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PREFACE.

F the seventy Propositions contained in the following treatise, ten are
substantially taken from Baltzer’s treatise on Determinants; also the
Geometrical Tests, given in Chapter VIII, are to be found in most works
on Algebraical Geometry: the rest of the matter is, so far as I know,
original, and consists of a series of Propositions which the object I had
in view obliged me to introduce. That object was to present the subject
as a continuous chain of argument, separated from all accessories of ex-
planation or illustration, a form which I venture to think better suited for
a treatise on exact science than the semi-colloquial semi-logical form often
adopted by Mathematical writers, I say ¢ semi-logical > advisedly, for nothing
is more easy than to forget, in an argument thus interwoven with illustrative
matter, what has, and what has not, been proved.
With this object in view I have introduced all such explanation and

illustration as seemed necessary for a beginner, either in the form of foot-

notes, or, where that would have occupied too much room, of Appendices.
New words and symbols are always a most unwelcome addition to a
Science, especially to one already burdened with an enormous vocabulary,
yet I think the Definitions given of them will be found to justify their
introduction, as the only way of avoiding tedious periphrasis. The symbols
employed to represent the single elements of a Determinant, ( 1\2,1\3, &c.)
a2
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require perhaps a word of apology, and it may be well to enumerate those
already in use, and to point out what seem to be their chief defects.

‘We may commence with {:" g" """ } ; where the change of letter

gy Ugy cooees

indicates a change of column, and the change of subscript a change of row.
Now the properties of Determinants, relating to columns, being always
convertible into properties relating to rows, and vice versd, it was a sufficient
objection to this system of notation, that it represented -things distinctly
analogous by methods so different, and it was properly superseded by the
notation introduced by Leibnitz, { 4117 %32~ } where the changes,

Jlagy, 854, .nn... A
both of column and row, are alike denoted by subscripts. But it seems a

fatal objection to this system that most of the space is occupied by a number
of a’s, which are wholly superfluous, while the only important part of the
notation is reduced to minute subscripts, alike difficult to the writer and
the reader. It was almost an obvious improvement on this system to raise
the subscripts into the line, and omit the o’s altogether, as suggested by
Baltzer, thus — { g:gi gig;: } , and this system, f;hough tedious for
writing, might serve very well, were it not for its liability to be confused
with' the ‘notation, common in Plane Algebraical Geometry, by which (1,1)
denotes the Point #=1, y=1. The symbol 1\_1, which I have ventured
to suggest as an emendation on this last, will be found, I have great hopes,
sufficient'y simple, distinct, and easy to be written. I have turned the
symbol towards the left, in order to avoid all chance of confusion with

j; the symbol for integration.

I proceed to make a few introductory remarks on the various portions

of the book, taken in order.

Chap. I1. Def. 1. 1 am aware that the word ¢ Matrix’ is already in
use to express the very meaning for which I use the word ¢Block’; but
surely the former word means rather the mould, or form, into which alge-
braical quantities may be introduced, than an actual assemblage of such

~
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quantities ; for instance, (—()—’L(T—-) would deserve the name, rather than
(a40)x(c+a)
(e+/)

Chap. II. Def. I, VIII. Those who have read the chapters on De-
terminants in Mr. Todhunter’s ¢ Theory of Equations’ will notice that the
meanings of the words ¢ Element’ and ¢Constituent’ are here transposed:
as to the former, I have only returned to Baltzer’s nomenclature; and the
word ¢ Constituent’ seems to me more expressive than his word ¢ Term’.

Chap. III. A complete analysis of a system of simultaneous Linear
Equations has always appeared to me to be a desideratum in Algebra : the
subject is only touched on in Baltzer; a more complete attempt will be
found in Peacock’s Algebra, but I have nowhere seen anything like an
exhaustive analysis. This chapter aims at furnishing this, but it has been
so often altered and re-written that I put it forth at last, hoping, rather
than expecting, that it will be found complete and satisfactory.

Chap. VII. This chapter will also, I hope, fulfil my aim at furnishing
an ezkaustive analysis of such properties of the Loci here considered, as can
be conveniently exhibited in the form of Determinants. I had added pro-
positions concerning the Line in Solid Geometry, but these I omit, believing
that its properties are more simply investigated by other methods.

Appendiz II. BSection 4. This process, thoﬁgh extremely convenient
where no ciphers, or where one or two at most, occur in the interior of a
Block, nevertheless fails entirely, it must be admitted, where they occur
in larger numbers: I therefore offer it merely as a fanciful addition to the
processes already in use, which may in some cases lessen the labour of
computation. ' o

Appendiz V. T am doubtful whether this process will ever prove of
much practical use: still I think cases might arise, where in the course
of a problem an algebraical function is proved to vanish, and where,
by throwing it into the form of a Determinant, and so forming a set
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" of simultaneous Equations, whose consistency depends on its vanishing,
new and curious properties of the function under consideration might be
evolved.

The formule given at the end of the book are so arranged that the
student may, by covering one or more of the columns on the right hand,
test for himself his knowledge of the theorems from which they are taken.

CH. CH. OXFORD,
Oct. 31, 1867.

CORRIGENDA.
P. 36. 1.10. for
and since, by hypothesis, V50, these Equations may be divided thsoughout by ¥V, and written
D D
x1=-V‘ , —m’ﬂ-v’l
read
and, dividing these Equations throughout by V,
D D, .
T = T’l ’ —y= -V’ i

and since, by hypothesis, V30, these values are both finite.
P. 50. 1. 15. for B=0 read V=0.
P.51. 1. 8. for ||B||=0 read |V |=0.
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CHAPTER L
LAWS OF ARRANGEMENT.

DEFINITIONS.

I

A set of different numerals, arranged ‘in an ascending order,
is said to be orderly arranged : but if there be among them
2, of which the second is less than the first, the set is said to
contain a derangement *,

IL

If 2 numbers be both even, or both odd, they are said to be

similar ; if otherwise, dissimilar.

Proposrrion 1. TaH.

If there be a set of different numerals, arranged in any
order, and if one of them be made to pass over the next 7 of

them, either way : the number of derangements is increased, or
diminished, by a number similar to r.

If it be made to pass over one, the number is increased, or diminished,
by unity ;
*. if over #wo, by an even number ;

-

* Def. I. Thus the set 12346789 is ord&ly count of the 4 and 8, another op account of
arranged ; but the same set placed thus, | the 4 and 1, another on account of the 8 and 7,
43186972, comtains one derangement on ac- | and so on,

o
. B
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.». if over three, by an odd number ; and so on.

Therefore, if there be a set, &c.

Q.E.D¥*,

Proposrrion II. Ta.
If there be a set of different numerals, and if 2 of them be

interchanged :
minished, by an odd number.

the number of derangements is increased, or di-

Call the 2 numerals, a, 8; and let there be » numerals between them; -
firstly, let a be made to pass over these » numerals;
then the number of derangements is increased, or diminished, by a

number similar to 7;

(Proe. L.

secondly, let 3 be made to pass over a and over these » numerals;
then the number of derangements is thereby increased, or diminished, by

a number similar to » + 1 ;

(Proe. L

. it is ultimately increased, or diminished, by the sum or difference of

2 dissimilar numbers ;

i. e. it is increased, or diminished, by an odd number.

Therefore, if there be a set, &ec. Q.E.D t.

ProposiTion III. T=.

If there be a set of pairs of numerals, in which the antecedents
are all different, as also are the consequents; and if they be
arranged, firstly in order of antecedents, and secondly in order
of consequents : the number of derangements among the con-
sequents in the first case, and the number of derangements among

the antecedents in the second case, are equal.

* Prop. I. In the set 43186972, let us make
the 7 pass over the preceding 3 numerals. By
passing it over the 9, a derangement is lost,

“i. e. the number of derangements is diminished
by unity ; by passing it over the 6, a derange-
ment is gained, i.e. the number is what it
was at first, i. e. it is increased by zero, which
is even; by passing it over the 8, a derange-
ment is lost, i.e. the number is diminished by
unity, which is odd ; and so on.

4+ Prop. II, In the set 43186972, let us in-
terchange the 1 and the 7. By passing the 1 over

the intermediate 8 numerals, 83 derangements
are gained, i. e. the number of derangements is -
increased by a number similar to 8; and the
set now stands thus, 43869172 ; by passing the
7 over the 1 and over the same 3 numerals,
two derangements are gained and two lost,
i, e. the number is increased by zero, which is
similar to (8+1); hence it is on the whole
increased by a number similar to the sum of
3 and (3+1), and, as these are dissimilar
numbers, their sum is odd.
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Let the pairs be so placed that the antecedents are orderly arranged,
and let 2 of them be selected, and call them (H, 7), (X, s) ;

.. H<K;

now, if these 2 pairs contain a derangement of consequents, 7 >¢;

.. when the pairs are re-arranged in order of comsequents, these 2
will stand in the order ...(X,s)...(H,7)...;

.*. they will then contain a derangement of antecedents ;

but if these 2 pairs do not contain a derangement of consequents, r< ¢ ;

.

.*. when the pairs are re-arranged in order of consequents, these 2
will stand in the order ...(H,7)...(K,3)...;

.*. they will then not contain a derangement of antecedents.

And the same thing may be proved for every other 2 pairs.

Therefore, if there be, &c.

Q.E.D*,

DeriniTIiON III.

If there be a set of pairs of numerals, in which the ante-
cedents are all different, as also are the consequents; and if,
when they are arranged in-order of antecedents, the number of
derangements among the consequents be even, or (which is the
~ same thing) if, when they are arranged in order. of consequents,
the number of derangements among the antecedents be even : the
set is said to be of the even class; if otherwise, of the uneven

class 1.

* Prop. IZ1. Let the set be (1, 8), (3, 8),
4, 6), (7, 5), (8, 2), which is arranged in order
of antecedents: if this be rearranged in order
of consequents, it will stand thus:— (8, 2),
1, 8), (7, 5), (4, 6), (8, 8). Now let us select
2 of these pairs, (1, 8) and (7, 5); these, as
they stand in the first arrangement, contain no
derangement of consequents; hemce, in the
second arrangement, they preserve the same
relative order, and so contain no derangement
of antecedents. Again, let us select (3, 8) and
(7, 5) ; these, as they stand in the first arrange-
ment, contain a derangement of consequents ;
hence, in the second arrangement, they take the
order (7, 6),....(8, 8), and so contain a de-

rangement of antecedents, And so for every
other 2.

+ De¢f.111. Taking the set (1, 8), (8, 8), (4, 6),
(7, 5), (8, 2), let us ascertain, by counting the
derangements among the consequents, to which
class it belongs. This may be conveniently
done by observing, for each consequent in turn,
how many of its predecessers are greafer than
it, since every instance of this will constitute a
derangement : thus the 3 gives none, the 8
gives none, the 6 gives one, the 5 gives two,
and the 2 gives four; hence there are seven
derangements among the consequents. Again,
let us arrange the set in order of consequents,
@, 2), (1, 9), (7, 5), (& 6), (3, 8), and count

B 2
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ProrosrTion IV. Ta.

If there be a set of pairs of numerals, in which the ante-
cedents are all different, as also are the consequents; and if 2
of the antecedents, or 2 of the consequents, be interchanged: the
class, to which the set belongs, is changed.

Let the set be arranged in order of antecedents, and let 2 of the con-

sequents be interchanged ;

then the number of derangements among them is increased, or diminished,

by an 0dd number ;

(Proe. II.

i. e. if even, it becomes odd ; if odd, even ;
the class, to which the set belongs, is changed ;
hence, if the set be arranged in any order, and 2 of the consequents
be interchanged, the class, to which the set belongs, is changed.
Similarly, if 2 of the antecedents be interchanged.

Therefore, if there be, &c

Q.E.D*.

ProrosrrioNn V. Ta.

If there be a set of n pairs of numerals, in which the ante-
cedents are a certain permutation of the numbers from 1 to n, as
also are the consequents; and if one pair be erased : the class,
to which the remaining set belongs, is the same as that of the
ongmal set, or different, according as the numerals in the erased

pair are similar or dissimilar.

Let the set be arranged in order of antecedents; and call the pair that is

to be erased (H, %) ;

the derangements amrong the antecedents : thus
the 8 gives mone, the 1 gives one, the 7 gives
one, the 4 gives two, and the 8 gives three;
hence there are now seven derangements among
the antecedents. Thus the set of pairs of
numerals, t:jed by either test, is of the uneven
class.

It should be observed that the class, to which
& set of pairs of numerals belongs, is unaffected
by the order.in which they happen to be given.

¥ Prop. IV. In the set (arranged, for con-
venience, in order of antecedents), (1, 8), (8, 8),
(4, 6), (7, 5), (8, 2), let us interchange the two
consequents, 8 and 5 ; the set will thus become
@, 8), (3, 5), (4,6), (7,8), (8,2). Now, by
this interchange, the number of derangements
among the consequents is diminished by three ;
i. e. from being odd, it becomes even; and the
set of numerals is therefore transferred from the
uneven to the even class.
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ﬁrptly, let it be brought to the first place, by making it pass over the

preceding H—1 pairs ;

then the number of demngements among the consequents is increased, or

diminished, by 2 number similar to #—1

(Pror. I.

and, since the consequent £ now preeedes the #—1 E—1 consequents which are
less than it, there are now, by reason of this pair, #—1 derangements among

the consequents ;

secondly, let the pair (H, k) be erased ;

then the number of derangements among the consequents is thereby
diminished by a number similar to £—1;

.~ it is ultimately increased, or diminished, by a number similar to the

sum o difference of H—1 and #—1

i.e itis ultima.tely increased, or dmumshed by an even, or odd, number,
according as H—1 and £—1 are similar or dissimilar;

i. e. according as H and % are similar or dissimilar,

Therefore, if there be a set, &ec.

Q.E.D*,

* Prop.V. Let us take the following set, (ar-
ranged, for convenience, in order of antecedents),
1, 2), (2, 4), (8, 1), (4, 5), (5, 6), (6,8); and
let us select (4, 5) as the pair to be erased, in
which the numerals ate dissimilar. Firstly, let
us bring it to the first place, 8o that the set now
stands thas :— (4, 5), (1, 2), &c. ; in doing this,
we have made the consequent 5 pass over the
preceding (4—1) consequents, and have thus
increased, or diminished, the number of de-
rangements among the consequents, by & num-
ber similar to (4—1). And since this conse-
- quent 5 now precedes all the lesser consequents,

1, 2, 8, 4, there are now, by reason of it, (5—1)
derangements among the consequents. Next,

let the pair (4, 5) be erased ; then these (5—1)
derangements are done away with, ‘and the
number of derangements is, on the whole,
increased, or diminished, by a number similar
to the sum, or difference; of (4~1) and (5—1),
i. e. to the sum, or difference, of 4 and 5, and
since they are dissimilar numbers, their sum,
or difference, is odd ; hence the class, to which
the set belongs, is changed.

In this instance it will be found that the
given set contains § derangements of conse-
quents, and 8o is of the uneven olass; and that
the new set, (1, 2), (2, 4), (3, 1), (5, 6), (6, 8),
contains 4, and 8o is of the even class.




CHAPTER IL
ANALYSIS OF DETERMINANTS.

DEFINITIONS.

L

If mn quantities be so placed as to form m rows and =
columns : they are said to form a Block ; and the mn quantities
are called the Elements of such a Block. .

IIL.

- A square Block of n* Elements is said to be of the n*

degree.
I11.

An oblong Block containing m rows and n columns, or m
columns and n rows, where m is greater than =, is said to be
"~ of the length m, and of the breadth n.

IV.

In an oblong Block, the rows, if they be longer than the
columns, or the columns, if they be longer than the rows, are
called the longitudinals of the Block: and the others, its
laterals.
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V.

