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PREFACE TO AMERICAN EDITION

THE eminent position of the author of
this essay, and the importance which the
questions here discussed have recently
assumed, seemed to demand an increase
of facilities for obtaining the work in
this country.

The interest manifested in the discus-
sions of kindred subjects in Van Nos-
TRAND’S MAGAZINE, induced the publisher
to lay this little treatise before the readers
of that periodical. It was, therefore,
published in the April and May numbers
of the Magazine, and is here re-printed
entire, with some changes in mechanical
arrangement and execution of cuts and
typography from the foreign edition,
which are believed to be much to the
advantage of the reader.

The importance of such clear concep-
tions of the fundamental principles of
physics as are afforded by so eminent a
writer is unquestionable.
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MATTER AND MOTION.

CHAPTER 1.
INTRODUCTION.

Narure oF Prysicar Science.—Phy-
sical science is that department of
knowledge which relates to the order of
nature, or, in other words, to the regu-
lar succession of events.

The name of physical science, how-
ever, is often applied in a more or less]re-
stricted manner to those branches of
science in which the phenomena consid-
ered are of the simplest and most ab-
stract kind, excluding, the consideration
of the more complex phenomena, such as
those observed in living beings.

The simplest case of all is that in
which an event or phendémenon canbe
described as a change 'in the arrange-
ment of certain bodies. Thus the motion
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of the moon may be described by stating
the changes in her position relative to
the earth in the order in which they fol-
low one another.

In other cases we may know that some
change of arrangement has taken place,
but we may not be able to ascertain
what that change is.

Thus when water freezes we know
that the molecules, or smallest parts of
the substance, must be arranged different-
ly in ice and in water. We also know
that this arrangement in ice must have a
certain kind of symmetry, because the
iee is in the form of symmetrical crystals,
but we have as yet no precise knowledge
of the actual arrangement of the mole-
cules in ice. But whenever we can com-
pletely describe the change of arrange-
ment we have a knowledge, perfect so
far as it extends, of what hag taken place,
though we may still have to learn the
necessary conditions under which a sim-
ilar event will always take place.

Hence the first part of physical science
ralates to the relatiwge position and
motion of bodies.
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DEFINITION OF A MATERIAL SYSTEM.—
In all scientific procedure we begin by
marking out a certain region or subject as
the field of our investigations. To this
we must confine our attention, leaving
the rest of the universe out of account
till we have completed the investigation
in which we are engaged. In physical
science, therefore, the first step is to de-
fine clearly the material system which
we make the subject of our statements.
This system may be of any degree of
complexity. It may be a single material
particle, a body of finite size, or any
number of such bodies, and it may even
be extended so as to include the whole
material universe.

DEFINITION OF INTERNAL AND Ex-
TERNAL.—AIl relations or actions be-
tween one part of this system and
another are called Internal relations or
actions,

Those between the whole or any part
of the system, and bodies not included
in the system, are called External rela-
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tions or actions. These we study only
so far as they affect the system itself,
leaving their effect on external bodies
out of consideration. Relations and
actions between bodies not included in
the system are to be left out of consider-
ation. We cannot investigate them
except by making our system include
these other bodies.

DEFINITION OF CONFIGURATION.-~When
a material system is considered with
respect to the relative position of its
parts, the assemblage of relative posi-
tions is called the configuration of the
system.

A knowledge of the configuration of
the system at a given instant implies a
knowledge of the position of every point
of the system with respect to every
other point at that instant.

Dr1aerams.—The configuration of mate-
rial systems may be represented in
models, plans, or diagrams. The model
or diagram is supposed to resemble the
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material system only in form, not neces-
sarily in any other respeot.

A plan or a map represents on paper
in two dimensions what may really be in
three dimensions, and can only be com-
pletely represented by a model. We
shall use the term Diagram to signify
any geometrical figure, whether plane or
not, by means of which we study the
properties of a material system. Thus,
when we speak of the configuration of a
system, the image which we form in our
minds is that of a diagram, which com-
pletely represents the configuration, but
which has none of the other properties
of the material system. Besides dia-
grams of configuration we may have dia-
grams of velocity, of stress, &c., which
do not represent the form of the system,
but by means of which its relative
velocities or its internal forces may be
studied.

A MaTeriaL ParticLE.—A body so
small that, for the purposes of our in-
vestigation, the distances between its
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different parts may be neglected, is called
a material particle.

Thus in certain astronomical investiga-
tions the planets, and even the sun, may
be regarded each as a material particle,
because the difference of the actions of
different parts of these bodies does not
come under our notice. But we cannot
treat them as material particles when we
investigate their rotation. Even an
atom, when we consider it as capable of
rotation, must be regarded as consisting
of many material particles.

The diagram of a material particle is
of course a mathematical point, which
has no configuration.

REeLATIVE POSITION OF TWO MATERIAL
ParricLes.—The diagram of two mate-
rial particles consists of two points, as,
for instance, A and B.

The position of B relative to A is in-
dicated by the direction and length of
the straight line A B drawn from A ¢o B.
If you start from A and travel in the
direction indicated by the line A B and
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for a distance equal to the length of
that line, you will get to B. This
direction and distance may be indicated
equally well by any other line, such as
a b, which is parallel and equal to A B.
The position of A with respect to B is
indicated by the direction and length of
the line B A, drawn from B to A, or the
line & @, equal and parallel to B'A,

It is evident that B A =— A'B.

In naming a line by the letters at its
extremities, the order of the letters is
always that in which the line is to be
drawn.

Vxecrors.—The expression A B, in
geometry, is merely the name of a line.
Here it indicates the operation by which
the line is drawn, that of carrying a
tracing point in a certain direction for a
certain distance. As indicating an
operation, A B is called a Vector, and
the operation is completely defined by
the direction and distance of the trans-
ference. The starting point, which is
called the origin of the vector, may be
anywhere.
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To define a finite straight line we
must state its origin as well as its
direction and length. All vectors, how-
ever, are regarded as equal which are
parallel (and drawn towards the same
parts) and of the same magnitude.

Any quantity, such, for instance, as a
velocity, or a force, which has a definite
direction and a definite magnitude may
be treated as a vector, and may beé indi-
cated in a diagram by a straight line
whose direction is parallel to the vector,
and whose length represents, according
to a determinate scale, the magnitnde of
the vector.

- SysTEM OF THREE PARTICLES.—Let us
next consider a system of three parti-
cles. .

Its configuration is represented by a
diagram of three points, A, B, C.

Fie. 1.
D ¢
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The position of B with respect to A is
indicated by the vector A B, and that of
C with respect to B by the vector B C.

It is manifest that from these data,
when A isknown, we can find B and then
C, so that the configuration of the three
points is completely determined.

The position of C with respect to A is
indicated by the vector A C, and by the
last remark the value of A C must be
deducible from those of A B and B C.

The result of the operation A C is to
carry the tracing point from A to C.
But the result is the same if the tracing
point is carried first from A to B and
then from B to C, and this is is the sum
of the operations A B+ B C.

ApprrioN oF VEcrors.—Hence the
rule for the addition of vectors may be
stated thus:—From any point as origin
draw the successive vectors in series, so
that each vector begins at the end of the
preceding one. The straight line from
the origin to the extremity of the series
represents the vector which is the sum
of the vectors.
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The order of addition is indifferent,
for if we write B C+A B the operation
indicated may be performed by drawing
A'D parallel and equal to B C, and then
joining D C, which, by Euclid, 1. 33, is
parallel and equal to A B, so that by
these two operations we arrive at the
point C in whichever order we perform
them.

The same is true for any number of
vectors, take them in what order we
please.

SUBTRACTION OF ONE VECTOR FROM
ANoTHER.—To express the position of C
with respect to B in terms of the posi-
tions of B and C with respect to A, we
observe that we can get from B to C
either by passing along the straight line |
B C or by passing from B to A and then
from A to C. Hence
BC=BA+AC.

=A C+B A since the order of addi-
tion is indifferent.

=AC—AB since__Aj—B is equal and
opposite to BA. Or, the vec-
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tor B C, which expresses the position of
C with respect to B, is found by sub-
tracting the vector of B from the vector
of C, these vectors being drawn to B
and C respectively from any common
origin A,

OgicIN oF VEcrors.—The positions
of any number of particles belonging to
a material system may be defined by
means of the vectors drawn to each of
these particles from some one point.
This point is called the origin of the vec-
tors, or, more briefly, the Origin.

This system of vectors determines the
configuration of the whole system; for
if we wish to know the position of any
point B with respect to any other point
A, it may be found from the vectors
O A and O B by the equation

AB=0B-0A.
‘We may choose any point whatever for
the origin, and there is, for the present,
no reason why we should choose one
point rather than another. The con-
figuration of the system—that is to say,



20

the position of its parts with respect to
each other—remains the same, whatever
point be chosen as origin. Many in-
quiries, however, are simplified by a
proper selection of the origin.

RevaTive PosrrioNn oF Two SysTEMs.
—If the configurations of two different
systems are known, each system having
its own origin, and if we then wish to
include both systems in a larger system,
having, say, the same origin as the first
of the two systems, we must ascertain
the position of the origin of the second
system with respéct to that of the first,
and we must be able to draw lines in the
second system parallel to those in the
first.

Fic. 2.

Pe

4 %

Then by “8ystem of Three Particles,”
the position of a point P of the second




21

system, with respect to the first origin, O,
is represented by the sum of the vector

of that point with respect to the sec-
ond origin, O’ and the vector OO’ of the
second origin, O’ with respect to the
first, O.

TeREE DATA FOR THE COMPARISON OF
Two SysTeEMs.—W e have an instance of
this formation of a large system out of
two or more smaller systems, when two
neighboring nations, having each sur-
veyed and mapped its own territory,
agree to connect their surveys so as to
include both countries in one system.
For this purpose three things are neces-
sary.

1st. A comparison of the origin select-
ed by the one country with that selected
by the other.

2d. A comparison of the directions of
reference used in the two countries.

3d. A comparison of the standards of
length used in the two countries.

1. In civilized countries latitude is
always reckoned from the equator, but
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longitude is reckoned from an arbitrary
point, as Greenwich or Paris. Therefore,
to make the map of Britain fit that of
France, we must asertain the difference
of longitude between the Observatory of
Greenwich and that of Paris.

2. When a survey has been made with-
out astronomical instruments, the direc-
tions of reference have sometimes been
those given by the magnetic compass.
This was, I believe, the case in-the
original surveys of some of the West
India islands. The results of this sur-
vey, though giving correctly the local
configuration of the island, could not be
made to fit properly into a general map
of the world till the deviation of the
magnet from the true north at the time
of the survey was ascertained.

3. To compare the survey of France
with that of Britain, the meter, which is
the French standard of length, must be
compared with the yard, which is the
British standard of length.

The yard is defined by Act of Parlia-
ment 18 and 19 Viet. ¢. 72, July 30,
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1855, which enacts “that the straight
line or distance between the centers of
the transverse lines in the two gold
plugs in the bronze bar deposited in the
office of the Exchequer shall be the
genuine standard yard at 62° Fahrenheit,
and if lost, it shall be replaced by means
of its copies.”

The meter derivesits authority from a
law of the French Republic in 1795. It
is defined to be the distance between the
ends of a certain rod of platinum made
by Borda, the rod being at the tempera-
ture of melting ice. .It has been found
by the measurements of Captain Clarke
that the meter is equal to 39.37043
British inches.

O~ THE IDEA OF SPACE.—We have
now gone through most of the things to
be attended to with respect to the con-
figuration of a material system. There
remain, however, a few points relating
to the metaphysics of the subject, which
have a very important bearing on phys-
ics.
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We have described the method of
combining several configurations into one
system which includes them all. In this
way we add to the small region, which we
can explore by stretching our limbs, the
more distant regions which we can reach
by walking or by being carried. To
these we add those of which we learn by
the reports of others, and those inacces-
sible regions whose position we ascertain
only by a process of calculation, till at

last we recognize that every place hasa.

definite position with respect to every
other place, whether the one place is ac-
cessible from the other or not.

Thus from measurements made on the
earth’s surface we deduce the position of

the center of the earth relative to known

objects, and we calculate the number of
cubic miles in the earth’s volume quite
independently of any hypothesis as to
what may exist at the center of the
earth, or in any other place beneath
that thin layer of the crust of the earth
which alone we can directly explore.
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Error oF DEescarTEs.—It appears
then, that the distance between one
thing and another does not depend on
any material thing between them, as
Descartes seems to assert when he says
(Princip. Phil,, II. 18) that if that which
isin a hollow vessel were taken out of
it without anything entering to fill its
place, the sides of the vessel, having
nothing between them, would be in con-
tact.

This assertion is grounded on the
dogma of Descartes, that the extension
in length, breadth, and depth which con-
stitute space is the sole essential property
of matter. * The nature of matter,” he
tells us, “or of body considered gener-
ally, does not consist in a thing being
hard, or heavy, or colored, but only in
its being extended in length, breadth,
and depth” (Princip., II. 4). By thus
confounding the properties of matter
with those of space he arrives at the
logical conclusion, that if the matter
within a vessel could be entirely removed
the space within the vessel would no
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longer exist. In fact he assumes that all
space must be always full of matter.

I have referred to this opinion of Des- -
cartes in order to show the importance
of sound views in elementary dynamics.
The primary property of matter was in-
deed distinctly announced by Descartes
in what he calls the “First Law of
Nature” (Princip.,, II. 387): “That
every individual thing, so far as in it
lies, perseveres in the same state, whether
of motion or of rest.”

We shall see when we come to New-
ton’s laws of motion that in the words
“go far as in it lies,” properly under-
stood, is to be found the true primary
definition of matter, and the true meas-
ure of its quantity. Descartes, however,
never attained to a full understanding of
his own words (quantum in se est), and
so fell back on his original confusion of
matter with space—space being, accord-
ing to him, the only form of substance,
and all existing things but affections of
space. This error runs through every
part of Descartes’ great work, and it
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forms one of the ultimate foundations of
the system of Spinoza. I shall not at-
tempt to trace it down to more modern
times, but I would advise those who
study any system of metaphysics to ex-
amine carefully that part of it which
deals with physical ideas.

We shall find it more conducive to
scientific progress to recognise, with
Newton, the ideas of time and space as
distinct, at least in thought, from that
of the material system whose relations
these ideas serve to co-ordinate.

O~ THE IpEA OF TiME.—The idea of
Time in its most primitive form is pro-
bably the recognition of an order of
sequence in our states of consciousness.
If my memory were perfect, I might be
able to refer every event within my own
experience to its proper place in a
chronological series. But it would be
difficult, if not impossible, for me to
compare the interval between one pair
of events and that between another pair
—to ascertain, for instance, whether the
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time during which I can work without
feeling tired is greater or less now than
when I first began to study. By our
intercourse with other persons, and by
our experience of natural processes which
go on in a uniform or a rhythmical man-
ner, we come to recognize the possibility
of arranging a system of chronology in
which all events whatever, whether re-
lating to ourselves or to others, must
find their place. Of any two events, say
the actual disturbance at the star in
Corona Borealis, which caused the lu-
minous effects examined spectroscopically
by Mr. Fuggins on the 16th May, 1866,
and the mental suggestion which first
led Professor Adams or M. Leverrier to
begin the researches which led to the
discovery, by Dr. Galle, on the 23rd
September, 1846, of the planet Neptune,
the first named must have occured either
before or after the other, or else at the
same time.

Absolute, true, and mathematical Time
is conceived by Newton as flowing at a
constant rate, unaffected by the speed or
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slowness of the motions of material
things. It is also called duration. Rela-
tive, apparent, and common time is du-
ration as estimated by the motion of
bodies, as by days, months, and years.
These measures of time may be regarded
a8 provisional, for the progress of as-
tronomy has taught us to measure the
inequality in the lengths of days, months,
and years, and thereby to reduce the ap-
parent time to a more uniform scale,
called Mean Solar Time.

ABSOLUTE SPacE.—Absolute space is
conceived as remaining always.similar to
itself and immovable. The arrangement
of the parts of space can no more be al-
tered than the order of the portions of
time. To conceive them to move from
their places is to conceive a place to
move away from itself.

But asthere isnothing to distingunish one
portion of time from another except by
the different events which occur in them,
8o there is nothing to distinguish one
part of space from another except its
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relation to the place of material bodies.
We cannot describe the time of an event
except by reference to some other event,
or the place of a body except by refer-
ence to some other body. All our
knowledge, both of time and place, is
essentially relative. When a man has
acquired the habit of putting words to-
gether, without troubling himself to form
the thoughts which ought to correspond
to them, it is easy for him to frame an
antithesis between this relative knowl-
edge and a so-called absolute knowl-
ege, and to point out our ignorance of
the absolute position of a point as an in-
stance of the limitation of our faculties.
Any one, however, who will try to im-
agine the state of a mind conscious of
knowing the absolute position of a peint
will ever after be content with our rela-
tive knowledge.

STATEMENT OF THE GENERAL MAXIM OF
PrysicaL ScieNcE.—There is a maxim
which is often quoted, that ‘The same
causes will always produce the same
effects.” '
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To make this maxim intelligible we
must define what we mean by the same
causes and the same effects, since it is
manifest that no event ever happens
more than once, so that the causes and
effects cannot be the same in all respects.
‘What is really meant is that if the
causes differ only as regards the abso-
lute time or the abeolute place at which
the event occurs, so likewise will the
effects.

The following statement, which is
equivalent to the above maxim, appears
to be more definite, more explicitly con-
nected with the ideas of space and time,
and more capable of application to par-

* ticular cases:

“The difference between one event
and another does not depend on the
mere difference of the times or the
places at which they occur, but only on
differences in the nature, configuration,
or motion of the bodies concerned.”

It follows from this, that if an event
has occurred at a given time and place
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it is possible for an event exactly similar
to occur at any other time and place.

There is another maxim which must
not be confounded with that quoted at
the beginning of this article, which
asserts “ That like causes produce like
effects.”

This is only true when small varia-
tions in the initial circumstances produce
only small variations in the final state of
the system. In a great many physical
phenomena this condition is satisfied;
but there are other cases in which a
small initial variation may produce a
very great change in the final state of
the system, as when the displacement of
the points causes a railway train to run
into another instead of keeping its pro-
per course.

CHAPTER II.
ON MOTION.

DerFiviTiON OoF DISPLACEMENT.—We
have already compared the position of
different points of a system at the same
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instant of time. We have next to com-
pare the position of a point at a given
instant with its position at a former in-
stant, called the Epoch.

The vector which indicates the final
position of a point with respect to its
position at the epoch is called the Dis-
placement of that point. Thusif A is
the initial and A, the final position of
the point A, the line A, A, is the dis-
placement of A, and any vector o a
drawn from the origin o parallel and

equal to A, A, indicates this displace-
ment.

DiageaM oF DispLAcEMENT. — If
another point of the system is displaced
from B, to B, the vector o b parallel and
equal to B, B, indicates the displace-
ment of B. .

In like manner the displacement of
any number of points may be repre-
sented by vectors drawn from the same
origin o. Thissystem of vectorsis called
the Diagram of Displacement. It is not
necessary to draw actual lines to repre-
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sent these vectors; it is sufficient to in-
dicate the points @, b, &c., at the ex-
tremities of the vectors. The diagram
of displacement may therefore be re-
garded as consisting of a number of
points, a, b, &c., corresponding with the
material particles, A, B, &c., belonging
to the system, together with a point o,
the position of which is arbitrary, and
which is the assumed origin of all the
vectors.
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ReLaTIVE D1sPLACEMENT.—The line
a b in the diagram of displacement rep-
resents the displacement of the point
B with respect to A.

For if in the diagram of displacement
(Fig. 8) we draw a % parallel and equal
to B, A, A,, and in the same direction, and
join Ic b, it is easy to show that % b is
equal and parallel to A, B,.

For the vector % b is the sum of the
vectors % a, a o, and o b, and A, B, is
thesum of A, A, A B, and B, B,. But
of these & a is the same as A B,, 0o0is
the same as A, A, and o b is the same
as B, B,, and by *“ Addition of Vectors,”
the order of summation is indifferent, so
that the vector % b is the same, in direc-
tion and magnitude, as A, B, Now
ka, or A B, represents the original
position of B with respect to A, and % b,
or A, B, represents the final position of
B w1th respect to A. Hence a b repre-
sents the displacement of B with respect
to A, which w=as to be proved.

In “Definition of Displacement,” we
purposely omitted to say whether the
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origin to which the original configuration
was referred, and that to which the final
oonfiguration is referred, are absolutely
the same point, or whether, during the
displacement of the system, the origin
also is displaced.

We may now, for the sake of argu-
ment, suppose that the origin is abso-
lutely fixed, and that the displacements
represented by 0 a, 05, &c., are the
absolute displacements. To pass from
this case to that in which the origin is
displaced we have only to take A, one of
the movable points, as origin. The
absolute displacement of A being repre-
sented by o a, the displacement of B
with respect to A is represented, as we
have seen, by @ 5, and so on for any
other points of the system.

The arrangement of the points a, b, &c.,
in the diagram of displacementistherefore
the same, whether we reckon the dis-
placements with respect to a fixed point
or a displaced point; the only difference is
that we adopt a different origin of vec-
tors in the diagram of displacements,
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the rule being that whatever point we
take, whether fixed or moving, for the
origin of the diagram of configuration,
we take the corresponding point as origin
in the diagram of displacement. If we
wish to indicate the fact that we are en-
tirely ignorant of the absolute displace-
ment in space of any point of the system
we may do so by construeting the dia-
gram of displacements as a mere system
of points, without indicating in any way
which of them we take as the origin.

This diagram of displacements (with-
out an origin) will then represent neither
more nor less than all we can ever know
about the displacement of the system.
It consists simply of a number of points,
a, b, ¢, &c., corresponding to the points
A, B, C, of the material system, and a
vector, as a b represents the displace-
ment of B with respect to A.

Ux1roru* DispLacEMENT.—When the
displacements of all points of a material

® When the simultaneous values of a quantity for dif.
ferent bodies or places are equal, the quantity is said to
be uniformly distributed in space.
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system with respect to an external point
are the same in direction and magnitude,
the diagram of displacement is reduced
to two points—one corresponding to the
external point, and the other to each
and every point of the displaced system.
In this case the points of the system are
not displaced with respect to one
another, but only with respect to the ex- -
ternal point.

This is the kind of displacement which
occurs when a body of invariable form
moves parallel to itself. It may be
called uniform displacement. '

Ox MorroN.—When the change of
configuration of a system is considered
with respect only to its state at the
beginning and the end of the process of
change, and without reference to the
time during which it takes place, it is
called the displacement of the system.

When we turn our attention to the
process of change itself, as taking place
during a certain time and in a contin-
uous manner, the change of configura-
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tion is asoribed to the motion of the sys-
tem.

Ox TEE CoONTINUITY OF MoOTION.—
When a material particle is displaced
80 as to pass from one position to anoth-
er, it can only do so by traveling along
some course or path from the one posi-
tion to the other.

Fia. 4.
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At any instant during the motion the
particle will be found at some one point
of the path, and if we select any point of
the path, the particle will pass that point
once at least* during its motion.

This is what is meant by saying that
the particle described a continuous path.

* If the path cuts itrelf 80 as to form a loop, as P, Q,
R, (fig. 4),the particle will pass the point of intersection,
Q, twice, and if the particle returns on its own path, as in
the path A, B, C, D, it may pass the same point, 8, three
or more times. ’
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The motion of a material particle
which has continuous existence in time
and space is the type and exemplar of
every form of continuity.

On Constant* VErociry.—If the
motion of a particle is such that in equal
intervals of time, however short, the dis-
placements of the particle are equal and
in the same direction, the particle is said
to move with constant velocity.

It is manifest that in this case the
path of the body will be a straight line,
and the length of any part of the path
will be proportional to the time of de-
seribing it.

The rate or speed of the motion is called
the velocity of the particle, and its mag-
nitude is expressed by saying that itis
such a distance in such a time, as, for
instance, ten miles an hour, or one meter
per second. In general we select a unit
of time, such as a second and measure

* When the successive values of a quantity for sumc-
cessive instances of time are equal, the quantity is said to
be constant.
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velocity by the distance described in
unit of time.

If one meter be described in a second
and if the velocity be constant, a thou-
sandth or a millionth of a meter will be
described in a thousandth or a millionth
of a second. Hence, if we can observe
or calculate the displacement during any
interval of time, however short, we may
deduce the distance which would be
described in a longer time with the
same velocity. This result, which enables
us to state the velocity during the short
interval of time, does not depend on the
body’s actually continuing to move at
the same rate during the longer time.
Thus we may know that a body is
moving at the rate of ten miles an hour,
though its motion at this rate may last
for only the hundredth of a second.

