at 4 and B
the sides 4C, CB; to find the rest.
+ The angle at 4 being given, its sine
may be found from' the tables; and (78) 4 c

CB : CA :: sin. A : sin..B;

hence sin. B =%%x sic. 4, and may ... be determined.

-

~
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But as the sine of an angle is ¢qual to the sine of its
supplement, the angle B may be greater or less than
a right angle, unless BC be greater than 4C and conse-
quently the angle A greater than the angle B*.

The angle B being found, the angle C_.lso—(A +B),
and may .". be determmed ’

Also sin. 4 : sin. C’ CB : BA,

whence BA= CB x gmay be computed

In the same manner may be solved any case, wherein
are given two sides and an angle opposite to one of them.
(80.) If all the angles of any triangle be given, the
ratio of the sides to each other may be found. - .
For the angles 4, Band C being given, their sines
may be found from-the tables
“and (78) sin. C : sin. 4 = AB : BC,
sin. B : sin. C: 4C : 4B
‘ sin. 4 : sin. B :: BC : AC,
in which proportions the two first terms being given, the
ratio of the third to the fourth in each is given.
(81.) In any rectilineal triangle, it is sufficient if
three out of the six parts which belong to it are known,
provided that one of these parts be a side; for if only

* This ambiguity occurs irt oblique-angled triangles whenever the
side opposite to the given angle is less than the side adjacent to it.

For if CB be less than AC, from C draw CD B’
perpendicular to 4B, produoed if necessary. : :
Make DB = DB, and join CB'. (Eucl i. 4.)
CB'=CB and the angle CB'D is equal to CBD,
which is the supplement of 4BC. Hence there
are two triangles CB4, CB'A, which have one
angle and the two sides answering the conditions.
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three angles be given, any triangle equiangular to the
given one will satisfy the conditions.

Lemma 111

(82.) If the semi-sum of two quantities be added to
their semi-difference, the aggregate will be the greater
of thetwo ; if the semi-difference be subtracted from the
semi-sum, the remainder will be the less qf the two.

Let AB and BC representmg the T ED B ¢
two quantities be placed in the same
stralght line, which bisect in D, and cut off 4E=BC
"and .. DE = DB. Then A4B — BC = AB — AE=
2 DB, whence'DB = the semi-difference of the lines;
and since 4D = the semi-sum, 4D + DB = AB the
greater, and 4D — DB = DC— DB=BC the less.

(83.) Cor. If the semi-sum, be subtracted from the
greater quantity, the remainder will be the semi-differ-
ence.

For 4B— AD = DB, the semi-difference.

Pror. XI.

(84.) In any triangle, if a perpendicular from the
vertex be drawn upon the base; the base will be to the
sum of the sides as the difference of the sides #o the
difference or sum of the segments of the base made by the
perpendicular, according as the perpendicular falls
within or without the triangle.

Let ABC be the proposed tri\anglé; C the vertex,
and AB the base ; draw the perpendicslar CD cutting

-
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the base or base produced in D.
With the centre C, and radius CB
the less of the two sides, describe a
circle cutting the side 4C in F, and _
the base or base produced inG'; |

produce AC to H, Then AH is
equal to the sum of the sides 4C,
CB; and AF to their difference.
And because BD = DG, (Eucl
iii. 3.) 4G is the difference of the segments 4D, DB
in one case, and their sum in the other. And (Euc].
iii. 36.) the rectangle AB, AG is equal to the rectangle
AH, AF, ‘

~AB : AH 2 AF : 4G. =~

(85.) Cor. Hence if the three sides of any triangle
are given, the three angles may be found. For the
three sides being given, the three first terms in the pre-
ceding proportion are given, and consequently the fourth,
i.e. the difference of the segments of the base made by
the perpendicular when it falls within the triangle, may
be found; and the base or sum of the segments is also
given, .'. the segments themselves 4D, DB may be
found (82). Hence in each of the right-angled triangles
ACD, BCD, the two sides being known, the angles at
A and B may be determined (76), and .. the remaining
angle at C (13). _ )

But if the perpendicular fall without the triangle, the
fourth term in the proportion or sum of the segments,
will be found ; and the base 4B, which is their differ-
ence, is given, .. the segments may be determined, and
the angles as before.
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. Pror. XII.