If, m a given Block, any rows, and as many columns, be
selected : the square Block formed of their common Elements is
called a Minor of the given Block *.

Hence any single Element of a Block, being common to one row and
one column, is & Minor of it.

VI
If n be that dimension of a Block which is not greater than
the other : its Minors of the n* degree are called its principal

Minors ; those of the n—1[* degree its seoondary Minors, and
so on t.

Hence a square Block is its own principal Minor.

VII.

. If, in a square Block, any rows, and as many columns, be
selected : the Minor formed of their common Elements, and the
Minor formed of the Elements common ‘te the other rows and
columns, are said to be complemental to each other].

CONVENTIONS.

L

Let it be agreed to represent the Elements of a square Block
by symbols of the form #\# in which the first numeral indicates

. dbme b g hr
* Def.V. Thus,in the Block {ig d » 1 qu.VIf. Thus, in the Block clto ,

dmfe
if we select the 20d and 8™ rows, and the 2“" zq

. b
and 4tk columns, we obtain the Minor { A1 the Minors { g} and {f c} are complemental

+ Def. V1. Thus, in the same Block, the Minors | to each other ; as also are the Minors {7 .

{} : ;‘} , {? ’:;}’ &c., are principal and {m f}' Thus, again, the single Element

eRhr e rl #and the Mi b gr . ol
§ . and the Minor 4 ¢ ! v } are complemen
Minors ; while {jdf ’;}, {t} ;}, {2 ;}, &ec., s q

are secondary Minors, - to each other.
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the row, and the second the column, to which the Element belongs.
Thus, a Block of m rows and # columns may be represented

thus . —
N1, 1\2 ------ 1\»
2\1,2\2 - 2\n

IL
And if it be required to represent 2 or more such Blocks, let
them be distinguished by suffixing a certain letter to the symbol
of each Block : e.g.:—

III.

And if it be required to represent an Element of such a Block
by itself, let it be distinguished by the same suffix: e. g, h\lc.
represents an Element of the Block

1 e
gm.\l ...... m\,, J.
A\k, represents the corresponding Element of the Block
‘ a 1\1 ...... l\n h
q op

L m\l """ m\n Jb
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DEFINTTIONS (continued).

VIIL

If there be a square Block of the n* degree, and if all
possible products be made of its Elements, taken 7 together, so
that no product contain 2 Elements of the same row or of the
same column ; and if, representing the Elements of the Block
by the symbols

each such product be affected with + or —, according as the
set of pairs of numerals, correspondihg to that product, be of
the even or the uneven class: the sum of these products, thus
affected, is called the Determinant of the Block. And each of
these products is called a Constituent of the Determinant.

IX.

The Constituent represented by the product 1\1-2\2‘ ...... n\n
1s called the Diagonal of the Determinant *.

X.

If a square Block be such that its Determinant vanishes, or
if an oblong Block be such that the Determinant of every onme
of its principal Minors vanishes : in either case the Block is said
to be evanescent.

* Def. VIII, IX. Thus, in the Block, example dstr ; now this corresponds to the set
bgh i
. : of-ge.nera.l eymbolz? NMN}N, and since
dmfel’ this is arranged in order of consequents and
a8 zgq there are 5 derangements among the ante-

the Diagonal is dl/g, and the other Constituents | cedents, it is of the uneven class, and so must be
are blxe, bmtg, dstr, &c. And to determine the | affected with the sign . :
sign of each Constituent, let us take as an

c

[ —
S
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X1

If there be a square Block, and if one of its Elements be
selected ; and if all the Constituents of its Determinant, which
contain that Element, be collected together and formed into 2
factors, whereof that Element is one: the other factor is called the
determinantal coefficient of that Element.

XIL

If 2 square Blocks be such that each Element of the second
is equal to the determinantal coefficient of the corresponding
Element of the first : the second Block is said to be adjugate to
* the first.

CoNVENTIONS (continued).

IV.

Let it be agreed that the Determinant of a Block shall be
represented by placing a perpendicular line on each side of it.
Thus the Determinant of the Block

a b e
{def
gk k

will be represented by the symbol

a b ¢

def
gk E
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| V. '
If a Block be represented by the symbol

so that any Element of it is represented by a symbol of the formr
A\ : let it be agreed that the determinantal coefficient of that

Element shall be represented by a symbol of the form #\%,.

VI

If there be 2 equally numerous sets” of terms; and if each
term of the one set be multiplied by the corresponding term of
the other, and the products added : let it be agreed that this
operation shall be denoted by placing the sign § between the
symbols denoting the 2 sets.

Thus (a,, a3, ... @,) § (by, bs, ... b,) = @, b, + a3 by + ... + @, b,

Axi0MS.

1
Each Constituent of the Determinant

contains n pairs of numerals, such that the antecedents are a
certain permutation of the numbers 1 to n, as also are the con-
sequents. :

C 2
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IL.

If any row, or column, of a square Block be selected : each
Constituent of the Determinant contains one term of that row
or column.

Thus the Determinant |
. A\I-ea\m |
=DNLINL+N2. D\, +..... +.N\n T\ ;
or = N\L.I\1,+2\1.20\1_ +.....+.#\1 .n\1_;
or = L\1¢.5\14'+ﬁ\2¢.h\24+ ...... +.A\n.i\n,;

or = I\&.1\&, +2\£ 2\, +...... +.u\k_ n\E .

Hence if, in a square Block, the Elements of any one row, or column,
be multiplied by v; the Determinant of the new Block is equal to that of
the first multiplied by ». \

And if the Elements of any ¢ rows, or 4 columas, or 7 rows and # columns,
where 74+ = ¢, be multiplied by »; the Determinant of the new Block
is equal to that of the first multiplied by o9,

And if each Element of any row, or column, be the sum of m terms:
the Determinant may be expressed as the sum of m Determinants. For one
Determinant may be formed, such that its corresponding row, or column,
consists of the first terms of these sums ; another, such that its corresponding
row, or column, consists of the second terms of these sums; and so on.

Prorosition I. Ta.

The determinantal coefficient of any Element of a square
Block is the Determinant of its complemental Minor, affected with

+ or — according as the numerals which constitute its symbol
are similar or dissimilar.
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Let the Block be represented by the symbol :— .

and call the selected Element £\ ;
then it is evident that the determinantal coefficient of L\l: is the ag-
gregate of all possible products of the Elements of its complemental Minor,
taken #—1 together, so that no product contain 2 Elements of the same
row, or .of the same column ;
i. e. it is the aggregate of the Constituents of the Determinant of its
complemental Minor ; (Der. VIII.
also the sign of each such product is + or —, according as the cor-
responding set of pairs of numerals, taken along with the symbol k\_k
iteelf, is of the even or of the uneven class; (DEr. VIIIL.
but if the symbol k\k be erased, the class, to which the remaining
set belongs, is the same as that of the original set, or different, according as
% and % are similar, or dissimilar ; (Crar. I. Pror.V.
the sign of each such product follows the Determinant law, or
reverses it, according as % and % are similar, or dissimilar ;
the determinantal coefficient of any Element ll\l: is the Determinant
of its complemental Minor, affected with 4+ or —, according as 4 and % are
similar or dissimilar.

. Q. E. D*.

CoROLLARIES TO Prop. 1.

1.
If, in a square Block, any row, or column, be selected : the Determinant

* Prop. 1. Thus the Determinant of the Block
a b is (ad—bc); and that of the Block

abe
{d e f} is (ack—ahf—bdk + bgf + cdh— cge).
Here the Determinantal coefficient of e is
(ak—cg), i.e. l;‘ ;', and as e corresponds to
the symbol ‘.’.’Y.’, the numerals of which are

similar, the sign of this Determinant ought to
be +, and so we find it. Again, the Deter-
minantal coefficient of f is (—ak+bg), i.e.

-—Ig h| and ufoorresponds to the symbol

2\? the numerals of which are dissimilar, the

sign of this Determinant ought to be —, and
so we find it.



14 Analysis of [CHaer. II.

of the Block may be resolved into terms, each consisting of one of the
Elements of that row, or column, multiplied by the Determinant of its

complemental Minor *.
2.

If, in a square Block, the Elements in any one row, or column, all
vanish but one: the Determinant of the Block is the product produced by
multiplying the Determinant of the complemental Minor of that Element
by that Element itself, affected with 4 or —, according as the numerals in
its symbol are similar or dissimilar.

‘ 8.
" Hence, if that Element be unity, the Determinant of the Block is the
Determinant of the complemental Minor of that Element, affected with +
or —, as before. .

ProrosiTioN II. ThH

If, in a square Block, 2 rows, or 2 columns, be interchanged :
the Determinant of the new Block has the same absolyte value
as that of the first, but the opposite sign. -

Let the Block be represented by

and first let 2 rows be interchanged ; call them the 4" and 4** rows ; and let
the new Block be represented by

* Prop. 1. Cor. 1. This gives us a simple method for computing the value of a Deter-
minant arithmeticslly. Thus,

s12¢ 528 (428 453 452
§g32=3 132\—1 832(+2(812]|—4 31::
1213 213 418 423 42
1
2

-=3{5|'I’ K —2'|é §‘+3| ﬂ}—&c. = 3{35+2—15}—&w.=8x22—&c.=66—&c.
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ﬁ\ra = k\rb, and k\ra = ﬁ\’»’ r taking any value 1...... n;
next let any Constituent of the Determinant of the original Block be
selected ; call it ]\aa ...... ﬁ\aa ...... k\tﬂ ...... ; and let it = M;

now 1\“. = 1\“» and so for the other factors of it, with the exception -

of ﬁ\ea and l:\_ta which respectively = kXeb and l\t»;
v M= l\a .......L\tb.......k\a‘.,.....,.whieh is & Constituent of the new
Block;,
for any Constituent M in the: Determinant of the original Block,
there is a Constituent in that of the new Block, of the same absolute value ;
and the symbol representing the one may be deduced from that re-
presenting the other by one interchange of consequents ;
the 2 symbols are of different classes; (Cu. L. Pror. 1V,
.. the Constituents, represented by them, have opposite signs ;
.. the whole Determinants are equal in valne; but have opposite signs.
Similarly, if 2 columns be interchanged.
Therefore, if there be &e., Q. E.D ¥,

CoroLLARY TO Prop. II.

If, in a square Block, a row,\ or a-column, be made to pass over the next
"7 rows, or columns, either way: the Determinant of the new Block has the

same sign as that of the first, or the opposite sign, according as # is even .

or odd : that is, it is equal to the Determinant of the first Block multiplied
by (—1)"%

For this may be effected by interchanging it with each of these r rows,
or columns, in- turn ; and after one such interchange, the sign of the Deter-
minant is changed, after Zwo, it is the same again, and so on t.

* Prop. I1. Thus the Determinant where the first column has been passed over
a bA; ;b’a, one column : but the pame Determinant
d ¢ = - ed]. beca
ghi thyg =+lefd],
% Prop. I1. Cor. Thus the Determinant hkg
abe bac where the first column has been passed over
sldefl==ledf], ! twa columns.
ghk hgk
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Prorosrrion III. Ta.

If, in a square Block, 2 rows, or 2 columns, be identical : the
Determinant vanishes.
Call the Determinant “ D”.

Now if the 2 identical rows, or columna, be interchanged, the Determinant
of the new Block =—D; (Proe. II.

but the new Block is identical with the ﬁrst
. =~-D;
1. . .D =0.

Therefore, if in a square Block, &c. Q.ED¥*

CoroLLARIES TO Prop. IIL

1.
If a square Block of the n** degree be represented by

and its adjugate Block by '

- then  A\L.o\l +7\2.0\2,+.....+7\n.\n, =0,
and l\rﬂ.l\g A+2\r¢.2\a e +n\r¢.n\a 4= 0,

go long as 7 £ s. For the quantity A.la.é\l . ,+&c. is the Determinant of

abd
* Prop. 111, Thus the Determinant z b
e

¢
c
f
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the g-lven Block, and if, for the several terms of the st row, there be substi-
tuted terms equal to those in the 78 row, this may be written i\_l a\l +&e.;
and since the new Block, so formed has 2 rows identical, its Determinant
vanishes.

2.

If, in a Block whose length exceeds its breadth by unity, the Ele-
ments of any one longitudinal be each multiplied by the Determinant of
the Minor formed by erasing the lateral containing that Element: the sum
of these products, affected with 4+ and — alternately, is zero *.

8.

If, in a square Block, there be added to the several Elements of any row,
or column, the corresponding Elements of any other row, or column, mul-
. tiplied by any number: the Determinant of the new Block is the same as.
that of the first +.

Proposition 1V. T

If there be a square Block, and if, retaining the first term
of the first row in its place, the rows be made columns, and the
columns rows : the Determinant of the new Block is equal to that

of the first.

* Prop. I11. Cor.

the sum of
bed acd abd ade
a.|fgh|=-bleghl+elefh—-dlefg
Imn kmn kln, klm

is zero : for this is the same thing as the Deter-

abed
minant of the Block :}; z , and, a8
kimhbh
this Block has 2 identical rows, its Determinant
must vanish,

+ Prop. III. Cor. 8. Thus, in the Block

abe
def
ghk

let us add to the first column the Elements of

the third, multiplied by m: then the Deter-

{a+mc), b, ¢
minant of the new Block i8 (d+mf), ¢, f|,
(g+mk), &, k

and this is equal to-
abe cbe

def Ffefl=

ghk khk

since the second Determinant vanishes.

+m

abe
defi,
ghk

D

-
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Let the Block be represented by

and the new Block by

< S
: :

L n\.l ...... n\n PR

and let a certain Constituent of the original Block, arranged in order of
antecedents, be represented by 1\“«'2\3. s n\_(; , where a, 8, ...... (, are a
certain permutation of the numbers 1 to #;
now l\a‘ = “\lb’ 2\.5..: 3\26, ...... "\(. = {\nb ;
hence this Constituent = a\1.8\2, ...... A
that is, it = a certain Constituent of the new Block, arranged in order
of consequents ;
and the antecedents in the second case are the same permutation of the
numbers 1 to # as the consequents in the first case;
the two Constituents are of the same class; (Crar. I. Drr. II1.
they have the same sign ; (Cmar. I1. Der. VIIL
. for every Constituent of the original Block, there is one of the new
Block, equal to it, and with the same sign ;
the two Determinants are equal.
Therefore, if there be, &ec. Q.E.D*

* Prop. IV. Thus the Determinant

abec ad
def|= bei.
ghk cfk
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ProrosiTioN V. TaH

If there be given 2 Blocks, each consisting of #» rows and r
columns ; and if each row of one Block be combined with each
row of the other, by the process of multiplying the first term of
one by the first term of the other, the second by the second, and
so on, and adding the products; and if the #* quantities, so
formed, be arranged as a square Block, in such a way that the
Elements of the first row of the new Block are all formed from
the first row of the first Block, by combining it with the n rows
of the second Block successively, and 8o on ; then

firstly,
if r <n: the Determinant of the new Block vanishes :

secondly,
if r=mn: the Determinant of the new Block is the product
of the Determinants of the 2 given Blocks :

thirdly,

if »>n: the Determinant of the new Block is the sum of all
possible products that can be made, by taking any n columns of
one of the given Blocks, in the order in which they stand, and
the . corresponding 7 columns of the other Block, and multiplying
together the Determinants of the 2 Blocks so formed.