ON THE MEASUREMENT OF VELOCITY
WHEN VARIABLE.—When the velocity
of a particle is not constant, its value at
any given instant is measured by the
distance which would be described in
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unit of time by a body having the same
velocity as that which the particle has at
that instant.

Thus when we say that at a given in-
stant, say one second after a body has
begun to fall, its velocity is 980’ centi-
meters per second, we mean that if the
velocity of a particle were constant and
equal to that of the falling body at the
given instant, it would describe 980 cen-
timeters in a second.

It is specially important to understand
what is meant by the velocity or rate of
motion of a body, because the ideas
which are suggested to our minds by
considering the motion of a particle are
those which Newton made use of in his
method of Fluxions,* and they lie at the
foundation of the great extension of ex-
act science which has taken place in
modern times.

* According to the method of Fluxions, when the
value of one quantity depends on that of another, the
rate of variation of the first quantity with respect to
the second may be expressed as a velocity, by imagin-
ing the first quantity to represent the displacement of
a particle, while the second flows uniformly with the
time,

|
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Diagram Jor Vevocrries.—If the
velocity of each of the bodies in the sys-
tem is constant, and if we compare the
configurations of the system at an inter-
val of a unit of time, then the displace-
ments, being those produced in unit of
time in bodies] moving with constant
velocities, will represent those velocities
acocording to thejmethod of measurement
described * On Constant Velocity.”

If the velocities do not actually continue
constant for a unit of time, then we
must imagine another system consisting
of the same number of bodies, and in
which the velocities,are the same as
those of the corresponding bodies of the
system at the given instant, but remain
constant for a unit of time. The dis-
placements of this system represent the
velocities of the actual system at the
given instant.

Another mode of obtaining the dia-
gram of velocities of a system at a given
instant is to take a small interval of
time, say the nth part of the unit of
time, so that the middle of this interval
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corresponds to the given instant. Take
the diagram of displacements corre-
sponding to this interval and magnify all
its dimensions n times. The result will
be a diagram of the mean velocities of
the system during the interval. If we
now suppose the number n to increase
without limit the interval will diminish
without limit, and the mean velocities
will approximate without limit to the
actual velocities at the given instant.
Finally, when n becomes infinite the dia-
gram will represent accurately the velo-
cities at the given instant.

PROPERTIES OF THE DIAGRAM OF
Verocrries. (Fig. 5).—The diagram of

Fi6. 5.
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velocities for a system consisting of a
number of material particles consists of
a number of points, each corresponding
to one of the particles.

The velocity of any particle B with
respect to any other, A, is represented in
direction and magnitude by the line a b
in the diagram of velocities, drawn from
the point a, corresponding to A, to the
point b, corresponding to B.

‘We may in this way find, by means of
the diagram, the relative velocity of any
two particles, The diagram tells us
nothing about the absolute velocity of
any point; it expresses exactly what we
can know about the motion and no more.
If we choose to imagine that 5 repre-
sents the absolute velocity of A, then
the absolute velocity of any other parti-
cle, B, will be represented by the vector
005, drawn from o as origin, to the point
b, which corresponds to B.

But as it is impossible to define the
position of a body except with respect
to the position of some point of refer-
ence, so it is impossible to define the
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velocity of a body, except with respect
to the velocity of the point of reference.
The phrase absolute velocity has as little
meaning as absolute position. It is bet-
ter, therefore, not to distinguish any
point in the diagram of velocity as the
origin, but to regard the diagram as ex-
pressing the relations of all the veloci-
ties without defining the absolute value
of any one of them.

MxaNING oF THE PnrasE “ At REsTt.”
—It is true that when we say that a
body is at rest we use a form of words
which appears to assert something about
that body considered in itself, and we
might imagine that the velocity of
another body, if reckoned with respect
to a body at rest, would be its true and
only absolute velocity. But the phrase
‘“at rest” means in ordinary language
“having no velocity with respect to that
on which the body stands,” as, for in-
stance, the surface of the earth or the
deck of a ship. It cannot be made to
mean more than this.
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It is therefore unscientific to distin-
guish between rest and motion, as be-
tween two different states of a body in
itself, since it is impossible to speak of
a body being at rest or in motion except
with reference, expressed or implied, to
some other body.

Ox CHANGE oF VELOCITY.—AS we
have compared the velocities of different
bodies at the same time, so we may com-
pare the relative velocity of one body
with respect to another at different
times.

If a, b, c,, be the diagram of the veloc-

Fie. 6.

33
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ities of the system of bodies, A, B, C, in
its original state, and if a,, b,, ¢,, be the
diagram of velocities in the final state of
the system, then if we take any point
as origin and draw v a equal and par-
allel to a a,, o @ equal and parallel to

b, b,, o y equal and parallel to ¢, ¢, and
80 on, we shall form a diagram of points
a, B, v, &o., such that any line a g in
this diagram represents in direction and
magnitude the change of the velocity of
B with respect to A. This diagram
may be called the diagram of Total
Accelerations.

ON AccELERATION.—The word Ac-
celeration is here used to denote any
change in the velocity, whether that
change be an increase, a diminution, or a
change of direction. Hence, instead of
distinguishing, as in ordinary language,
between the acceleration, the retardation,
and the deflection of the motion of a
body, we say that the acceleration may
be in the direction of motion, in the con-
trary direction, or transverse to that
direction.
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As the displacement of a system is de-:
fined to be the change of the configura
tion of the system, so the Total Accelera-
tion of the system is defined to be the
change of the velocities of the system.
The process of constructing the diagram
of total accelerations, by a comparison of
the initial ‘and final diagrams of veloci-
ties, is the same as that by which the dia-
gram of displacements was constructed
by a comparison of the initial and final
diagrams of configuration.

O~ THE RATE OF AcCELERATION.—We
have hitherto been considering the total
acceleration which takes place during a
certain interval of time. If the rate of
acceleration is constant, it is measured
by the total acceleration in a unit of time.
If the rate of acceleration is variable, its
value at a given instant is measured
by the total acoeleration in unit of time
of a point whose acceleration is constant
and equal to that of the particle at the
given instant,.

It appears from this definition that
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the method of deducing the rate of ac-
celeration from a knowledge of the total
acceleration in any given time is pre-
cisely analogous to that by which the
velocity at any instant is deduced from a
knowledge of the displacement in any
given time.

The diagram of total accelerations con-
structed for an interval of the nth part
of the unit of time, and then magnified
n times, is a diagram of the mean rates
of acceleration during that interval, and
by taking the interval smaller and small-
er, we ultimately arrive at the true rate
of acceleration at the middle of that in-
terval.

As rates of acceleration have to be
considered in physical science much
more frequently than total accelerations,
the word acceleration has come to be
employed in the sense in which we have
hitherto used the phrase—rate of ac-
celeration.

In future, therefore, when we use the
word acceleration without qualification,
we mean what we have here described
as the rate of acceleration.
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DiagraM oF AcCELERATIONS.—The
diagram of accelerations is a system of
points, each of which corresponds to one
of the bodies of the material system, and
is such that any line « 8 in the diagram
represents the rate of acceleration of the
body B with respect to the body A.

It may be well to observe here that
in the diagram of configuration we use
the capital letters, A, B, C, &e., to in-
dicate the relative position of the bodies
of the system; in the diagram of veloci-
ties we use the small letters, a, b, ¢, to
indicate the relative velocities of these
bodies; and in the diagram of accelera-
tions we use the Greek letters, «, 8, ¥,
to indicate their relative accelerations.

AcceLERATION A RELATIVE TERM.--
Acceleration, like position and velocity,
is a relative term and cannot be inter-
preted absolutely. .

If every particle of the material uni-
verge within the reach of our means of
observation were at a given instant to
have its velocity altered by compound-
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‘ ing therewith a new velocity, the same
in magnitude and direction for every
such particle, all the relative motions of
bodies within the system would go on in
a perfectly continuous manner, and
neither astronomers nor physicists,
though using their instruments all the
while, would be able to find out that
anything had happened.

It is only if the change of motion
occurs in a different manner in the differ-
ent bodies of the system that any event
capable of being observed takes place.

" CHAPTER 1L

ON FORCE.

KinemaTics AND KineTICS.—We have
hitherto been considering the motion of
a system in its purely geometrical as-
pect. We have shown how to study and
describe the motion of such a system,
howevery arbitrary, without taking into
account any of the conditions of motion
which arise from the mutual action
between the bodies.
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The theory of motion treated in this
way is called Kinematics. When the
mutual action between bodies is taken
into account, the science of motion is
called Kinetics, and when special atten-
tion is paid to force as the cause of mo-
tion, it is called Dynamics,

MuTuar Aerion BeTweEN Two Bopiks
—StrEss.—The mutual action between
two portions of matter receives different
names according to the aspect under
which it is studied, and this aspect de-
pends on the extent of the material sys-
tem which forms the subject of our
attention.

If we take into account the whole phe-
nomenon of the action between the two
portions of matter, we call it Stress.
This stress, according to the mode in
which it acts, may be described as
Attraction, Repulsion, Tension, Pressure,
Shearing stress, Torsion, &ec.

ExTtErRNAL Force.—But if, as in
“Definition of a Material System,” we
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confine our attention to one of the por
tions of matter, we see, as it were, only
one gide of the transaction—namely,
that which affects the portion of matter
under our consideration—and we call
this aspect of the phenomenon, with
reference to its effect, an External Force
acting on that portion of matter, and
with reference to its camse we oall
the Action of the other portion of mat-
ter. The opposite aspect of the stress is
called the Reaction on the other portion
of matter. ’

DirFERENT ASPECTS OF THE SAME
PrENoMENON.—In commercial affairs
the same transaction between two parties
is called Buying when we consider one
party, Selling when we consider the
other, and Trade when we take both
parties into consideration,

The accountant who examines the -

records of the transaction finds that the
two parties have entered it on opposite
sides of their respective ledgers, and in .
comparing the books he must in every
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case bear in mind in whose interest each
book is made up.

For similar reasons in dynamical in-
vestigations we must always remember
which of the two bodies we are dealing
with, so that we may state the forces in
the interest of that body, and not set
down any of the forces on the wrong
sidé of the account.

Newron’s Laws oF MorioN.—Ex-
ternal or “impressed ” force considered
with reference to its effect—namely, the
alteration of the motions of bodies—is
completely defined and described in
Newton’s three laws of motion.

The first law tells us under what con-
ditions there is no external force.

The second shows us how to measure
the force when it exists.

The third compares the two aspects of
the action between two bodies, as it
affects the one body or the other.

Tae First Law or MorioN.—Law I.
Every body perseveres in its state of rest
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or of moving uniformly in a straight
line, except in so far as it is made to
change that state by external forces.

The experimental argument for the
truth of this law is, that in every case
in which we find an alteration of the
state of motion of a body, we can trace
this alteration to some action between
that body and another, that is to say, to
an external force. The existence of this
action is indicated by its effects on the
other body when the motion of that
body can be observed. Thus the motion
of a cannon ball is retarded, but this
arises from an action between the pro-
jectile and the air which surrounds it,

"whereby the ball experiences a force in
the direction opposite to its relative
motion, while the air, pushed forward
by an equal force, is itself set in motion,
and constitutes what is called the wind
of the cannon ball.

But our conviction of the truth of
this law may be greatly strengthened by
considering what is involved in a denial
of it. Given a body in motion. At a

~
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given instant let it be left to itself and
not acted on by any force. What will
happen? According to Newton’s law
it will persevere in moving uniformly in
a straight line, that is, its velocity will
remain constant both in direction and
magnitade. '

If the velocity does not remain con-
stant let us suppose it to vary. The
change of velocity, as we saw “On
Change of Velocity,” must have a defi-
nite direction and magnitude. By the
“Statement of the General Maxim of
Physical Science,” this variation must
be the same whatever be the time or
place of the experiment. The direction
of the change of motion must therefore
be determined either by the direction of
‘the motion itself, or by some direction
fixed in the body.

Let us, in the first place, suppose the
law to be that the velocity diminishes at
a certain rate, which for the sake of the
argument we may suppose 8o slow that
by no experiments on moving bodies
could we have detected the diminution
of velocity in hundreds of years.
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The velocity referred to in this hy-
pothetical law can only be the velocity
referred to a point absolutely at rest.
For if it is a relative velocity its direo-
tion as well as its magnitude depends on
the velocity of the point of reference.

If, when referred to a certain point,
the body appears to be moving north-
ward with diminishing velocity, we have
only to refer it to another point moving
northward with a uniform velocity
greater than that of the body, and it
will apper to be moving southward with
increasing velocity.

Hence the hypothetical law is without
meaning, unless we admit the possibility
of defining absolute rest and absolute
velocity.

Even if we admit this as a possibility,
the hypothetical law, if found to be true,
might be interpreted, not as a contradic-
tion of Newton’s law, but as evidence of
the resisting action of some medium in
space.

To take another case. Suppose the
law to be that a body, not acted on by
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any force, ceases at once to move. This
is not only contradicted by experience,
but it leads to a definition of absolute
rest as the state which a body assumes as
soon as it is freed from the action of ex-
ternal forces.

It may thus be shown that the denial
of Newton’s law is in contradiction to
the only system of consistent doctrine
about space and time which the human
mind has been able to form.

O~ tHE EqQuiLiBriuM OF ForcEs.—-If
a body moves with constant velocity in
a straight line, the external forces, if any,
which act on it, balance each other, or
are in equilibrium.

Thus if a carriage in a railway train
moves with constant velocity in a straight
line, the external forces which act on it
—such as the traction of the carriage in
front of it pulling it forwards, the drag
of that behind it, the friction of the
rails, the resistance of the air acting
backwards, the weight of the carriage
acting downwards, and the pressure of
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the rails acting upwards—must exactly
balance each other.

Bodies at rest with respect to the sur-
face of the earth are really in motion,
and their motion is not constant nor in a
straight line. Hence the forces which
act on them are not exactly balanced.
The apparent weight of bodies is esti-
mated by the upward force required to
keep them at rest relatively to the earth.
The apparent weight is therefore rather
less than the attraction of the earth, and
makes a smaller angle with the axis of
the earth, so that the combined effect of
the supporting force and the earth’s
attraction is a force perpendicular to the
earth’s axis just sufficient to cause the,
body to keep to the circular path which
it must describe if resting on the earth.

DerinirioNn oF EqQuan Times.—The
first law of motion, by stating under
what circumstances the velocity of a
moving body remains constant, supplies
us with a method of defining equal in-
tervals of time. Let the material system
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consist of two bodies which do not act
on oue another, and which are not acted
on by any body external to the system.
If one of these bodies is in motion with
respect to the other, the relative velocity
will, by the first law of motion, be con-
stant and in a straight line.

Hence intervals of time are equal
when the relative displacements during
those intervals are equal.

This might at first sight appear to be
nothing more than a definition of what
we mean by equal intervals of time, an
expression which we have not hitherto
defined at all.

But if we suppose another moving
system of two bodies to exist, each of
which is not acted upon by any body
whatever, this second system will give
us an independent method of comparing
intervals of time.

The statement that equal intervals of
time are those during which equal dis-
placements occur in any such system, is
therefore equivalent to the assertion that
the comparison of intervals of time leads
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to the same result, whether we use the
first system of two bodies or the second
system as our time-piece.

‘We thus see the theoretical possibility
of comparing intervals of time however
distant, though it is hardly necessary to
remark that the method cannot be put in
practice in the neighborhood of the
earth, or any other large mass of gravi-
tating matter.

TeE SEcoND Law or MorioN.—Law
II.— Change of motion is proportional
lo the impressed force, and takes place in
the direction in which the force is im-
pressed.

By motion Newton means what in
modern scientific language is called mo-
mentum, in which the quantity of matter
moved is taken into account as well as
the rate at which it travels.

By impressed force he means what is
now called Impulse, in- which the time
during which the force acts is taken into
account as well as the intensity of the
force.
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DEeFINITION OF EQUAL MASSES AND OF
EquaL Forces.—An exposition of the
law therefore involves a definition of
equal quantities of matter and of equal
forces.

We shall assume that it is posmble to
cause the force with which one body
acts on another to be of the same intens-
ity on different occasions.

If we admit the permanency of the pro-
perties of bodies this can be done. We
know that a thread of caoutchouc when
stretched beyond a certain length exerts
a tension which increases the more the
thread is elongated. On account of this
property the thread is said to be elastic.
When the same thread is drawn out to
the same length it will, if its properties
remain constant, exert the same tension.
Now let one end of the thread be fasten-
ed to a body, M, not acted on by any
other force than the tension of the thread,
and let the other end be held in the hand
and pulled in a constant direction with
a force just sufficient to elongate the
thread to a given length; the force act-
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ing on the body will then be of a given
intensity, F. The body will acquire
velocity, and at the end of a unit of
time this velocity will have a certain
value, V.

If the same string be fastened to
another body, N, and pulled as in the
former case, so that the elongation is
the same as before, the force acting on
the body will be the same, and if the
velocity communicated to N in a unit of
time is also the same, namely, V, then
we say of the two bodies M and N that
they consist of equal quantities of mat-
ter, or, in modern language, they are
equal in mass. In this way, by the use of
an elastic string, we might adjust the
masses of a number of bodies so as to
be each equal to a standard unit of mass,
such as a pound avoirdupois, which is
the standard of mass in Britain.

MEasuREMENT OF Mass.—The scien-
tific value of the dynamical method of
comparing quantities of matter is best
seen by comparing it with other methods
in actual use.



85

.

As long as we have to do with bodies
of exactly the same kind, there is no
difficulty in understanding how the quan-
tity _of matter is to be measured. If
equal quantities of the substance produce
equal effects of any kind, we may employ
these effects as measures of the quantity
of the substance. ’

For instance, if we are dealing with
sulphuric acid of uniform strength, we
may estimate the quantity of a given
portion of it in several different ways.
We may weigh it, we may pour it into a
graduated vessel, and so measure its vol-
ume, or we may ascertain how much of
a standard solution of potash it will neu-
tralize,

We might use the same methods to
estimate a quantity of nitric acid if
we were dealing only with nitric acid;
but if we wished to compare a quantity
of nitric acid with a quantity of sul-
phuric acid we should obtain different
results by weighing, by measuring, and
by testing with an alkaline solution.

Of these three methods, that of weigh-
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ing depends on the attraction between
the acid and the earth, that of measuring
depends on the volume which the acid
occupies, and that of titration depends
on its power of combining with potash.
In abstract dynamics, however, matter
is considered under no other aspect than
as that which can have its motion changed
by the application of force. Hence any
two bodies are of equal mass if equal
forces applied to these bodies produce, in
equal times, equal changes of velocity.
This is the only definition of equal
masses which can be admitted in dynam-
ics, and it is applicable to all material
bodies, whatever they may be made of.
It is an observed fact that bodies of
equal mass, placed in the same position
relative to the earth, are attracted equally
towards the earth, whatever they are
made of; but this is not a doctrine of ab-
stract dynamics, founded on axiomatic
principles, but a fact discovered by ob-
servation, and verified by the careful ex-
periments of Newton,* on the times of

* «Principla,” IIL, Prop. 6.
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oscillation of hollow wooden balls sus-
pended by strings of the same length,
and containing gold, silver, lead, glass,
sand, common salt, wood, water, and
wheat.

The fact, however, that in the sam«
geographical position the weights of
-equal masses are equal, is so well estab-
lished, that no other mode of comparing
masses than that of comparing their
weights is ever made use of, either in
commerce or in science, except in re-
searches undertaken for the special pur-
pose of determining, in absolute measure,
the weight of unit of mass at different
parts of the earth’s surface. The method
-employed in these researches is essential-
ly the same as that of Newton, namely,
by measuring the length of a pendulum
which swings seconds.

The unit of mass in this country is
defined by the Act of Parliament (18 &
19 Vict. c. 72, July 30, 1855) to be a
piece of platinum marked “P. S., 1844,
1 1b.” deposited in the office of the
Exchequer, which ¢ shall be and be de-
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nominated the Imperial Standard Pound
Avoirdupois.” One seven-thousandth
part of this pound is a grain. The
French Standard of mass is the “Kilo-
gramme des Archives,” made of platinum
by Borda. Professor Miller finds the
kilogramme equal to 15432.34874 grains.

NuumericaL MEASUREMENT oF ForcE.
—The unit of force is that force which,
acting on the unit of mass for the unit
of time, generates unit of velocity.

Thus the weight of a grarume—uhat s
to say, the force which causes it to fall
—may be asserted by letting it fall
freely. At the end of one second its
velocity will be about 981 centimeters
per second if the experiment be in-
Britain. Hence the weight of a gramme
is represented by the number 981, if the
centimeter, the gramme, and the second
are taken as the fundamental units.

It is sometimes convenient to compare
forces with the weight of a body, and to
speak of a force of so many pounds
weight or grammes weight. This is



69

called Gravitation measure. We must
remember, however, that though a pound
or a gramme is the same all over the
world, the weight of a pound or a
gramme is greater in high latitudes than
near the equator, and therefore a meas-
urement of force in gravitation measure
is of no scientific value unless it is stated
in what part of the world the measure-
ment was made.

If, as in Britain, the units of length,
mass, and time are one foot, one pound,
and one second, the unit of force is that
which, in one second, would communi-
cate to one pound a velocity of one foot
per second. This unit of force is called
a Poundal.

In the French metric system the units
are one centimeter, one gramme, and one
second. The force which in one second
would communicate to one gramme a
velocity of one centimeter per second is
called a Dyne.

Since the foot is 80.4797 centimeters
and the pound is 453.59 grammes, the
poundal is 13825.38 dynes.
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SmMuLTANEOUS ACTION OF FORCES ON
A Bopy.—Now let a unit of force act for
unit of time upon unit of mass. The
velocity of the mass will be changed,
and the total acceleration will be unity
in the direction of the force.

The magnitude and direction of this
total acceleration will be the same
whether the body is originally at rest or
in motion. For the expression “at
rest” has no scientific meaning, and the
expression ‘“in motion,” if it refers to
relative motion, may mean anything, and
if it refers to absolute motion can only
refer to some medium fixed in space. To
discover the existence of a medium, and
to determine our velocity with respect to
it by observation on the motion of
bodies, is a legitimate scientific inquiry,
but supposing all this done we should
have discovered, not an error in the laws
of motion, but a new fact in science.

Hence the effect of a given force on a
body does not depend on the motion of
that body.

Neither is it affected by the simulta-
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neous action of other forces on the body.
For the effect of these forces on the
body is only to produce motion in the
body, and this does not affect the ac-
celeration produced by the first force.

Hence we arrive at the following form
of the law. When any number of forces
act on a body, the acceleration due to
each force i3 the same in direction and
magnitude as if the others had not been
in action.

When a force, constant in direction
and magnitude, acts on a body, the total
acceleration is proportional to the inter-
val of time during which the force acts.

For if the force produces a certain
total acceleration in a given interval of
time, it will produce an equal total ac-
celeration in the next, because the effect
of the force does not depend upon the
velocity which the body has when the
force acts on it. Hence in every equal
interval of time there will be an equal
change of the velocity, and the total
change of velocity from the beginning
of the motion will be proportional to the
time of action of the force.
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The total acceleration in a given time
is proportional to the force.

For if several equal forces act in the
same direction on the same body in the
same direction, each produces its effect
independently of the others. Hence the
total acceleration is proportional to the
number of the equal forces.

O~ ImpurseE.—The total effect of a
force in communicating velocity to a
body is therefore proportional to the
force and to the time during which it
acts conjointly.

The product of the time of action of a
force into its intensity if it is constant,
or its mean intensity if it is variable, is
called the Zmpulse of the force.

There are certain cases in which a
force acts for so short a time that it is
difficult to estimate either its intensity
or the time during which it acts. But it
is comparatively easy to measure the
effect of the force in altering the motion
of the body on which it acts, which, as
we have seen, depends on the impulse.

.
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The word impulse was originally used
to denote the effect of a force of short
duration, such as that of a hammer
striking a nail. There is no essential
difference, however, between this case
and any other case of the action of force.
We shall therefore use the word impulse
as above defined, without restricting it
to cases in which the action is of an ex-
ceptionally transient character.

ReraTioN BETWEEN FORCE AND Mass.
—1If a force acts on a unit of mass for a -
certain interval of time, the impulse, as
we have seen, is measured by the veloci-
ty generated.