(86.) In any plane triangle, the cosine of an angle
is to radius as the difference between the sum of the
squares of the sides which contain that angle and the
square of the third side, s to twice the rectangle con-
tained by the two first sides.

Let ABC be any' triangle ; from B B

let fall the perpendlcular BD on AC 4&
then (Eucl ii. 13.) ,
BC'=AB'+AC'=24Cx AD, " ¢

or24AC x AD=AB’+ AC*- BC*. .

Nowcos. 4 :rad.:: DA: AB:: 2 ACxAD : 2ACxAB

' :: 4B+ AC* - BC* : 24C x AB.

Nearly in the same manner it may be shewn, if the

perpendicular falls without the triangle.

(87.) Cor. 1. Let a, b, ¢ be the three sides oppo-

. ) e e __ 2.
site to the angles 4, B, C; then cos. 4 =b+2cTa ,
__a’+.c’-b’ , - H_a+b*-c
_ cos B_—Q—a?-—, and cos. C_—2_¢zT— .

Hence the sides of a triangle being glven, the angles may
be found *.

* The preceding expressions not being easy for calculation, values

. . R E—a\?
® A—=1—cost. A=1— .
mybe deduced for the sines, sin®. A=1—cos®. 4=1 ( 25 )

_(a4b+4c).(b+c—a).(a+b—c).(a}c—b)
: : 4532 ?

and .~ sin. 4 = —-x v {(a+b+c).(a+b~c).(64c=b). (b+c-a)}

——x Vv {P.(P-a).(P=b).(P-c)},if2P=a+b+c.
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- Prop. XIIL

(88.) In any triangle, the sum of any two sides is
to their difference as the tangent of the semi-sum of the -
angles at the base s to the tangent of their semi-difference.

Let ABC be any triangle,
whose base is 4C. With the cen-
tre B, and radius BC the less of the
two sides, describe a circle meeting 4
the side 4B in F and 4B produced in E and AC in D.
Join BD, CE, CF; and draw FG parallel to 4C.

Then since CBE, CFE are on the same base CE,
(Eucl. iii. 20.) CFE = £ CBE = L(CAB 4+ BCA4) ; and
since BD = BC, the angle BCD=BDC, and .. DBA
is equal to the difference of the angles BCA, BAC.
Hence (Eucl. iii. 20.) FCD and .. its equal CFG=
L(BCA—BAC). 1If now with the centre F, and radius’
FC, a circle be described, .

-CE : CG : tang. CFE : tang. CFG.
But FG being parallel to 4C one of the sides of the tri-
angle AEC, (Eucl. vi. 2.) - - _

CE : CG :: AE : AF :: AB+ BC : AB-BC,
~.A4AB + BC : AB — BC = tang. CFE : tang. CFG
:: tang. § (BCA+ BAC) : tang. £(BCA—~ BAC).

(89.) Cor. 1. Hence if the sides 4B, BC of any
triangle, and the angle 4BC included between those
sides, be given, the other sides and angles may be found. ,

For, from the included angle 4BC, its supplement .
EBC may be determined ; half of which is the semi-sum
of the angles at the base ; and their semi-difference may

"be found by the Proposition. Having .- (he semi-sum
and semi-difference of the angles at the base, the angles
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themselves BAC, BCA may be found (82). The three
angles and two sides, .". being obtained, the third side
may be found, (78). '
Or the side may be calenlated' by means of a subsi-
diery angle; thus:
(87), b*= @’ + ¢* — 2ac.cos. B
=(a—c)’ + 2ae.(1—ocvs. B)-
=(a—c)’ + 4ac.sin’. L B(70)
-, 4ac.sin®. 3 B
A e =
Now sinve tangents admit of:every degree of magnitude,
_ . . 2fac.smn. LB
find an angle z whose tangent is 2 __,.and

a—c¢

b:(a;c)'_. ~ (1 +tang’. z)=(a- c) . sec. T =

a—c
coa z’

or to radius. R _ (@a—0)-.R M which (sincé. z is known
coss »: -
. 2, /ac .sin. LB
from the equation tang,r = a—o 2 ),, may

easily: be compated:
Ex. To determine the distance between two visiblé
inaecessiblé objects.