Let the 2 Blocks be represented by
NL...I\r N1....I\r
, and 4 Pops
n\l ...... n\r « n\l ...... u\r N
and the new Block by
1\1 ...... l\n
n\l ...... n\n o
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wherein any Element ‘\l’, = {L\l ...... /l\_r } . $ { k\l ...... l'\r } o
= E{A\a .l:\_a },

in which a takes all values from 1 to r;

now let a certain Constituent of the Determinant of the new Block be
arranged in order of antecedents, and be represented by I\Qo. 2\12‘, ...... n\T s
in which Q, B, ...... T, are a certain permutation of the numbers 1 to » ;

then this Constituent

= 2{N\a.Q\g, }.2{2\8.B\8, }......2{"\3,7\3, };
in which each of the quantities a Byt 3, takes all values from 1 to r;
it =3{N\a Q\a2\B B\B,......0\3. 7\, } ;
= 2{ l\aa. 2\;9“ ...... n\&a. Q\ab. R\ﬁb ...... T\_bb};

also this Constituent is affected with 4 or — , according as the series

QR,..... T, contains an even or odd number of derangements ;
the Determinant of the new Block

=3{N\a2\g,.....0\3 . Q\a B\, ... 7\, },

in which not only does each of the quantities a, 3, ...... 3, take all values from

1 to 7, but also the series @, R, ...... T, takes the values of all possible per-

mutations of the numbers 1 to % ;

it = 2{N\a 2\B,.....0\3.3(Q\a, B\B,......7T\3) }5
wherein, whatsoever values are assigned to a, 3, ...... 3, in the outer bracket,
the same are assigned to them in the inner bracket:

now the sum 2 (Q\ab.R\ﬁb ...... T\bb), each term of which is affected
with + or —, according as the series Q, R, ...... 7, contains an even or odd
number of derangements, is the Determinant

that is, it is the Determinant of the square Block formed by taking from
the &-Block its att column, its At column, and so on, until # columns
have been taken, it being immaterial whether these be all different, or one
or more of them be repeated any number of times.
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the Determinant of the new Block

Now, firstly,
let # be <n;
then it is mot possible to take from the 4-Block #» dlﬁ‘erent columns ;
the Determinant

always contains 2 identical columns ;
. it always vanishes;

(Pror. IIL
the Determinant of the new Block vanishes.
" Secondly,
let r = n; '
then, if the series a, 8, ...... . 3, be a permutation of the numbers 1 to %,
the Determinant

n\a ...... n\b X n\l......n\n X
* affected with +, or —, according as the series a, 8,.-..... 3, contains an even
or odd number of derangements; for either of these may be obtained from
the other by interchanging columns; hence the 2 Determinants have the

same absolute magnitudes, and have the same sign, or not, according as
their diagonals have the same sign or not ;

“but if the series a, 3, ...... 3, be not such a permutation, the Determinant

vanishes as in the first case;
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the Determinant of the new Block

ni_l ...... n\:.n n:\l ...... n{n A

that is, it is the product of the Determinants of the 2 given Blocks *.

Thirdly,
let »be >n;
and let 4, B, ...... N, be a certain set of # different numbers, selected

from the numbers 1 to 7, and orderly arranged; and let a, 8,...... 9, eack
take any of the values 4, B, ...... N;

then, if the series a,p,......3, be a permutation of the numbers
4, B,......N,
Ne....N\2] [D\4...0\¥
the Determinant =1 s

affected with 4+ or —, according as the series a, 8, ...... 8, contains an even

or odd number of derangements ;
but if the series a, 8, ...... 3, be not such a permutation, the Determinant

* Prop. V. Part 2. Thus

abe ABC (@A +bB+¢C), (aD+bE+cF), (aG+bH+ec
d e{ x |\DEF|=|(d4+eB+fC), (AD+eE+fF), £d0+eH+j
gh GHK (94+hB+kC), (9D +hE+kF), (9G +hH + kK)
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vanishes as in the first case ; .
*. the Determinant of the new Block contains the quantity

it eontains : : X

and the same thing may be proved for any other set of # different num-
bers, selected from the numbers 1 to 7, and orderly arranged ;

but if the series 4, B,...... N, though selected from the numbers 1 to 7,
be not all different numbers, the Determinant

vanishes as in the first case;
the Determinant of the new Block

=3 : b

n\A ...... n\..N 3 n\A ...... n\_N . .
in which the series 4,...... N, take the values of every possible set of # different
numbers, selected from the numbers 1 to 7, and orderly arranged ;

that is, it is the sum of all possible products that can be made, by ta.kmg
any n columns of one of the given Blocks, in the order in which they stand,
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and the corresponding # columns of the other Block, and multiplying together
the Determinants of the 2 Blocks so formed.
Therefore, if there be given 2 Blocks, &e. Q.E.D.

CoroLrARY TO PROP. V.

If r = n: then, in each of the given Blocks, rows may be made columns,
and columns rows, without altering the Determinants ; (Pror. IV.
the new Block may be such that any Element of it, #\%, has any

one of the 4 values,

{AL...2\s} § {AL...As},
{A\L...A\n} § {D\£....a\k},
{0\b....\b} § {AL...»A=},
{D\bo....o\2} § {D\k....m\}},.

Proposrrion VI. TH.

If there be a square Block of the n'* degree : the Determinant
of the adjugate Block is equal to the n—1" power of the De-
terminant of the first Block.

Let the Block be represented by
N\1...0\» NL...10\»
: b, and the adjugate Block by ;
i\l ...... i\n . ] n\l ...... n\'n 4
and let a Block of the nt* degree be formed, represented by
1\_1 ...... l\n
n\_l ...... n\;n o

and such that any term b\l:c = (b\la ...... /i\na) § (l\l JRTTIe k\n 4) ;
and let their Determinants be represented by D,, D,, D,.
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Then D, = D,.D4; (Pror. V.

now l\bo= /l\_lﬁ. i:\l P TTTH + /l\nﬂ. A.nA ;
‘. when 4 =k, Ak, = D,; 4 (Ax. II,
and when 4 # &, l?\_l:,, =0; (Proe. II1. Cog. 1.
*. all the Elements of D, vanish, except 1‘\1c s eeees B\ %,, each of which
= DG;
o D, = D;*;
ie. .DG..DA = .Da.;
. Dy=Dr 1 Q.E.D¥*

ProposirioNn VII. Ta.

If there be a square Block of the n** degree, and if in it any
Minor of the m™ degree be selected : the Determinant of the cor-
responding Minor in the adjugate Block is equal, in absolute
magnitude, to the product of the m —1® power of the Deter-
minant of the first Block, multiplied by the Determinant of the
Minor complemental to the one selected.

Also, if the numerals, indicating the selected rows, be repre-
sented by a, B,...., and those indicating the selected columns by
% A,....; and their respective sums by Z(a), = (x) : the relation-
ship of sign between the equal magnitudes will be secured by
multiplying either of them by (—1)™®«+w),

abe
* Prop. VI. Thus,iftheﬁrﬂBlockbe{d;f}; then
ghk

ef af

i l-lg Ll
_lba ac| _
hk|’® |g k|
ac
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Let the Block bé re-arranged, if necessary, by transposing rows and
columns, so that the selected rows and columns shall stand first; and let it,

“ when so arranged, be represented by

, and its adjugate Block by ;

and such that its first m rows are identical with those of the 4-Block, the
rest of its diagonal consists of units, and all its other Elements are zero ;

hence, 4 i i b is identical with
n\_l ...... a\n »
(N\L..... \m, \m+1,,....0\n)
y m\_IA ...... m\f;tA,n;\m+1 eeanes m\uA ,
O 0, 1,0, .. 0
...-.,:::'-.:::::._‘6
L0 ) 0,1 4
1\14 ...... l‘\mA
o D= R P (Proe. I. Coz. 8.

also let a Block of the nth degn;ee be formed, represented by




Pror. VIL.] Determinants. 27

and such that any term /i\b°= (/l\lu ...... 4 na) § (k\la ...... b\nb) ;

D,.D, = D, (Proe. V.
Now, for all values of £} m, .
if4=2% Nk=D; (Ax. II.
if A#k, L\ko =0; (Pzroe. III. Coe. 1.
_ ie in the first m columns of the c-Block, all the Elements vanish,
except 1\10, 2\2 s m\m » each of which = D;;.
also, for all values of & > m, .

ANt =(NL,..... \E,....A\8 ) § O,....1,.....0),

since all the terms of the second series vanish, except A.bu’ which = 1;
.+« for all values of & > m, F\k = l\ba;

i.e. in the m+1th and following columns of the c-BlocE, the Elements
are identical with the corresponding Elements of the a-Block ;

Cie 4 i 1 is identical with
n.\l ...... n\n o
[ D0...... 0, l\m'+ 1 1\”:
0.
0 ’ :
) -D,,m\nilﬁ ......... e " 9

L 0. 0, n‘\;m+ Lo, n .nﬁJ
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D,=Ds~ s
a\m+1 . ... n\.n. \

D,.D,=do

1\1 JRTTITe l\n )
-D.; . ; : = do.

m\ll JETTIIN n\-fn )

1\1 g l\n;‘ : m\m_-{-_l_a ...... m\na

ie. i |=0m 4
m\"l . ....m\lm y n\»il. ......... n\-.nc

Now let the Determinant of the original Block, before re-arra.ngemenf,
be represented by ¢D’; the Determinant of the Minor, complemental to
the one selected, by ¢C’; and if a Block be formed, adjugate to the original
Block before re-arrangement, and if in it a Minor be taken corresponding
to the one selected, let the Determinant of this Minor be represented by ¢J”.

Then, having regard to absolute magnitude only,
D, = D;

1:|-_1—\M_-l-1‘; ...... m+l\a
=C;
n\m‘+1 ...... n\na
N1 ..f...l‘\md
=J;
"‘\.14 ...... m:\md
J=+ D™ LC.

Therefore, if there be, &c. Q.E.D*,
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Secondly, the relationship of sign between these equal magnitudes will
be secured by multiplying either by (— 1)™@@+2w), '

Let the numeral, indicating the last of the selected rows, be represented
by ¢¢’.

Now, firstly, D, is equal to D in absolute magnitude; ‘and it has the
same, or a different, sign, according as the number of rows, over which other
rows are transposed, together with the number of columns, over which other
columns are transposed, is even or odd ;

for each transposition over one row, or over one column, changes the sign
of the Determinant ; . (Proe. II.

now the first of the selected rows, namely the a'h, is transposed over
all the preceding a—1 rows ;

the second, namely the gth, is transposed over all the preoedmg B—1
rows, excepting the ath row itself; that is, it is transposed over 8—2 rows;

similarly the yt2 row is transposed over y—3 rows, and so on; and finally
the ¢t is transposed over {—m rows ;

the number of rows, over which other rows are transposed,

m.(m+1)
2 )

”

= 3(a)—

similarly, the number of columns, over which other columns are trans-
posed,
= 3(x)— ("'+ 1)

their sum = 2'(a)+2 (x)=—m.(m+1);
but m.(m+ 1) is necessarily even;

D, has the same sign as D, or a different ome, according as -
= (a)+ = (x)) is even or odd.

abed .
* Prop. VIL Part 1. Thus, if the Block be { £ {9} ,andifthelﬁnor{';g}beseleobed;
pgr s
lacd abd
kmn|,~kln -1
abed
then pre Pae =4 efgh x,adl.
. acd abd kimsn En
eghl,~lefh pgrs
kmmn eln
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oo D= D.(—1p@+im,;
D=1 = D“-l'(_])ﬂ(c)+1(t)).(a—l).

Secondly, is equal to C in absolute mag-
n\m+ l‘ ......... n\n-
nitude, and has the same sign ;

for the two Determinants contain the same Elements, arranged in the
same order. .

Thirdly, is equal to J in absolute magnitude, and

it has the same, or a different, sign, according as (= (a)+ =(x)) is even or
odd ;

for the Elements of the first of these Determinants are the determinantal
coefficients of the Elements of the selected Minor, after the re-arrangement
of the Block; and those of the other are the same coefficients before the
re-arrangement ;

hence the Elements of the one Determinant have the same absolute
magnitude as those of the other, and the same, or a different, sign, according
as the Determinant of the Block has, after the re-arrangement, the same,
or a different, sign ;

= J.(—1)3@+30,

Hence, substitui;ing in the Equation already established, we get
J.(—1)j3@+30 = Dm-1,C,(—1)B@+3().m-1
J= D1 C.(—1)™ @@+2w) ¥,
Therefore, if the numerals, &e. Q.E.D.

-

% The resulting Equation really is J=D™-1'¢,(~1)"~3.(3@+2K) pyt the factor
(=1)"2@E@+3W) _1 and so may be neglected.
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CoroLLARY TO Prop. VII.

If D, =0, the Determinant of any Minor in the adjugate Block = 0,
since it contains D, as a factor.

As a particular case of this, let m = 2, and let the selected Minor contain
the Elements common to the A% and 4tk rows and the 7th and s columns;

RO
Ay A,
ie A\r,B\e, =Br K\a;

o B\r B\ i A\r,: f\{,;'

.. the ratios l\l " l\2 ’E 1\3 , + &e.: l\n , are independent of 4.

then =0;




CHAPTER IIL

ANALYSIS OF EQUATIONS.

N.B. THE EQUATIONS DISCUSSED IN THIS CHAPTER ARE OF THE FIRST
DEGREE ONLY.

DEFINITIONS.

L
Any quantity that is not zero is called actual.

II.

In any Equation, or set of Equations, any Algebraical quantity,
which has an actual coefficient, is said to be contained actually
in it or them.

: IIL

In any Equation, or set of Equations, all Numbers, and all
Algebraical quantities whose values are determinable independ-
ently of the Equations, are called Constants with reference to
them : but if there be in them Algebraical quantities which may
bear any values whatsoever that are consistent with the truth
of the Equations, these are called Variables with reference to
them.

Iv. )

In an Equation containing Variables, any set of values which
can be assigned to the Variables, consistently with the truth of
the Equations, is called a set of values for the Variables.

Ser_ st o T e e e e
= = 7
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V.

If a set of Equations, oontainihg Variables, be such that there
is a set of finite values for the Variables, they are said to be con-
sistent ; if not, inconsistent. )

VL

If there be an Equation, or set of consistent Equations, con- -

taining Variables, and another such Equation ; and if, whatsoever
values for the Variables satisfy the first Equation or set of Equa-
tions, the same also satisfy that other Equation: that other
Equation is said to be dependent on the rest. .

VII

If 2 Equations be each dependent on the other : they are said
to be identical.

CONVENTIONS.

L

If a Block of terms be distinguished by prefixing a letter,
as “the 4-Block :” let ||4| represent “the Determinants of all its
principal Minors,” |4| “the Determinant of one of its principal
Minors,” and (if the Block be square) let A represent «the De-
terminant of the Block.”

Thus, if a Block be square, these three symbols will bear the samo
meaning.

Also, in an oblong Block,

||4]|=0 may be read “all the 4-Determinants vanish,” or ¢ the 4-Block
is evanescent.’’

|4] = 0 may be read ¢ one of the 4-Determinants vanishes.”

|4] # O may be read “one of the A-Determinants does not vanish,”
or ““the 4-Block is not evanescent.”

4]l # O may be read ¢ none of the 4-Determinants vanish.”

: F
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II.

If there be a set of Equations containing Variables: let the
Block formed of the coefficients of the Variables be called “the
V-Block,” and let the Block formed of these together with the
constant terms be called “ the B-Block.”

II1.

If a set of Equations be said to contain n Variables, and if, in-

any one of them, any Variable be not actually contained, let it
be understood that, in forming the V-Block or B-Block, such
Variable is introduced with a zero coefficient. And if any one
of the Equa.tions contain no actual constant term, let it be un-
derstood that, in forming the B-Block, a zero term is introduced
as the constant term *.

AXIOMS,
L

If there be a set of homogeneous Equations containing Vari-

ables : they may be satisfied by assigning to each Variable the
value zero. ‘

II.