If a number of equal forces act in the
same direction, each on a unit of mass,
the different masses will all move in the
same manner, and may be joined to-
gether into ome body without altering
the phenomenon. The velocity of the
whole body is equal to that produced by
one of the forces acting on a unit of
mass.

Hence the force required to produce a



74

given change of velocity in a given time
is proportional to the number of units
of mass of which the body consists.

O~ MomENTUM.—The numerical value
of the Momentum of a body is the pro-
duct of the number of units of mass in
the body into the number of units of
velocity with which it is moving.

The momentum of any body is thus
measured in terms of the momentum of
unit of mass moving with unit of veloci-
ty, which is taken as the unit of momen-
tum,

The direction of the momentum is the
same as that of the velocity, and as the
velocity can only be estimated with re-
spect to some point of reference, so the
particular value of the momentum de-
pends on the point of reference which
we assume. The momentum of the
moon, for example, will be very different
according as we take the earth or the san
for the point of reference.

STATEMENT OF THE SEcoNp Law or
Motiox 1N TeErMs oF IMpULSE AND Mo-

. AS
IS
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MENTUM.— Zhe change of momentum of
a body s numerically equal to the im-
pulse which produces it, and is in the
same direction.

AbpprrioN or Forces.—If any number
of forces act simultaneously on a body,
each force produces an acceleration pro-
portional to its own magnitude (‘Meas-
urement of Mass”). Hence if in the dia-
gram of accelerations (See “ Diagram of
Accelerations ) we draw from any origin
a line representing in direction and mag-
nitude the acceleration due to one of the
forces, and from the end of this line an-
other representing the acceleration due
to another force, and so on, drawing
lines for each of the forces taken in any
order, then the line drawn from the ori-
gin to the extremity jof the last of the
lines will represent the acceleration due
to the combined action of all the forces.

Since in this diagram lines which rep-
resent the accelerations are in the same
proportion as the forces to which these
accelerations are due, we may consider
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the lines as representing these forces
themselves. The diagram, thus under-
stood, may be called a Diagram of
Forces, and the line from the origin to
the extremity of the series represents the
Resultant Force.

An important case is that in which the
set of lines representing the forces ter-
minate at the origin so as to form a closed
figure. In this case there is no resultant
force, and no acceleration. The effects
of the forces are exactly balanced, and
the case is one of equilibrium. The dis-
cussion of cases of equilibrium forms the
subject of the science of Statics.

It is manifest that since the system of
forces is exactly balanced, and is equiv-
alent to no force at all, the forces will
also be balanced if they act in the same
way on any other material system, what-
ever be the mass of that system. This
is the reason why the consideration of
mass does not enter into statical investi-
gations,
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Tae TrHIRD Law or MotioN.—Law
II1.— Reaction i3 always equal and op-
posite to action, that is to say, the actions
of two bodies upon each other are always
equal and in opposite directions.

When the bodies between which the
action takes place are not acted on by
any other force, the changes in their re-
spective momenta produced by the action
are equal and in opposite directions.

The changes in the velocities of the
two bodies are also in opposite directions,
but not equal, except in the case of equal
masses. In other cases the changes of
velocity are in the inverse ratio of the
masses.

AcTION AND REACTION ARE THE PAR-
TIAL ASPECTS OF A STRESs.—We have
already (“Mutual Action—Stress,” etc.)
used the word stress to denote the mutual
action between two portions of matter.
This word was borrowed from common
language, and invested with a precise
scientific meaning by the late Professor
Rankine, to whom we are indebted for
several other valuable scientific terms.
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As soon as we have formed for our-
selves the idea of a stress, such as the
Tension of a rope or the Pressure be-
tween two bodies, and have recognized
its double aspect as it affects the two
portions of matter between which it
acts, the third law of motion is seen to
be equivalent to the statement that all
force is of the nature of stress, that stress
exists only between two portions of
matter, and that its effeets on these por-
tions of matter (measured by the mo-
mentum generated in a given time) are
equal and opposite.

The stress is measured numerically by
the force exerted on either of the two
portions of matter. It is distinguished
as a tension when the force acting on
either portion is towards the other, and
as a pressure when the force acting on
either portion is away from the other.

When the force is inclined to the sur-
face which separates the two portions of
matter the stress cannot be distinguished
by any term in ordinary language, but
must be defined by technical mathemati-
cal terms.

‘
|
\
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When a tension is exerted between
two bodies by the medium of a string,
the stress, properly speaking, is between
any two parts into which the string may
be supposed to be divided by an imagin-
ary section or transverse interface. 1f,
however, we neglect the weight of the
string, each portion of the string is in
equilibrium under the action of the ten-
sions at its extremities, so that the ten-
sions at any two transverse interfaces of
the string must be the same. For this
reason we often speak of the tension of
the string as a whole, without specifying
any particular section of it, and also the
tension between the two bodies, without
considering the nature of the string
through which the tension is exerted.

ArrracTiON AND REPULSION.—There
are other cases in which two bodies at a
distance appear mutually to act on each
other, though we are not able to detect
any intermediate body, like the string in
the former example, through which
the action takes place. For instance,
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two magnets or two electrified bodies
appear to act on each other when placed
at considerable distances apart, and the
motions of the heavenly bodies are ob-
served to be affected in a manner which
depends on their relative position.

This mutual action between distant
bodies is called attraction when it tends
to bring them nearer, and repulsion when
it tends to separate them.

In all cases, however, the action and
reaction between the bodies are equal
and opposite.

Tae THIRD Low TRUE oF AcTION AT
A Distance.—The fact that a magnet
draws iron towards it was noticed by
the ancients, but no attention was paid
to the force with which the iron attracts
the magnet. Newton, however, by
placing the magnet in one vessel and the
iron in another, and floating both vessels
in water so as to touch each other, showed
experimentally that as neither vessel was
able to propel the other along with itself
through the water, the attraction of the
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iron on the magnet must be equal and
opposite to that of the magnet on the
iron, both being equal to the pressure
between the two vessels.

Having given this experimental illus-
tration Newton goes on to point out the
consequence of denying the truth of this
law. For instance, if the attraction of
any part of the earth, say a mountain, '
upon the remainder of the earth were
greater or less than that of the remainder
of the earth upon the mountain, there
would be a residual force, acting upon
the system of the earth and the mountain
as a whole, which would cause it to
move off, with an ever-increasing
velocity, through infinite space.

NewTtoN's PROOF NoT EXPERIMENTAL,
—This is contrary to the first law of
motion, which asserts that a body does
not change its state of motion unless
acted on by external force. It cannot be
affirmed to be contrary to experience, for
the effect of an inequality between the
attraction of the earth on thke mountain
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and the mountain on the earth would be
the same as that of a force equal to the
difference of these attractions acting in
the direction of the line joining the
center of the earth with the mountain.

If the mountain were at the equator
the earth would be made to rotate about
an axis parallel to the axis about which
it would otherwise rotate, but not pass-
ing exactly through the center of the
earth’s mass.

If the mountain were at one of the
poles, the constant force parallel to the
earth’s axis would cause the orbit of the
earth about the sun to be slightly
shifted to the north or south of a plane
passing through the center of the sun’s
mass.

If the mountain were at any other
part of the earth’s surface its effect
would be partly of the one kind and
partly of the other.

Neither of these effects, unless they
were very large, could be detected by
direct astronomical observations, and the
indirect method of detecting small
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forces, by their effect in slowly altering
the elements of a planet’s orbit, pre-
supposes that the law of gravitation is
known to be true. To prove the laws
of motion by the law of gravitation
would be an inversion of scientific order.
We might as well prove the law of addi-
tion of numbers by the differential cal-
culus.

We cannot, therefore, regard Newton’s
statement as an appeal to experience and
observation, but rather as a deduction
of the third law of motion from the first.

CHAPTER IV,

ON THE PROPERTIES OF THE CENTER
OF MASS OF A MATERIAL SYSTEM.

‘DEFINITION OF A Mass-VEcTOR.—We
have seen that a vector represents the
operation of carrying a tracing point
from a given origin to a given point.

Let us define a mass-vector as the
operation of carrying a given mass from
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the origin to the given point. The
direction of the mass-vector is the same
as that of the vector of the mass, but its
magnitude is the product of the mass
into the vector of the mass.

Thus if OA is the vector of the mass
A, the mass-vector is OA.A.

CeNTER oF Mass oF Two ParTticLEs.
—If A and B are two masses, and if a
point C be taken in the straight line AB,
80 that BC is to CA as A to B, then the
mass-vector of a mass A+ B placed at C
is equal to the sum of the mass-vectors
of A and B.

For OA.A+O0B.B=(0C+CA)A+(0C
+CB)B.

=0C(A+B)+CA.A

+CB.B.
Now the mass-vectors CA.A and CB.B
are equal and opposite, and so destroy

each other, so that OA.A+OB.B=0C
(A+B)
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or, Cis a point such that if the masses of
A and B were concentrated at C, their
mass-vector from any origin O woyld be
the same as when A and B are in their
actual positions. The point C is called
the Center of Mass of A and B.

CENTER OF Mass oF A SystEM.—If
the system consists of any number of
particles, we may begin by finding the
center of mass of any two particles, and
substituting for the two particles a
particle equal to their sum placed at
their center of mass. We may then find
the center of mass of this particle, to-
gether with the third particle of the
system, and place the sum of the three
particles at this point, and so on till we
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have found the center of mass of the
whole system. :

The mass-vector drawn from any
origin to a mass, equal to that of the
whole system placed at the center of
mass of the system, is equal to the sum
of the mass-vectors drawn from the
same origin to all the particles of the
system. :

It follows, from the proof in “ Center
of Mass of Two Particles,” that the
point found by the construction here
given satisfies this condition. It is plain
from the condition itself that only one
point can satisfy it. Hence the con-
struction must lead to the same result,
as to the position of the center of mass,
in whatever order we take the particles
of the system.

The center of massis therefore a defin-
ite point in the diagram of the configu-
ration of the system. By assigning to
the different points in the diagrams of
displacement, velocity, total acceleration,
and rate of acceleration, the masses of
the bodies to which they correspond, we
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may find in each of these diagrams a
point which corresponds to the center of
mass, and indicates the displacement,
velocity, total acceleration of the center
of mass.

MoxMENTUM REPRESENTED AS THE
RATE oF CHANGE OF A Mass-VECTOR.—
In the diagram of velocities, if the points
o, a, b, ¢, correspond to the velocities of

the origin O and the bodies A, B, §, and

if p be the center of mass of A and B
placed at @ and b respectively, and if ¢
is the center of mass of A+B placed at
pand C at ¢, then g will be the center
of mass of the system of bodies A, B, C,
at a, b, ¢, respectively.

Fie. 8.

b4 b

.0
(]

The velocity of A with respect to O is
indicated by the vector o @, and that of
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Band Cbyoband oc. op is the veloc-
ity of the center of mass of A and B,
and o ¢ that of the center of mass of
A, B, and C, with respect to O.

The momentum of A with respect to
O is the product of the velocity into the
mass, or 0 a.A, or what we have already
called the mass-vector, drawn from o to
the mass A at a. Similarly the moment-
um of any other body is the mass-vector
drawn from o to the point on the dia-
gram of velocities corresponding to that
body, and the momentum of the mass of
the system concentrated at the center of
mass is the mass-vector drawn from o to
the whole mass at ¢.

Since, therefore, a mass-vector in the
diagram of velocities is what we have
already defined as a momentum, we may
state the property proved in “Center of
Mass of a System,” in terms of momenta,
thus: The momentum of a mass equal to
that of the whole system, moving with
the velocity of the center of mass of the
system, is equal in magnitude and
parallel in direction to the sum of the
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momenta of all the particles of the sys-
tem.

Errecr oF ExTERNAL FORCES ON THE
MorioN oF THE CENTER OF Mass.—In
the same way in the diagram of Total
Acceleration the vectors w a, w §, drawn
from the origin, represent the change of
velocity of the bodies A, B, &c., during
a certain interval of time. The corre-
sponding mass-vectors, o a.A, ;-ﬁ.B.,
&c., represent the corresponding changes

Fia. 9.
a -4

@
7
of momentum, or, by the second law of
motion, the impulses of the forces acting
on these bodies during that interval of
time. If % is the center of mass of the
system wk is the change of velocity
during the interval, and % (A +B+C)
is the momentum generated in the mass
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concentrated at the center of gravity.
Hence, by “ Center of Mass of a System,”
the change of momentum of the imagi-
nary mass equal to that of the whole
system concentrated at the center of
mass is equal to the sum of the changes
of momentum of all the different bodies
of the system.

In virtue of the second law of motion
we may put this result in the following
form : -

The effect of the forces acting on the
different bodies of the system in altering
the motion of the center of mass of the
system is the same as if all these forces
had been applied to a mass equal to the
whole mass of system, and coinciding
with its center of mass.

TaE MoTtioN oF THE CENTER oF Mass
OF A SYSTEM IS NOT AFFECTED BY THE
MuTtuaL ActioN OF THE PARTS OF THE
SysTEM.~—For if there is an action be-
tween two parts of the system, say A
and B, the action of A on B is always,
by the third law of motion, equal and
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opposite to the reaction of B on A. The
momentum generated in B by the action
of A during any interval is therefore
equal and opposite to that generated in
A by the reaction of B during the same
interval, and the motion of the center of
mass of A and B is therefore not affected
by their mutual action.

We may apply the result of the last
article to this case and say, that since
the forces on A and on B arising from
their mutual action are equal and oppo-
site, and since the effect of these forces
on the motion of the center of mass of
the system is the same as if they had
been applied to a particle whose mass
is equal to the whole mass of the system,
and since the effect of two forces equal
and opposite to each other is zero, the
motion of the center of mass will not be
affected.

FirsT AND SECOND Laws oF MoTioN.
—This is a very important result. It
enables us to render more precise the
enunciation of the first and second laws
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of motion, by defining that by the
velocity of a body is meant the velocity
of its center of mass. The body may be
rotating, or it may consist of parts, and
be capable of changes of configuration,
so that the motions of different parts
may be different, but we can still assert
the laws of motion in the following
form : ,

Law I. The center of mass of the sys-
tem perseveres in its state of rest, or of
uniform motion in a straight line, except
in so far as it is made to change that
state by forces acting on the system
from without.

Law IL. The change of momentum of
the system during any interval of time
is measured by the sum of the impulses
of the external forces during that inter-
val.

MerHOD OF TREATING SYSTEMS OF
MovrecuLEs.—When the sytem is made
up of parts which are so small that we can-
not observe them, and whose motions are
so rapid and so variable that even if we
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could observe them we could not
describe them, we are still able to deal
with the motion of the center of mass
of the system, because the internal forces
which cause the variation of the motion
of the parts do not affect the motion of
the center of mass.

By tHE INTRODUCTION OF THE IDEA OF
Mass we pass FroM PoinT-VECTORS,
Point DispracEMENTS, VELOCITIES,
ToraL ACCELERATIONS, AND RATES oF
ACCELERATION, TO Mass-VEcTORS, Mass
DispLacEMENTS, MoMENTA, IMPULSES,
AND Moving Forexs.—In the diagram
of rates of acceleration (Fig. 9, “Effect
of External Forces on the Motion of the
Center of Mass),” the vectors wa, v f,
&c., drawn from the origin, represent
the rates of acceleration of the bodies
A, B, &c., at a given instant, with re-
spect to that of tlre origin O.

The corresponding mass-vectors, v a.A,
w f.B, &o., represent the forces acting
on the bodies A, B, &c.

We sometimes speak of several forces
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acting on a body, when the force acting
on the body arises from several different
causes, 80 that we naturally consider the
parts of the force arising from these
different causes separately.

But when we consider force, not with
respect to its causes, but with respect to
its effect—that of altering the motion of
a body—we speak not of the forces, but
of the force acting on the body, and this
force is measured by the rate of change
of the momentum of the body, and is in-
dicated by the mass-vector in the dia-
gram of rates of acceleration.

We have thus a series of different
kinds of mass-vectors corresponding to
the series of vectors which we have
already discussed.

We have, in the first place, a system
of mass-vectors with a common origin,
which we may regard as a method of
indicating the distribution of mass in a
material system, just as the correspond-
ing system of vectors indicate the geo-
metrical configuration of the system.

In the next place, by comparing the
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distribution of mass at two different
epochs, we obtain a‘system of mass-
vectors of displacement.

The rate of mass displacement is mo-
mentum, just as therate of displacement
is velocity.

The change of momentum is impulse
as the change of velocity is total accel-
eration.

The rate of change of momentum is
moving force, as the rate of change of
velocity is rate of acceleration.

DerINITION OF A MASS-AREA.—When
a material particle moves from one

point to another, twice the area swept

out by the vector of the particle multi-
plied by the mass of the particle is called
thqmass-area of the displacement of the
particle with respect to the origin from
which the vector is drawn.

If the area is in one plane, the direc-
tion of the mass-area is normal to the
plane, drawn so that, looking in the pos-
itive direction along the normal, the
motion of the particle round its area ap-
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pears to be the direction of the motion
of the hands of a watch.

If the area is in one plane, the path
of the particle must be divided into por-
tions so small that each coincides sensibly
with a straight line, and the mass-areas
corresponding to these portions must be
added together by the rule for the addi-
tion of vectors.

ANGULAR MomENTUM.—The rate of
change of a mass-area is twice the mass
of the particle into the triangle, whose
vertex is the origin and whose base is
the velocity of the particle measured
along the line through the particle in the
direction of its motion. The direction
of this mass-area is indicated by the
normal drawn according to the rule
given above. ’

The rate of change of the mass-area
of a particle is called the Angular Mo-
mentum of the particle about the origin,
and the sum of the angular momenta of
all the particles is called the angular
momentum of the system about the
origin.
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The angular momentum of a material
system with respect to a point is, there-
fore, a quantity having a definite direc-
tion as well as a definite magnitude.

The definition of the angular moment-
um of a particle about a point may be
expressed somewhat differently-—as the
product of the momentum of the particle
with respect to that point into the per-
pendicular from that point on the line
of motion of the particle at that instant.

MoumeNT OF A ForcE ABOUT A PoINT.
—The rate of increase of the angular
momentum of a particle is the continued
product of the rate of acceleration of the
velocity of the particle into the mass of
the partlcle into the perpendicular from
the origin on the line through the parti-
cle along which the acceleration takes
place. In other words, it is the product
of the moving force acting on the parti-
cle into the perpendicular from the origin
on the line of action of this force.

Now the produce of a force into the
perpendicular from the origin on its line
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of action is called the Moment of the
Force about the origin. The axis of the
moment, which indicates its direction, is
a vector drawn perpendicular to the
plane passing through the force and the
origin, and in such a direction that look-
ing along this line in the direction in
which it is drawn, the force tends to
move the particle round the origin in the
direction of the hands of a watch.

Hence the rate of change of the angu-
lar momentum of a particle about the
origin is measured by the moment of the
force which acts on the particle about
that point.

The rate of change of the angular mo-
mentum of a material system about the
origin is in like manner measured by the
geometric sum of the moments of the
forces which act on the particles of the
system.

CONSERVATION OF ANGULAR MOMENT-
uM.—Now consider any two particles
of the system. The forces acting on
these two particles, arising from their
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mutual action, are equal, opposite, and
in the same straight line. Hence the
moments of these forces about any point
as origin are equal, opposite, and about
the same axis. The sum of these mo-
ments is therefore zero. In like manner
the mutual action between every other
pair of particles in the system consists of.
two forces, the sum of whose moments
is zero.

Hence the mutual action between the
bodies of a material system does not affect
the geometric sum of the moments of
the forces. The only forces, therefore,
which need be considered in finding the
geometric sum of the moments are those
which are external to the system—that
is to say, between the whole or any part
of the system and bodies not included in
the system.

The rate of change of the angular
momentum of the system is therefore
measured by the geometric sum of the
moments of the external forces acting on
the system.

If the directions of all the external



100

forces pass through the origin, their
moments are zero, and the angular mo-
mentum of the system will remain con-
stant.

When a planet describes an orbit
about the sun, the direction of the
mutual action between the two bodies
always passes through their common
center of mass. Hence the angular
momentum of either body about their
common center of mass remains constant,
so far as these two bodies only are con-
cerned, though it may be affected by
the action of other planets. If, however,
we include all the planets in the system,
the geometric sum of their angular
momenta about their common center of
mass will remain absolutely constant,
whatever may be their mutual actions,
provided no force arising from bodies
external to the whole solar system acts
in an unequal manner upon the different
members of the system.
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CHAPTER V.
ON WORK AND ENERGY.

Derinitions.—Work s the act of pro-
ducing a change of configuration in a
system in opposition to a force which re-
8ists that change.

Energy is the capacity of doing work.

When the nature of a materiul system
s such that if, after the system has un-
dergone any series of changes, it s
brought back in any manner to ils
original state, the whole work done by ex-
ternal agents on the system i3 equal to the
whole work done by the system in over-
coming external forces, the system is called
a CONSERVATIVE SYSTEM. '

PrinciPLE  OF CONSERVATION OF
Enrrcv.—The progress of physical sci-
ence has led to the dircovery and investi-
gation of different forms of energy, and
to the establishment of the doctrine that
all material systems may be regarded as
conservative systems, provided that all
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the different forms of energy which ex-
ist in these systems are taken into ac-
count.

This doctrine, considered as a deduc-
tion from observation and experiment
can, of course, assert no more than that
no instance of a non-conservative system
has hitherto been discovered.

As a scientific or science-producing
doctrine, however, it is always acquiring
additional credibility from the constantly
increasing number of deductions which
have been drawn from it, and which are
found in all cases to be verified by ex-
periment.

In fact the doctrine of the Conserva-
tion of Energy is the one generalized
statement which is found to be consist-
ent with fact, not in one physical science
only, but in all.

When once apprehended it furnishes
to the physical inquirer a principle on
which he may hang every known law
relating to physical actions, and by
which he may be put in the way to dis-
cover the relations of such actions it new
branches of science.
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For such reasons the doctrine is com-
monly called the Principle of the Con-
servation of Energy.

GENERAL STATEMENT OF THE PRIN-
cIPLE OF THE CONSERVATION oF ENERGY.
—The total energy of any meaterial sys-
tem 18 a quantity which can neither be
increased nor diminished by any action
between the parts of the system, though it
may be transformed into any of the
Jorms of which energy is susceptible.

_If, by the action of some agent ex-
ternal to the system, the configuration
of the system is changed, while the forces
of the system resist this change of con-
figuration, the external agent is said to
do work ou the system. In this case the
energy of the system is increased by the
amount of work done on it by the ex-
ternal agent.

If, on the contrary, the forces of the
system produce a change of configura-
tion which is resisted by the external
agent, the system is said to do work on
the external agent, and the energy of the
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system is diminished by the amount of
work- which it does.

Work, therefore, is a transference of
energy from one system to another; the
system which gives out energy is said to

-do work on the system which receives i,
and the amount of energy given out by
the first system is always exactly equal
to that received by the second.

If, therefore, we include both systems
in one larger system, the energy of the
total system is neither increased nor di-
minished by the action of the one par-

s,

tial system on the other. “

MEzasurEMENT oF WorkK.—Work done
by an external agent on a material sys-
tem may be described as a change in the
configuration of the system taking place
under the action of an external force
tending to produce that change.

Thus, if one pound is lifted one foot
from the ground by a man in opposition
to the force of gravity, a certain amount
of work is done by the man, and this
quantity is known among engineers as
one foot-pouud.
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Here the man is the external agent,
the material system consists of the earth
and the pound, the change of configura-
tion is the increase of the distance be-
tween the matter of the earth and the
matter of the pound, and the force is the
upward force exerted by the man in
lifting the pound, which is equal and op-
posite to the weight of the pound. To
raise the pound a foot higher would, if
gravity were a uniform force, require ex-
actly the same amount of work. It is
true that gravity is not really uniform,
but diminishes as we ascend from the
earth’s surface, so that a foot-pound is
not an accurately know quantity, unless
we specify the intensity of gravity at the
place. But for the purpose of illustration
we may assume that gravity is uniform
for a few feet of ascent, and in that case
the work done in lifting a pound would
be one foot-pound for every foot the
pound is lifted.

To raise twenty pounds of water ten
feet high requires 200 foot-pounds of
work. To raise one pound ten feet high
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requires ten foot-pounds, and as there
are twenty pounds the whole work is
twenty times as much, or two hundred
foot-pounds.

The quantity of work done is, there-
fore, proportional to the product of the
numbers representing the force exerted
and the displacement in the direction of
the force.