Let A4 and B .be the two ongcts
Measure a given line CD (=a) along
a horizontal base, from the extremities
of which 4 and B are visible. At C
observe the angles #4CB, BCD, and’
at I -the angles ADC, 4DB: Then
in-thie triangle AGB the angle: CAD = 180"~ (ACD +
ADEY=1b,

- and sin. DAC : sin. ADC:: CD : CA:
orsin.b : sin;ec :: a ¢t C4;
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4 == smbc » which may be computed

And in the triangle BCD), the angle CBD’- 180"~ (CDB
+ BCD) =d, whence

sin. CBD : sin. CDB :: CD : CB,

orsin.d ;: sin. e :: a :CB,
_a.sin.e
sin o ,» whieh may be computed.

And in the triangle 4CB, A€+ CB : AC~CH
:: tang. § (BAC + ABC) : tang. } (BAC~ ABC),
:: tang. £(180.— 4CB) : tang. § (BAC~ ABC),
. tang. } (BAC~ ABE) = 1€~CB o 1 4CB
. _ ACT CB s
which may be caleulated. Hence from the tables the

difference of the angles may be found, and the sum
being. knawn;. the angles. themselves may be determined

(82). And sin. 4BC : sin. 4CB :: AC : AB,

% x AC may be calculated.

Or AB may be ascertained as before by means of the
subsidiary angle z ; and from the three sides being known
the two remaining angles may be determined.

(90.) Con. 2. Hence also the sum of the sines of
two angles is to the difference of the sines, as the tangent
of half the sum of those-angles is to the tangent of half
their difference. _ A

For AC : BC :: sin. B : sin. 4,
AC’+BC AC~ BC :: sin. B+sin. 4 : sin. B~sin. 4
a'nd .. s, 4 +sin, B : sin. A~sin. B :: tang. L (4+ B)

[: tang. L (A~ B).
Zz
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Pror. XI1V.

(91.) The sum of the tangents of any two angles is
to their difference as the sine of their sum is to the sine
of their difference.

Let DAB, BAC be the angles, A
and through any point B in 4B, draw
DC perpendicular to 4B. Make the
angle BAc =BAC; then will Ac=
AC. From C and ¢ draw CE, cF
perpendicular to 4D. '

Then CE : cF :: sin. CAD : sin. cAD

:: sin. (CAB+ BAD,) : sin. (BAD~BAC).
And BD : BC :: tang. BAD : tang. BAC,
€D : ¢D :: tang. BAD +tang. BAC :
[tang. BAD~tang. BAC.
And ¢ F, CE being perpendicular to 4D, are parallel,
whence CE : ¢cF :: €D : ¢D

or sin. (DAB + BAC) : sin. (DAB ~ BAC) ::

tang. DAB + tang. BAC : tang. DAB ~ tang. BAC.

X,
D ¢ B [+

Pror. XV.

(92.) In any plane triangle, the rectangle contained
by any two sides is to the rectangle contained by the
excesses of half the perimeter above each of them respec-
tively as the square of radius is to the square of the
stne of half the angle contained by those sides.

Let ABC be any triangle, BC its base, 4B the
greater of the sides and AC the'less ; P = jthe perimeter
of the triangle, then ABx AC ;: (P-A4B).(P—AC) =

E H Sinco iAo



PLANE TRIGONOMETRY. 363

In AB take AD = AC, join
‘DC; and draw AE perpendicular
to DC, and EG parallel to BC,
cutting 4B in G. With the cen-
tre G, and radius GE, describe a
circle cutting 4B in L, and 4B
and EG produced in K and H. Join HB; and pro-
duce AE, HB till they meet in M.