But if there be a set of values for the Variables, whereof one
is actual : at least one other is actual also.

* COony. ITI. Thus, in the Equations Again, if the Equations

8x+2y —1=0, z+8y+2 =0,
z  +5z =0, 2""' "; =0,
@—y  +8=0, o+ y+3 =0,

be said to contain two Variables, their V-Block
8 20 1, 8

the V-Block is {1: 0: 5} , and the B-Block | i {1: _1}; but if they be said to contain

. . 0 . 2 1

3, 20 —1 1, 3,0
1, 0,5 0. three, itis {1, =1, 0 4.
1, -1,0, 8 : 2 1,0




Equations. - 35

I11. .

If there be a set of homogeneous Equations containing Vari-
ables : whatsoever values for the Variables satisfy them, any
equimultiples of these values also satisfy them.

IV.

If there be 2 identical Equations, containing m Variables :
there are m—1 of the Variables, to which arbitrary values may
be assigned.

!

SECTION L

Consistency-of Equations under given conditions of evanescence '
of their V-Blocks or B-Blocks.

ProposmTioNn 1. Ta.

If there be » Equations containing n Variables, and if V£0:

the Equations are consistent, and there is only one set of values
for the Variables.

First, let n=2.
Let the Equations be represented by

1\1l2,+1\2.2,+1\8 = 0,

2\ 1.z, +2\2.2,+2\8 = 0;

and let the Determinants of the principal Minors of the B-Block, formed
by successively erasing the columns containing the Variables and the column
of constants, be represented by the symbols D,, D,, 7;

then, if the first Equation be multiplied by 2\2, and the second by

—1\2, and the 2 Equations added together, the coefficient of 2, in the re-
sulting Equation will be zero ;

F 2
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the resulting Equation is
2. (1\1.2\2—2\1.1\2) + (1\8.2\2—2\8.1\2) =

N\1,1\2 N n3,0\2] _ o;
2\1,2\2| " |2\8,2\2
ie. 2. 1\'1’ 1\2 - 1\2’1\8 =0; (Ca. IL. Proe. II. Cor.
2\1,2\2 2\2,2\8
ie. 2,.V—D, =0.
By a similar process it may be proved that
—23.V—Dy=0;

and since, by hypothesis, 750, these Equations may be divided through-
out by 7, and written

lLe. 2.

D D,
z = -71 , —zy = 72-
Next, these values shall satisfy both Equations; h

for let them be substituted in the first;
then its left-hand side will become 3. (1\1.2,—1\2.0,+1\8.7) ;
and this = 0; (Ca. II. Pror. III Cor. 2.
similarly it may be proved for the second Equation ;
the Equations are consistent.
Also it is evident that, whatsoever values there are for the Va.nables, .
D, =D, |
T’
there is only one set of values for the Variables. |
Secondly, let n>2. i
Let the equations be represented by '

1\1..'0:1 + 1\2.:::2 o +\nz,+ l\_n_-l;l_ =0,

2\1.3'1 + 2\2.:0, +onn + 2\1&.:, + 2\_1&-_1_ =0,
&e.

?l\l :c:l+n.\.2..z2 ...... +n\_nz +n\n+1=0'

and let the Determinants of the principal Mmors of the B-Block be
represented, as before, by D, ...... D,, 7.

they may be proved equal to
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Now the Block

contains # rows and s— 1 columns ;
hence, if the Elements of any column in it be respectively multiplied by
the Determinants of its principal Minors, affected with + and — alternately,
the sum of the products is zero ; (Cu. II. Proe. III. Cog. 2.
hence, if the » Equations be respectively multiplied” by these Deter-
minants, thus affected, and added together, the coefficients of ,,......2,, in
the resulting Equation will all be zero ;

the resulting Equﬁtion is
A2......... 2\n nN2....... N\»
, i\}. : _2\1 . 3}2 Cesteeees 3\91. +&e

ie 2. i 3 (Gl I =0; (Cn.IL Pgoe. IL Coz.

ie. #.V (=)D, =0.
By a similar process it may be proved that
—ay 7 (=)D, =0,
&e. ;
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and, dividing these Equations throughout by 7,

D, (—)*D,
. xl-(—_l)r-: —“'2'-"( 27’:&(’-3

and since, by hypothesis, 7#0, these values are all finite.

Next, these values shall satisfy all the Equations ;
for let them be substituted in the Equation

Ii\l.zl+ﬁ\2.z,+ ...... +l\_n.z,+ﬁ\n+l =0;

then the left-hand side of this Equation will become

(-’})“ . { ALD,—A\2.D,+......(=)~ 1A\ n.D (—)"H\n +1. V}

and this = 0; (Ca. IL. Pror. ITI. Cor. 2.
similarly it may be proved for any other of the Equations ;
the Equations are consistent.

Also it is evident that, whatsoever va.lues there are for the Variables,
they may be proved equal to (= ) > &e.;

there is only one set of values for the Variables.
Therefore, if there be, &e. Q.E.D.

COROLLARY TO I?Rop. L

The values for the Variables may be briefly exhibited thus ;—
2 —2y: & : (1) :: D, : Dy: &e.: V;

orthus; —zl = —% =&ec. = (:—1):*
D, - D 7

;

wherein it is to be observed that, if any of the quantities D,, D,,...... D,
be zero, the value of the corresponding Variable must also be zero.

* Prop. 1. Thus, in the Equations 539+ 3=01, e have § =y ’1
|-1,—2’ 5~2 |5,-1l
o, —% ==Y -1, W oa=d -3
Le. —p=—9= 1%’ S = g, and y=- 7"
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ProrposrtioNn I1. ' TH.

If there be n Equations containing n+7 Variables, and if
|V]1#0: the Equations are consistent, and, if any non-evanescent
principal Minor of the V-Block be selected, the r Variables, whose
coefficients are not contained in it, may have arbitrary values
assigned to them ; and, for each such set of arbitrary values,
there is only one value for each of the remaining Variables.

Since |7| # 0, the Equations must contain actually » at least of the
Variables. :

Let a non-evanescent principal Minor of the 7-Block be selected, and
let arbitrary values be given to the » Variables whose coefficients are not
contained in it ;

_ then there are # Equations, containing » Variables, and such that their
7-Block does not vanish ; '
they are consistent, &c. _ (Proe. I
Therefore, if there be, &e. Q.E.D+.

COROLLARY T0' PrOP. II.

If the Equations be homogeneous, and if » =1; then, in every set of
values for the Variables, the values bear to each other one and the same set
of ratios.

For if the Determinants of the principal Minors of the B-Block be

represented by D, ...... D,,,, it may be proved, as in the last Proposition,
that ﬁ _ —2, - &o. — (_)“zn-&_l )
'Dl D, 2 D, ntl

Again, in the Equations i z ‘y o .l_ .
82— y+ 244 =0, & T3 T 70 T3~ 35°
z+8y -5 =0, . &=-1 y=2 z=1
2z+ y -3248 =, 4 Prop. IL. ‘Thus, in the Equations
we have rop. 11. us, )
z v z z— y—2z2+ v—4 =0,
—1, 1, 4| {8, 1, 4| |8,—1, 4 8x2+2y+42—-2v+3 = 0,
8; 0;—5 1, 0,""6 1, 3,—5 1, —1 .
1,-8, 8 2,-8, 8 2, 1, 8 we have |3: 2‘ # 0: hence we may assign
= -1 ; arbitrary values to z and v; let us assign to
?’_11!’ 3 them the values 0, 2; then we have
2 1,-8 z=1 y=-1
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ProrosiTion III. Ta.

If there be n Equations containing n—1 Variables, and if
B #£0; the Equations are inconsistent.

It is evident that the Equations cannot be all homogeneous, and that
they must contain actually all the Variables.

First, let n=2.

Let the Equations be represented by
Nlz+D\2= @, =0,
2\12+2\2 = @, =0.

Now the quantity @;.2\1—@,;.1\1

. = I\1.2.2\1+1\2.2\1

—2\Lz.1\1-2\2.1\1;

and, in this quantity, the first column = O, and the other = — B;

Ql'z\,l" Qa-l\laﬁo;
.. the value for #, which makes @, = 0, cannot also make @, = 0.

Secondly, let n > 2.
Let the » Equations be represented by

1\.1..'0:1 +onnn +1\n;1_.z,_l +1\n =@, =0,

N.....N\z—1
72\1 ...... n\.:n—-l

be represented by H,,...... H,.
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Now the quantity @,.H,— Q, Hy+...... (=r1Q.H,
= N\lz.H+ 1\_2.4'2.1'11 +. + l\n.Bl
—(D\Lay B, +2\220.Hy + ... + D\n.Hy)
+ &e.
(=)t ( n\l.zl.H, + n\2.a:2.H. + e + n\n .H,) H
and, in this quantity, the first #—1 columns vanish ;
‘ (Cm. I1. Proe. IIL. Cor. 2.
and the last column is equal to + B;
QHy,— QuHy+ ... (=) 'QuH,= +B;
it#£0; .
.*. whatsoever values for the Variables make Q,,...... Q@u_1> €ach = 0,
these cannot also make @, = 0.
Therefore, if there be, &c. Q. E.D*,

CoroLrARY TO Prop. III.

If there be » Equations, not all homogeneous, containing #» — r Variables,
and if |B| # 0: the Equations are inconsistent.

For then there must be among them #»—7+1 Equations, not all homo-

geneous, containing #— r Variables, and such that the Determinant of their
whole Block does not vanish.

Proposrmion IV, Ta.

If there be n Equations containing » Variables, and if
V=0, but |B| #0: the Equations are inconsistent.

It is evident that the Equations cannot be all homogelieous, and that
they must contain actually #»—1 at least of the Variables.

* Prop. I11. Thus the Equations

: z+ y—8 =0, .
2z+3y~7 =0,

z— y+2 =0,

are inconsistent.

G
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First, let them contain actually only n—1 of the Variables ;
(whence V must = 0).

Then, by the last Proposition, they are inconsistent.

Secondly, let them contain actually all the n Variables.

If possible, let there be a set of values for the Variables, and call them
ay, @y &e.;
then it-may be proved, as in Proposition I, that

a,.V=(=)D,, —ag.V=(—)"D,, &ec.;
and, since =0, these Equations become
0=D,=D,=&c.;

||B]| =0, which is contrary to the hypothesis.
’ Therefore, if there be, &e. Q.E.D.

ProrosiTioNn V. TH.

If there be n Equations containing n +r Variables, and if
IVIi=0, but |B|+# 0: the Equations are inconsistent.

It is evident that the Equations cannot be all homogeneous, and that
they must contain actually #—1 at least of the Variables.

First, let them contain actually only n —1 of the Variables.
“Then, by Proposition III, they are inconsistent.

Secondly, let them contain actually only n of the Vanables
Then, by Proposition IV, they are inconsistent.

Thirdly, let them contain actually more than n of the Vari-
ables,

Now, if possible, let them be consistent.

Since there is in the B-Block at least one principal Minor whose De-
terminant does not vanish, let the Variables, whose coefficients are contained
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in such a Minor, be placed first, and let the Equations, so arranged, be
represented by

N\Lazy+...... +N\n—1lz, ,+D\nz,+N\n+lz,, +...
vt W\ntra, +1N\2+7+1=0,

n\l.zl+ ...... +n\n—l.w,,_1+n\n.w,+n n+la,  +...
‘ vt w\ntra 4 n\n+r+1=0;

then the Equations become

Lz +...+ \n—Llz, , + D\n.2y+ (I\oil.aﬁﬁ... +1\n+7+1)=0,
&e.

A\Lay+ ... +0\n—Lz,_, +M\nz,+ (A\n+Laps+... +8\n +7+1)=0;

D, =

; (Cu. II. Ax. IL

G 2
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and, since ||7||=0, each of these Determinants vanishes, excepting the
last, which = C;
o D, =C;
there are # Equations, containing n Variables, and such that, in
them, 7=0, but |B| #0;
they are inconsistent. (Pror. IV.
Therefore, if there be, &e. Q.E.D.

Proposrrion VI. Ta

If there be 2 Equations conta.mmg Variables ; and if |B| =
the Equations are identical.

Let the 2 Equations contain m Variables, and be represented by
Nl +1\2.2,+ ...+ D\mza+D\m+1= @, =0,
2\1..'0:1 +2\2.x,+ ...... +2 \-Tp + 2 m+l=0Q;=0;

NL....0\m+1

2\L:....2\m+1

01, 1\2

2\L2\2|

1\1.2\2 = 2\1.1\2;

N1:2\1::1\2:2\2:: (by sym;netry) & :: N\m+1:D\m+1

DLkl (say); '

so that

Since

coo @@yl
.*. whatsoever values for the Variables make @, = 0, these also make

Q. = 0; and whatsoever valucs make @, = 0, these also make @, = 0.
the Equations are identical.

Therefore, if there be, &ec. Q.E.D.

CoroLLARY TO Prop. VI.

If there be » Equations containing Variables; and if there be one
of them such that, when it is taken along with each of the remaining Equa-
tions successively, each pair of Equations, so formed, has its B-Block eva-
nescent: the » Equations are identical.
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Pnomsmon VII. Ts

If there be 2 Equations containing Variables ; and if [B| # 0:
the Equations are not identical.

Let the Equations contain m Variables.
Now, if possible, let them be identical ;
théy are consistent, and there are, among the Variables, m—1 to

which arbitrary values may be assxgned (Ax. IV.
but, if |7| % 0, there are only m—2 Va.nables to which arbitrary values '

may be assigned ; (Prop. II.
which is absurd ;

and, if 17| = 0, the Equations are inconsistent ; (Proes. IIL, IV, V. -
in either case, they are not identical.
Therefore, if there be, &e. Q.E.D.

Prorosrrion VIII. Ta.

If there be n Equations containing n—1 Variables; and if
there be among them n —1 Equations, which have their V-Block
not evanescent ; and if B=0: the Equations are consistent; and
there is only .one set of values for the Variables; and the re-
maining Equation is dependent on these #—1 Equations.

Let a set of 2—1 Equations, having their 7-Block not evanescent, be
placed first, and let the » Equations, so arranged, be represented by

1\1.z1+ ...... + l\n_—_l.z,,_l-i-l\_n =@, =0,-

a\l.zl-}- ...... + 2\ n—l.z,,_1+n\n =Q,=0;

8o that the first 7—1 of these Equations are consistent; and there is only .
one set of values for the Variables. (Pror. L

First, let the n Equations be all homogeneous ; (whence B
must = 0).
Then they may be satisfied by assigning to each Variable the value zero ;

- (Ax. L
and these values satisfy the last Equation.
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Secondly, let the n Equations be not all homogeneous.
Let the Determinants of the principal Minors of the Block

be represented by H,,...... H,; so that H, 0.
Then it may be proved, as in Proposition III, that
QI‘HI - Qz'm +.oo ( —')”—IQu‘Hs = + B;
it =0;
those values for the Variables, which make @,,...... Q,._;; each = 0,
the same also make Q,.7,=0;
but H,#0;
these values make @, = 0;
the » Equations are consistent, and the last is dependent on the

-

others,
Therefore, if there be, &c. Q.E.D.

CoroLLARY TO Prop. VIIL

If there be #» Equations containing #—r Variables; and if there be
among them n—7 Equations, which have their 7-Block not evanescent;
and if, when these n—7 Equations are taken along with each of the re-
maining Equations successively, each set of n—r+1 Equations, so formed,
has its B-Block evanescent: the Equations are consistent; and there is only
one set of values for the Variables; and the remaining Equations are de-
pendent on these z—J Equations. ’

For then those values for the Variables, which satisfy such a set.of

‘n —r Equations, satisfy also each of the remaining Equations.

ProposttioNn IX. TaH.