In the case of a foot-pound the force
is the weight of a pound—a quantity
which, as we know, is different in differ-
ent places. The weight of a pound ex-
pressed in absolute measure is numerical-
ly equal to the intensity of gravity, the
quantity denoted by g, the value of
which in poundals to the pound varies
from 32.227 at the pole to 32.117 at the
equator, and diminishes without limit as
we recede from the earth. In dynes to
the gramme it varies from 978.1 to 983.1.
Hence, in order to express work in a uni.
form and consistent manner, we must
multiply the number of foot-pounds by
the number representing the intensity of
gravity 'at the place. The work is thus
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reduced to foot-poundals. We shall al-
ways understand work to be measured in
this manner and reckoned in foot-pound-
als when no other system of measure-
ment is mentioned. When work is ex-
pressed in foot-pounds the system is that
of gravitation-measures, which is not a
complete system unless we also know the
intensity of gravity at the place.

In the metrical system the unit of
work is the Erg, which is the work done
by a dyne acting through a centimeter.
There are 421393.8 ergs in a foot-
poundal.

PorenTiaL ENERGY.—The work done -
by a man in raising a heavy body is done
in overcoming the attraction between the
earth and that body. The energy of the
material system, consisting of the earth
and the heavy body, is thereby increased.
If the heavy body is the leaden weight
of a clock, the energy of the clock is in-
creased by winding it up, so that the
clock is able to go for a week in spite of
the friction of the wheels and the resist-
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ance of the air to the motion of the
pendulum, and also to give out energy
in other forms, such as the communica-
tion of the vibrations to the air, by
which we hear the ticking of the clock. §

When a man winds up a watch he
does work in changing the form of the
mainspring by coiling it up. The energy
of the mainspring is thereby increased,
so that as it uncoils itself it is able to
keep the watch going.

In both these cases the energy com-
municated to the system depends upon a
change of configuration.

Kineric ENERGY.—But in a very im-
portant class of phenomena the work is
done in changing the velocity of the
body on which it acts. Let us take as a
simple case that of a body moving with-
out rotation under the action of a force.
Let the mass of the body be M pounds,
and let a force of F poundals act on it
in the line of motion during an interval
of time, T seconds. Let the velocity at
the beginning of the interval be V and
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that at the end V' feet per second, and
let the distance traveled by the body
during the time be S feet. The original
momentum is MV, and the final mo-
mentum is MV’, so that the increase of
momentum is M (V’—V), and this, by
the second law of motion is equal to FT,
the impulse of the force F acting for the
time T. Hence
FT=M (V'-V). (1)

Since the velocity increases uniformly
with the time, the mean velocity is the
arithmetical mean of the original and
final velocities, or % (V' +V).

We can also determine the mean
velocity by dividing the space S by the
time T, during which it is described.

Hence %:-&(V' +V). (2)

Multiplying the corresponding members
of equations (1) and (2) each by each we
obtain—

FS=4 MV"—t}MV’ (3)
Here FS is the work done by the force F
acting on the body while it moves
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through the space S in the direction of
the force, and this is equal to the excess
of 3 MV’ above 3 MV’ If we call
4 MV?, or half the product of the mass,
into the square of the velocity, the kine-
tic energy of the body at first, then
3 MV" will be the kinetic energy after
the action of the force F through the
space S. The energy is here expressed
in foot-poundals.

We may now express the equation in
words by saying that the work done by
the force F in changing the motion of
the body is measured by the increase of
the kinetic energy of the body during
the time that the force acts:

We have proved that this is true when
the interval of time is so small that we
may consider the force as constant during
that time, and the mean velocity during
the interval as the arithmetical mean of
the velocities at the beginning and end
of the interval. This assumption, which
is exactly trune when the force is con-
stant, however long the interval may be,
becomes in every case more and more
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nearly true as the interval of time taken
becomes smaller and smaller. By
dividing the whole time of action into
small parts, and proving that in each of
these the work done is equal to the in-
crease of the kinetic energy of the body,
we may, by adding the successive por-
tions of the work and the successive in-
crements of energy, arrive at the result
that the total work done by the force is
equal to the total increase of Kkinetic
energy.

If the force acts on the body in the di-
rection opposite to its motion, the kinetio
energy of the body will be diminished
instead of being increased, and the force,
instead of doing work on the body, will
act as a resistance, which the body, in its
motion, overcomes. Hence a moving
body, as long as it is in motion, can do
work in overcoming resistance, and the
work done by the moving body is equal
to the diminution of its kinetic energy,
till at last, when the body is brought to
rest, its kinetic energy is exhausted, and
the whole work it has done is then equal
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to the whole kinetic energy which it had
at first.

We now see the appropriateness of
the name kinetic energy, which we have
hitherto used merely as a name to denote
the product 4 MV®, For the energy of
a body has been defined as the capacity
which it has of doing work, and it is
measured by the work which it can do.
The kinetic energy of a body is the
energy it has in virtue of being in motion,
and we have now shown that its value is
expressed by § MV* or § MV XV, that
is, half the product of its momentum into
its velocity.

OsBLIQUE Forcrs.—If the force acts on
the body at right angles to the direction
of its motion it does not work on the
body, and it alters the direction but not
the magnitude of the velocity. The
kinetic energy, therefore, which depends
on the square of the velocity, remains
unchanged.

If the direction of the force is neither
coincident with, nor at right angles to,
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that of the motion of the body we may
resolve the force into two components,
one of which is at right angles to the di-
rection of motion, while the other is in
the direction of motion (or in the oppo-
site direction).

The first of these compounents may be
left out of consideration in all calcula-
tions about energy, since it neither does
work on the body nor alters its kinetic
energy. _

The second component is that which
we have already considered. When it
is in the direction of motion it increases
the kinetic energy of the body by the
amount of work which it does on the
body. When it is in the opposite di-
rection the kinetic energy of the body is’
diminished by the amount of work which
the body does against the force.

Hence in all cases the increase of kine-
tic energy is equal to the work done on
the body by external agency, and the
diminution of kinetic energy is equal to
the work done by the body against ex-
ternal resistance.
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Kineric ENErGY oF Two PArTICLES
REFERRED TO THEIR CENTER OF Mass.
—The kinetic energy of a material sys-
tem is equal to the kinetic energy of a
mass equal to that of the system moving
with the velocity of the center of mass
of the system, together with the kinetic
energy due to the motion of the parts of
the system relative to its center of
mass.

Fie. 10.

a < ]

oYN

Let us begin with the case of two
particles whose masses are A and B, and
whose velocities are represented in the
diagram of velocities by the lines o @
and 0 b. If ¢ is the center of mass of a
particle equal to A placed at @, and a
particle equal to B placed at &, then o ¢
will represent the velocity of the center
of mass of the two particles.
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The kinetic energy of the system is
the sum of the kinetic energies of the
particles, or '

T=2% A oq’+% B 05"
Expressing o4" and 53’ in terms of o ¢,
¢ a and ¢ b and the angle 0 ¢ a=6.
T=34 Ao +3A;q'—Aoccacosb.

+3B 55 +3B 55°—Bo c.c b cos 6.
But since ¢ is the center of mass of A at
a, and B at b,

A. 2q+B =0,
Hence adding
T=3 (A+B) 5o’+3 A ¢a’+% B ¢p)
or, the kinetic energy of the system of
two particles A and B is equal to that of
a mass equal to (A + B) moving with
the velocity of the center of mass,

together with that of the motion of the
particles relative to the center of mass.

Kineric ENERGY OF A MATERIAL Sys-
TEM REFERRED TO ITS CENTER OF Mass.
—W e have begun with the case of two
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particles, because the motion of a parti-
cle is assumed to be that of its center of
mass, and we have proved our proposi-
tion true for a system of two particles.
But if the proposition is true for each
of two material systems taken separately,
it must be true of the system which they
form together. For if we now suppose
oa and ob to represent the velocities of
the centers of mass of two material rys-
tems A and B, then o ¢ will represent
the velocity of the center of mass of the
combined system A + B, and if T, repre-
sents the kinetic energy of the motion
of the system A relative to its own cen-
ter of mass, and T the rame for the xys-
tem B, then if the proposition is true for
the systems A and B taken separately,
the kinetic energy of A is

3 Ao +T,,
and that of B

3 Bop'+Ta.
The kinetic energy of the whole is,
therefore,

$ Ao +3Bop'+Ta+ T,



117
or,

3 (A+B)oo +3A5¢°+Ts +4Bg3'+ T,

The first term represents the kinetio
energy of a mass equal to that of the
whole system moving with the velocity
of the center of mass of the whole sys-
tem.

The second and third terms, taken to-
gether, represent the kinetic energy of
the system A relative to the center of
gravity of the whole system, and the
fourth and fifth terms represent the same
for the system B.

Hence if the proposition is true for the
two systems A and B taken separately,
it is true for the system compounded of
A and B. But we have proved it true
for the case of two particles; it is, there-
fore, true for three, four, or any other
number of particles, and therefore for
any material system.

The kinetic energy of a system re-
ferred to its center of mass is less than
its kinetic energy when referred to any
other point.

For the latter quantity exceeds tho
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former by a quantity equal to the
kinetic energy of a mass equal to that of
the whole system moving with the
velocity of the center of mass relative to
the other point, and since all kinetic
energy is essentially positive, this excess
must be positive.

AvarLasre KiNeTic ENERGY.—-We have
already seen in “The Motion of the Cen-
ter of Mass,” etc., that the mutual action
between the parts of a material sysiem
cannot change the velocity of the center
of mass of the system. Hence that part
of the kinetic enmergy of the system
which depends on the motion of the cen-
ter of mass cannot be affected by any
action internal to the system. It is
therefore, impossgible, by means of the
mutual action of the parts of the system,
to convert this part of the energy into
work. As far as the system itself is
concerned, this energy is unavailable.
It can be converted into work only by
meaus of the action between this system
and some other material system external
to it.
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Hence if we consider a material sys-
tem unconnected with any other system,
its available kinetic energy is that which
is due to the motions of the parts of the
gystem relative to its center of mass.

Let us suppose that the action between
the parts of the system is such that after
a certain time the configuration of the
system becomes invariable, and let us call
this process the solidification of the sys-
tem. We have shown that the angular
momentum of the whole system is not
changed by any mutual action of its
parts. Hence if the original angular
momentum is zero, the system, when its
form becomes invariable, will not rotate
about its center of mass, but if it moves
at all will move parallel to itself, and the
parts will be at rest relative to the cen-
ter of mass. In this case, therefore, the
whole available energy will be converted
into work by the mutual action of the
parts during the solidification of the sys-
tem.

If the system has angular momentum,
it will have the same angular momentum
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when solidified. It will therefore rotate
about its center of mass, and will there-
fore still have energy of motion relative
to its center of mass, and this remaining
kinetic energy has not been converted
into work.

But if the parts of the system are al-
lowed to separate from one another in
directions perpendicular to the axis of
the angular momentum of the system,
and if the system when thus expanded is
solidified, the remaining kinetic energy of
rotation round the center of mass will be
" less and less the greater the expansion of
the system, so that by sufficiently ex-
panding the system we may make the
remaining kiuetic energy as small as we
please, so that the whole kinetic energy
relative to the center of mass of the sys-
tem may be converted into work within
the system.

Porextiar. ENErRGY.—The potential
energy of a material system is the
capacity which it has of doing work de-
pending on other circumstances than the
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motion of the system. In other words,
potential energy is that energy which is
not kinetic.

In the theoretical material system
which we build up in our imagination
from the fundamental ideas of matter
and motion, there are no other conditions
present except the configuration and
motion of the different masses of which
the system is composed. Hence in such
a system the circumstances upon which
the energy must depend are motion and
configuration only, so that, as the kinetic
energy depends on the motion, the po-
tential energy must depend on the con-
figuration.

In many real material systems we
know that part of the energy does de- .
pend on the configuration. Thus the
mainspring of a watch has more energy
when coiled up than when partially un-
coiled, and two bar magnets have ruore
energy when placed side by side with
their similar poles turned the same way
than when. their dissimilar poles are
placed next each other.
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Erasticiry.—In the case of the spring
we may trace the connection between
the coiling of the spring and the force
which it exerts somewhat further by
conceiving the spring divided (in imag-
ination) into very small parts or elements.
When the spring is coiled up, the form
of each of these small parts is altered,
and such an alteration of the form of a
solid body is called a Strain,

In solid bodies strain is accompanied
with interunal force or stress; those bodies
in which the stress depends simply on
the strain are called Elastic, and the pro-
perty of exerting stress when strained is
called Elasticity.

We thus find that the coiling of the
spring involves the strain of its elements,
and that the external force which the
spring exerts is the resultant of the
stresses in its elements.

We thus substitute for the immediate
relation between the coiling of the spring
and the force which it exerts a relation
between the strains and stresses of the
elements of the spring; thatis to say, for
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a single displacement and a single force,
the relation between which may in some
cases be of an exceedingly complicated
nataure, we substitute a multitude of
strains and an equal number of stresses,
each strain being connected with its cor-
responding stress by a much more simple
relation.

But when all is done, the nature of the
connection between configuration and
force remains as mysterious as ever.
We can only admit the fact, and if we
call all such phenomena phenomena of
elastivity, we may find it very convenient
to classify them in this way, provided
we remember that by the use of the
word elasticity we do not profess to ex-
plain the cause of the connection between
configuration and energy.

ActioN AT A DistanceE.—In the case
of the two magnets there is no visible
substance connecting the bodies between
which the stress exists. The space be-
tween the magnets may be filled with
air or with water, or we may place the
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magnets in a vessel and remove the air
by an air-pump, till the magnets are left
in what is commonly called a vacuum,
and yet the mutual action of the mag-
nets will not be altered. We may even
place a solid plate of glass or metal or
wood between the magnets, and still we
find that their mutual action depends
simply on their relative position, and is
not perceptibly modified by placing any
substance between them, unless that
substance is one of the magnetic metals.
Hence the action between the magnets is
commonly spoken of as aclion al a
distance,

Attempts have been made, with a cer-
tain amount of success,* to analyze this
action at a distance into a continuous
distribution of stress in an invisible
medium, and thus to establish an analogy
between the magnetic action and the
action of a spring or a rope in transmit-
ting force; but still the general fact that
strains or changes of configuration are

* See Clerk Maxwell’s *‘Treatise on Electricity and
Magnetism,” Vol. I, Art, 641.
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accompanied by stresses or internal
forces, and that thereby energy is stored
up in the system so strained, remains an
ultimate fact which has not yet been ex-
plained as the result of any more funda-
mental principle.

TaEORY OF PoTENTIAL ENERGY MORE
COMPLICATED THAN THAT OF KINETIC
EnNERGY.—Admitting that the energy of
a material system may depend on its
configuration, the mode in which it so
depends may be much more complicated
than the mode in which the kinetic
energy depends on the motion of the
system. For the kinetic energy may be
calculated from the motion of the parts
of the system by an invariable method.
We multiply the mass of each part by
half the square of its velocity, and take
the sum of all such products. But the
potential euergy arising from the mutual
action of two parts of the system may
depend on the relative position of the
parts in a manner which may be different
in different instances. Thus when two
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billiard balls approach each other from
a distance, there is no sensible action be-
tween them till they come so near one
another that certain parts appear to be
in contact. To bring the centers of the
two balls nearer, the parts in contact must
be made to yield, and this requires the ex-
penditure of work.

Hence in this case the potential energy
is constant for all distances greater than
the distance of first contact, and then
rapidly increases when the distance is
diminished.

The force between magnets varies
with the distance in a very different
manner, and in fact we find that it is
only by experiment that we can ascertain
the form of the relation between the
configuration of a system and its poten-
tial energy.

APPLICATION OF THE METHOD  OF
ENERGY TO THE CALCULATION OF FORCES.
—A complete knowledge of the mode in
which the energy of a material system
varies when the configuration and motion
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of the system are made to vary is mathe-
matically equivalent to a knowledge of
all the dynamical properties of the sys-
tem. The mathematical methods by
which all the forces and stresses in a
moving system are deduced from the
single mathematical formula which ex-
presses the energy as a function of the
variables have been developed by La-
grange, Hamilton, and other eminent
mathematicians, but it would be difficult
even to describe them in terms of the
elementary ideas to which - we restrict
ourselves in this book. An outline of
these methods is given in my treatise on
Electricity, Part™ IV., Chapter V.,
Article 553, and the application of these
dynamical methods to electro-magnetio
phenomena is given in the chapters im-
mediately following.

But if we consider only the case of a
system at rest it is easy to see how we
can ascertain the forces of the system
when we know how its energy depends
on its configuration.

For let us suppose that an agent ex-
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ternal to the system produces a displace-
ment from one configuration to another,
then if in the new configuration the sys-
tem possess more energy than it did at
first, it can have received this increase
of energy only from the external agent.
This agent must therefore have done an
amount of work equal to the increase
of energy. It must therefore have ex-
erted force in the direction of the dis-
placement, and the mean value of this
force, multiplied into the displacement,
must be equal to the work done. Hence
the mean value of the force may be
found by dividing the increase of energy
by the displacement.

If the displacement is large this force
may vary considerably during the dis-
placement, so that it may be difficult to
calculate its mean value; but since the
force depends on the coufiguration, if we
make the displacement smaller and
smaller the variation of the force will
become smaller and smaller, so that at
last the force may be regarded as sensibly
constant during the displacement.
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If, therefore, we calculate for a given
configuration the rate at which the energy
increases with the displacement, by a
method similar to that described ¢ On
the Measurement of Velocity when Vari-
able;” “Diagram of Velocities,” and
¢ On the Rate of Acceleration,” this rate
-will be numerically equal to the force
exerted by the external agent in the di-
rection of the displacement.

If the energy diminishes instead of in-
creasing as the displacement increases,
the system must do work on the external
agent, and the force exerted by the ex-
ternal agent must be in the direction op-
posite to that of displacement.

SPECIFICATION OF THE DIRECTION OF
Forces.—In treatises on dynamics the
forces spoken of are usually those exerted
by the external agent on the material
system. In treatises on electricity, on
the other hand, the forces spoken of are
usually those exerted by the electrified
system against an external agent which
prevents the system from moving. It is
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necessary, therefore, in reading any
statement about forces, to ascertain
whether the force spoken of is to be re-
garded from the one point of view or the
other.

We may in general avoid any am-
biguity by viewing the phenomenon as a
whole, and speaking of it as a stress ex-
erted between two points or bodies, and
distinguishing it as a tension or. a pres-
sure, an attraction or a repulsion, accord-
ing to its direction, “ Action and Reac-
tion are the Partial Aspeots of a Stress.”

APPLICATION TO A SYSTEM IN MoTION.
—1It thus appears that from a knowledge
of the potential energy of a system in
every possible configuration we may de-
duce all the external forces which are re-
quired to keep the system in that con-
figuration. If the system is at rest, and
if these external forces are the actual
forces, the system will remain in equili-
brium. If the system is in motion the
force acting on each particle is that
arising from the connections of the sys-
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tem (equz.il and opposite to the external
force just calculated), together with any
external force which may be applied to
it. Hence a complete knowledge of the
mode in which the potential energy
varies with the configuration would ena-
ble us to predict every possible motion
of the system under the action of given
external forces, provided we were able
to overcome the purely mathematical
difficulties of the calculation.

APPLICATION OF THE METHOD oOF
ENERGY TO THE INVESTIGATION OF REAL
Bopies.—When we pass from abstraot
dynamics to physics—from material sys-
tems, whose only properties are those
expressed by their definitions, to real
bodies, whose properties we have to in-
vestigate—we find that there are many
phenomena which we are not able to ex-
plain as changes in the configuration and
motion of a material system.

Of course if we begin by assuming
that the real bodies are systems com-
posed of matter which agrees in all re-
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spects with the definitions we have laid
down, we may go on to assert that all
Phenomena are ¢hanges of configuration
and motion, though we are not prepared
to define the kind of configuration and
motion by which the particular phe-
nomena are to be explained. But in
accurate science such asserted explana-
tions must be estimated, not by their
promises, but by their performances.
The configuration and motion of a sys-
tem are facts capable of being described
in an accurate manner, and therefore, in
order that the explanation of a phenome-
non by the configuration and motion of
a material system may be admitted as
an addition to our scientific knowledge,
the configurations, motions, and forces
must be specified, and shown to be con-
sistent with known facts, as well as capa-
ble of accounting for the phenomenon.

VARIABLES oN WHICH THE ENERGY
DrpeNvs.—But even when the phe-
nomena we are studying have not yet
been explained dynamically, we are still
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able to make great use of the principle
of the conservation of energy as a guide
to our researches.

To apply this principle, we in the first
place assume that the quantity of energy
in a material system depends on the state
of that system, so that fora given state
there is a definite amount of energy.

Hence the first step is to define the
different states of the system, and when
we have to deal with real bodies we
must define their state with respect not
only to the configuration and motion of
their visible parts, but if we have reason
to suspect that the configuration and
motion of their invisible particles influ-
ence the visible phenomenon, we must
devise some method of estimating the
energy thence arising.

Thus pressure, temperature, electric
potential, and chemical composition are
variable quantities, the values of which
serve to specify the state of a body, and
in general the energy of the body de-
pends on the values of these and other
variables.
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ENERGY IN TERMS OF THE VARIABLES.
—The next step in our investigation is
to determine how much work must be
done by external agency on the body in
order to make it pass from one specified
state to another.

For this purpose it is sufficient to
know the work required to make the
body pass from a particular state, which
we may call the standard state, into any
other specified state. The energy in the
latter state is equal to that in the stand-
ard state, together with the work re-
quired to bring it from the standard
state into the specified state. The fact
that this work is the same through what-
ever series of states the system has pass-
ed from the standard state to the speci-
fied state is the foundation of the whole
theory of energy.

Since all the phenomena depend on
the variations of the energy of the body,
and not on its total value, it is unneces-
sary, even if it were possible, to form
any estimate of the energy of the body
in its standard state.
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TrEorY oF HEAT.—One of the most
important applications of the principle
of the conservation of energy is to the
investigation of the nature of heat.

At one time it was supposed that the
difference between the states of a body
when hot and when cold was due to the
presence of a substance called caloric,
which existed in greater abundance in
the body when hot than when cold. But
the experiments of Rumford on the heat
produced by the friction of metal, and of
Davy on the melting of ice by friction,
have shown that when work is spent in
overcoming friction, the amount of heat
produced is proportional to the work
spent.

The experiments of Hirn have also
shown that when heat is made to do work
in a steam-engine, part of the heat dis-
appears, and that the heat which disap-
pears is proportional to the work done.

A very careful measurement ‘of the
work spent in friction, and of the heat
produced, has been made by Joule, who
finds that the beat required to raise one
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pound of water from 39° F. to 40° F. is
equivalent to 772 foot-pounds of work at
Manchester, or 24,858 foot-poundals.
From this we may find that the heat
required to raise one gramme of water
from 3° C. to 4° C. is 42,000,000 ergs.

Hear o Form or ENErcY.—Now,
since heat can be produced it cannot be
a substance; and since whenever me-
chanical energy is lost by friction there
is a production of heat, and whenever
there is a gain of mechanical energy in
an engine there is a loss of heat; and
since the quantity of energy lost or
gained is proportional to the quantity of
heat gained or lost, we conclude that
heat is & form of energy.

We have also reasons for believing
that the minute particles of a hot body
are in a state of rapid agitation, that is
to say, that each particle is always mov-
ing very swiftly, but that the direction
of its motion alters so often that it makes
little or no progress from one region to
another.
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If this be the case, a part, and it may
be a very large part, of the energy of a
hot body must be in the form of kinetic
energy.

But for our present purpose it is un-
necessary to ascertain in what form
energy exists in a hot body; the most
important fact is that energy may be.
measured in the form of heat, and since
every kind of energy may be converted
into heat, this gives us one of the most
convenient methods of measuring it.

ENERGY MEASURED As HEaT.—Thus
when certain substances are placed in
contact chemiocal actions take place, the
substances combine in a new way, and
the new group of substances has differ-
ent chemical properties from the origi-
nal group of substances. During this
process mechanical work may be done
by the expansion of the mixture, as when
gunpowder is fired; an electric current
may be produced, as in the voltaic bat-
tery; and heat may be generated, as in
most chemical actions.
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The energy given out in the form of
mechanical work may be measured di-
rectly, or it may be transformed into
heat by friction. The energy spent in
producing the electric current may be
-estimated as heat by causing the current
to flow through a conductor of such a
form that the heat generated in it can
easily be measured. Care must be taken
that no energy is transmitted to a
-distance in the form of sound or radiant
heat without being duly accounted for.