- Since 4D = AC, and the angles at E areright angles,
the squares of 4E, ED are equal to the squares of 4E,
EC; and ... ED = EC, or DC = 2 DE. Hence by
similar trlangles DGE, DBC, BC = 2GE = EH,
and BC is also parallel to EH, ... HBM is parallel to
CED, and (Eucl. i. 29.) the angle BME = DEA, or it
is a right angle ; and HE bemg a diameter, M is a pomt
in the circle.

Now (71) AB ¢ BM :: rad. : (sin. DAE =)sin. § BAC,
and 4D : DE :: rad. : sin. § BAC,
.. comp. AB x AD : BM x DE :: R : sin’. § BAC.
But from the similar triangles DGE; DBC, DB=2 DG,
to each of these equals 4D + 4C = 24D,
~ and BA + AC =2 4G, :
to each of which equals add BC=2GE = 2GK,
*.4AB + AC + BC=24K, ... AK = P,
and BK=AK— AB= P-—‘AB,
and BL=DK=AK—AD=P - AC. :
And the rectangle BM x DE=BM x EC =BM x BH’
‘= (Euecl. iii. 35.) BK x BL = (P - 4B). (P — AC),
hence ABxAC : (P-A4B).(P-AC) :: R*: sin’. § BAC.
(93.) Cor. 1. Hence if the three sides of any triangle

be given, the angles may be found. For if the sides
opposite to the angles 4, B, C be a, b, ¢, xespeciney,
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©).(p-"b
cb

mined, or the sine of half the vertical angle, and conse-

quently the vertical angle itself may be found. Hence

the other angle (78).

Ex. Three points 4, B, C
being given in a plane, to determine
the position of a fourth D, where
the angles ADB, ADC, subtended
by 4 and B, 4 and C are @’ and b°
respectively. '

. On 4B describe a segment of a circle contaiming an
angle @°, and -on AC a segment containing an angle 1%
the point of intersection D is the point required. Let

_ e si _RJ/(p=c).(p—d)
AB=c¢, AC=d, BC=e¢,sin. ;BAC=— N ,
which may be computed, p being =4§.(c+d+e). Draw the
diameter 4F, and join FB. In the triangle BAF, AF=
BAxR ¢xR
sin. BFA~ sin.a

Draw the diameter AE, and join CE. In the triangle
ACE, ‘
the angle CAE = ADC.— ADE = b — 90° = g,
- RxAC _R.AC
_ and AE:cos. CAE™ cos. g °

Join DE, DF, they are in the same straight line (ii. 5.)

Hence in the triangle FAE, AE and AF having been

computed, and the angle FAE = BAC + CAE — FAB
' AE ~ AF

= h, and tang. § (EF4 ~.AEF) =JE T AF < cong.

3 FAE ; whence the angle AFE may be determined.

And in the right-angled trange DAF, AD =

then sin®. § 4 = r* x 2 , may be deter-

may be found.
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AF x sin. AFD . inay be found which line’ ahijwm _

rad.
BAD determine the pomlon of D, .
(94.) Cor. 2. Ao 4B : AM :: rad. s bos BdC
,and AD : AE ::'rag ;:cos. ; BAC,
“AB x AD : AM x AE : ﬁ’ :.cos. 1 B4C.
~And smceAD AC, and AM x AE-= 4K x AL Px
e (P B?)

AB x AC : P.-(P-—BC) R*’.m % $BAC,
ccosid=r. \/{Mré__@}

(95.) Con ‘3. Also AE : ED .. R( ‘tang. -}-BAC
. andAM - BM = & :  ang. 4 BAC,
-.AE x AM : ED x MB. :: % tnng.‘ +BAC }

or P. (p BC) (P- AB) P- AY,’;*‘T? fang -
[TBAC-.

tang 14=r. \/{(Pl:‘b') ‘:t)_”c) |

;"

Pror. X¥V1. - "33 -

»?