If there be n Equations containing n Variables; and if
there be among them n—1 Equations, which have their V-Block
not evanescent ; and if |B|=0: the Equations are consistent ;
and, if any non-evanescent principal Minor of the V-Block of
these n— 1 Equations be selected, the Variable, whose coefficients
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are not contained in it, may have an arbitrary value assigned
to it ; and, for each such arbitrary value, there is only one set
of -values for the other Variables; and the remaining Equation
is dependent on these n—1 Equations.

Tt is evident that the Equations must contain actually n—1 at least
of the Variables.

First, let them contain actually only n—1 of the Variables.

Then the Equations are consistent, and there is only one set of values
for the Variables. (Prop. VIIIL.

Also, an arbitrary value may be given to the Variable which is not
actually contained in them.

Secondly, let them contain actually all the Variables.

Let a set of #—1 Equations, sugh as satisfy the hypothesis, be selected ;
and let a non-evanescent principal Minor of their 7-Block be selected ; and
let the remaining Equation be taken along with them; and let the n—1
Variables, whose coefficients are contained in this Minor, be placed first in °
all the » Equations, and let the » Equations, so arranged, be represented by

l\l A + 1\7:1..1,_1 + l\n.z, +1\2+1=0,

. &e.
_ 7:_1\1.2'1+ ...... +2—1\n—1z, ,+n—1\nz, +n—1\n4+1=0,
n\l.z1+ ......... + a\n—-1z,_, +n\n..r,+n n+1l=0.

Now let an arbitrary value be assigned to the Variable z,; and call
it “a”;

then the Determinant of the B-Block of the » Equla.tions
N\L,..N\n—1,(N\me+D\n+1)
n;\l,. . n\n_—_l,(n\na +n\n+4 1)
NL.....I\» N1..N\2—1N\n+1
=|: at : : :

n\.‘l ...... n\n n.\l - i\_@ s n\_n_—}-_l

= 0, by hypothesis ;
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there are n Equations, containing n—1 Variables, and such that
their B-Block is evanescent, but z—1 of them have their 7-Block not
evanescent ;

they are consistent, and there is only one set of values for the
Variables, and the last Equation is dependent on the others. (Proe. VIIL

Therefore, if there be, &c. Q.E.D.

CoroLLARY TO Prop. IX.

If there be n Equations containing 7 +  Variables; and if there be
among them n—1 Equations, which have their 7-Block not evanescent;
and if [|B||=0: the Equations are consistent; and, if any non-evanescent
- principal Minor of the 7-Block of these #w—1 Equations be selected, the
7 + 1 Variables, whose coefficients are not contained in it, may have arbitrary
values assigned to them ; and, for each such set of arbitrary values; there
is only one set of values for the other Variables; and the remaining Equa-
tion is dependent on these —1 Equations.

Prorosrrion X, Ta.

If there be n Equations, containing n Variables; and if
there be among them n —% Equations, which have their V-Block
not evanescent; and if, when these n—% Equations are taken
along with each of the remaining Equations successively, each
set of n—/k+1 Equations, so formed, has its B-Block evanescent
(whence also ||B||=0): the Equations are consistent; and, if
any non-evanescent principal Minor of ‘the V-Block of these
n—Fk Equations be selected, the % Variables, whose coefficients are
not contained in it, may have arbitrary values assigned to them ;
and, for each such set of arbitrary values, there is only one set
of values for the other Variables; and the remaining Equations
are dependent on these 2 —k Equations.

. It is evident that the Equations must contain actually n—# at least of
the Variables. ~
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First, let them contain actually only n—k of the Variables.

Then they are consistent; and there is only one set of values for the
Variables; and the remaining # Equations are dependent on these n—Z#
Equations ; (Proe. VIII. Cog.

alse arbitrary values may be given to the £ Variables which are not
actually contained in the given Equations.

Secondly, let them contain actually more than m—k of the
Variables. ) \

Let a set of n—# Equations, such as satisfy the hypothesis, be selected ;
and let a non-evanescent principal Minor of their 7-Block be selected ; and
let one of the remaining Equations be taken along with them; and let the
n—% Variables, whose coefficients are contained in this Minor, be placed
first in these #—#Z+1 Equations; and let these 2—Z%+1 Equations, 80
arranged, be represented by

1\1. z1+ +l\n—lc..z,__,,+ Nr—k+lze oy +...+ 1\m, +N\n+1=

n—b\_l.zl+ +n—i\_f_&;—_}:.z._,,+M.z,_Hl+
v tn—E\nz,+n—k\n+1=0,

n—k+1\Lz,+...+n—k+1 n—lc.a:,_,‘+n—k+f\n—lo-}-l.z,,_,m+

wvetn—k+1N\nz, + n—k+1\n+1=0.

Now let arbitrary values be assigned to the Variables z,_,,,, &c.;
there are n—%+ 1 Equations, containing #—# Variables, and there
are among them n—Z% Equations, which have their 7-Block not evanescent,
and it may be proved, as in the last Proposition, that the Determinant of
their B-Block is evanescent ;

.. they are consistent, and there is only one set of values for the
Variables; and the #—#+1[* Equation is dependent on these n—#% Equa-
tions ; - (Proer. VIIIL.

also, if any other of the remaining Equations be substituted for this
n—k +1|* Equation, the same thing may be proved.

Therefore, if there be, &c. Q.E.D.
H
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CoroLLARY TO Pror. X.

If there be n Equations, containing 7+ Variables; and if there be
among them n—#% Equations, which have their 7-Block not evanescent ;
and if, when these n—% Equations are taken along with each of the remaining
Equations successively, each set of n—k+1 Equations, so formed, has its
B-Block evanescent (whence also ||B||=0): the Equations are consistent ;
and, if any non-evanescent principal Minor of the 7-Block of these n—#
Equations be selected, the £+ r Variables, whose coefficients are not ‘con-
tained in it, may have arbitrary values assigned to them; and, for each
such set of arbitrary values, there is only one set of values for the other
Variables; and the remaining Equations are dependent on these n—#
Equations.

ProposiTioNn XI. ThH.

If there be n homogeneous Equations, containing » Variables ;
and if B=0: there is, for the Variables, a set of values of which
2 at least are actual. And, of the n Equations, one at least is
dependent on the rest.

For, if there be among them #n—1 Equations which have their 7-Block
not evanescent, there is one Variable to which an arbitrary value may be

assigned ; (Peoe. IX.
let an actual value be assigned to this Variable ;
then at least one other Variable has an actual value ; (Ax. IL.
and the remaining Equation is dependent on these »—1 Equations.
(Proe. IX.

But, if every n—1 of them have their 7-Block evanescent, and if the
greatest number of them, which have their 7-Block not evanescent, be n—
(so that Z>1), then there are £ Variables to which arbitrary values may be
assigned ; (Proe. X.

that is, there are 2 at least to which actual values may be assigned ;

and the remaining £ Equations are dependent on these » —% Equations.

(Pror. X.
Therefore, if there be, &c. Q.E. D.
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CoroLrARY TO ProOP. XI.

If there be » homogeneous Equations, coritaining n—r Variables; and.
if ||B||=0: there is, for the Variables, a set of values of which 2 at least

Care actual. And, of the n Equations, 741 at least are dependent on the
rest.

Proprosrrion XII. Ta.

If there be n homogeneous Equations containing more than’
n Variables : there is, for the Variables, a set of values, of which
2 at least are actual. -

First, let there be one of the Equations such that, when it is taken
along with each of the others successively, each pair of Equations, so formed,
has its 7-Block evanescent ;

then the » Equations are identical ; (Proe. VI. Cor.

.*. there are at least » Variables, to which arbitrary values may be
assigned ; (Ax. IV.

and one of these values may be actual ;

.. at least one other may have an actual value. (Ax. IIL.

Secondly, let there be % of the Equations, where £'is one of the numbers
2..n—1, which have their 7-Block not evanescent, and are such that,
when they are taken along with each of the others successively, the set of
%+1 Equations, so formed, has its 7-Block evanescent ;

then there are at least #—%+1 Variables, to which arbitrary values
may be assigned ; (Proe. II.

that is, there are at least 2 such Variables ;

and these values may be actual.

Thirdly, let the » Equations have their 7-Block not evanescent ;
then there is at least one Variable, to which an arbitrary value may be

.assigned ; (Proe. 1I.
and this value may be actual ;
at least one other may have an actual value, (Ax. IL
Therefore, if there be, &e. Q. E. D.

H2




CHAPTER III. (Continued.)

SECTION II

Properties of Equations under given conditions of consistency.

ProrosiTion XIII. T=a.

If there be n Equations containing n—1 Variables; and if
they be consistent : B =0.
For if not, let B#£0;

then they are inconsistent ; (Proe. III.
which is contrary to the hypothesis.

Therefore, if there be, &o. Q. E.'D.

CoroLLARY To Pror. XIIL

If there be » Equations containing #—r Variables; and if they be
consistent : || B||=0. ‘ .

Pnorosmon XIV. Tm

If there be n Equations containing n Variables; and if they
be consistent ; and if V=0 : then ||B||=0. )
For if not, let |B|#0; .
then the Equations are inconsistent ; (Pror. IV.
which is contrary to the hypothesis.
Therefore, if there be, &e. Q.E.D.
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CoroLrARY TO ProP. XIV.

If there be # homogeneous Equations dontaining %+ 1 Variables ; and
if there be, for the Variables, a set of values of which one is actual; and
if, when that column of the 7-Block, which contains such a Variable, is
omitted, the remaining Block be evanescent: then the whole 7-Block is
evanescent. -

For the Variable, whose coefficients are contained in that column, may
be considered as constant, and the rest as Variables.

Pnorosﬁ'mN XV. Tm.

If .there be n Equations containing n+r Variables; and
if they be consistent ; and if |V]|=0: then |B|=0.

For if not, let |B] #£0;
then the Equations are inconsistent ; (Pror. V.
which is contrary to the hypothesis.

Therefore, if there be, &e. Q.E.D.

CororrAry 10 PrOP. XV.

If there be # homogeneous Equations containing #+7 Variables; and
if there be, for the Variables, a set of values of which one is actual; and
'if, when that column of the 7-Block, which contains such a Variable, is
omitted, the remaining Block be evanescent: then the whole V-Block is

evanescent. . .
For the Variable, whose coefficients are contained in that column, may

be considered as constant, and the rest as Variables.

Prorosimrion XVI. Ta

If there be 2 Equations containing Variables; and if they
be identical : ||Bj=0.

For if not, let |B] £ 0; _

then the Equations are not identical ; (Proe. VIL

which is contrary to the hypothesis.
Therefore, if there be, &c. Q.E.D.
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Proposrmrion XVII. TH.

If there be n Equations containing n Variables ; and if they
be consistent, and there be one Variable to which an arbitrary value
may be assigned : || B|=0.

Let the Variable, to which an arbitrary value may be assigned, be placed
last, and let the Equations, so arranged, be represented by

l\'l.z1+ ...... +1\n— 1.z,_1+1\n.a:.+1 n+1=0,

i\l.a:1+ ...... +n\ n—l.x,,_;+1l\n.z,,+n ntl=0;
and call the Determinants of the principal Minors of their B-Block,
D,...D, V.
Now, if possible, let |B| # 0.

First, if possible, let D, # 0;
let #, have the arbitrary value zero assigned to it ;
then there are » Equations containing #—1 Variables, and such that
in them B3 0;
they are inconsistent ; (Proe. III.
which is contrary to the hypothesis.
D, =0.

" Secondly, if possible, let 7 £ 0 ;

let #, have the arbitrary value, 1, assigned to it ;

then there are » Equations containing #»—1 Variables, and such that the
Determinant of their B-Block

\
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. it£0;
the Equations are inconsistent ; (Proe. IIL
which is contrary to the hypothesis ; )
v V=0;
I B||=0. ) (Pror. XIV.
Therefore, if there be, &ec. Q.E.D.

Proposrrion XVIII. Tsa.

If there be = Equa.ﬁons, containing n +7 Variables; and
if they be consistent, and there be r+1 Variables to which
arbitrary values may be assigned : || B||=0.

Let the r+1 Variables, to which arbitrary values may be assigned, be
placed last, and let the Equations, so arranged, be represented by

l\l.:vl+ ...... +1\n—l.z,_1+1\_n.w,+ ...... +\n+rz ., +1\n4+r+1 =0,
u\l.:vl+ ...... +n\n—1.a:,_1+n\n.z,+ ...... +u\n+rZppy +n\n+7r+1 = 0.

First, if possible, let #0;

let 2,, ...... #,,, have the arbitrary value zero assigned to each of them ;
then there are #» Equations containing #—1 Variables, and such that,
in them, B£0;
the Equations are inconsistent ; (Proe. IIL.
which is contrary to the hypothesis ;
this D.eterminaﬁt = 0.

Secondly, if possible, let #0;

wherein # is some one of the numbers 0, 1,...7;
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let z,,, have the arbitrary value, 1, assigned to it; and let each other
of the Variables z,, ...... .., have the arbitrary value zero assigned to it ;

then there are s Equations containing #— 1 Variables, and such that their
B-Block

1\1 ...... l\n—l?(%+l:+1\n+r+l)

n&l ...... ” n;l,(fz\n+lc-.+7z\n+r+l) i

N\L...0\#=1D\n+2 N\L....\n=11 n+r+1
| nE ;

n\_l ...... n\ﬁ__%l—_ ﬁ.\l ...... n\n;n n+r+1

i\l ...... 1 n—ll n+ A -
=] +0;

n:.\_l‘. ..... 7;\0»_,7;\1

it#£0;
the Equations are inconsistent ; (Proe. III.
which is contrary to the hypothesis ; ' ’
.. the square Blocks, formed by taking the first #—1 columns along
with each of the next 7+ 1 columns successively, are all evanescent ;
that is, all the principal Minors of the 7-Block, containing its first
#—1 columns, are evanescent.

1\_1 ...... 1 n—21 n+lc1 n+r+1
Thirdly, let 950;

n\..l ...... n\n ,n\n+ ,n\n+r+

" wherein % is some one of the numbers 0, 1,...7;

let each of the Variables ,, ... £,4,, except 2, ,, have the arbitrary value
zero assigned to it; and let z,_, have a possible value assigned to it, and
call this value “a” ;

then there are » Equations containing s—1 Variables, and such that
their B-Block
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=3 . - . . . 3

+ : : : ;
n'.\l ...... n\u:— 2,An'+k,n\n+1" +1
= . 0 + do.;
it£0 ; » .
.“. the Equations are inconsistent ; (Peoe. IIL

which is contrary to the hypothesis ;
the square Blocks, formed by taking the first z—2 columns, along
. with one of the columns from the #th to the 7+ 7|th, and with the last column,
are all evanescent ;
and the same thing may be proved for any n—2 of the first n—1
columns ;
the square Blocks, formed by taking any #—2 of the first #—1
columns, along with any one of the next 7+1 columns, and with the last
column, are all evanescent.

Fourthly, let : : : #0; -

A\ L....o\n—2n\n+ kno\n+1

wherein £ and / are any 2 of the numbers 0, 1,...7; ’

let z,,; have the arbitrary value, 1, assigned to it; and let each of the
other Variables 2,,...2,,,, except z,,,, have the arbitrary value zero assigned
to it ; and let the Variable 2, ; have a possible value assigned to it, and call
this value “a” ; '

then there are » Equations containing #—1 Variables, and such that
their B-Block

’
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+ : : : H
n\l ..... n\n—2,7-z\n+k,n n+1
= 0 -+ 0 + do.
its£0;
the Equations are inconsistent ; (Proe. IIIL

which is contrary to the hypothesis ;
the square Blocks, formed by taking the first #—2 columns along
with any 2 of the columns from the nth to the 7 + 7/th, are all evanescent ;

and the same thing may be proved for any n—2 of the first n—1
columns ; :

.*. . the square Blocks, formed by taking any #—2 of the first n—1
columns along with any 2 of the next 7+ 1 columns, are all evanescent;

that is, all the principal Minors of the 7-Block, containing #—2 of its
first #— 1 columns, are evanescent.