The energy remaining in the mixture,
together with the energy which has
escaped, must be equal to the original
-energy.

Anundrews, Favre and Silbermann, and
others, have measured the quantity of
heat produced when a certain quantity
-of oxygen or of chlorine combjnes with
its equivalent of other substances. These
measurements enable us to calculate the
-excess of the energy which the substances
concerned had in their original state,
when uncombined, above that which they
have after combination.
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ScienTiFic WORK TO BE DONE.—
Though a great deal of excellent work
of this kind has already been done, the
extent of the field hitherto investigated
appears quite insignificant when we con-
sider the boundless variety and com-
plexity of the natural bodies with which
we have to deal.

In fact the special work which lies be-
fore the physical inquirer, in the present
state of science, is the determination of
the quantity of energy which enters or
leaves a material system during the pas-
sage of the system from its standard
state to any other definite state.

History or TaE Docrrine’or ENERGY.
—The scientific importance of giving a
pame to the quantity which we call kine-
tic energy seems to have been first rec-
ognized by Leibnitz, who gave to the
product of the mass by the square of the
velocity the name of Vis Viva. This is
twice the kinetic energy.

Newton, in the *¢Scholium to the
Laws of Motion,” expresses the relation
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between the rate at which work is done
by the external agent, and the rate at
which it is given out, stored up, or
transformed by any machine or other
material system, in the following state-
ment, which he makes in order to show
the wide extent of the application of the
Third Law of Motion.

“If the action of the external agent is
estimated by the product of its force into
its velocity, and the reaction of the re-
sistance in the same way by the product
of the velocity of each part of the system
into the resisting force arising from
friction, cohesion, weight, and accelera-

~tion, the action and reaction will be

equal to each other, whatever be the na-
ture and motion of the system.” That
this statement of Newton’s implicitly
contains nearly the whole doctrine of
energy was first pointed out by Thomson
and Tait. :

The words Action and Reaction as
they occur in the enunciation of the
Third Law of Motion are explained to
mean Forces, that is to say, they are the
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opposite aspects of one and the same
Stress.

In the passage quoted above a new
and different sense is given to these
words by estimating Action and Re-
action by the product of a force into the
velocity of its point of application.
According to this definition the Action
of the external agent is the rate at
which it does work. This is what is
meant by the Power of a steam-engine
or other prime mover. It is generally
expressed by the estimated number of
ideal horses which would be required to
do the work at the same rate as the en-
gine, and this is called the Horse-power
of the engine.

When we wish to express by a single
word the rate at which work is done by
an agent we shall call it the Power of
the agent, defining the power as the
work done in the unit of time.

The use of the term Energy, in a pre-
cise and scientific sense, to express the
quantity of work which a material sys-
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dem can do, was introduced by Dr.
Young.*

On~ THE DIFFERENT FOoRMS OF ENERGY.
.—The energy which a body hasin virtue
.of its motion is called kinetic energy.

A gsystem may also have energy in
virtue of its configuration, if the forces
.of the system are such that the system
will do work against external resistance
while it passes into another configuration.
This energy is called Potential Energy.
“Thus when a stone has been lifted to a
.certain height above the earth’s surface,
the system of two bodies, the stone and
the earth, has potential energy, and is
.able to do a certain amount of work
during the descent of the stone. This
potential energy is due to the fact that
the stone and the earth attract each
.other, so that work has to be spent
by the man who lifts the stone and draws
it away from the earth, and after the
-stone is lifted the attraction between the
.earth and the stone is capable of doing

* ¢ Lectures on Natural Philosophy,” Lecture VIIL.
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work as the stone descends. This kind
of energy, therefore, depends upon the
work which the forces of the system
would do if the parts of the system were
to yield to the action of these forces.
This is called the “Sum of the Ten-
sions” by Helmholtz in his celebrated
memoir on .the * Conservation of Ener-
gy.”* Thomson called it Statical Ener-
gy; it has also been called Energy of
Position; but Rankine introduced the
term Potential Energy—a very felicitous
expression, since it not only signifies the
energy which the system has not in
actual possession, but only has the power
to acquire, but it also indicates its con-
nection with what has been called (on
other grounds) the Potential Function.

The different -forms in which energy
has been found to exist in material sys-
tems have been placed in one or other of
these two classes—Kinetic Energy, due
to motion, and Potential Energy, due to
configuration.

¢ Berlin, 1847. Translated in Taylor's ‘‘Scientific
Memoirs,” Feb. 1858,
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Thus a hot body, by giving out heat
to a colder body, may be made to do
work Ly causing the cold body to ex-
pand in opposition to pressure. A mate-
rial system, therefore, in which there is
a non-uniform distribution of tempera-
ture has the capacity of doing work, or
energy. This energy is now believed to
be kinetic energy, due to a motion of
agitation in the smallest parts of the hot
hody-

Gunpowder has energy, for when fired
it is capable of setting a cannon-ball in
motion. The energy of gunpowder is
Chemical Energy, arising from the
power which the constituents of gun-
powder possess of arranging themselves
in a new manner when exploded, so as
to occupy a much larger volume than
the gunpowder does. In the present
state of science chemists figure to them-
selves chemical action as a rearrange-
ment of particles under the action of
forces tending to produce this change of
arrangement. From this point of view,
therefore, chemical energy is potential
energy.
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Air, compressed in the chamber of an
air-gun, is capable of propelling a bullet.
The energy of compressed air was at one
time supposed to arise from the mutual
repulsion of its particles. If this ex-
planation were the true one its energy
would be potential energy. In more re-
cent times it has been thought that the
particles of the air are in a state of
motion, and that its pressure is caused
by the impact of these particles on the
sides of the vessel. According to this
theory the energy of compressed air is
kinetic energy.

There are thus many different modes
in which a material system may possess
energy, and it may be doubtful in some
cases whether the energy is of the kineti
or the potential form. The nature o
energy, however, is the same in whateve
form it may be found. The quantity o
energy can always be expressed as tha
of a body of a definite mass moving wit!
a definite velocity.
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CHAPTER VL
RECAPITULATION.

RerrosPECT OF ABSTRACT DYNAMICS.
—We have now gone through the part
of the fundamental science of the motion
of matter, which we have been able to
treat in a manner sufficiently elementary
to be consistent with the plan of this
book.

It remains for us to take a general
view of the relations between-the parts
of this science, and of the whole to other

. physical sciences, and this we can now

do in a more satisfactory way than we
could before we bad entered into the
subject.

Kinemarics.—We began with kine-
matics, or the science of pure motion. In
this division of the subject the ideas
brought before us are those of space and
time. The only attribute of matter
which comes before us is its continuity
of existence in space and time—the fact,
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.

namely, that every particle of matter, at
any instant of time, is in one place and
in one only, and that its change of place
during apny interval of time is accom-
plished by moving along a continuoug
path.

Neither the force which, affects the
motion of the body, nor the mass of the
body, on which the amount of force re-
quired to produce the motion depends,
comes under our notice in the pure science
of motion.

Force.—-In the next division of the
subject force is considered in the aspect
of that which alters the motion of a
mass.

If we confine our attention to a single
body, our investigation enables us, from
observation of its motion, to determine
the direction and magnitude of the re-
sultant force which acts on it, and this
investigation is the exemplar and type of
all researches undertaken for the purpose
of the discovery and measurement of
physical forces.
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But this may be regarded as a mere
application of the definitionJof a force,
and not as a new physical truth.

It is when we come to define equal
forces as those which produce equal rates
of acceleration in the same mass, and
equal masses are those which are equally
accelerated Ly equal forces, that we find
that these definitions of equality amount
to the assertion of the physical truth,
that the comparison of quantities of
matter by the forces required to produce
in them a given acceleration is a method
which always leads to consistent results,
whatever be the absolute values of the
forces and the accelerations.

Stress.—The next step in the science
of force is that in which we pass from
the consideration of a force as acting on
a body, to that of its being one aspect
of that mutual action between two
bodies, which is called by Newton Action
and Reaction, and which is now more
briefly expressed by the single word
Stress.
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ReraTivity oF Dynamicar Knowr-
EDGE.—Qur whole progress up to this
point may be described as a gradual
development of the doctrine of relativity
of all physical phenomena. Position we
must evidently acknowledge to be rela-
tive, for we cannot describe the position
of a body in any terms which do not ex-
press relation. The ordinary language
about motion and rest does not so com-
pletely exclude the notion of their being
measured absolutely, but the reason of
this is, that in our ordinary language we
tacitly assume that the earth is at rest.

As our ideas of space and motion be-

“come clearer, we come to see how the
whole body of dynamical doctrine hangs
together in one consistent system.

Our primitive notion may have been
that to know absolutely where we are,
and in what direction we are going, are
essential elements of our knowledge as
conscious beings.

But this notion, though undoubtedly
held by many wise men in ancient
times, has been gradually dispelled from
the minds of students of physics.



150

There are no landmarks in space; oue
portion of space is exactly like every
other portion, so that we cannot tell
where we are. We are, as it were, on
an unruffled sea, without stars, compass,
soundings, wind, or tide, and we cannot
tell in' what direction we are going. We
have no log which we can cast out to
take a dead reckoning by; we may com-
pute our rate of motion with respect to
the neighboring bodies, but we do not
know how these bodies may be moving
in space.

Rerativiry or Force.—We cannot
even tell what force may be acting on
us; we can only tell the difference be-
tween the force acting on one thing and
that acting on another.

We have an actual example of this in
our every-day experience. The earth
moves round the sun in a year at a dis-
tance of 91,520,000 miles, or 1.473 X 10™
centimeters. It follows from this that a
force is exerted on the earth in the direc-
tion of the sun, which produces an ac-
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celeration of the earth in the direction
of the sun of about 0.019 in feet and
seconds, or about qlsy of the intensity
of gravity at the earth’s surface.

A force equal to the sixteen-hundredth
part of the weight of a body might be
easily measured by known experimental
methods, especially if the direction of
this force were differently inclined to
the vertical at different hours of the
day. :

Now, if the attraction of the sun were
exerted upon the solid part of the earth,
as distinguished from the movable bodies
on which we experiment, a body sus-
pended by a string, and moving with
the earth, would indicate the difference
between the solar action on the body,
and that on the earth as a whole.

If, for example, the sun attracted the
earth and not the suspended body, then
at sunrise the point of suspension, which
is rigidly connected with the earth,
would be drawn towards the sun, while
the suspended body would be acted on

- only by the earth’s attraction, and the
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string would appear to be deflected
away from the sun by a sixteen-hund-
redth part of the lemgth of the string.
At sunset the string would be deflected
away from the setting sun by an equal
amount; and as the sun sets at a different
point of the compass from that at which
he rises the deflections of the string
would be in different directions, and the
difference in the position of the plumb-
line at sunrise and sunset would be
easily observed.

But instead of this, the attraction of
gravitation is exerted upon all kinds of
matter equally at the same distance from
the attracting body. At sunrise and
sunset the center of the earth and the
suspended body are nearly at the same
distance from the sun, and no deflection
of the plumb-line due to the sun’s at-
traction can be observed at these times.
The attraction of the sun, therefore, in
so far as it is exerted equally upon all
bodies on the earth, produces no effect
on their relative motions. It is only the
differences of the intensity and direction
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of the attraction acting on different
parts of the earth which can produce
any effect, and these differences are so
small for bodies at moderate distances
that it is only when the body acted on is
very large, as in the case of the ocean,
that their effect becomes perceptible in
the form of tides.

RoratioN.—In what we have hitherto
said about the motion of bodies, we have
tacitly assumed that, in comparing one
configuration of the system with an-
other, we are able to draw a line in the
final configuration parallel to a line in
the original configuration. In other
words, we agsume that there are certain
directions in space which may be re-
garded as constant, and to which other
directions may be referred during the
motion of the system.

In astronomy, a line drawn from the
earth to a star may be considered as fixed
in direction, because the relative motion
of the earth and the star is in general so
small compared with the distance be-
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tween them that the change of direction,
even in a century, is very small. But it
is manifest that all such directions of
reference must be indicated by the con-
figuration of a material system existing
in space, and that if this system were al-
together removed, the original directions
of reference could never be recovered.

But, though it is impossible to de-
termine the absolute velocity of a body
in space, it is possible to determine
whether the direction of a line in a ma-
terial system is constant or variable.

For instance, it is possible by observa-
tions made on the earth alone, without
reference to the heavenly bodies, to de-
termine whether the earth is rotating or
not.

So far as regards the geometrical con-
figuration of the earth and the heavenly
bodies, it is evidently all the same

¢ Whether the sun, predominant in heaven,
Rise on the earth, or earth rise on the sun;
He from the east his flaming road begin,
Or she from west her silent course advance
With inoffensive pace that spinning sleeps
On her soft axle, while she paces even,
And bears thee soft with the smooth air along.”
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The distances between the bodies com-
posing the universe, whether celestial or
terrestrial, and the angles between the
lines joining them, are all that can be
ascertained without an appeal to dy-
namioal principles, and these will not be
affected if any motion of rotation of the
whole system, similar to that of a rigid
body about an axis, is combined with the
actual motion; so that from a geometrical
point of view the Copernican system,
according to which the earth rotates, has
no advantage, except that of simplicity,
over that in which the earth is supposed
to be at rest, and the apparent motions
of the heavenly bodies to be their ab-
solute motions.

Even if we go a step further, and
consider the dynamical theory of the
earth rotating round its axis, we may
account for its oblate figure, and for the
equilibrium of the ocean and of all other
bodies on its surface on either of two
hypothesis—that of the motion of the
earth round its axis, or that of the earth
not rotating, but caused to assume its

i
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oblate figure by a force acting outwards
in all directions from its axis, the inten-
sity of this force increasing as the
distance from the axis increases. Such
a force, if it acted on all kinds of mat-
ter alike, would account not only for the
oblateness of the earth’s figure, but for
the conditions of equilibrium of all
bodies at rest with respect to the earth.

It is only when we go further still,
and consider the phenomena of bodies
" which are in motion with respect to the
earth, that we are really constrained to
admit that the earth rotates.

NewroN’s DETERMINATION OF THE
AssoLuTe VELociTY OF ROTATION.—
Newton was the first to point out that
the absolute motion of rotation of the
earth might be demonstrated by experi-
ments on the rotation of a material sys-
tem. For instance, if a bucket of water
is suspended from a beam by a string,
and the string twisted so as to keep the
bucket spinning round a vertical axis,
the water will soon spin round at the
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same rate as the bucket, so that the sys-
tem of the water and the bucket turns
round its axis like a solid body.

The water in the spinning bucket
rises up at the sides and is depressed in
the middle, showing that in order to
make it move in a circle a pressure must
be exerted towards the axis. This con-
cavity of the surface depends on the ab-
solute motion of rotation of the water
and not on its relative rotation.

For instance, it does not depend on
the rotation relative to the bucket. For
at the beginning of the experiment,
when we set the bucket spinning, and
before the water has taken up the mo-
tion, the water and the bucket are in
relative motion, but the surface of the
water is flat, because the water is not ro-
tating, but only the bucket.

When the water and the bucket ro-
tate together, there is no motion of the
one relative to the other, but the surface
of the water is hollow, because it is ro-
tating.

When the bucket is stopped, as long
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as the water continues to rotate its sur-
face remains hollow, showing that it is
still rotating though the bucket is not.

It is manifestly the same, as regards
this experiment, whether the rotation be
in the direction of the hands of a watch
or the opposite direction, provided the
rate of rotation is the same.

Now let us suppose this experiment
tried at the North Pole. Let the bucket
be made, by a proper arrangement of
clockwork, to rotate either in the direc-
tion of the hands of a watch, or in the
opposite direction, at a perfectly regular
rate.

If it is made to turn round by clock-
work once in twenty-four hours (sidereal
time) the way of the hands of a watch
laid face upwards, it will be rotating as
regards the earth, but not rotating as re-
gards the stars.

If the clockwork is stopped, it will ro-
tate with respect to the stars, but not
with respect to the earth.

Fically, if it is made to turn round
once in twenty-four hours (sidereal time)
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in the opposite direction, it will be ro-
tating with respect to the earth at the
same rate as at first, but instead of being
free from rotation as respects the stars,
it will be rotating at the rate of one
turn in twelve hours,

Hence if the earth is at rest, and the
stars moving round it, the form of the
surface will be the same in the first and
last case; but if the earth is rotating,
the water will be rotating in the last
case but not in the first, and this will be
made manifest by the water rising higher
at the sides in the last case than in the
first.

The surface of the water will not be
really concave in any of the cases sup-
posed, for the effect of gravity acting
towards the center of the earth is to
make the surface convex, as the surface
of the sea is, and the rate of rotation in
our experiment is not sufficiently rapid
to make the surface concave. It will
only make it slightly less convex than
the surface of the sea in the last case,
and slightly more convex in the first.
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But the difference in the form of the
surface of the water would be so exceed-
ingly small, that with our methods of
measurement it would be hopeless to at-
tempt to determine the rotation of the
earth in this way.

Foucauvrr’s PenpvrumM.—The most
satisfactory method of making an experi-
ment for this purpose is that devised by
M. Foucault.

A heavy ball is bung from a fixed
point by a wire, so that it is capable of
swinging like a pendulum in any verti-
cal plane passing through the fixed
point.

In starting the pendulum care must be
taken that the wire, when at the lowest
point of the swing, passes exactly
through the position it assumes when
hanging vertically. If it passes on one
side of this position, it will return on
the other side, and this motion of the
pendulum round the vertical instead of
through the vertical must be carefully
avoided, because we wish to get rid of
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all motions of rotation either in one di-
rection or the other.

Let us consider the angular momentum
of the pendulum about the vertical line
through the fixed point.

At the instant at which the wire of
the pendulum passes through the vertical
line, the angular momentum about the
vertical line is zero.

The force of gravity always acts paral-
lel to this vertical line, so that it cannot
produce angular momentum round it.
The tension of the wire always acts
through the fixed point, so that it can-
not produce angular momentum about
the vertical line.

Hence the pendulum can never acquire
angular momentum about the vertical
line through the point qf suspension.

Hence when the wire is out of the ver-
tical, the vertical plane through the cen-
ter of the ball and the point of suspen-
sion cannot be rotating; for if it were,
the pendulum would have an angular
momentum about the vertical line.

Now let us suppose this experiment
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~ performed at the North Pole. The plane
of vibration of the pendulum will remain
absolutely constant in direction, so that
if the earth rotates the rotation of the
earth will be made manifest.

We have only to draw a line on the
earth parallel to the plane of vibration,
and to compare the position of this line
with that of the plane of vibration at a
subsequent time.

As a pendulum of this kind properly
suspended will swing for several hours,
it is eagsy to ascertain whether the posi-
sition of the plane of vibration is con-
stant as regards the earth, as it would
be if the earth is .at rest, or constant as
regards the stars, if the stars do not
move round the earth.

We have supposed, for the sake of
simplicity in the description, that the
experiment is made at the North Pole.
It is not necessary to go there in order to
demonstrate the rotation of the earth.

The only region where the experiment
will not show it is at the equator.

At every other place the pendulum
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-will indicate the rate of rotation of the
earth with respect to the vertical line at
that place. If at any instant the plane
of the pendulum passes through a star
near the horizon either rising or setting,
it will continue to pass through that star
as long as it is near the horizon. That
is to say, the horizontal part of the ap-
parent motion of a star on the horizon is
equal to the rate of rotation of the plane
of vibration of the pendulum.

It has been observed that the plane of
vibration appears to rotate in the oppo-
site direction in the southern hemisphere,
and by a comparison of the rates at vari-
ous places the actual time of rotation of
the earth has been deduced without ref-
erence to astronomical observations.
The mean value, as deduced from these
experiments by Messrs. Galbraith and
Houghton in their “ Manual of Astrono-
my,” is 23 53m- 398, The true time of
rotation of the earth is 23h- 56m 4 mean
solar time,

MarrEr AND ENERGY.—AIl that we
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know about matter relates to the series
of phenomena in which energy is trans-
ferred from one portion of matter to an-
other, till in some part of the series our
bodies are affected, and we become con-
scious of a sensation.

By the mental process which is founded
on such sensations we come to learn the
conditions of these sensations, and to
trace them to objects which are not part
of ourselves, but in every case the fact
that we learn is the mutual action be-
tween bodies. This mutual action we
have endeavored to describe in this
treatise. Under various aspects it is
called Force, Action and Reaction, and
Stress, and the evidence of it is the
change of the motion of the bodies be-
tween which it acts.

The process by which stress produces
change of motion is called Work, and, as
we have already shown, work may be
considered as the transference of Energy
from one body or system to another.

Hence, as we have said, we are ac-
quainted with matter only as that which
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may have energy communicated to it
from other matter, and which may, in its
turn, communicate energy to other mat-
ter.

Energy, on the other hand, we know
only as that which in all natural phe—
nomena is continually passing from one
portion of matter to another.

TEST OF A MATERIAL SUBSTANCE.—
Energy cannot exist except in connection
with matter. Hence since, in the space
between the sun and the earth, the lu-
minous and thermal radiations, which
have left the sun and which have not
reached the earth, possess energy, the
amount of which per cubic mile can be
measured; this energy must belong to
matter existing in the interplanetary
spaces, and since it is only by the light
which reaches us that we become aware
of the existence of the most remote stars,
we conclude that the matter which trans-
mits light is disseminated through the
whole of the visible universe.
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ExnErGY NoT CAPABLE OF IDENTIFICA-
TION.—We cannot identify a particular
portion of energy, or trace it through its
transformations. It has no individual
existence, such as that which we attribute
to particular portions of matter.

The transaotions of the material uni-
verse appear to be conducted, as it were,
on a system of credit. Each transaction
consists of the transfer of so much credit
or energy from one body to another.
This act of transfer or payment is called
work. The eunergy so transferred does
not retain any character by which it can
be identified when it passes from one
form to another.

ABSOLUTE VALUE OoF THE ENERGY OF
A Bopy UnknNowN.—The energy of a
material system can only be estimated in
a relative manner.

In the first place, though the energy of
the motion of the parts relative to the
center of mass of the system may be ac-
curately defined, the whole energy con-
sists of this together with the energy of
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a mass equal to that of the whole system
moving with the velocity of the center
of mass. Now this latter velocity—that
of the center of mass—ocan be estimated
only with reference to some body ex-
ternal to the system, and the value which
we assign to this velocity will be differ-
ent according to the body which we
select as our origin.

Hence the estimated kinetic energy of
a material system contains a part, the
value of which cannot be determined ex-
cept by the arbitrary selection of an
origin. The only origin which would
not be arbitrary is the center of mass of
the material universe, but this is a point
the position and motion of which are
quite unknown to us.

Larent ENERGY.—But the energy of
a material system is indeterminate for
another reason. We cannot reduce the
system to a state in which it has no
energy, and any energy which is never
removed from the system must remain
unperceived by us, for it is only as it en-
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ters or leaves the system that we can
take any account of it.

We must, therefore, regard the energy
of a material system as a quantity of
which we may ascertain the increase or
diminution as the system passes from
one definite condition to another. The
absolute value of the energy in the
standard condition is unknown to us,
and it would be of no value to us if we
did know it, as all phenomena depend on
the variations of the energy, and not on
its absolute value,

A CompLETE DiscussioN oF ENERGY
WOULD INCLUDE THE WHOLE OF PHYsICAL
Science.—The discussion of the various
forms of energy—gravitational, electro-
magnetic, molecular, thermal, &c.—with
the conditions of the transference of
energy from one form to another, and
the constant dissipation of the energy
available for producing work, constitutes
the whole of physical science, in so far
as it has been developed in the dynami-
cal form under the various designations
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of Ast.ronbmy, Electricity, Magnetism,
Optics, Theory of the Physical States of
Bodies, Thermo-dynamics, and Chemis-

try.

CHAPTER VIL
THE PENDULUM AND GRAVITY.
Ox~ UnirormM MotioN IN A CIRCLE.—
Let M (Fig. 11) be a body moving in a
circle with velocity V.
Let O M =7 be the ra@ius of the circle.

FiG. 11.

The direction of the velocity of M is
that of the tangent to the circle. Draw
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OV parallel to this direction through
the center of the circle and equal to the
distance described in unit of time with
velocity V, then O V=V.

If we take O as the origin of the dia-
gram of velocity, V will represent the
velocity of the body at M.

As the body moves round the circle,
the point V will also describe a circle,
and the veloclty of the point V will be
to that of M as O V to O M.