‘ (96) " Having gwen ihe sings @d coomes qf two
ares; to _ﬁnd the sine qf an arc wlmh n equal to their
sum. L

. "Let AB AC be the two arcs; hke
AD, AE their doubles ; draw th thpmeter _
AF Join AD, DF, AE, EF, . D, .
The'h the chord AD-—-,2 sinl, AB, 69"
AB=¢ ,sin. AC, Y\~ e
DE=2..gin. B‘f. S
and DF = 25os. + A= cos. 4B (O\.
‘EF=2 cos. AGL

l
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N,ow AP’ ED=AD x FE+ AE x FD (Eucl. vi. D.)
* o} 2 rad. x 2 sin. BC=2 sin. AB x 2 cos. AC
' + 28in. 4C x 2 cos. 4B,
.. tad x sin..BC=sin. AB x cos. AC +sin. AC x cos. AB.
(97.) Cor. 12 If rad. =1, AB=a, AC=b,
sin, (a-j-b)::sm a x cos. b + sin. b x cos. a.
. (98) Cor. &.Ifa_b sin. 22 =2sin. a x cos. a.
} .Hence also sim, ‘3a=3sin.a—4sin’. q
din. 4.a = (4 sin. a—8sin® a) . cos. a
- stip.'_&a=5 sin. @ — 20 sin®. a + 16 sin’. a.
3 4. .
. *. & - Pror. XVIL

(4

(99.) Géven the sines and cosines of two arcs; to
" find the sine of an arc which is equal to their difference.

Let 4B, AC be the two arcs; take

AD, AE the doubles of them draw the \
diameter AF.; **

join AE, AD, FE, FD, DE. -~ * P
Then the chomw_z sin. AB (62) on
AEB=2 .sin. AC
. DE 2.sin. BC,
and ﬁ_'_D:z .cos. AB (70)

EF=2.cos. AC;
and AF x ED = AD x EF — AE x FD (Eucl. vi. D.)
or 2rad.. -X.2 sm BC = 2 sin. 4B x 2 cog. AC-

. [2 sin. AC x 2 cos. 4B,
. rad. xsin. BC—B}’ ABxcos AC—sin. ACxcos. AB.

(100.) Con,. If.md =1,and 4B=a, AC=b,
sin. (a—b) =sin. @ x cos. b=sm.b x wes. a.
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Pror. XVIII.

(101.) Given the sines and cosines of two arcs ; to
Jind the cosine of an arc which is equal to their sum.

Let AB, AC be the two arcs. Take
AD, AE the doubles of them. Draw =
the diameter AF, and make FG = AE. ¢ G
Join FG,-GD, DA, AG, FD. TPhen *

GD is the supplement of DE, and .. its
chord DG = 2 cos. 1 DE = 2 cos. BC (70).
DF = 2 cos. AB.
and 4G = 2 cos. + FG = 2 cos. + AE = 2 cos. AC.
4D = 2sin. 4B, »
and FG = 2 sin. + FG = 2sin. AC. o
And AF x DG=FD x AG—AD x FG (Eucl. vi. D.)
or 2 rad. x 2 cos. BC = 2 cos. AB x 2 cos. AC— 2 sin.
[4B x 2sin. AC.
.~ rad. xcos. BC=cos. AB xcos. AC— sin. AB xsin. AC.

(102.) Cor. 1. If rad. = 1, 4B = a; AC = b,

" cos. (a+b)=cos.a x cos. b—sin. a x sin. b.

(103.) Cor. 2. If a=b; cos. 2 a=cos’. a —sin’.a

. =2cost. a—-1,
orcos. 2a=1—2sin’. a
Also cos. 3a=4¢os3.a—3 cos.ag
_cos. 4a=8cos*.a ~8cos’. a+1.
cos. 5 =16 cos’. 2~ 20 cos’. a+5 cos. a
cos. 6a=32 cos®.a—-48cos*. a+18 cos®. a—1.

\J

Pror. XIX.