The same thing may be proved for #—3 of these columns, for n—4
of them, and so on; and finally for all principal Minors, of the 7-Block,
not containing any of its first #—1 columns. *

Therefore ||7]|=0.

Therefore || B||=0. (Peor. XV.

Therefore, if there be, &e. Q.E. D.
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ProrosiTion XIX. Ta

If there be » homogeneous Equations, containing » Variables ;
and if there be a set of values, for the Variables, which are not
all zero (so that at least 2 of them are actual) : then V'=0.

For if not, let 75£0;
then the values for the Variables are all zero ; (Proe. I. Cor.
which is contrary to the hypothesis,

Therefore, if there be, &e. Q.E.D.

CororLrARY TO PrOP. XIX.

If there be # homogeneous Equations, containing #—7» Variables; and
if there be a set of values, for the Variables, which are not all zero (so
that at least 2 of them are actual): then ||7]=0.



CHAPTER 1IV.

TESTS FOR CONSISTENCY OF EQUATIONS.

~

- DEFINITIONS.

L

If there be a condition, or set of conditions, such that, when
it is all fulfilled, a certain other condition is also fulfilled : it is
said to be a sufficient test of that other condition.

IL

And if it be such that, when any part of it is not fulfilled,
a certain other condition is not fulfilled: it is said to be a
necessary test of that other condition.

CONVENTION.

When a condition, or set of conditions, is said to be a test
of a certain other condition, let it be understood that it is suffi-
cient and necessary, unless it be otherwise stated.

PropositioNn 1. TH.
If there be 2 conditions, whereof the first is a test of the
second : the second is likewise a test of the first. .

Since the first is a sufficient test of the second ;
-, if the first be fulfilled, so is the second ;



Tests for consistency of Equations. . 61

if the second be not fulfilled, neither is the first ;
the second is a necessary test of the first.

* Again, since the first is a necessary test of the second ;
if the first be not fulfilled, neither is the second ;
if the second be fulfilled, so is the first ;
the second is a sufficient test of the first.

Therefore, if there be, &ec. Q.E.D.

ProrposiTioNn II. Ta.

If there be given n Equations, not all homogeneous, contain-
ing Variables: a test for their being consistent is that either,
first, there .is one of them such that, when it is taken along
with each of the remaining Equations successively, each pair of
Equations, so formed, has its B-Block evanescent; or, secondly,
there are m of them, where m is one of the numbers 2..... n,
which contain at least m Variables, and have their V-Block not
evanescent, and are such that, when they are taken along with
each of the remaining Equations successively, each set of Equa-
tions, so formed, has its B-Block evanescent.

Let the test be fulfilled;
in the first case, the Equations are identical ; (Cx. III. Proe. VL.
in the second, they are consistent ; (Ca. IIL. Peoes. I, IT, IX, X.
the test is sufficient.

Next, let it be not fulfilled ; -
then there are 2 or more of the Equations, whlch have their 7.Block

evanescent, but not their B-Block ;

these Equations are inconsistent ; (Ca. III. Props. IIL, IV, V.,
the test is necessary. ’

Therefore, if there be, &c. Q.E.D*,

* Prop. I1. From this Proposition we may | Blocks, and as we have at present no con-
deduce a general process for analysing a set of | venient method of dving this, the subject is
Equations containing Variables. As, however, | deferred till we come to the Chapter on *Tests
in the practical application of such a process, | of Evanescence of Blocks.’
it is necessary to test the evanescence of certain
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Prorosrrion III. Ta.

If there be given 2 Equations cbntaining Variables : a test
for their being identical is that ||B| =O0. :
Let the test be fulfilled ; .
then the Equations are identical ; (Ca. III. Pror. VI.
it is sufficient.
Next, let it be not fulfilled ;
in the case where ||7|| =0, the Equations are inconsistent ;

(Cu. III. Props. ITT, IV, V.
in the case where | 7| % 0, they are not identical; (Ca. IIL. Proe. VII.
the test is necessary. :

Therefore, if there be, &e. Q.E.D.

Prorposition 1V. TH. .

If there be given n homogeneous Equations, containing not
more than n Variables ; a test for there being, for the Variables,
a set of values which are not all zero (so that at least 2 of
them are "actual) is that [|[V||=0.

Let the test be fulfilled ; ]

then there is such a set of values; (Cs. III. Peoe. XI.
it is sufficient.
Next, let it be not fulfilled ;

then there is only one set of values for the Variables; (Cu. III. Proe. 1.
and these must each be zero; -+ (Cm. III. Ax. II.
the test is necessary.

Therefore, if there Be, &e. Q.E. D.



CHAPTER V.

ANALYSIS OF BLOCKS.

SECTION L
Evanescence of Blocks under given conditions.

ProposiTioN ‘1. Ta.

If, in a square Block, the oblong Block, consisting of 2 or
more of its rows or columns, be evangscent: the first Block is
also evanescent.

First, let the evanescent oblong Block consist of rows.

Let the rows which constitute it be placed last ;

now the Determinant of the first Block may be resolved into terms,
each consisting of one of the Elements of the first row, multiplied by the
Determinant of one of the principal Minors of the oblong Block formed
by erasing the first row; (Cm. II. Proe. I. Cor. 1.

and each of these Determinants may be in like manner resolved into
terms, each containing as a factor the Determinant of one of the principal
Minors of the oblong Block formed by  erasing the first two rows;
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and this process may be repeated, until finally the Determinant of the
first Block is resolved into terms, each containing as a factor the Determinant
of one of the principal Minors of the evanescent oblong Block ;
but each of these vanishes by hypothesis ;
the Determinant of the whole Block vanishes.
Similarly, if the evanescent oblong Block consists of columns.
Therefore, if in a square Block, &e. Q.E.D*,

CoroLLARY TO Pror. I

If, in an oblong Block, the oblong Block, consisting of 2 or more of
its longitudinals, be evanescent : the first Block is also evanescent.

Prorosrrion II. Ta.

If there be an oblong Block, having one of its secondary
Minors not evanescent ; and if, of its principal Minors, each one,
which contains that secondary Minor, be evanescent: the whole
Block is evanescent.

Call the length of the Block m, and its width .

Let the Block be so placed that its laterals are rows, and let the longi-
tudinals, which contain the non-evanescent Minor, be placed first; and let
each of these longitudinals be multiplied throughout by the symbol of a
Variable; and let each lateral be equated to zero; and let the »+7 Equa-
tions, so formed, be represented by

abed ik lm
* Prop. I. Thus, if, in the square Block efgh |, it be given thatl: : ”=0:
A - iklm rer
npgr -
the whole Block is evanescent.
abed
fgh egh
For ;,{{,ﬁ cal|tim|-3. i f m|+ee.
wpgr par nqgr

im km
-qf.,qu—ag. ’p s | +&e
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l\l.z'; +.ees + 1\1:1_.3._-1 + l\n =0,

A FALE 4 A8 FAR—Ly AT AR = O;

_then there are n+r Equations, containing #—1 Variables; and there
are among them n—1 Equations, which have their 7-Block .not evanescent ;
and, when such a set of »—1 Equations is selected and taken along with each
of the remaining Equations successively, each set of # Equations, so formed,
has its B-Block evanescent ;

the n+4 7 Equations are consistent ; (Ca. III. Proe. VIIL. Cok.
their B-Block is evanescent. (Caar. HI. Proe. XIII. Cor.

Therefore, if there be, &e. Q.E.D*,

Prorosrrion III. Ta.

If there be a Block, having one of its Minors of the k'
degree, where k is less than the degree of a secondary Minor,
not evanescent; and if, of the oblong Blocks formed from it by
selecting £+ 1 of its longitudinals, each one, which contains that
non-evanescent Minor, be evanescent: every other oblong Block,
so formed, is evanescent. And the same is true of its laterals,

Call the two dimensions of the Block ‘»’ and ¢ »’.

Let the Block be placed in either position, and let the % rows, and
also the £ columns, which contain the non-evanescent Minor, be placed first ;
and let each of the columns, except the last, be multiplied throughout by
the symbol of a Variable; and let each row be equated to zero; and let the-
Equat.lons, so formed, be represented by

‘Prop.ll.Thus,ﬂ‘,inthe'oblongBlock{ g },11; boglventhatlzdl’eo end that °

abd .

lef h | =0, snd‘fgh'uo the wholeBlockmevanesoent
Jjk
' K
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1\_1.:0:1 s + l\l:.z,,+ ...... + l\m;l Zp_y+ I\m =0,

l\l.xl ...... +A.l: A +l;\m;;1.z,_'l+ i:\.m =0,

F+D\ 1z +...... +Ic+ NEz,+...... +E+\n—1z, , +k_H.\.m =0,

then the first #+1 Equations contain m—1 Variables, and there are
among them Z Equations whose 7-Block is not evanescent; and the B-Block
of these £+ 1 Equations is evanescént ;

also, since m—1> £, oo m—1E+1.

First, let m—1 = k+1;
then the Equations are consistent; and the Variable 2,,_; may have an
arbitrary value assigned to it; a.nd the Z+1jth Equation is dependent on
the first £ Equations ; (Ce. III. Pror. IX.
also, if any of the remaining Equations be substituted for the %+ Ijtt
Equation, the same thing may be proved ;
the » Equations are consistent, and the Variable #,,_; may have an
arbitrary value asslg-ned toit; .
if any set of #+ 1 Equations be selected, the same thing is true
of them ;
any such set has its B-Block evanescent. (Cu. III. Pror-XVII.

Secondly, let m—1 = £+ 147;

then the Equations are consistent ; and the 7+ 1 Va.nables, Zyi1reee Tmoys
may have arbitrary values assigned to them; and the Z+1jth Equatlon is
dependent on the first £ Equations ; (Ca. III. Proe. IX. Cog.

also, if any of the remaining Equations be substituted for the m]“‘
Equation, the same thing may be proved ;




Blocks. . 67

the » Equations are consistent, and these 7+ 1 Variables may have .
arbitrary values assigned to them ;
.. if any set of #+1 Equations be selected, the same thmg is true
of them ;
any such set has its B-Block evanescent. (Cn. III. Pror. XVIIIL.

Therefore, if there be, &ec. Q.E. D+

CoroLLARY TO PrOP. IIL

If there be a Block, having one of its Minors of the £t degree not
evanescent, where % is less than the degree of a secondary Minor; and if,
of its Minors of the Z+1|tt degree, each one, which contains that non-
evanescent Minor, be evanescent : every other Minor of that degree is eva-
nescent.

ProrosmTioNn IV. TH =

If there be a Block containing 2 rows and 2 or more columns H
and if, in every column, the 1* term bear to the 2" a constant
ratio: the Block is evanescent.

Let the Block be represented by

-and let it be given that
@ tb tiag by &e tiay by
t k:1 (say);
a, = kb, ay = kb, &e., a, = kb,;

abede
* Prop. IIL. Thus, i, in the Blok {§ 927 % 4 it be-given that |} | #0, and that
rest uvj
abcde foghjk abede abede
foghjk||=0,and ||l mnpgq|=0:then [|f ghjk|=0,and|/lmnpg|=0
Il mnpgq rstuv retuv rstuy
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by, Bby, ...... kb,

now l s 5 || = 0 since every principal Minor of this Block,
19 Q) evscee 'n .
if its first row be divided by %, has 2 rows identical ;
.|| @y gy eeeeen a,| _
that is, ] By byy eeeens by || =
Therefore, if there be, &c. - QE.D.-

ProrosiTioNn V. Ta.

If there be a Block containing 8 rows and 8 or more columns ;
and if, in every column, the difference between the 1* and 2 terms
bears to the 8™ term a constant ratio : the Block is evanescent.

855 Gg...... Oy
Let the Block be represented by < &, &,,...... b, ; and let it be
€15 Cgy evnnnn e

given that
: (a3=b)) :¢;:: (ag—8y) i c5 :: &e. 2 (@,—0,) : ¢y

' 12 (£:1 (say);
oo (ay—=b) = key, (ay—0by) = key, &e., (a,—0,) = ke, ;

key, keyy ...... ke,
now (| &, &y,...... &, || = 0, since every principal Minor of this Block,
Cis Cysrevees Ca '

if its 1% row be divided by £, has 2 ro-wg identical ;

(@1—8), (ag—3y), ...... (au—8,)
that is, b, /A 6, ||=0;
cl’ L',, Yeesen Cy”

Ay Qg ...... a,
byy by, ... 5, || =0. (Ca. I1. Proe. ITI. Cor. 3.
€1y Cgyvvnnns Cy ’

- Therefore, if there be, &ec. Qrm™
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Prorosrrion VI. TH.

If there be a Block containing 8 rows and 8 or more columns ;
and if, in every column, the difference between the 1* and 2™
terms bears to the difference between the 2™ and 3™ a constant
ratio : the Block is evanescent.

-

Gy Ggy ...... a,
Let the Block be represented by byy by ... b, ¢ ; and let it be
€1y Cgseeren o
given that v
(@=8) : (by—ey) :: (a3 —8y) : (By—0cy) i : &e. 12 (Ba—b4) : (Bu—vcW) 5
2:%:1(say);

oo (@=b) = k(bi—c), (3g—8y) = k(By—c5), &,y (3a—ba) = K (By—cy) ;
k(By—cy), k(B3—cs)y...... k(By—ec,)

now By—c)y,  (bg—cy), ... (b—c.) || = 0, since every principal
s Cgseennen Ca
Minor of this Block, if its 1% row be divided by #, has 2 rows identical ;
(@, —8), (a;—by),...... (as—0,)
that is, || (B;—¢y), (Bg—Cp); coeee. (By—0c4) || = 0;
¢ Cgs ceveen )

.*., adding to the terms of the 1% row those of the 2n¢ and 34, and to
the terms of the 204 row those of the 8,

Ay, Ggy.enne. a,
by bgy.eennn. bo|| = 0. (Ca. II. Proe. III. Cok. 8.
€1y Cgyenren C,

Therefore, if there be, &ec. - Q. E.D.

¢



CHAPTER V. (Continued)

SECTION II.

Properties of Blocks under given conditions of evanescence.
Prorosrrion VII. Ta.

If there be a Block containing 2 rows and 2 or more columns ;
and if it be evanescent: then, in every column, the first term
bears to the second a constant ratio.

Let the Block be represented by { @5 gy .oeene. Z. } ;

by, by ...
@Gs%| _o.
by b1 05
‘e alb, = a,bl;
e ﬁ = ﬁ'
bl - 62 !
a6y a,: 0 02 (by symmetry) &e. :: a,: §,.
Therefore, if there be, &e. Q. E.D.

ProposrrioNn VIII. Ts.

If there be a Block containing 3 rows and 8 or more columns ;
and if, in one of its columns, the 1* and 2*¢ terms be equal and
the 8™ zero ; and if it be evanescent : then, in every column, the
difference between the 1* and 2™ terms bears to the 8™ term a

constant ratio.

~
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, ) Gyy e, A
Let the Block be represented by < 8, &,,...... A ¥;
€y Cgyevvene 0
| @y, ag, &
by, by, | =0;
¢, ¢, 0

e subtractmg from the terms of the 1% row those of the 2nd,

(3,—8y), (33—5y), 0
by by, #|=0; (Cum IL Peor. ITL Coz. 8.