If, therefore, we draw O A in M O pro-
duced, and therefore parallel to the
direction of motion of V, and make O A
a third proportional to OM and OV,
and if we assume O as the origin of the
diagram of rate of acceleration, then the
point A will represent the velocity of
the point V, or, what is the same thing,
the rate of acceleration of the point M.

‘Hence, when a body moves with uni-
form velocity in a circle, its acceleration
is directed towards the center of the
circle, and is a third proportional to the
radius of the circle and the velocity of
the body.

N
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The orce acting on the body M is
equal to the product of this acceleration
into the mass of the body, or if F be this
force
_Mv
==

F

CentrIFUGAL ForcE.—This is the
force which must act on the body M in
order to keep it in the circle of radius v,
in which it is moving with velocity V.

The direction of this force is towards
the center of the circle.

If this force is applied by means of a
string fastened to the body, the string
will be in a state of temsion. To a per-
son holding the other end of the string
this tension will appear to be directed
towards the body M, as if the body M
had a tendency to move away from the

» center of the circle which it is describ-
ing.

Hence this latter force is often called
Centrifugal Force.

The force which- really acts on the
body, being directed towards the center
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of the circle, is called Centripetal Force,
and in some popular treatises the ¢en-
tripetal and centrifugal forces are de-
scribed as opposing and balancing each
other. But they are merely the different
aspects of the same stress.

Periopic Trme.—The time of describ-
ing the circumference of the circle is
called the Periodic Time. If 7 repre-
sents the ratio of the circumference of a
circle to its diameter, which is 3.14159

. « « . . the circumference of a circle of
radius » i8 27 r, and since this is de-
scribed in the periodic time T with
velocity V, we have

27 r=VT

Hence F=47t’M%;

The rate of circular motion is often
expressed by the number of revolutions
in unit of time. Let this number be
denoted by n, then

nT=1
and F=472'M r n’.

e i e —
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O~ SiMpLE HarMONIC VIBRATIONS.—
If while the body M (Fig. 11) moves in
a circle with uniform velocity another
point P moves in a fixed diameter of the
circle, 80 as to be always at the foot of
the perpendicular from M on that dia-
meter, the body P is said to execute
Simple Harmonic Vibrations.

The radius, r, of the circle is called
the Amplitude of the vibration.

The periodic time of M is called the
Periodic Time of Vibration.

The angle which O M makes with the
positive direction of the fixed diameter
is called the Phase of the vibration.

ON THE FORCE AcCTING ON THE
VieeaTiNG Bopy.—The only difference
between the motions of M and P is that
M has a vertical motion compounded
with a horizontal motion which is the
same as that of P. Hence the velocity
and the acceleration of the two bodies
differ only with respect to the vertical
part of the velocity and acceleration of
M.
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The acceleration of P is therefore the
horizontal component of that of M, and
since the acceleration of M is repre-
sented by O A, which is in the direction
of M O produced, the acceleration of P
will be represented by O B, where B is
the foot of the perpendicular from A on
the horizontal diameter. Now by simi-
lar triangles O M P, 0 AB

OM:0A::0P:0B
But OM=»and O A=-—47z’,—1‘r—,.Hence

4n?
T

In simple harmonic vibration, there-
fore, the acceleration is always directed
towards the center of vibration, and is
equal to the distance from that center
multiplied by 47* »% and if the mass of
the vibrating body is P, the force acting
on it at a distance z from O is 47'n'P «.

It appears, therefore, that a body
which executes simple barmonic vibra-
tions in a straight line is acted on by a
force which varies as the distance from

O B= OP=—47"2'"0OP
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the center of vibration, and the value of
this force at a given distance depends
only on that distance, on the mass of the
body, and on the square eof the number
of vibrations in unit of time, and is inde-
pendent of the amplitude of the vibra-
tions.

IsocaroNoUs ViBraTIONS.—It follows
from this that if a body moves in a
straight line and is acted on by a force
directed towards a fixed point on the
line and varying as the distance from
that point, it will execute simple har-
monic vibrations, the periodic time of
which will be the same whatever the
amplitude of vibration.

If, for a particular kind of displace-
ment of a body, as turning round an axis,
the force tending to bring it back to a
given position varies as the displace-
ment, the body will execute simple har-
monic vibrations about that position, the
periodic time of which will be independ-
ent of their amplitude.

Vibrations of this kind, which are ex-
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ecuted in the same time whatever be
their amplitude, are ocalled Isochronous
Vibrations.

PoreNnTIAL ENERGY OF THE VIBRATING
Bopy.—The velocity of the body when
it passes through the point of equilibrium
is equal to that of the body moving in
the circle, or V=27 r n,
where 7 is the amplitude of vibration and
n is the number of double vibrations per
second.

Hence the kinetic energy of the
vibrating body at the point of equilibriam
is

+ M V=272 Mr*

where M is the mass of the body.

At the extreme elongation, where
«=r, the velocity, and therefore the
kinetic energy, of the body is zero. The
diminution of kinetic energy must cor-
respond to an equal increase of potential
energy. Hence if we reckon the poten-
tial energy from the configuration in
which the body is at its point of equili-
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brinm, its potential energy when' at a
distance, 7, from this point is 272°M »” 7°.
This is the potential energy of a body
which vibrates isochronously, and exe-
cutes n double variations per second
when it is at rest at the distance, 7, from
the point of equilibrium. As the poten-
tial energy does not depend on the mo-
tion of the body, but only on its position,
we may write it 27°M n® &,
where « is the distance from the point
of equilibrium.

Tue SieLe Penpurus.—The simple
pendulum consists of a small heavy body
-called the bob, suspended from a fixed
point by a fine string of invariable
length. The bob is supposed to be so
small that its motion may be treated as
that of a material particle, and the string
is supposed to be so fine that we may
neglect its mass and weight. The bob
is set in motion so as to swing through a
small angle in a vertical plane. Its
path, therefore, is an arc of a circle,
whose center is the point of suspension,
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0, and whose radius is the length of the
string, which we shall denote by &

Fie. 12,
B

ol o

p-

Let O (Fig. 12) be the point of sus-
pension and O A the position of the
pendulum when hanging vertically.
When the bob is at M it is higher than
when it is at A by the height AP= %
where AM is the chord of the arc ALM
and AB=2L

If M be the mass of the bob and g the
intensity of gravity the weight of the
bob will be Mg and the work done
against gravity during the motion of the
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bob from A to M will be Mg AP, This,
therefore, is the potential energy of the
pendulum when the bob is at M, reckon-
ing the energy zero when the bob is at

We may write this energy
% o

The potential energy of the bob when
displaced through any arc varies as the
square of the chord of that are.

If it had varied as the square of the
arc itself in which the bob moves, the
vibrations would have been strictly
isochronous. As the potential energy
varies more slowly than the square of the
are, the period of each vibration will be
greater when the amplitude is greater.

For very small vibrations, however,
we may neglect the difference between
the chord and the arc, and denoting the
arc by # we may write the potential
energy

My .
ﬁz
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But we have already shown that in har-
monic vibrations the potential energy is
2 Mn’a’.

Equating these two expressions and
clearing fractions we find ‘

g=4n"n*,

where g is the intensity of gravity, 7 is
the ratio of the circumference of a circle
to its diameter, n is the number of vi-
brations of the pendulum in unit of time,
and { is the length of the pendulum.

A Ricip Penpurum.—If we could
construct a pendulum with a bob so
small and a string so fine that it might
be regarded for practical purposes as a
simple pendulum, it would be easy to de-
termine g by this method. But all real
pendulums have bobs of considerable
size, and in order to preserve the length
invariable the: bob must be connected
with the point of suspension by a stout
rod, the mass of which cannot be neg-
lected. It is always possible, however,
to determine the length of a simple
pendulum whose vibrations would be
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executed in the same manner as those of
a pendulum of any shape.

The complete discussion of this sub-
ject would lead us into calculations be-
yond the limits of this treatise. We
may, however, arrive at the most im-
portant result without calculation as fol-
lows: -

The motion of a rigid body in one
plane may be completely defined by
stating the motion of its center of mass,
and the motion of the body round its
center of mass.

The force required to produce a given
change in the motion of the center of
mass depends only on the mass of the
body. “ Effect of External Forces on
the Motion of the Center of Mass.”

The moment required to produce a
given change of angular velocity about
the center of mass depends on the distri-
bution of the mass, being greater the
further the different parts of the body
are from the center of mass.

If, therefore, we form a system of two
particles rigidly connected, the sum of
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the masses being equal to the mass of a
pendulum, their center of mass coincid-
ing with that of the pendulum, and their
distances from the center of mass being
such that a couple of the same moment
is required to produce a given rotatory
motion about the center of mass of the
new system as about that of the pendu-
lum, then the new system will for mo-
tions in a center plane be dynamically
equivalent to the given pendulum, that
is, if the two systems are moved in the
same way the forces required to guide
the motion will be equal. Since the two
particles may have any ratio, provided
the sum of their masses is equal to the
mass of the pendulum, and since the
line joining them may have any direction
provided it passes through the center of
mass, we may arrange them so that one
~ of the particles corresponds to any given
point of the pendulum, say, the point of
suspension P (Fig. 13). The mass of

Fi1a. 13.
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this particle and the position and mass of
the other at Q will be determinate. The
position of the second particle, Q, is
called the Center of Oscillation. Now
in the system of two particles, if one of
them, P, is fixed, and the other, Q, al-
lowed to swing under the action of
gravity, 'we have a simple pendulum.
For one of the particles, P, acts as the
point of suspension, and the other, Q, is
at an invariable distance from it, so that
the connection between them is the same
as ifjthey were united by a string of
length I=PQ.

Hence a pendulum of any form swings
in exactly the same manner. as a simple
pendulum whose length is the distance
from the center of suspension to the cen-
ter of oscillation.

INvERSION o THE PENDULUM.—Now
let us suppose the system of two parti-
cles inverted, Q being made the point of
suspension and P being made to swing.
We have now a simple pendulum of the
same length as before. Its vibrations
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will therefore be executed in the same
time. But it is dynamically equivalent
to the pendulum suspended by its center
of oscillation.

Hence if a pendulum be inverted and
suspended by its center of oscillation its
vibrations will have the same period as
before, and the distance between the
center of suspension and that of oscilla-
tion will be equal to that of a simple
pendulum having the same time of vibra-
tion.

It was in this way that Captain Kater
Jetermined the length of the simple
pendulum which vibrates seconds.

He constructed a pendulum which
could be made to vibrate about two
knife edges, on opposite sides of the cen-
ter of mass and at wnequal distances
from it.

By certain adjustments, he made the
time of vibration the same whether the
one knife edge or the other were the
center of suspension. The length of the
corresponding simple pendulum was
then found by measuring the distance
between the knife edges.
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ILvustrATION OF KATER’S PENDULUM,
—The principle of Kater’s Pendulum
may be illustrated by a very simple and
striking experiment. Take a flat board
of any form (Fig. 14), and drive a piece

Fic. 14.

~~

of wire through it near its edge, and
allow it to hang in a vertical plane, hold-
ing the ends of the wire by the finger
and thumb. Take a small bullet, fasten
it to the end of a thread and allow the
thread to pass over the wire, so that the
bullet hangs close to the board. Move
the hand by which you hold the wire
horizontally in the plane of the board,
and observe whether the board moves
forwards or backwards with respect to
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the bullet. If it moves forwards
lengthen the string, if backwards shorten
it till the bullet and the board move
together. Now mark the point of the
board opposite the center of the bullet
and fasten the string to the wire. You
will find that if you hold the wire by the
ends and move it in any manner, how-
ever sudden and irregular, in the plane
of the board, the bullet will never quit
the marked spot on the board.”

Hence this spot is called the center of
oscillation, because when the board is
oscillating about the wire when fixed it
oscillates as if it consisted of a single
particle placed at the spot.

It is also called the center of percus-
sion, because if the board is at rest and
the wire is suddenly moved horizontally
the board will at first begin to rotate
about the spot as a center.

DETERMINATION OF THE INTENSITY OF
Graviry.—The most direct method of
determining g is, no doubt, to let a body
fall and find what velocity it has gained

|
|
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in a second, but it is very difficult to
make accurate observations of the motion
of bodies when their velocities are so
great as 981 centimeters per second, and
besides, the experiment would have to
be conducted in a vessel from which the
air has been exhausted, as the resistance
of the air to such rapid motion is very
considerable, compared with the weight
of the falling body.

The experiment with the pendulum is
much more satisfactory. By making the
arc of vibration very small, the motion
of the bob becomes so slow that the re-
sistance of the air can have very little
influence on the time of vibration. In
the best experiments the pendulum is
swung in an air-tight vessel from which
the air is exhausted.

Besides this, the motion repeats itself,
and the pendulum swings to and fro
hundreds, or even thousands, of times
before the various resistances to which it
is exposed reduce the amplitude of the
vibrations till they can no longer be ob-
served.



188

Thus the actual observation consists
not in watching the beginning and end
of one vibration, but in determining the
duration of a series of many hundred
vibrations, and thence deducing the time
of a single vibration.

The observer is relieved from the labor
of counting the whole number of vibra-
tions, and the measurement is made one
of the most accurate in the whole range
of practical science by the following
method:

MerHOD OF OBSERVATION.—A pendu-

lum clock is placed behind the experi.
mental pendulum, so that when both
pendulums are hanging vertically the
bub, or some other part of the experi-
mental pendulum, just hides a white
spot on the clock pendulum, as seen by
a telescope fixed at some distance in
front of the clock.
* Observations of the transit of *clock
stars ”’ across the meridian are made
from time to time, and from these the
rate of the clock is deduced in terms of
‘“ mean solar time.”
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. The experimental pendulum is then
set a swinging, and the two pendulums
are observed through the telescope.
Let us suppose that the time of a single
vibration is not exactly that of the
clock pendulum, but a little more.

The observer at the telescope sees the
clock pendulum always gaining on the
experimental pendulum, till at last the
experimental pendulum just hides the
white spot on the clock pendulum as it
crosses the vertical line. The time at
which this takes place is observed and
recorded as the First Positive Coinci-
dence.

The clock pendulum continues to gain
on the other, and after a certain time
the two pendulums cross the vertical
line at the same instant in opposite
directions. The time of this is recorded
as the First Negative Coincidence.
After an equal interval of time there
will be a second positive coincidence,
and so on.

By this method the clock itself counts
the number, N, of vibrations of its own
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pendulum between the coincidences.
During this time the experimental pen-
dulum has executed one vibration less
than the clock. Hence the time of
vibration of the experimental pendulum

NN 1 seconds of clock time.

When there is no exact coincidence,
but when the clock pendulum is ahead of
the experimental pendulum at one pass-
age of the vertical and behind at the
next, a little practice on the part of the
observer will enable him to estimate at
what time between the passages the two
pendulums must have been in the same
phase. The epoch of coincidence can
thus be estimated to a fraction of a
second.

EstmmaTioN oF ErrOr.—The experi-
mental pendulum will go on swinging for
some hours, 8o that the whole time to be
measured may be ten thousand or more
vibrations.

But the error introduced into the cal-
culated time of vibration, by a mistake
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even of a whole second in noting the
time of vibration, may be made exceed-
ingly small by prolonging the experi-
ment.

For if we observe the first and the nth
coincidence, and find that they are sepa-
rated by an interval of N seconds of the
clock, the®experimental pendulum will
have lost n vibrations, as compared with
the clock, and will have made N —» vi-
brations in N seconds. Hence the time
of a gingle vibration is Tz%‘ seconds
of clock time.

Let us suppose, however, that by a
mistake of a second we note down the
last coincidence as taking place N+1
seconds after the first. The value of T
as deduced from this result would be

N+1
L
T " N+1—n
and the error introduced by the mistake
of a second will be
N+1 N

/e _
T—T= §1=n— N=n
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n
=~ (N+1=n) (N—n)

If N is 10000 and ~ is 100, a mistake
of one second in noting the time of coin-
cidence will alter the value of T only
about one-millionth part of its value.

CHAPTER VIIIL
UNIVERSAL GRAVITATION.

Newron’s Mersop.—The most in-
structive example of the method of dy-
namical reasoning is that by which New-

" ton determined the law of the force with
which the heavenly bodies act on each
other.

The process of dynamical reasoning
consists in deducing from the successive
configurations of the heavenly bodies, as
observed by astronomers, their velocities
and their accelerations, and in this way
determining the direction and the rela-
tive magnitude of the force which acts
on them.
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Kepler had already prepared the way
for Newton’s investigation, by deducing
from a careful study of the observations
of Tycho Brahe the three laws of plane-
tary motion which bear his name.

KepLER’s Laws.—Kepler’s Laws are
purely kipematical. They completely
describe the motions of the planets, but
they say nothing about the forces by
which these motions are determined.

Their dynamical interpretation was
discovered by Newton.

The first and second law relate to the
motion of a single planet.

Law I.—The areas swept out by the
vector drawn from the sun to a planet
are proportional to the times of describ-
ing them. If A denotes twice the area
swept out in unit of time, twice the
area swept out in time ¢ will be 4 ¢, and |
if P is the mass of the planet, P A4 ¢ wil
be the mass-area as defined in “ Defini
tion of a Mass-Area.” Hence the angu
lar momentum of the planet about the
sun, which is the rate of change of the
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mass-area, will be P 4, a constant quan-
tity.

Hence, by “ Moment of a Force about
a Point,” the force, if any, which acts on
the planet must have no moment with
respect to the sun, for if it had it would
increase or diminish the angular mo-
mentum at a rate measured by the value
of this moment.

Hence, whatever be the force which
acts on the planet, the ‘direction of this
force must always pass through the sun.

Axcurar Vevociry.—Definition. The
angular velocity of a vector is the rate
at which the angle increases which it
makes with a fixed vector in the plane of
its motion.

If o is the angular velocity of a vec-
tor, and  its length, the rate at which it
sweeps out an area is 3w 7%, Hence,

h=o 1
and since % is constant, o, the angular
velocity of a planet’s motion round the
sun, varies inversely as the square of the
distance from the sun.
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This is true whatever the law of force
may be, provided the force acting on
the planet alwaye passes through the
sun.

MorioN ABoUT THE CENTER OF Mass.
—Since the stress between the planet
and the sun acts on both bodies, neither
of them can remain at rest. The only
point whose motion is not affected by
the stress is the center of mass of the
two bodies.

Fia. 15.
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If » is the distance S P (Fig. 15), and
. . s~ Pr
if C is the center of mass, SC—S—_I_—I-,

and CT:ir—. The angular momen-

S+P
tum of P about C is Pw —o .=
um o abou s Po mopp=

_Ps
S+P)h.
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Tae Oreir.—We have already made
use of diagrams of configuration and of
velocity in studying the motion of a
material system. These diagrams, how-
ever, represent only the state of the sys-
tem at a given instant; and this state is
indicated by the relative position of
points corresponding to the bodies form-
ing the system.

It is often, however, convenient to
represent in a single diagram the whole
series of configurations or velocities
which the system assumes. If we sup-
pose the points of the diagram to move
8o as continually to represent the state
of the moving system, each point of the
diagram will trace out a line, straight or
curved.

On the diagram of configuration, this
line is called, in general, the Path of the
body. In the case of the heavenly
bodies it is often called the Orbit.

Tae HopocraPH.—On the diagram of
velocity the line traced out by each mov-
ing point is called the Hodograph of the
body to which it corresponds.
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The study of the Hodograph, as a
method of investigating the motion of a
body, was introduced by Sir W. R.
Hamilton. The hodograph may be de-
fined as the path traced out by the ex-
tremity of a vector which continually
represents, in direction and magnitude,
the velocity of a moving body.

In applying the method of the hodo-
graph to a planet, the orbit of which is
in one plane, we shall find it convenient
to suppose the hodograph turned round
its origin through a right angle, so that
the vector of the hodograph is perpen-
dicular instead of parallel to the velocity
it represents.

KepLER’s SEcOND Law.—Law IL—
The orbit of a planet with respect to the
sun is an ellipse, the sun being in one of
the foci.

Let AP QB (Fig. 16) be the elliptic
orbit. Let S be the sun in one focus,
and let H be the other focus. Produce
SP to U, so that SU is equal to the
transverse axis A B, and join H U, then



198

HTU will be proportional and perpendi-
cular to the velocity at P.
Fi1e. 16.

/—_;
¥/
0
S

For bisect HU in Z and join ZP, ZP
will be a tangent to the ellipse at P;
let SY be a perpendicular from S on
this tangent.

If v is the velocity at P, and % twice
the area swept out in unit of time A=v
SY.

Also if b is half the conjugate axis of
the ellipse 4

SY - gz=%
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Now HU=2HZ; hence

v=43-HO

Hence HU is always proportional to
the velocity, and it is perpendicular to
its direction. Now SU is always equal
to AB. Hence the circle whose center
is S and radius A B is the hodograph of
the planet, H being the origin of the
hodograph.

The corresponding points of the orbit
and the hodograph are those which lie
in the same straight line through S.

Thus P corresponds to U and Q to V.

The velocity communicated to the
body during its passage from P to Q is
represented by the geometrical difference
between the vectors HU and HV, that
is, by the line UV, and it is perpendicu-
lar to this arc of the circle, and is there-
fore, as we have already proved, directed
towards S.

If P Q is the arc described in unit of
time, then UV represents the accelera-
tion, and since UV is on a circle whose
center is S, UV will be a measure of the
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angular velocity of the planet about S.
Hence the acceleration is proportional to
the angular velocity, and this by “ Angu-
lar Velocity ” is inversely as the square
of the distance SP. Hence the accelera-
tion of the planet is in the direction of
the sun, and is inversely as the square of
the distance from the sun.

This, therefore, is the law according to
which the attraction of the sun on a
planet varies as the planet moves in its
orbit and alters its distance from the
sun.

Force oN A Praner.—Since, as we
have already shown, the orbit of the
planet with respect to the center of
mass of the sun and planet has its di-
mensions in the ratio of S to S+P to
those of the orbit of the planet with re-
spect to the Sun, if 2a and 25 are the
axes of the orbit of the planet with re-
spect to the sun, the area is w.a b, and
if T is the time of going completely
round the orbit, the value of 4 is 27 ab

T
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The velocity with respect to the sun
is, therefore,

7 A2 0
75 HU
. With respect to the center of mass it

is
S ma_

S+pTs HU
The acceleration of the planet towards
the center of mass is
S
S+P T
and fthe impulse on that planet whose
mass is P is therefore

S.P na
S+P Tb uv
Let ¢ be the time of describing P Q,
then twice the area S P Q is

ht=wrt

UV

k a’dh
and UV=2¢q wt=2a - g =i T?t
Hence the force on the planet is

S.P a&
2
F=4n STP TF

This then is the value of the stress or
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attraction between a planet and the sun
in terms of their masses P and S, their
mean distance a, their actual distance r,
and the periodical time T.

INnTERPRETATION OF KEPLER’S THIRD
Law.—To compare the attraction be-
tween the sun and different planets,
Newton made use of Kepler’s third law.

Law III.—The squares of the time of
different planets are proportional to the
cubes of their mean distances.

In other words —,;—, is & constant, say ZC?
S.P 1
S+P #

In the case of the smaller planets

their masses are so small, compared with

Hence F=C

S
that of the sun, that STp M8y be put

equal to 1, so that F=CP 5

or the attraction on a planet is propor-
tional to its mass and inversely as the
square of its distance.

Law oF GeaviTATION,—This is the
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most remarkable fact about the attrac-
tion of gravitation, that at the same
distance it acts equally on equal masses
of substances of all kinds. This is
proved by pendulum experiments for the
different kinds of matter at the surface
of the earth. Newton extended the law
to the matter of which the different
planets are composed.

It had been suggested, before Newton
proved it, that the sun as a whole at-
tracts a planet as a whole, and the law
of the inverse square had also been pre-
viously stated, but in the hands of New-
ton the doctrine of gravitation assamed
its final form.

Ehery portion of matter attracts every
other portion of matter, and the stress be-
tween them is proportional to the product
of their masses divided by the square of
their distance.

For if the attraction between a gramme
of matter in the sun and a gramme of
matter in a planet at distance r is g
where C is a constant, then if there are
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S grammes in the sun and P in the
planet the whole attraction between the
sun and one gramme in the planet will

CS .
be D) and the whole attraction between

the sun and the planet will be C §?
Comparing this statement of Newton’s
“Law of Universal Gravitation” with

the value of F formerly obtained we

find

SP_, ., SP d
C="5pTr

or 47* @*=C(S+P)T".