(104.) Given the.sines and cosines of two arcs; to
Jind the cosine of an arc which @ equal to thew difer-
ence.
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Let AB, AC be the two arcs, take ¥
AD, AE the doubles of them; draw the
diameter #G, and make GF (on the
opposite side) = AF. Join AD, AF, DF,

DG, FG. The axc DGF is the supple-
ment of DE, which .". is equal to 4D — 4B =2 AB—
24C = 2 BC, and ... DF = 2.cos. ; DE = 2 cos. BC.
DG = 2 cos. AB (70) AD = 2 .sin. AB (62)
AF = 2 cos. AC " PG = 2.sin. AC.
Now AG x DF= DG x AF+ 4D x GF (Eucl. vi. D.)
or 2 rad. x 2 cos. BC=2 cos. AB x 2 cos. AC+2 sin. AB
- ' [ x 2 sin. AC.
-.rad. x cos. BC=cos. 4B x cos, AC+sin. ABx sin. AC.

(105.): Cor. If rad. <1, 4B =a, 4C=),
cos. (@ —b)=cos. ax cos. b+sin. a x sin. b.

B

(106.) It may perhaps be objected that the preceding
. propositions are proved only when the arcs (a) and (5)
or even (a+b) are less than quadrants. Assuming them
to be proved within such alimit that () does not exceed
a value a, and () a value 3, it may be proved by means
of what hasbeen shewn before, that the values of the sines
and cosines of the sums are equally true, when (a) does
not exceed 90° + « and (b) does not exceed 3.

For let a =90°+4m, ... m = a —90°, which is less than
90°. ) :
Now sin. (90° +m + b) =sin. {90° - (m+b)}

=cos. (m + b)

=c0s. m x cos. b—sin. m x sin. b
‘=sin. (90°~ m):x cos: b—cos. (96°~m) x sin. b
=sgin. (186°—a) x cos, b—.cos. (180"~a) x sin. b
=8in. @ x cos.b-+4cos. a x sw. b.
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Also cos. (90 + m + b) = — cos. .{gon(ni-l-:.b.)‘}.}
* = —sin.(m+b): ' o

= —sin, 7m x cos. b—cos. m x sin. b

= — cos: (90+m) x cos, b—sin. (90 - ) x sin. b -

= = co0s. (180.—a) x cos. b—sin. (180 — a)xsm b

=Co8. @ x-Cos. b — sin. a x sin. b. :
Hence .. these expressions which were demonstrated -
for (a) less than o and () less than 3, are also true when
(a) does not exceed 90 + « and (b) does not exceed S.
In the very same manner from the preceding, it might be
proved that they are true, when (a) does not ¢xceed
90+a and (b) 90+p, and so on, i.e. they are true
whatever be the values of (@) and (b) The same is

equally applicable to the values of sin. (@ - b) and
cos. (a—b):

(107.) Since sin. (30°+a) = sin. 30" X o8, @ + cos.
. [30° x sin. @,
and sin. (30°— a) = sin. 30° x cos: @ — cos. 30° x sim.’a;
.. 8in. (30° +a) +sin. (30° — @) = 2sin. 30° x cos. &
' = cos. a (63).
and sin. (30°+a) =cos. a—sin. (30°—a). If .’. the sines
and cosines of all arcs less than 30° be lmown, the sines
of all arcs above 30° and less than 60° might be found by
subtraction. '

(108.) Since sin. (60" + a) =sin. 60° x cos. a + cos. 60°

: [ x sin a,
and sin. (60°—a) =sin. 60° x cos. a—cos. 60° x sin. a

. sin. (60° + a) —sin. (60°— a)=2 cos. 60° x sin. a=sin. a,
and sin. (60° + @) = sin. & + sin, (60° — a). If .. the’
sines of -arcs less than 60° be known, the sines Qﬁ RSN
greater than 60° may be found, by 200w, '