%, ¢y 0
(@=5), @—b4)| _o,  (Ca.IL Puor.I. Com. 2.
1 Cy :
(@,—=B)): 01 (83—b5) i ¢y (Peor. VII.
::(ag—0s):cy; (by symmetry)
:: &e.
Therefore, if there be, &e. Q. E. D.

ProposrrioN IX., Ta.

If there be a Block containing 3 rows and 3 or more columns ;
and if, in one of its’ columns, the 3 terms be equal ; and if the.
Block be evanescent : then, in every column, the difference between
the 1* and 2™ terms bears to the dlﬂ'erence between the 2! and
3 a constant ratio. ‘

» @y, Agy ... &
Let the Block be represented by < &, &,...... k ps;
€1y Cgyeennnn A
@, ays h
by, b3, B | =0;

e, ¢, k
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<., subtracting from the terms of the 1% row those of the 2u4, and from
the terms of the 21d those of the third,

(al'_bl): (aa_bz): 0
(by—c), (B—¢y), 0[=0; (Ca. II. Proe. II1. Cok. 8.

¢ Cg, k

- (a,—8y), (a3—0,)
(&y—cy), (Bg—cy)

o (=B Bymer) i (B — )t By—cy)

13 (43—8y) : (b4—¢,) ; (by symmetry)
:: &e.

Therefore, if there be, &e. Q.E. D.

=0; (Cu. I1. Pror. I. Coz. 2.

ProrosiTiON X, TH.

If there be an oblong Block, whose length exceeds its breadth
by unity ; and if one of its principal Minors be.non-evanescent :
at least one other is also non-evanescent.

In the lateral, which is not included in the non-evanescent principal
Minor, let an actual term be selected ; and let the Elements of the longitudinal,
which contains the selected term, be each multiplied by the Determinant of
the Minor formed by erasing the.lateral containing that Element ;

then the sum of these products, affected with 4+ and — alternately, is
zero; (Cm. II. Proe. III. Cor. 2.

.>. if one of them be actual, at least one other is actual ;

at least one other principal Minor of the oblong Block is non-
evanescent. )
Therefore, if there be, &ec. Q.E.D.



CHAPTER VL

TESTS FOR EVANESCENCE OF BLOCKS.

ProrosrTioNn I. TH.

If there be given an oblong Block, having one of its secondary
Minors not evanescent; a test of its being evanescent is that, of
its principal Minors, each one, which contains that secondary Minor,
is evanescent,.

Let the test be fulfilled ;
then the given Block is evanescent ; (Ca. V. Pror. L
it is sufficient.
Next, let it be not fulfilled ;
then the given Block is not evanescent ;
it is mecessary.
Therefore, if there be, &ec. Q.E.D*,

ProrosrrioNn II. Ta.

' If there be given a Block : a test of its being evanescent is
that either every Element of it is zero; or there are 2 or more

—1 0
* Prop. I. Thus, in the oblong Block {—1 —g } wolmvol 18”‘0

2 0
= 0, \ -1 8—7 ,==0. Hence the whole Block is evanescent.

213 -1
1 8-5 -1 8 4
10 2 1 0-1 101

W E

L
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of its longitudinals, which form a Block, having one of its secondary
Minors not evanescent, and such that, of its principal Minors, each
one, which contains that secondary Minor, is evanescent.

Let the test be fulfilled ;
in the case where each Element of the Block is zero, it is plain that
the Block is evanescent ;
in the case where 2 or more of its longitudinals, but not all of them,
form such a Block, the Block, so formed, is evanescent ; (Cu. V. Prop. I1.
the given Block is evanescent ; - (Cn.V. Pror. I
in the case where all the longitudinals of the given Block form such
a Block, it is evanescent ; )
the test is sufficient. (Cu. V. Propr. II.

Next, let it be not fulfilled; .
then one of the Elements of the Block is actual ;
any Block, formed of 2 of the longitudinals of the given Block,
has one of its principal Minors not evanescent ;
for otherwise, it must have all of its principal Minors evanescent, and,
since it necessarily has one of its secondary Minors not evanescent, the test
would be fulfilled ; )
every Block, formed of 2 of the longitudinals of the given Block,
is not evanescent ;
then it may be proved, in the same manner, that every Block formed
of 8 of the longitudinals of the given Block, is not evanescent, and so on,
up to the given Block itself; )
the given Block is not evanescent ;
the test is necessary.

Therefore, if there be, &e. Q.E.D*
21 8-1 0
* Prop. II. Hence the oblong Block —i g _g __: _{ is evanescent, since its first 8
8 4-2 5-1

longitudinals form the Block discussed in the last Note.
We are now in a position to describe, and apply, a general process for analysing a set
of Equations containing Variables. This will be found in Appendix I. .
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Prorosition III. Ta

If there be given a Block: a test for the evanescence of
every oblong Block, formed from it by selecting & of its laterals,
is that either every Element of it is zero, or that it has a non-
evanescent Minor of the A degree, where k is less than A, such
that, of the oblong Blocks formed from it by selecting k£ +1 of
its laterals, each one, which contains that non-evanescent Minor,
is evanescent. And the test for the longitudinals of the given.
Block is similar to this.

Let the test be fulfilled ;

in the case where every Element of the given Block is zero, it is evident
that every oblong Block, formed from it by selecting % of its laterals, is
evanescent ; '

in the other case, the same results follow ; . (Cu. V. Pror. III.

the test is sufficient.

Next, let it be not all fulfilled ; .
then the given Block contains one of more actual Elements, and each
one of its non-evanescent Minors of the At degree, where £ is less than 4, -
is such that, among the oblong Blocks, formed from the given Block by
selecting £+ 1 of its laterals, there is one, containing that non-evanescent
Minor, which is itself non-evanescent ; -
this is true when £ = 1;
among the oblong Blocks, formed from the given Block by selecting
2 of its laterals, there is one non-evanescent ;
the given Block has a non-evanescent Minor of the 2nd degree ;
among the oblong Block, formed from the given Blocks by selecting
8 of its laterals, there is one non-evanescent ;
and the same thing may be proved for all values of £ up to A—1 ;
among the oblong Blocks, formed from the given Block by selecting
% of its laterals, there is one non-evanescent.
) the test is necessary.
Therefore this is proved to be a test for the laterals of the given Block ;

and a similar set of conditions may be proved, in like manner, to be
a test for its longitudinals.
Therefore, if there be, &ec. Q. E. D.
L 2



CHAPTER VIL
GEOMETRICAL ANALYSIS.

ConveENnTION L

. When mention is made of a Point, a Line, or a Plane, let it

be understood that the words ‘“ at a finite distance” are to be added,
unless it be otherwise expressed.

SECTION 1.
Plane Geometry.

DErFiNTTION L
In the Trilinear System, the Equation

aa+bB+cy—2M =0
is called the systematic Equation.

ConvENTION II

In the Trilinear System, when the coordinates of a Point

are given, let it be understood that they satisfy the Systematic
Equation.
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Prorosition 1. TH. .

If there be given an Equation of the first degree ;
first, in the Cartesian System, viz. —
' 4z+By+C = 0;
and '
(1) If either 4, or B, £0;
then the Equation represents one real Line, and one only.

(2) fA=B=0,but C £0;
then it does not represent a real Line.

8) f A=B=C=0;
then it represents the Plane of reference :
secondly, in the Trilinear System, viz.—
- Ae+BB+Cy+D =0,
the systematic Equation being aa + 88+ cy —2M=0;
and
(1) If [7|#0; |
then the 2 Equations are consistent ; (Cu. III1. Peoe. II.
.. the given Equation represents a real Line.
also there is one Variable to which an arbitrary value may be given,
and, for each such arbitrary value, there is only one value for each of
the other Variables ; 4 (Cn. III. Peoe. II.
the given Equation represents one real Line, and one

only. .
(2) If |V]|=0, but |B|#0;
then the 2 Equations are inconsistent ; (Ca. III. Pror. V.

the given Equation does not represent a real Line.

(8) If ||B|=0; (whence also ||V]|=0) ;
then the 2 Equations are identical ; (Cu. III. Pror. VL.
the given Equation represents the Plane of reference.
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CoNVENTIONS (continued).

I11.
When an Equation to a Line is given in the form
42+ By+C = 0, .
let it be understood that either 4, or B, # 0 ; when in the form
Aa+BB+Cy+ D=0,
the systematic Equation being aa+ 68+ cy—2M=0;
let it be understood that |V|# 0.

Iv.

In the Trilinear System, when mention is made of the V-Block,
or B-Block, of any number of Equations to Lines : let it be un-
derstood that, in forming such Block, the systematic Equation is
always taken along with them.

V.
When 2 Lines are said to intersect in & Point at an
infinite distance, let it be understood that they are parallel.

Prorosition II. Th.

If the Equation to a line, passing through the origin or a
vertex of reference, be given in the form

c_9 _o. s _B,
I=m=0 o I=m

this may be written in the form

Y l: 0, © or La’ Bl = 0, (Cu. V. Pror. 1V.

L, m l, m
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Again, if the Equation to a Line, passing through a given
Point, be given in the form '
z—a - y—y a—a  B-—f

7 p or I = n

this may be written in the form »

z Y, 1 a B, 1
7,9, 1|=0, or o, @, 1| =0. (Ca.V. Pror.V.
l, m, 0 5, m, 0

Again, if the Equation to a Line, passing through 2 given
Points, be given in the form

=5 _ YN
n—2, Hh—9

this may be written in the form

a—a B-—5h,

or = :
a,—ay B—Bs

z, Y 1 a B, 1.
Zyy Y 1= 0) or a,, Bl’ 1| = 0, (CH. V. PBOP- VI.
Ty Yg5 1 a, By 1

Prorosrrion III. Ta.

If there be given 2 Lines, represented, in the Cartesian

System, by
4dz+By+C, =0,

_ 4+ By+C, = 0;
or, in the Trilinear system, by
4,0+ B,8+Cy+D, =0,
. 40+ B8+ Cy+ D, =0,
the systematic Equation being 4a + 48 + ¢y —2M =0;

and
(1) If V0 ;
then the Equations are consistent, and there is only one set of values
for the Variables ; (Cu. III. Pror. 1.

the 2 Lines intersect in one Point, and in one only.
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(2) If V=0, but |B|+£0;
then the Equations are inconsistent ; (Cu III. Peroe. IV.

the 2 Lines are parallel.

(8) If |Bj=0; (whence also V'=0) ; ‘
then, in the Cartesian System, the Equations are identical ;
(Cu. III. Proe. VL
also, in the Trilinear System, since either of the Equations to the Lines,
taken with the systematic Equation, have their 7-Block not evanescent ;
_ (Conv. II.
the 8 Equations are consistent, and either of the Equations to the
Lines is dependent on the other Equations ; (Cu. II1. Proe. VIIL.
.. whatsoever Point lies on one of the 2 Lines, lies also on the
other; (Cu. III. Der. VI

in either System, the 2 Lines coincide *.
From (2) and (8) may be deduced
(4) If V=0; the 2 Lines have the same direction.

ProrosiTioNn IV. T=.

If there be given 3 Lines, represented, in the Cartesian
System, by '
42+ B,y+C, =0,

47+ Byy+C; = 0,
4+ Byy+ Gy = 0;
or, in the Trilinear System, by
4,0+ B+ Cyy+D, = 0,
Ao+ BB+ Ciy+D; = 0,
4+ B+ Ciy+ Dy = 0,
the systematic Equation being aa+ 88 + cy —2 M = 0;

and

® Prop. II1, (8.) Thus, if the given Lines be
’ a+ B+ 1=0,
a+2B+5y—14=0;
the systematic Equation being 8a+48+5y—12=0;
U Bl =0, and therefore the 2 Lines coincide.
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(1) If B # 0; (whence also |V|# 0, and every 2 of the Equa~

tions to the 3 Lines have their B-Block not evanescent) ;
‘then the Equations are inconsistent ; (Cn. II1. Pror. II1.
the 3 Lines do not intersect in one Point, but there are

2 of them which intersect in one Point, and in one only.
(Paoe. IIL. (1)

(2) If B=0; and if there be, among the Equations to the 3
Lines, 2 which have their V-Block not evanescent ;

then the Equations are consistent, and there is only one set of values
for the Variables; (Cu. III. Proe. VIIL

the 3 Lines intersect in one Point, and in one only *, -

(83) If B=0; and if every 2 of the Equations to the 3 Lines
have their V-Block evanescent ; and if there be among them

2 which have their B-Block not evanescent; .
then 2 of the Lines are parallel ; . (Proe. III. (2)
. and the 8 have the same direction. : (Proe. 111 (4)

(4) If every 2 of the Equations to the 3 Lines have their B-Block
evanescent ; (whence also B=0) ;

then the 8 Lines coincide. . (Proe. III. (3)
 From (2), (3), and (4) may be deduced
(5) If .B =0 N ' ) .
‘then the 8 Lines intersect in one Point at a finite or infinite
distance.

From (2) and (4) may be deduced

* Prop. IV.(2) Thus, if the given Lines be *
a— B+ ¥+ 1 =0,
8a+ B—29— 4 =0,
%2a+98—- y—20 = 0,
the systematic Equation being 3a+48+5y—12 = 0;

1-1 1
3 1, -2
3 1

# 0, the 8 Lines intersect in one Point, and in one only.

since B =0, and

M
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{6) If B=0; and if either there be, among the Equations to the
3 Lines, 2 which have their V-Block not evanescent, or if
every 2 have their B-Block evanescent ;

then the 3 Lines intersect in one Point.

Prorosrmrion V. Ta.

If there be given 2 Points, represented, in the Trilinear System,
by (a1, By, 71)s (@ By 7s) 5 and if ;

|

o, Bun

= 0;
a3, Bas Yo

then | % Av 7l ” = 0.

a5, Bas Yas 1

Foy aa,+6B,+cy,—2M = 0,
aay+bBy+cy,—2M=0;
in these Equations, let a, 4, ¢, —2 M, be considered as Variables ;
then there are 2 homogeneous Equations containing 4 Variables; and
their 7-Block is {a,, B 1y 1 }; and there is a set of vaiues, for the

8y, By Vs 1
Variables, of which the last is actual ; and, if the last column of their 7-Block

be omitted, the remaining Block is evanescent ; )
.*» the whole Block is evanescent. ~ (Cu. ITI. Proe. XV. Coz.

Therefore, if there be given, &ec. Q.E.D.

CoroLLARIES TO Prop. V.
1.
Hence the 2 Points are coincident.

) .
%> l = 0, a, = a,; and so of the others. -

For, since
’ gy 1]
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2.

By a similar process (using Ca. III. Pror. XIV. Cog.), it may be proved
that, if there be 8 Points, thus represented, and if

a5, B n
ag;, Bys s
ag, Bs: Y3

=0:

@, Bis 71s 1 l
ag, ﬁz: 2> 1|!'=0.
| agy Bys 785 1

then

ProposiTioN VI. Ta

If there be given 8 Points, represented, in the Cartesian
System by (xl, ¥1,) &c. ; or, in the Trilinear System, by (e, 81, ),
&c.; and if, in each System, the general Equation to a Line
be ta.ken involving 8 undetermined quantities 4, B, C; and if
the coordinates of the given Points be successively substituted
in it ; and if 4, B, and C be considered as Variables in the Equa-
tions so formed, viz.—

in the Cartesian System,
4z,+ By, +C = 0, 2,9, 1
Adzy+ Byy+C = 0, }, whose V-Block is {wg, Y2 1 } ;
4zy+ By +C = 0, 35 Y55 1

-~

or, in the Trilinear System,
Aa, + BB, + Oy, ‘=0, a5, BN
Aag+ BBy +Cyy = 0, +, whose V-Block is { a5, B3, 73 ¢
Aag+ BBy + Cyy = 0, ag, By, ¥ J-

and
(1) If V+#0;

then the only values for 4, B, C are zero; (Cu. I11. Proe. 1. Cor.
the 3 'Points do not lie on one Line.
M 2
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(2) If V=0; and if there be, among the 3 Equations, 2 which
have their V-Block not evanescent ;

then there are 2 of the Points which do not coincide, that is, which
lie on one Line, and on one only ;

also the 3 Equation is dependent on the others; (Cx. III. Pror.VIIL.

that is, those values of 4, B, and C, which belong to a Line passing
through these 2 Points, the same belong also to a Line passing through
the 3" Point ;

.. the 3 Points lie on one Line, and on one only *.