AMENDED ForM oF KEepLkr’s THIRD
Law.—Hence Kepler’s Third Law must
be amended thus:

The cubes of the mean dnstances are
as the squares of the times multiplied
into the sum of the masses of the sun
and the planet.

In the case of the larger planets, Jupi-
ter, Saturn, &c., the value of S+P is
considerably greater than in the case of
the earth and the smaller planets.
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Hence the periodic times of the larger
planets should be somewhat less than
they would be- according to Kepler’s
law, and this is found to be the case.

In the following table the mean dis-
tances (a) of the planets are given in
terms of the mean distance of the earth,
and the periodic time T in terms of the
sidereal year:

(See Table on following page.)

It appears from the table that Kepler’s
third law is very nearly accurate, for a’
is very nearly equal to T? but that for
those planets whose mass is less than that
of the earth—namely, Mercury, Venus
and Mars—a® is less than T*, whereas for
Jupiter, Saturn, Uranus and Neptune,
whose mass is greater than that of the
earth, a’ is greater than T".

PoreNTIAL ENERGY DUE TO GRAVITA-
TroN.—The potential energy of the gravi-
tation between the bodies S and P may
be calculated when we know the attrac-
tion between them in terms of their dis-
tance. The process of calculation by
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which we sum up the effects of a con-
tinually varying quantity belongs to the
Integral Calculus, and though in this
case the calculation may be explained by
elementary methods, we shall rather de-
duce the potential energy directly from
Kepler’s first and second laws.

These laws completely define the mo-
tion of the sun and planet, and therefore
we may find the kinetic energy of the
system corresponding to any part of the
elliptic orbit. Now, since the sun and
planet form a conservative system, the
sum of the kinetic and potential energy
is constant, and therefore when we know
the kinetic energy we may deduce that
part of the potential energy which de-
pends on the distance between the bodies.

Kineric ENERGY OF THE SYSTEM.—
To determine the kinetic energy we ob-
serve that the velocity of the planet
with respect to the sun is by “ Kepler’s

Second Law.”
h ___
v=3% B HU
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The velocities of the planet and the
sun with respect to the center of mass of
the system are respectively

S P
sip? and Ry

The kinetic energies of the planet and
the sun are therefore

SI t] P! ’
P grpy ad S0
and the whole kinetic energy is
S.P S.P &

isyp U=t g7 HU'
To determine »* in terms of SP or r,
we observe that by the law of areas
2mab
v.SY=hi= . IR ¢ V)
also by a property of the ellipse
HZ.SY=¢ . . . . (2
and by the similar triangles HZP and
sy
SY_TP__»
HZ 'SP = 2a—r
multiplying (2) and (3) we find

. 3
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—_ O'r
SY =sa—+
Hence by (1)
,_4m'a’d’ 1 in'a’ (2a 1)
RO G Cha i G
and the kinetic energy of the system is
47’ S.P /1 1 )
T S+P (7-“ 2a
and this by the equation at the end of
“Law of Gravitation” becomes
1 1
c.s.P(1—5)
where C is the constant of gravitation.
This is the value of the kinetic energy
of the two bodies S and P when moving
in an ellipse of which the transverse axis
is 2a.

PoreNTIAL ENERGY OF THE SYSTEM.—

The sum of the kinetic and potential
energies is constant, but its absolute
value i8 by ‘ Absolute Value of the
Energy of a Body Unknown,” and not
necessary to be known.

Hence if we assume that the potential
energy is of the form
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E—c.s.Pl
-

the second term, which is the only one
depending on the distance, 7, is also the
only one which we have anything to do
with. The other term K represents the
work done by gravitation while the two
bodies, originally at an infinite distance
from each other, are allowed to approach
as near as their dimensions will allow
them.

Tar Moo~ 1s A Heavy Bopv.—Hav-
ing thus determined the law of the force
between each planet and the sun, New-
ton proceeded to show that the observed
weight of bodies at the earth’s surface
and the force which retains the moon in
her orbit round the earth are related to
each other according to the same law
of the inverse square of the distance.

This force of gravity acts in every
region accessible to us, at the top of
the highest mountains and at the highest
point reached by balloons. Its intensity,
as measured by pendulum experiments,
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decreases as we ascend; and although
the height to which we can ascend is so
small, compared with the earth’s radius,
that we cannot from observations of this
kind infer that gravity varies inversely
a8 the square of the distance from the
center of the earth, the observed de-
crease of the intensity of gravity is con-
sistent with this law, the form of which
had been suggested to Newton by the
motion of the planets.

Assuming, then, that the intensity of
gravity varies inversely as the square of
the distance from the center of the earth,
and knowing its value at the surface of
the earth, Newton calculated its value
at the mean distance of the moon.

His first calculations were vitiated by
his adopting an erroneous estimate of
the dimensions of the earth. When,
however, he had obtained a more correct
value of this quantity he found that the
intensity of gravity, calculated for a
distance equal to that of the moon, was
equal to the force required to keep the
moon in her orbit. He thus identified
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the force which acts between the earth
and the moon with that which causes
bodies near the earth’s surface to fall to-
wards the earth.

CavENDISH’S ExPERIMENT. -— Having
thus shown that the force with which
the heavenly bodies attract each other is
of the same kind as that with which
bodies that we can handle are attracted
to the earth, it remained to be shown
that bodies such as we can handle attract
one another.

The difficulty of doing this arises from
the fact that the mass of bodies which
we can handle is 8o small compared with
that, of the earth, that even when we
bring the two bodies as near as we can
the attraction between them is an ex-
ceedingly small fraction of the weight of
either. '

‘We cannot get rid of the attraction of
the earth, but we must arrange the ex-
periment in such a way that it interferes
as little as is possible with the effects of
the attraction of the other body.

.
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The apparatus devised by the Rev.
John Michell for this purpose was that
which has since received the name of the
Torsion Balance. Michell died before
he was able to make the experiment, but
his apparatus afterwards came into the
hands of Henry OCavendish, who im-
proved it in many respects, and meas-
ured the attraction between large leaden
balls and small balls suspended from the
arms of the balance. A similar instru-
ment was afterwards independently in-
vented by Coulomb for measuring small
electric and magnetic forces, and it con-
tinues to be the best instrument known
to science for the measurement of small
forces of all kinds.

TaE Torsion Barance.—The Torsion
Balance consists of a horizontal rod sus-
pended by a wire from a fixed support.
When the rod is turned round by an ex-
ternal force in a horizontal plane it
twists the wire, and the wire, being
elastic, tends to resist this strain and to
untwist itself. This force of torsion is
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proportional to the angle through which
the wire is twisted, so that if we cause a
force to act in a horizontal direction at
right angles to the rod at its extremity,
we may, by observing the angle through
which the force is able to turn the rod,
determine the magnitude of the force.

The force is proportional to the angle
of torsion and to the fourth power of
the diameter of the wire, and inversely
to the length of the rod and the length
of the wire.

Hence, by using a long fine wire and
a long rod, we may measure very small
forces. ‘

In the experiment of Cavendish two
spheres of equal mass, m, are suspended
from the extremities of the rod of the
torsion balance. 'We shall for the pres-
ent neglect the mass of the rod in com-
parison with that of the spheres. Two
larger spheres of equal mass, M, ag€¢ so
arranged that they can be placed éither
at M and M or at M’ and M’. In the
former position they tend by their at-
traction on the smaller spheres, m and
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PaNe;

\\--‘, m

m, to turn the rod of the balance in the
direction of the arrrows. In the latter
position they tend to turn it in the oppo-
site direction. The torsion balance and
its suspended spheres are enclosed in a
case, to prevent their being disturbed by
currents of air. The position of the rod
of the balance is ascertained by observ-
ing a graduated scale as seen by reflec-
tion in a vertical mirror fastened to the
middle of therod. The balance is placed
in a room by itself, and the observer

S
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does not enter the room, but observes
the image of the graduated scale with a
telescope.

Meraop oF THE ExperIMENT.—The
time, T, of a double vibration of the tor-
sion balance is first ascertained, and
also the position of equilibrium of the
centers of the suspended spheres. ¢

The large spheres are then brought
up to the positions MM, so that the cen-
ter of each is at a distance from the posi-
tion of equilibrium of the center of the
suspended sphere

No attempt is made to wait till the
vibrations of the beam have subsided,
but the scale-divisions corresponding to
the extremities of a single vibration are
observed, and are found to be distant =
and y respectively from the position of
_equilibrium. At these points the rod is,
for an instant, at rest, so that its energy
is entirely potential, and since the total
energy is constant, the potential energy
corresponding to the position « must be
equal to that corresponding, to the posi-
tion y.
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Now if T be the time of a double
vibration about the point of equilibrium
O, the potential energy due to torsion
when the scale reading is « is by * Poten-
tial Energy of the Vibrating Body ”

27'm
™ °
and that due to the gravitation between
m and M is by “ Potential Energy of the
System ”

K—-C ”L_L_f.[
—
The potential energy of the whole sys-
tem in the position z is therefore
m M 2x’m ,
K— C —T-,— T
In the position y lt is
K— C m M + 2:;‘ ’m ¥
and since the potentlal energy in these
two positions is equal,

CmM(———l—-) 47rm

a—y a—=z
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Hence

Cﬂ%’. (@+y) (e—2) (a—y)

By this equation C, the constant of
gravitation, is determined in terms of
the observed quantities, M the mass of
the large spheres in grammes, T the time
of a double vibration in seconds, and the
distances « ¥ and @ in centimeters.

According to Baily’s experiments,
0=6.5X1038. If we assume the unit of
mass, so that at a distance unity it
would produce an acceleration unity,
the centimeter and the second being
units, the unit of mass would be about
1.537X 10" grammes, or 15.37 tonnes.
This unit of mass reduces C, the con-
stant of gravitation, to unity. It is
therefore used in the calculations of
physical astronomy.

UNIVERSAL GRAVITATION.—We have
thus traced the attraction of gravitation
through a great variety of natural pheno-
mena, and have found that the law
established for the variation of the force
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at different distances between a_planet
and the sun also holds when we compare
the attraction beiween different planets
and the sun, and also when we compare
the attraction between the moon and the
earth with that between the earth and
heavy bodies at its surface. We have
also found that the gravitation of equal
masses at equal distances is the same
whatever be the nature of the material
of which the masses consist. This we
ascertain by experiments on pendulums
of different substances, and also by a
comparison of the attraction of the sun
on different planets, which are probably
not alike in composition. The experi-
ments of Baily on spheres of different
substances placed in the torsion balance
confirm this law.

Since, therefore, we find in so great a
number of cases occurring in regions re-
mote from each other that the force of
gravitation depends on the mass of bod-
ies only, and not on their chemical
nature or physical state, we are led to
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conclude that this is true for all sub-
stances. _

For instance, no man of science doubts
that two portions of atmospheric air at-
tract one another, although we have very
little hope that experimental methods
will ever bé invented so delicate as to
measure or even to make manifest this
attraction. But we know that there is
attraction between any portion of air
and the earth, and we find by Caven-
dish’s experiment that gravitating
bodies, if of sufficient mass, gravitate
sensibly towards each other, and we
conclude that two portions of air gravi-
tate towards each other. But it is still
extremely doubtful whether the medium
of light and electricity is a gravitating
substance, though it is certainly material
and has mass.

Cause oF GrAVITATION.—Newton, in
his Principia, deduces from the observed
motions of the heavenly bodies the fact
that they attract one another according
to a definite law.
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This he gives as a result of strict dy-
namical reasoning, and by it he shows
how not only the more conspicuous phe-
nomena, but all the apparent irregulari-
ties of the motions of these bodies are
the calculable results of this single prin-
ciple. In his Principia he confines him-
self to the demonstration and develop-
ment of this great step in the science of
the mutual action of bodies. He
says nothing about the means by which
bodies are made to gravitate towards
each other. We know that his mind did
not rest at this point—that he felt that
gravitation itself must be capable of
being explained, and that he even sug-
gested an explanation depending on the
action of an etherial medium pervading
space. But with that wise moderation
which is characteristic of all his investi-
gations, he distinguished such specula-
tions from what he had established by
observation and demonstration, and ex-
cluded from his Principia all mention of
the cause of gravitation, reserving his
thoughts on this subject for the
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“Queries ” printed at the end of his
“ Opticks.”

The attempts which have been made
since the time of Newton to solve this
difficult question are few in number, and

halve not led to any well-established re-
sult.

AppPLICATION -OF NEwrofN’s MeTHOD
oF INvEsTIGATION.—The method of in-
vestigating the forces which act between
bodies which was thus pointed out and
exemplified by Newton in the case of
the heavenly bodies, was followed -out
successfully in the case of electrified
and magnetized bodies by Cavendish,
Coulomb, and Poisson.

The investigation of the mode in which
the minute particles of bodies act on
each other is rendered more difficult
from the fact that both the bodies we
consider and their distances are so small
that we cannot perceive or measure
them, and we are therefore unable to ob-
gerve their motions as we do those of
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planets, or of electrified and magnetized
bodies.

Meraons oF MoLEcULAR INVEsTIGA-
TioNs.—Hence the investigations of
molecular science have proceeded for the
most part by the method of hypothesis,
and comparison of the results of the hy-
pothesisswith the observed facts.

The success of this method depends on
the generality of the hypothesis we be-
gin with. If our hypothesis is the ex-
tremely general one that the phenomena
to be investigated depend on the con-
figuration and motion of a material sys-
tem, then if we are able to deduce any
available results from such an hypothe-
sis, we may safely apply them to the
phenomena before us,

If, on the other hand, we frame the
hypothesis that the configuration, mo-
tion, or action of the material system is
of a certain definite kind, and if the re-
sults of this hypothesis agree with the
phenomena, then, unless we can prove
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that no other hypothesis would account
for the phenomena, we must still admit
the possibility of our hypothesis being
a wrong one.

IMPoRTANCE OF GENERAL AND ELE-
MENTARY PproPERTIES.—It is therefore
of the greatest importance in all physi-
cal inquiries that we should be thoroughly
acquainted with the most- general pro-’
perties of material systems, and it is for
this reason that in this book I have
rather dwelt on these general properties
than entered on the more varied and in-
teresting field of the special properties
of particular forms of matter.
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lied to Paddle and Screw Propulsion.
onsisting of 36 Colored Plates, 259 Practi-

cal Wood-cut Illustrations, and 403 pages of
Descriptive Matter, the whole being an ex-
ition ot the &msent practice of the foi-
owing firns: Messrs. J. Penn & Sons;
Messrs. Maudslay, Sons & Field: Messrs.
James Watt & Co.; Messrs. J. & G. Ren-
nie. Messrs. R. Napler & S8ons; MessrsJ.
& W. Dudgeon: Messrs. Ravenhll &
Hod..;'son-. Messrs Humphreys & Tenant
Mr J.T.S8pencer, and Megsrs. Forrester
& Co. By N P. Burgh, Engireer. One
thick 4to vol., cloth, $25.00; half morocco,

BACON. A TREATISE ON THE RICHARD'S STEAM-
ENGINE INDICATOR — with directions for
itsuse. By Charles T. Porter. Revised,
with notes and large additions as devel-
oped by American ctice; with an Ap-
pendix containing useful formule and
rules for Engineers. By F. W. Bacon, M.
E. Illustrated Becond edition. 12mo.
Cloth $1.00; morocco, . .. . .

ISHERWOOD. ENGINEERING PRECEDENTS FOR
8TEAM MACHINERY. By B. F. Isherwood,
Chiet Epgineer, U. 8. Navy. With illus-
trations. Two vols. in one. 8vo, cloth,

STILLMAN. THE STEAM ENGINE INDICATOR
—and the Improved Manometer Steam
and Vacuum Gauges—their utility and ap-
plication. By Paul8tillman. New edition.
12mo, cloth, . &t

30 00

150

2 50

100
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MacCORD. A PRACTICAL TREATISE ON THE
SLIDE VALVE, BY ECCENTRICS—examining
by methods the action of the Eccentric
upon the Slide Valve, and explaining the
practical processes of laying out the move-
nents, adapting the valve for its various
duties in the steam-engine. By C. W. Mac
Cord, A. M., Prof of Mech 1
Drawing, Stevens' Tustitute of Technol-
szy;,h Hoboken, N. J. Tllustrated. 4to,
cloth, e e e e e . . .

PORTER. A TREATISE ON THE RICHARDS’
STEAM-ENGINE INDICATOR, and the Devel-
opment_and Application of Force iu the
Steam-Engine. By Charles T. Porter.
Third edition, revised and enlarged. II-
lustrated. 8vo, cloth, . . .

McCULLOCH. A TREATISE ON THE N~ _JANI-
CAL THEORY OF HEAT, AND ITS APPLICA-
TIONS TO THE STEAM-ENGINE. By Prof.
R. 8. McCulloch, of the Washington and
Ll«i;hUniversity, Lexington. Va. 8vo,
cloth, . . . . .

VAN BUREN. INVESTIGATIONS OF FORMU-
LAS—for the Strength of the Iron parts of
Steam Machinery. By J. D. Van Buren,
Jr., C. E. Tllustrated. 8vo, cloth, .

STUART. HOW TO BECOME A S8UCCESSFUL EN-
GINEER. Being Hints to Youths intending
to adopt the Profession. By Bernard
Stuart, Engineer B8ixth edition 18mo,
boards, . . . .

SHIELDS. A TREATISE ON ENGINEERING CON-
STRUCTION.  Embracing Discussions of
the Principles involved, and Descriptions
of the Material empioyed in Tunneling,
Bridging. Canal and Road Building, ete.,
ete. By J. E. 8hiclds, C. E. 12mo.
cloth, s

$3 00

8 80

3 50

2 00

15
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WEYRAUCH. STRENGTH AND CALCULATION OF
DIMENSIONS OF IRON AND BTEEL CON-
STRUCTIONS. Translated from the German
of J. J. Weyrauch, Ph. D., with four fold-
ing Plates. 12mo, cloth, . . .

STUART. THE NAvVAL DRY DOCKS OF THE
UNITED STATES. By Charles B. Stuart,
Engineer in Chief, U. 8. Navy Twenty-
four engravings on steel Fo edlt.ion
4to, cloth, . .

COLLINS. THE PRIVATE BOOK OF USEFUL AL-
LoYs, and Memoranda for Goldsmiths,
Jewellers, etc. By James E. Collins.
18mo, flexible cloth, . . . .

TUNNER. A TREATISE ON ROLL-TURNING FOR
THE MANUFACTURE OF IRON. By Peter Tun-
ner Translated by John B. Pearse.
With numerous wood-cuts, 8vo, and a
folio Atlas of 10 litho raphed plates ot
Rolls, Measurements, Cloth, .

GRUNER. THE MANUFACTURE OF STEEL. By
M. L. Gruper. Translated from the
French, by Lenox Smith, A.M., EM.;
with an Apgendlx on the Bessemer Pro-
cess in the United States, by the transla-
tor. Illustrated by lltho%rmphed drawings
and wood-cuts. 8vo, cloth,

BARBA. THE USE OF STEEL IN CONSTRUCTION.
Methods of Working, A}})%mx, and Test-
ing Plates and Bars. By arba. Trans-
lated from the French, with a Preface by
A.L.Holley,P.B. Tllustrated. 12mo, cloth,

BELL. CHEMICAL PHENOMENA OF IRON
SMELTING. An Experlmental and Practi-
cal Examination of the Circumstances
which Determine the Capacity of the Blast
Furnaoce, the Temperature of the Air, an
the Proper Condition of the Ma.terlala to
be operated upon. By I. Lowthian Bell.

, 8vo, cloth, é . . .

$1 00

6 00

. 10 00

3 50

150

6 00
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WARD. STEAM FOR THE MILLION. A Popular
Treatise on Bteam and its Apleication to
the Useful Arts, especially to Navigation.
By J. H. Ward, Commander U. 8. Navy.
8vo, cloth, . . . . .

CLARK. A MANUAL OF RULES, TABLES AND
DATA, FOR MECHANICAL ENGINEERS.
Based on the most recent_investigations.
By Dan. Km(ﬂm Clark. 1011211u8tnwd g‘l'th
numerous agrams. pages. 8vo.
Cloth, $7 50; half moroceo, . . . .

JOYNSON. THE METALS USED IN_CONSTRUC-
TION: Iron, Steel, Bessemer Metals, etc,
Blyt.lf H. Joynson. Illustrated. 12mo,
cloth, .

DODD. DICTIONARY OF MANUFACTURES, MIN-
ING, MACHINERY, AND THE INDUSTRIAL
ARTS. By George Dodd. 12mo, cloth,

VON COTTA. TREATISE ON ORE DEPOSITS. By
Bernhard Von Cotta, Freiburg, Saxogg.
Translated from the second German ed.,
by Frederick Prime, Jr., and revised by
the author. With numerous jllustrations.
8vo, cloth, . . . . . . .

PLATTNER. MANUAL OF QUALITATIVE AND
%An'nnnvr. ANALYSIS WITH THE BLOW-

E. Fé'om the last g“;'»"mf‘ 'Fgltlignﬁtke-

vised an| enla.rged. rof. Th. Richter,

o the Royal Saxon gﬂninﬁ Academy.
Translated by Professor H. B. Cornwall.
‘With eighty-seven wood-cuts and lithogra-
phic plate. Third edition, revised. 568 pp.
8vo, cloth, . P s e e e

PLYMPTON. THE BLOW-PIPE: A Guide to its
Use in_the Determination of S8alts and
Minerals. Compiled from various sources,
by George W. Plympton,C. E.,, A. M.,
fessor of Physical Science in the Polytech-
nic Institute, Brooklyn'i N. Y. 12mo, cloth,

$1 00

10 00

75

150

4 00

5 00

150
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JANNETTAZ. A GUIDE TO THE DETERMINATION
OF ROCKS; being an Introduction to Lith-
ology. By Edward Jannettaz, Docteur des
Sciences. Translated from the French by

. W. Plympton, Professor of Physical
Science at Brooklyn Polytechnic Institute.
12mo, cloth, . . . . . . . .

MOTT. A PRACTICAL TREATISE ON CHEMISTRY
(Qualitative and Quantitative Analysis),
Stoichiometry, Blow'll)ipe Analysis, Min-
eralogy, Assaying, Pharmaceutical Prepa-
rations Human Secretions, Specific Gravi-
ties, Weights and Measures, etc., etc.,etc.
By Henry A, Mott, Jr., E. M., Ph. D. 650 pp.
8vo, cloth, . . . . . e .

PYNCHON. INTRODUOTION TQ CHEMICAL PHY-
8ICc8 ; Designed for the Use of Academies,
Colleges, and High Schools. Tlustrated
with numerous engravings, aud containing
copious exgeriment.s. with directions for
preparini;t en. By Thomas Ruggles Pyn-
chon, D. D., M. A., President of Trinity Col-
lege, Hartford. New edition, revi and
enlarged. Crownsgvo, cloth, .

PRESCOTT. CHEMICAL EXAMINATION OF ALCO-
HOLIC LIQUORS. A Manual of the Constit-
uents of the Distilled Spirits and Ferment-
ed Liquors of Commerce, and their Quali-
tative and Quantitative Determinations.
By Alb. B. Prescott, Prof. of Chemistry,
University of Michigan. 12mo, cloth, .

ELIOT AND STORER. A COMPENDIOUS MANUAL
OF QUALITATIVE CHEMICAL ANALYSIS. By
Charles W. Eliot and Frank H. Storer. Re-
vised, with the co-operation of the Authors,
by Williaic Ripley Nichols, Professor of
Chemistry in the Massachusetts Institute
of Technology. New edition, revised. Il-
lustrated. 12mo, clothé . . .

$1 50

"6 00

3 00

1580

1 50
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NAQUET. LEGAL CHEMISTRY. A Guide.to the
Detection of Poisons, Falsification of Writ-
ings, Adulteration of Alimentary and Phar-
maceutical Substances; Analysis of Ashes,
and Examination of Hair, Cuins, Fire-arms
and Stains, as Agplied to Chemical Juris-
prudence. For the Use of Chemists, Phy-
sicians, Lawyers, Pharmaclsts, and Ex-

rts. Trans! , with additions, includ-
a List of Books and Memoirs on Toxi-
cology, ete., from the French of A. Naquet
by J. P. Battershall, Ph. D. ; with a Preface
by C. ¥. Chandler, Ph. D M. D LL. D
[llustrated. 12mo, cloth, .

PRESCOTT. OUTLINES OF PROXIMATE ORGAW(,
ANALYSIS for the Identification, Separa-
tion, and Quantitative Determination of
the more commonly occurring Organic
Compounds. By Albert B. Prescotf, Pro-
tessor of Chemistry, Universlty of Michi-
gan. 12mo, cloth, . .