S A
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(109.) Leta=nA and b=4.
Then sin. (n + 1) . A=sin. n4 x cos. A 4 cos. n4
"~ [xsin. 4,
and sin. (n—1) . A=sin. nAxcos. 4—cos. nAxsin. 4,
oo sin. (n41) . A+sin, (n—1). 4 =2sin. n4 xcos. A*, ‘
"and sin. (n41).4=2sim. n.4 x cos. 4—sin. (n—1).4.
Alsosin. (n+1).A=sin. (n—1) . A+2sin. 4 x cos. n 4,
and cos. (n+1).4=2cos.nAx cos.4~cos. (n—1).4
or=cos. (n—1).d— 2sin. n4 x cos. 4.
(110.) If in the equations (97) and (100)
a+b=4 and a— b=B, then a=4(4+B)and b=}(4—B)
and sin, (@ +b)=sin. ax cos. b+cos. @ x sin. b
sin, (@ —b)=sin. ax cos. b—cos. a x sin. b,
.8in. (@+b)+sin. (a— b) =2sin. a x cos. b '
and sin. (a+ b)—sin. (a — b) =2 cos. a xsin. b,
. 8in. 4 + sin. B=2sin. 4 (4+ B) % cos. 4 (4 - B)
and sin. A—sin. B=2.cos. L (4+ B) x sin. +(4-B)
o i) S 4+ B)
= Z}'{:’—ﬂ% « sin. (4 + B).

Hence also sin®. 4 — sin®, B=sin. (4+B) x sin. (4 - Bj.

Hencealso sin. 4 +sin. B=

and sin. 4 - sin. B

- * Hence if a series of arcs be taken in arithmetic progression, radius
is to twice the cosine of the common difference as the sine of any one
arc taken as a mean is to the sum of the sines of any two equidistant
extremes. »

Also radius is to twice the cosine of the common difference as the
cosine of any one arc taken as a.mean is to the sum of the cosines of any
two equidistant extremes.
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And in a similar manner, . '
cos’. B — cos®. 4=sin. (4 + B) x sin. (A B)
(111.) To find the sin. (4 + B + C). :
Sin. (4 + B + C) =sin. (4 + B) x cos. C+cos. (4+B) x
[sin. C
" =sin. Ax cos. B x cos. C + sin. Bxcos A x cos. C
+sin. Cx cos.-A x cos. B—sm A x sin. B xsin. C.

Prop. XX.

(112.) Having given the tangents of two arcs; to
determine the tangents of two arcs which magy be equal
to their sum and difference.

Let AB, BC be the given arcs, o ogT
AB being the greater, then AC is
the sum of the arcs (in Fig. 1.) and
their difference (in Fig. 2.) ; 4T the
tangent of their sum (1) or difference
(2), BP, BO the tangents of the
respective arcs 4B, BC.

Draw OD perpendicular to S4 cutting SB or SB
produced in z, .. the triangle OBz is similar to SzD
and .. to SBP; hence OB : Bx :: SB : BP,
».OB x BP=SB x Bzx. Also by the similar triangles
TAS, ODS,

D A

AT : OD :: 84 :_SD
) 0D :OP ::8D: Sz

by the sim. tnangles SzD, ODP,
AT : OP :: 84 : Sz
:: S84 : SB- Bz (fig. 1.)
: S4*: SB*— SB x Bx
: S4*: SAA-0BxBY
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base AC, the area S = -—b-anda—T ndb=—'s any

two of the terms .". being known, the third may be found.

Prop. XXII.
(119.) Two sides of a triangle, and the included
angle being given; to find its area.
Let AB, AC and the angle BAC be A

given. Let fall the perpendicular BD, -
~ 4B : BD :: rad. : sin. 4,
N . (4]
~Bp=Bx40d_ g, in.4,

(if R=1),
. thearea=1{ACx BD=L{AB x ACx sin. 4.
(120.) Cor. 1. Hence the areas of triangles which
have one angle in each equal, are as the products of the
sides containing those angles. Which is also true of

parallelograms.
' 28 ' 28
‘(121.) Cor. 3. AC—ABxsin A’ B=Astin.A’
28
and sin. A_ABxAC

Pror. XXIII.

(122) Given two angles and a side qf a triangle;
tojind is area.