DOUGLAS AND PRESCOTT. m\mutvz CHEM-
ICAL ANALYSIS. A Guide in the Practical
Study of Chelnlst ,and in the work of
Analysis. Douglas and A. B.
Prescott; Professors in the University of
N{i(zlllllgan Second edition, revised. svo,
ecloth, . . .. . . .

RAMMELSBERG. GUIDE TO A Ootmss ov
QUANTITATIVE CHEMICAL ANALYSIS, ESPE-
CIALLY OF MINERALS AND FURNACE PRo-
pucTts. Illustrated by Examples. B
F. Rammelsberg. Transln.te by J.
ler, M. D. 8vo, cloth, .

BEILSTEIN. AN mnonucnou 'ro U\LITAT[VE

CHEMICAL ANALYSIS. iv Beilstein.
Third edition. Translated byI J. Osbun.
12mo. cloth, . .

POPE. A Hand-book for Electtlcians and 0
ators. By Frank L. Pope. Ninth editio
Revised ang enlarged, and tully lllustratr
ed. 8vo,cloth, . $ . .« .

3 50

w
0
«

2 00
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SABINE. HISTORY AND PROGRESS OF THE ELEC-

TRIC TELEGRAPH, with Deseriptions of

some of the Apparatus By RabertSabine,

C.E. 8econd edition. 12mo, cloth, . . $1 25
DAVIS AND RAE. HAND BOOK OF EmewAL

DIAGRAMS AND CONNECTIONS. By Charles

H. Davis and Frank B. Rae. Illustrated

with 32 full-p: illustrations. Beoond edl~

tion. Oblong 8vo, cloth extra, . 2 00

HASKINS. THE GALVANOMETER, AND ITS Usns
A Manual for Electricians and Students.
By C. H. Haskins. Illustrated. Pocket
form, morocco, . . . . +« <« . 180

LARRABEE. CIPHER AND SECRET LETTER AND
TELEGRAPAIC Comc. with Hogg’s Improve-
ments. By C. Larrabee 18mo, flexi-
ble cloth, . . « + « . 100

GILLMORE PRACTICAL Tnznxsz ON LIMES,

HYDRAULIC CEMENT, AND Monmns By

. A. Gillmore, Lt-Col U. 8. Engineers,

revet Major-General U. 8. Army Fifth
edition, revised and enlarged. 8vo, cloth, 4 00

GILLMORE. COIGNET BETON AND OTHER ARTIFI-

CIAL BTONE. By Q. A. Gillmore, Lt. Col.

U 8. Engineers, Brevet Major-General U.

Army. Nine plates, views, etc svo,
cloth, . s e e 2 50

GILLMORE. A Pmc'ncu. Tmumsn ON THE
CONSTRUCTION OF ROADS, STREETS, AND
PAVEMENTS. By Q. A. Gillmore, Lt.-Col.

U.8. Engineers, Brevet Ma,jor-Geneml U.
8. Army. Seventy illustrations. 12mo,clo., 2 00

GILLMORE. REPORT ON STRENGTH OF THE BUILD-
ING STONES IN THE UNITED STATES, ete.
8vo, cloth, . . . . . . . 100

HOLLEY. AMERICAN AND EUROPEAN RAILWAY
Pmcncm, in the Economical Genemtion
of Steam. By Alexander L. Holley. B. P.
With 77 lithographed g]n.tes Folio, cloth, 12 00




D. VAN NOSTRAND’S PUBLICATIONS,

HAMILTON. USEFUL INFORMATION FOR RAIL-
wAY MEN. Compiled by W. G. Hamilton,
Engineer. Seventh edition, revised and en-
la{ged 677 pages. Pocket form, moroocco,

'y . . . . . . . » .

STUART. THE CIVIL AND MILITARY ENGINEERS
OF AMERICA. By General Charles B.
Stuart, Author of ‘“Naval Dry Docks of
the United 8tates,” etc., cte.  With nine
ﬂnely-exeouted Portraits on steel, of emi-

eers, and illustrated by En-
gravlgps of some of the most_important
and
ca. 8vo, cloth, . . . .

ERNST. A MANUAL OF PRACTICAL MILITARY
ENGINEERING. Prepared for the use of the
Cadets of the U. 8. Military Acade
and for Engineer Troops. Bf Ca.pt. 0.
Ernst, Corps of Engineccs, nstrucwr in
Practical Military Engineering, U. 8.
Military Academy. 193 wood-cuts and 3
lithographed plates. 12mo,cloth, . .

SIMMS. A TREATISE ON THE PRINCIPLES AND
PRACTICE OF LEVELLING, showhig]its ap-

f lication to purposes of Railw:
ng and the Oonst,mctmn of , to.
K. Frederick W. Simms, C. E. From the
fifth London edmon, revised and correct-
ed, with the addition of Mr. Law’s Prac-
tical Examples for Setting-out Railway
Curves. Illustrated with three lithograph-

ic {)hlams, and numerous woodcuts. 8vo,

JE!FERS NAUTICAL SURVEYING. By Willlam

N. Jeffers, Captain U. 8. Navy. Illustrat-

ed with 9 copperplates, and 31 wood-out
illustrations. 8vo, cloth, . .

THE PLANE TABLE. ITS USES IN TOPOGRAPHI-
CAL SURVEYING. From the gers of the
U. 8. Coast Survey. lslvo. cloth,

ginal works oonstrncted in Ameri-

$2 00

5 00

5 00

2 50

5 00

2 00




D. VAN NOSTRAND’S PUBLICATIONS.

A TEXT-BOOK ON SURVEYING, PROJECTIONS,
AND PORTABLE INSTRUMENTS, for the use
of the Cadet Midshiﬁmon, at the U. 8.
Naval Academy. 9 lithographed plates,
and several wood-cuts. 8vo,cloth, . . $2 00

CHAUVENET. NEw METHOD OF CORRECTING
LUNAR DISTANCES. By Wm. Chauvenect,
LL.D. 8vo,cloth, . . . . . .

BURT. KEY TO THE SOLAR CoMPAss, and 8ur-
veyor's Companion; comprising all the
Rules necessary for use in the Field. By
W. A. Burt, U. 8. Deputy S8urveyor. Seoc-
ond edition. Pocket-book form, tuck, . 2 50

HOWARD. EARTHWORK MENSURATION ON THE
BASIS OF THE PRISMOIDAL FORMULZXE.
Containing simple and labor-saving meth-
od ofobtaining Prismoidal Contents direot-
ly from End Areas. Illustrated by Exam-
ples, and accompanied by Plain Rules for
yractical uses. By Conway R. Howard,
Civil Engineer, Richmond, Va. Illustrat-
ed. 8vo, cloth, . e . «+ .+« .« 150

MORRIS. EAsY RULES FOR THE MEASUREMENT
OF EARTHWORKS, by meauns of the Pris-
moidal Formule. By Elwood Morris,
Civil Engineer. 781illustrations. 8vo, cloth, 1 50

CLEVENGER. A TREATISE ON THE METHOD OF

(GOVERNMENT SURVEYING, a8 prescribed

gly the U. 8. Congress and Commissioner of

he General Land Office. With complete

Mathematical, Astronomical, and Practi-

cal Instructions for the use of the U. 8.

Survayors in the Field. By 8. V. Cleven-

r, U. 8. Deputy Surveyor. Illustrated.
ocket formn, morocco, gilt, . . 250

HEWSON. PRINCIPLES AND PRACTICE OF EM-
BANKING LANDS from River Floods, as
applied to the Levees of the Mississipi.

Bly William Hewson, Civil Engineer. 8vo,
cloth, - . . .12. . .« . . 200

2 00
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MINIFIE. A TEXT-BOOK OF GEOMETRICAL
DRAWING, for the use of Mechanics and
Schools. With Illustrations for Drawing
Plans, Elevations of Buildings and Ma-
chineﬁ. With over 200 diagrains on steel.
By William Minifie, Architect. Ninth edi-
tion. Royal 8vo, cioth, . . .

MINIFIE. GEOMETRICAL DRAWING. Abridged
from the octavo edition, for the use of
Schools. Illustrated with 48 steel plates.
New edition, enlarged. 12mo, cloth,

FREE HAI;“I; DRAWnguAdGUIDE 11)'0 Olimm%u-
TAL, re, an ndscape Drawing.
an Artggtu'dent. Profusely illust%atedv.
18mo, boards, . . . . .

AXON. THE MECHANIO'S FRIEND. A Collec-
tion of Receipts and Practical Suggestions,
relating to Aquaria—Bronzing—Cements
—D; — Dyes—Electricity—Gilding—
Glass-working — Glues — Horology — Lac-
quers—Locomotives —Magnetism — Metal-
working — Modelling — Photography—Py-
rotechny—Railways—Solders—Steam - En-
gine—Telegraphy—Taxidermy—Varnishes
—Waterproofing-and Miscellaneous Tools,
Instruments achines, and Processes
connected with the Chemical and Mechan-
ical Arts. By William E. Axon, M.R.8.L.
12mo, cloth. ~800 illustrations, . . .

HARRISON. MEecHANICS’ TooL BOOK, with
Practieal Rules and 8u tions, for the
use of Machinists, Iron Workers, and oth-
ers. By W. B. Harrison. 44 illustrations.
12mo, cloth . .. . . . .

JOYNSON. THE MECHANIC'S AND STUDENT’S
GUIDE in the designing and Construction
of General Machine Gearing. Edited by
Francis H. Joynson. th 18 folded
plates. 8vo, cloth . 13° .

2 00

50

150

150

2 00
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RANDALL. QUARTZ OPERATOR’S HAND-BOOK.
By P. M. Randall. New Edition. Revised
l%h Enlarged. Fully illustrated. 12mo,
oloth, e e e+ e 4+ e .

SILVERSMITH. A PRACTICAL HAND-BOOK FOR
anns, METALLURGISTS, and Assayers.
Julius Silversmith. Fourth Edl on.

Il ustrated. 12mo, cloth, . .

BARNES. SUBMARINE WARFARE, DEFENSIVE
AND OFFENSIVE. Descriptions of the va-
rious forms of Torpedoes, Submarine Bat-
teries and Torpedo Boats actually used in
War. Methods of tion b, Machi.ne
Contact Fuzes, and Electricity, and a
account of experiments m: 6 to deter-
mine the Explosive Force of Gunpowder
under Water. Also adiscussion of the Of-
fensive To 0 system; its effect upon
Iron-clad 8| wystems, and influence upon
future Naval W¥ Lieut.-Com. John
8. Barnes, U. 8. N. th 20 lithogra) hlo
plates and many wood-cuts. 8vo, clo

FOSTER. SUBMARINE BLASTING, in Boston
Harbor, Mass. Removal of Tower
and Corwin Rocks. By John G. Foster,
U.8. . and Bvt. Major General U. 8.
Army. ith seven Plates. 4to, e¢loth,

MOWBRAY.  TRI- Nl’mo—GLYCERNE, as g_—
pliertjlintB &sfilzloosm?l‘ Tunnel, ma mg
marine orpedoes, uarry.
etc. Illustrated. 8vo, cloth, . ’

WILLIAMSON. ON THE USE OF THE BAROME-
TER ON SURVEYS AND RECONNAISSANCES.
Part I.-Meteorology in its Connection with

ypsometrv Part II.—Barometric H:
metry. By R. 8. Wﬂliamson Bvt.
Col. UE.A., Major of Engineers.
With mustratlve tables and engrsvlngs.

4to, cloth, . . 18’

$2 00

3 00

5 00

3 50

3 00

15 00
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WILLIAMSON. PRACTICAL TABLES IN METE
OROLOGY AND HYPSOMETRY, in connection
with the use of the Barometer By Col. R.
8. Williamson, U. 8. A. 4to, flexible cloth,

BUTLER. PROJECTILES AND RIFLED CANNON
A Critical Discussion of the Prlncl%al Sys
tems of Rifling and Projectiles, with Prac-
tical SBuggestions for their Improvewent.
By Capt. John 8. Butler, Ordnance Corps,
U. 8. A. 36 Plates. 4to, cloth, . .

BENET. ELECTRO-BALLISTIC MACHINES, and

the 8chultz Chronoscope. By Lt.-Col 8.

Benet, Chief of Ordnance U. 8. A
8econd edition. illustrated. 4to, cloth,

MICHAELIS. THE LE BOULENGE CHRONO-
GRAPH. With three llthograghed folding
j(r)lates of illustrations. By Bvt. Captian

. E. Michaelis, Ordnance Corpse, U.S. A.
4to, cloth, . . . . . .

NUGENT. TTEATISE ON OPTICS; or Lilght and
8ight, theoretically and practically treat-
ed ; with the application to Fine Art and
Industrial Pursuits. By E. Nugent. With
103 illustrations. 12mo, cloth, . . .

PEIRCE. BSYSTEM OF ANALYTIC MECHANICS. By
Benjamin Peirce, Professor of Astronomy
and Mathematics in Harvard University.
4to- cloth, B . . . . o .

CRAIG- WEIGHTS AND MEASURES. An Account
of the Decimal 8ystem, with Tables of Con-
version for Commercial and Scientific
Uses. By B. F. Craig, M. D. Square 32mo,
lmp clotn, e e e e« g3 e .

ALEXANDER. UNIVERSAL DICTIONARY OF
WEIGHTS AND MEASURES, Ancient and
Modern, reduced to the standards of the
United States of America. By J. H. Alex-
anier. New edition. 18;0, cloth, . .

$2 50

7 50

3 00

3 00

150

10 00

50

3 50
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ELLIOT. EUROPEAN LIGHT-HOUSE SYSTEMS.
Being a Report of a Tour of Inspection
made in 1873. By Major George H. Elliot,
U. 8. Engineers. 51 engrav. and 21
wood-cuts. 8vo, cloth, . . . . o

SWEET. SPECIAL REPORT ON COAL. By 8. H.
Sweet. With Maps. 8vo, cloth, . .

COLBURN. GAS WORKS OF LONDON. By Zerah
Colburn. 12mo, boards, e e e e

WALKER. NOTES ON S8CREW PROPULSION, its
Riseand History. By Capt. W. H. Wulier,
U. 8.Navy. 8vo, cloth, . . . .

POOK. METHOD OF PREPARING THE LINES AND
DRAUGHTING VESSELS PROPELLED BY BAIL
OR STEAM, including a Chapter on Laying-
offon the Mould-loft Floor. By Samuel
M. Pook, Naval Constructor. ustrated.
8vo, cloth, . . . . N .

SAELTZER. TREATISE ON ACOUSTICS in connec-
tion with Ventilation. By Alexander
Saeltzer. 12meo, cloth, . . . . .

EASLIE A HAND-BOOK FOR THE USE OF CON-
TACTORS, Builders, Architects, Engineers,
Timber Merchants, etc., with_information
for drawing up Designs and Estimates.
250 ill:.strations. 8vo, cloth, . e

SCHUMANN. A MANUAL OF HEATING AND VEN-
TILATION IN ITS PRACTICAL APPLICATION
for the use of Engineers and Architects.
embracing a series of Tables and Formulas
for dimensions of heating, flow and return
Pipes for steain and hot water boilers, flues.
etc. eta By F Schumunn, C.E.. U. 8.
Treasurv Department. 12mo. Illustrated.
In vress

TONER. DICTIONARY OF ELEVATIONB AND
CLIMATIC REGISTER OF THE UNITED STATES.
Bly J. M. Toner, M, D. 8vo. Paper, $3.00;
cloth. . . 18. .

$5 00
8 00

5 00

2 00

150

37
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WANKLYN. MiILK ANALYSIS. A Practical
Treatise on the Examination of Milk, and
its Derivatlvea. Cream, Butter, snd

Cheese. B{ Alfred Wunklyn, M.R.C

8. 12mo, c! oth, .

RICE & JOHNSON. ON A NEwW Mn'mon OF OB-
TAINING THE DIFFERENTIALS OF FUNC-
TIONS, with especial reference to the New-
tonian Conception of Rates or Velocities.
By J. Minot Rice, Prof. of Mathematics, U.
8. Navy, and W. Woolsey Johnson, Prot' of
Mathemathics, 8t. John's College, Annap-
olis. 12mo, paper. . .

COFFIN. NAVIGATION AND NAUTICAL AS-
TRONOMY. Prepared for the use of the U.
8. Naval Academy. By J. H. C. Coffin
Professor of Astronomy, Navigation and
Surveying ; with 52 wood-cut 1llustrations
Fifth edition. 12mo, cloth,

CLARK. THEORETICAL NA\'l(xATl()N A‘ID NAU-
TICAL ASTRONOMY. By Clark,
Lieut.-Commander, U. 8 N d’y Illustra-
ted with 41 wood-(,uts mcluding the Ver-
nier. 8vo. cloth,

ROGERS. THE GEOLOGY OF PENNSYLVAN!A
By Henry Darwin Rogers, late State Ge-
ologist of Pennsylvania. svols 4w with
Portfolio of Maps. Cloth,

IN PREPARATION.

$1 00

50

3 50

3 00

. 30 00

WEISBACH. MECHANICS OF ENGINEERING, APPLIED

MECHANICS ; containing Arches. Bri

Foun-

dations, Hydraulics. teamn Engine, and other
Prime Movers, &oc., &c. ted from the

latest German Edition 2 vols, 8vo.

17




Van Nostrand’s Science Series.

It is the intention of the Publisher of this Series to
issue them at intervals of about a month. They will
be put up in a uniform, neat, and attractive form,
18mo, fancy boards. The subjects will be of an emi-
nently scientific nature, and embrace as wide a
range of topics as possible,—all of the highest charuc-
ter. '

Price, 50 Cents Each.

1. CHIMNEYS FOR FURNACES, FIRE-PLACES, AND
STEAM BOILERS. By R. Armstrong, C. E.

II. STEAM BOILER EXPLOSIONS. By Zerah Colburn.

III. PRACTICAL DESIGNING OF RETAINING WALLS.
By Arthur Jacob, A. B. Ilustrated.

IV. PROPORTIONS OF Pms USED IN BRIDGES. By
Charles E. Bender, C. E. Illustrated.

V. VENTILATION OF BUILDINGS. By W. F. Butler.
Ilustrated.

V1. ON THE DESIGNING AND CONSTRUCTION OF 8TOR-
AGE RESERVOIRS. By Arthur Jacob. Dlustrated

VII. SURCHARGED AND DIFFERENT FORMS OF RE-
TAINING WALLS. By James 8. Tate, C. E

VIII. A TREATISE ON THE COMPOUND ENGINE. By
John Turnbull. INlustrated.

IX. FUeL. ByC. William S8iemens. To which is ap-
pended the value of ARTIFICIAL FUELS A8 CoM-
PARED WITH COAL. By John Wormald, C. E.

X. CoMPOUND ENGINES. Translated from the French
of A. Mallet. Illustrated.

XI. THEORY OF ARCHES. Bﬁ Prof. W. Allan, of the
Washington and Lee College. Illustrated.




D. VAN NOSTRAND’S PUBLICATIONS.

XII. A PRACTICAL THEORY OF VOUSSOIR ARCHES.
By William Cain, C.E. Illustrated.

XIII. A PRACTICAL TREATISE ON THE GABEB MET
WITH IN COAL MINES. By the late J. J. Atkinson,
Government Inspector of Mines for the County of
Durham, England.

XIV. FRICTION OF AIR IN MINES, By J. J. Atkinson,
author of “A Practical Treatise on the Gases met
with in Coal Mines.”

XV. SKEW ARCHES. By Prof. E. W.Hyde,C. E. II"
lustrated with numerous engravings, and three
folded Plates.

XVI. A GRAPHIC METHOD FOR SOLVING CERTAIN
ALGEBRAIC EQUATIONS. By Prof. George L. Vose.
Illustrated.

XVII. WATER AND WATER BUPPLY. B{ Prof. W. H.
Corfleld, M. A., of the Ubniversity College, London.

XVIII. SEWERAGE AND SEWAGE UTILIZATION. B
Prof. W. H. Corfield, M. A., of the University Col-
lege, London.

x1x STRENGTK OF BEAMS UNDER TRANSVERSE

Prof. W. Allan, author of * Theory of
Arches ” ustrated.

XX. BRIDGE AND TUNNEL CENTRES. By John B.

McMasters, C. E. Illustrated.

XXI. SAFETY VALVES. By Richard H. Buel, C. E.
Illustrated.

XXII. HIGH MASONRY DAMS. By John B. McMas-
ters, C. E. Illustrated.

XXIII. THE FATIGUE OF METALS, under Re)
Strains; with various Tables of Resultsof
ments. From the German of Prof Ludwi
Spangenber%mWith a Preface by 8. H. Shreve.

XXIV. A PRACTICAL TREATISE ON THE TEETH OF
‘WHEELS, with the theo of the use of Robinson’s
Odont:ﬁmph By 8. W. Robinson, Prof. of Me-
ePta;ni Engineering, Ilinois Industrial Univer-
sity.
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XXV. THEORY AND CALCULATIONS OF CONTINUOUS
?mtgg‘ss. By Mansfleld Merriman, C. E. Illus-

XXVI. PRACTICAL TREATISE ON THE PROPERTIES OF
CONTINUOUS BRIDGES. By Charles Bender, C. E.

XXVIIL ON BOILER INCRUSTATION AND CORROSION.
By F. 8. Rowan.

XXVIIL ON Tmsmssxon OF POWER BY WIRE ROPE.
By Albert W. Stahl

XXIX. INJECTORS; their Theo and Use. Trans-
1ated from the French of M n Pouchet.

XXX. TERRESTRIAL MAGNETISM AND THE MAGNETISM
OF IRON VESSELS. By Prof. Fairman Rogers.

XXXI. THE SANITARY CONDITION OF DWELLING
HoUSES IN TOWN AND COUNTRY. By George E.
Waring, Jr., Consulting Engineer for auit&ryand
Agrice tura) Works. Illustrated.

XXXII. CABLE MAKING FOR SUSPENSION BRIDGES,
as exemrflmed in the Construction of the East
River Bridge. By Wilhelm Hildenbrand, C. E.

** Other Works in Preparation for this Series.
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THE UNIVERSITY SERIES.

No. 1.—ON THE PHYSICAL BASIS OF LIFE. By Prof.
T. H. Huxley, LL. D., F.R.8. With an introduc-
tion by a Professor in Yale College. 12mo, 36 pp.
Paper covers, 35 cents.

No. 2.—THE CORELATION OF VITAL AND PHYSICAL
FORCES. By Prof. George F. Barker, M. D., of
Yale College. 36 pp. Paper covers, 25 cents.

No. 3.—A8 REGARDS PROTOPLASM, inrelation to Prof.
Huxley’s Physical Basis ot Lite. By J. Hutchin-
son Stirling, F. R. C. 8. 172 pp., 25 cents.

No. 4.—ON THE HYPOTHESIS OF EVOLUTION, Physical
and Metaphysical. By Prof. Edward D. Cope.
12mo, 72 pp. Paper covers, 25 cents.

No. 5.—8CIENTIFIC ADDRESSES :—1. On the Methods
and Tendencies of Physical Investigation. 2. On
Haze and Dust. 8. On the Scientific Use of the
Imagination. By Prof. Jobn Tyndall, F. R. 8.
12mo, 74 pp. Paper covers, 25 cents. Flex. cloth,
60 cents. R

No. 6.—NATURAL SELECTION A8 APPLIED TO MAN.
B{ Alfred Russel Wallace. This pamphlet treats
1) of the Development of Human Races under

he Law of Selection ; (2) the Limits of Natural
Belection as applied to Man. 64pp., 25 cents.

No._ 7.—BPECTRUM ANALYSIS. Three Lectures by
Profs. Roscoe, Hungins and Lockyer. Finely
illustrated. 88 pp. Paper covers, 25 cents,

No. 8.—THE BUN. A sketch of the gresent state of
soientific opinion as refggrdn this body. By Prof.
C. A. Young, Ph. D., of Dartmouth College. 58 pp.
Paper covers, 25 cents.

No. 9.—THE EARTH A GREAT MAGNET. By A. M,
Mayer, Ph.D., of Stephens’ Institute. 72 pages.
Paper covers, 25 cents. Flexible cloth, 50 cents.

No. 10.—MYSTERIES OF THE VOICE _AND EAR. By
Prof. O. N. Rood, Columbia College, New York.
Beatn:flmlly illustrated. 88 pp. Paper covers, 36
oen
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