Two angles being given, the third is also known.
Let AC be the given side. A
Then sin. B : sin. C :: AC : AB=2CX#0-C

sin. B
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" and BD=ABx sin. A=ACxsin. 4 x sin, C;
sin. B

whence the area=14C" x M’S’i‘ﬁ,

| , , -sin. B .

(123.) Cor. If the angles ABC, ACB be equal;
the area will be——AC’ sin. 4. If the angles 4 and

- Care equal, the area will be=34C"x sin’. 4
sin. B ° _

But since the angle B= 1,800,- 24,
sin, B=sin, 2 A=2'sin. 4 x cos. 4,
sin®, 4

hence =1AC*X ——F————
whence the area =1A4C*x S0 Axcos A

=14C*x s'“s. j 1AC* x tang. A.
Pror. XXI1V,

(124.) Given the three angles, and the alt:tude qf
a triangle; to jind ils area.

Since (122) BD x sin. B=AC x sin. 4 x sin. C and‘
—— 2 ’
AC—-—U .28 x sin. 4 x sin. C= BD" x sin. B.

sin. B

or S=%BD. X m .

Prop. XXYV.
(125.) Given the three sides qf a triangle; to ﬁnd
tts area.

The area of the triangle 4BC=area ADC+area BDC
=AE x DE+ME x DE, (BM bemg parallel to DC)
=AM x DE.
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But by similar tnangles ADE,
AMB,
- AdE : ED :: AM : MB,
> AExAM ; EDxAM :: EDxAM
+EDxMB,
i.e. the area of the triangle is a mean
proportional between 4E x AM and ED x MB.
Now (92.) EDx MB= (P - A4B) .(P- AC),
and AE x AM = AL x AK=P x (P-BC),
. the (area)® = (P-'4B) . (P—AC).P. (P—-BC)
or 8= ,/{P.(P—-A4B).(P-4C).(P- BC)}.

(126.) If AB=BC= AC, S=14B*. /3, thearea
of an equilateral triangle. - .

If BC=CA4,8=%4B.,/{(2BC+BA4).(2BC-BA)},
the area of an isosceles triangle.

(127.) To construct the trigonometrical canon.

It has been proved (103) that 2 cos®’. 4=1+cos. 24 ;
and therefore if the cosine of any arc be known, the
cosine of half that arc may be determined. Now the
sine of 30° has been found to be=%, (R=1), and the

cosine = #; if then in the formula cos. 4 =

N {L (1+cos. 24)}, A=15° cos. 15° may be deter-
mined. * In the same manner from cos. 15°% the cos. 7°
30’ may be deduced; and so on, till after 11 divisions,
tos. 52" 44" 3" 45" is found; from whichthe sine of
this arc may be determined. But from the nature of the
circle, when the arc is very small, the ratio of the arc to
the sine approaches nearly to a ratio of equality, .. 52"
44 3" 457 : 1’ :: the sine of the former arc : the sine
of 1’; which .. may be determined. ' :
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The sine and cosine of 1’ being ascertained, the sines
of 2/, 3, 4, &c. may be determined (109) by making
n=1, 2, 3, &c. and the cosines from (58). In this
manner the 'sinesand cosines of arcs as far as 30° may be
computed. When the arc exceeds 30°, the sines may be
computed by Art. (107), and the cosines as before, till the
arc is 45°. And since the sine of an arc is equal to the
cosine of its complement, the sines and cosines of arcs as
far as 90° are determined. Also since the sines and co-
sines of arcs are equal to the sines and cosines of their
supplements ; the sines and cosines of all arcs up to 180°
are known. ’

j, the tangents of all arcs may
be computed. When however they exceed 45° they are
more readily computed from (115) by addition. And the
tangent of an arc being equal to the tangent of its sup-
plement, the tangents of all arcs may be determined.

Hence also the cotangents (45).

Since tang. 4 =

Also the sec. 4= —l—, and .'. the cosines being .
: cos. A .

known, the secants may be determined. And the secants
being known, the cosecants are also determined.

Also the versed sine (=1 F cosine) may be deter-
mined.

3B .
