(3) If every 2 of the 3 Equations have their V-Block evanescent ;
(whence also V=0) ;

then the 3 Points coincide. (Pror. V. Con. I.
From (2) and (3) may be deduced
4) V=0
then the 3 Points lie on one Line.

* Prop. VI (2) Thus, in the Cartesian system, if the given Points be (2, 5), (3, —1), (1, 11);

2 5
since | 3 —1 % =0, andlz lly.o the three Points lie on one Line, and on one only.
11
Agn.iminthe'l‘rilmeclymm,ifﬁongenl’omhbe(l. , —2), (2, —1, 5), (4, 5, 1) ; since
1 5-2
’2-1 5|=0,.and I;_{"?l # 0, the same result follows.

4 51

. L 4

e - = ez - ————————



CHAPTER VIL (Continued.)

SECTION II
Solid Geometry.

DeriniTion 1L
In the Quadriplanar System, the Equation
) 2a+08+cy+dd—3M =0
is called the systematic Equation.

’ ConventION VL

In the Quadriplanar System, when the coordinates of a Point
are given, let it be understood that they satisfy the Systematic
"Equation.

PR(_)Posmon VII. Ts.

If there be given an Equation of the first degree ;
first, in the Cartesian System, viz.—
Ax+ By +Cz+D =0;
and
(1) If either A4, or B, or C,and # 0 ;
then the Equation represents one real Plane, and one only.
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(2) If A=B=C=0,but D #0;
then it does not represent a real Plane.

8 If A=B=C=D=0;
then it represents all Space :
secondly, in the Quadriplanar System, viz.—
da+BB+Cy+ D3+ E =0,
the systematic Equation being aa+ 48 +cy+dé —3M=0;

and
(1) If |V]+#0;
then the 2 Equations are consistent ; (Cu. II1. Proe. II.
the given Equation represents a real Plane ;
also there are 2 Variables to which arbitrary values may be given, and,
for each such set of arbitrary values, there is only one value for each of
the other Variables ; (Cu. III. Proe. II.

the given Equation represents one real Plane, and one

only.
(2) If | V]| =0, but |B|#0; ‘
then the 2 Equations are inconsistent ; (Cu. II1. Pror. V.

the given Equation does not represent a real Plane.

(8) If |B||=0; (whence also || V|| =0);
then the 2 Equations are identical ; (Cu. IIT. Pror. VI.

the given Equation represents all Space. -

CoNVENTIONS (continued).

VIIL

When an Equation to a Plane is given in the form
Az +By+Cz+D = 0,
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let it be understood that either 4, or B, or C, #0; when
in the form
da+BB+Cy+ D3+ E =0,
the systematic Equation being aa + 48 + Cy+ d3—8 M= 0,
let it be understood that | V| # 0.

VIIL

In the Quadriplanar System, when mention is made of the
V-Block, or B-Block, of any number of Equations to Planes: let
it be understood that, in forming such Block, the systematlc
Equation is always taken along with them.

IX.

When 2 Planes are said to intersect in a Line at an infinite
distance, let it be understood that they are parallel

X.

When 8 Planes are said to intersect in a Point at an in-
finite distance, let it be understood that either every 2 of them
are parallel, or, if any 2 of them intersect, any Line, in which they
intersect, is parallel to the 3™ Plane. ‘

Prorosrrion VIII. Ta.

If the Equation to a Line, passing through the origin or a
vertex of reference, be given in the form

T_94_* e _ B _7,
1" m  n or 1= m = n
this may be written in the form
il R or | By =0. (Cu V. Pror.1V.
i, m,n b myn
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. Again, if the Equation to a Line, passing through a given
Point, be given in the form

z— _y—y _2—7 a—d’ _ B—F _ y—v,
= = ’ or 7 = = H

~

l m n m n
this may be written in the form
% ¥ % 1 a Byl
7, ¥,72,1|=0, or ;8,9 1||=0. '(CH.V. Pror. V.
5 my,n O l, myn, 0

Again, if the Equation to a Line, passing through 2 given
Points, be given in the form

a=a6_B=B_v—n,

=2 Y=4h_%2—% = =
a—a;, B—B Y1i—7s

- - J
8T8 H1—Yr A4

this may be written in the form .
z 9 2 1 aQ B v 1
zl, .’1’ zl, 1 = 0) or a], Bl’ YI’ 1 = 0- (CH-V. PBDP. VI-
Ty Yas %y 1 B ag, By ¥ 1

ProrosimioN IX.  Ta.

If there be given 2 Planes, represented, in the Cartesian

System, b
y Y 4,24+ B,y+Cz2+D, =0,

A2+ By + Cyz+ Dy = 0;
or, in the Quadriplanar System, by
4,0+ B,8+Ciy+ D3+ E, =0,
4ya+ B+ Coy+Dd+E; =0,
the sxstematic Equation being aa + 48 + ¢y + dd —8M = 0;

(1) If |[V|#0;
then the Equations are consistent, and there is one Variable to which
an arbitrary value may be given ; (Ca. III. Proe. II.

and
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.*. the 2 Planes intersect in more than one Point ;
i.e. they intersect in a Line.
also, for each such arbitrary value, there is only one value for each of
the other Variables ; (Cu. III. Proe. II.
they do not coincide ;

the 2 Planes intersect in one Line, and in one only.

(2) If |V||=0,but |[B|#0;
then the Equations are inconsistent ; (Cu. IIL. Proe. V.
~ the 2 Planes are parallel *;

(8) If |Bl|=0; (whence also ||V]|=0) ;

then, in the Cartesian System, the Equations are identical ;
(Cau. III. Pror. V1.
also, in the Quadriplanar System, since exther of the Equations to the
Planes, taken with the systematic Equation, are such that their 7-Block
is not evanescent ; (Conv. VII.
.*. the 8 Equations are consistent, and either of the Equations to the
Planes is dependent on the other Equations;  (Cu. IIL. Proe. IX. Cog,
1. e. whatsoever Point lies on one of the 2 Planes, lies also on the
other ; (Cr. II1. Der. VL

in either System, the 2 Planes coincide.

, From (2) and (8) may be deduced
(4) If|V]|=0;
then the 2 Planes have the same direction.

* Prop. IX. (2.) Thus, in the Quadriplanar

9,9
System, if the systematic Equation be evanescent secondary Minor {5, 4} ). but

9a+98+12y+203-20 = 0; | B1 # 0, the 2 Planes are parallel.
and if there be 2 Planes N.B. The above systematic Equation was
Ba+48+2y+98+5 =0, obtained by taking, as the base of the Tetra-
a— B—8y—28+8 =0: hedron of reference, a triangle whose sides are

. . 8, 8, 4, and erecting, at the centre of the in-
since || Pj| =0, (“ may be proved by taking the s:sribed, circle a pe;'pendicul:.r whose length
2 principal Minors of it, which contain the non- | =1.
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ProrosiTioNn X. Th.

If there be given 3 Planes, represent:,ed, in the Cartesian
System, by
’ 4,24 By+ €2+ D = 0,

432+ By + Cyz+ Dy = O,
‘ Agz+ Byy+ Cyz4+ Dy = 0;
or, in the Quadriplanar System, by
40+ B+ Ciy+ D3+ B =0,
4dya+ BB+ Cyy+Dyd+ By =0,
Aya+ Byf+Cyy+ Dyd+ By = 0,
the systematic Equation being aa + 48 + ¢y + dd —8M = 0;

and
(1) IfV+£0,;
then the Equations are consistent, and there is only one set of values
for the Variables; (Ca. II1. Proe. L

.-« the 8 Planes intersect in one Point, and in one only.

(2) If V=0, but |B| #0; ,
then the Equations are inconsistent ; (Cu. III. Proe. IV.
.*. -~ the 3 Planes do not intersect in one Point. '

i. e either every 2 of them are parallel, or, if any 2 of them intersect,
any Line, in which they intersect, is parallel to-the 3 Plane ;

i. e. they intersect in a Point at an infinite distance.

(8) If |B||=0; (whence also V'=0) ; and if there be, among the
Equations to the 3 Planes, 2 which have their V-Block not
evanescent ;

then there are 2 of the Planes which intersect in ope Line, and in one
only; ’ (Pror. IX. (1)
and the Equation to the 8 Plane is dependent on the other 3 Equa-
tions; (Cu. III. Proe. VIII.
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the 8 Plane passes through the line of intersection ;
the 8 Planes intersect in one Line, and in one only *.

(4) If || B|| =0; (whence also V'=0) ; and if every 2 of the Equa-
tions to the 3 Planes have their V-Block evanescent; and
if there be among them 2 which have their B-Block not
evanescent ;

then 2 of the Planes are parallel ; 2 (Peoe. IX. (2)
and the 8 have the same direction. (Proe. IX. (4)

(5) If every 2 of the Equations to the 3 Planes have their
B-Block evanescent ; (whence also | B|| =0, and V'=0);
then the 3 Planes coincide. , (Pzoe. IX. (8)
From (2), (8), (4), and (5) may be deduced
(6) If V=0; .
then the Lines of intersection, if any, have the same direction.
From (8), (4), and (5) may be deduced

(7) If |Bl=0;

then the 8 Planes intersect in one Line at a finite or infinite

distance.
From-(3) and (5) may be deduced

_(8) If |B)|=0; and if either there be, among the Equations to
the 8 Planes, 2 which have their V-Block not evanescent,
or if every 2 have their B-Block evanescent ;
then the 3 Planes intersect in one Line. -

* Prop. X. (8.) Thus the 8 Planes
22+ y— z=0,
z+2y+ 82 =0,
x—4y—f1z =0,
interscct in one Line, and in one only.
N 2
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Prorosrrion XI. Ta

If there be given 4 Planes, represented, in the Cartesian

System, b
4 7 4,24+ By+Cyz24+ D, = 0,

&e.
Ae+By+Cz2+D, =0;

or, in the Quadriplanar System, by

Aa+ BB+ Cy+ D3+ E =0,
| &e
Aa+BB+Cy+D3+E, =0;
 the systematic Equation being aa + 48 + ¢y +ds-3M = 0;
and
(T) If B # 0 ; (whence also |V|#0, and every 3 of the Equations
to the 4 Planes have their B-Block not evanescent) ;

then the Equations are inconsistent ; (Ca. IIL. Pror. IIL

the 4 Planes do not intersect in one Point, but there are
8 of them which intersect in one Point, and in one only.

(2) It B=0, and if there be, among the Equations to the 4 Planes,
3 which have their V-Block not evanescent ;

then the Equations are consistent, and there is only one set of values

for the Variables ; (Ca. II1. Proe. VIIL.

the 4 Planes intersect in one Point, and in one only *,

* Prop. XI. (2)) Thus, in the Quadriplanar System, if the systematic Equation be
9a+98+129+208—20 = 0,
the 4 planes
a+ B— ¥+ 58— 8 =0,
5a+38+8y+128~11 = 0,
3a+5B+59+ 38— 4 =0,
at+ B+8y+ 38- 1 -0,

intersect in one Point, and in one only.
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(8) If B=0; and if every 3 of the Equations to the 4 Planes
have their V-Block evanescent; and if there be among them
8 which have their B-Block not evanescent ;
then 8 of the Planes intersect in a Point at an infinite

distance ; ~ (Pror. X. (2)
and all the Lines of intersection, if any, have the same
direction. (Proe. X. (6)

(4) If every 3 of the Equations to the 4 Planes have their
B-Block evanescent ; (whence also B=0); and if there be
among them 2 which have their V-Block not evanescent ;

then there are 8 of the Planes which intersect in one line, and one

" only; (Paoe. X. (8)
and the Equatlon of the 4 Plane is dependent on the other Equa-
tions ; (Ca. III. Pror. IX.

the 4th Plane passes through the Line of intersection ;
the 4 Planes intersect in one Line, and one only.

(6) If every 8 of the Equations to the 4 Planes have their B-
Block evanescent ; (whence also B=0); and if every 2 have
their V-Block evanescent; and if there be among them 2
which have their B-Block not evanescent ;

then there are 2 of the Planes which are parallel ;
(Pror. IX. (2)
and the 4 have the same direction. (Pzor. IX. (4)

(6) If every 2 of the Equations to the 4 Planes have their
B-Block evanescent ;- (whence also every 8 have the same,

then the 4 Planes coincide. (Pror. IX. (3)
From (2), (8), (4), (5), and (6) may be deduced
(7) If B=0; '

then the 4 Planes intersect in one Point at a finite or infinite
distance.

From (2), (4), and (6) may be deduced



-~

94 Geometrical Analysis. [Cnar. VIL

(8) If B=0; and if either there be, among the Equations to the
4 Planes, 8 which have their ¥-Block not evanescent, or
if every 8 have their B-Block evanescent and there be 2
which have their V-Block not evanescent, or if every 2 have
their B-Block evanescent ; ' )

then the 4 Planes intersect in one Point.

Proposrrion XII. Th.
If there be given.2 Points in Space, represented, in the
Quadriplanar Sy stem, by (a;, By, 71 41) (a8 Bs 7 &) ; and if

"“u B 7 & i
ag, Bes e O

=0;

" then I

as B v 8, 1 H =0.

agy Bas ¥ 8, 1

For aa,+8B, +cy,+dd,—8M = 0,
aay+8By+ ¢y, +db,—3M = 0 ;

in these Equations, let 4, &, ¢, d, —8 M, be considered as Variables ;
then there are 2 homogeneous Equations containing 5 Variables; and

their 7-Block is {:" g" n g" }} ; and there is a set of values, for the °
» 2 73 Y3

Variables, of which the last is actual ; and, if the last column of their 7-Block
be omitted, the remaining Block is evanescent ;

.*» the whole Block is evanescent. (Cu. III. Pror. XV. Cog.
Therefore, if there be given, &e. Q.E.D.

CororLLARrIES TO PrOP. XII

1.

Hence the 2 Points are coincident.

, 1
For, since ’ :’ 1 H = 0, a, = a,; and so of the others.
| 2’
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, 2. .

By a similar process it may be proved that, if there be 3 Points in Space,
thus represented, and if
e, B 7 §
ag Bs ¥ &
a3, By 78> O
a5 B 7 O 1
then ag, Bas ¥ 8, 1(]=0:
a3, Bys s O, 1:

=0:

8. . .

And similarly, (using Cu. III. Prop. XIV. Cor.), that if there be 4
Points in Space, thus represented, and if
% p_u " 5_:
A

LY) ﬁ;- 7.4: 6.4
45 By yis 8 1

- then =0.

L) 54: Yo O, 1

Proposrrion XIII. Ta.

If there be given 3 Points in Space, represented, in the
"Cartesian System, by (), %), 2,), &c.; or, in the Quadriplanar
- System, by (ay, By, 71, &), &c.; and if, in each System, the general
Equation to a Plane be taken, involving 4 undetermined quantities
A4,B,C, D; and if the coordinates of the given Points be suc-
cessively substituted in it; and if 4, B, C, and D be considered
as Variables in the Equations so formed, viz.—

in the Cartesian System,
Az, + By, + Coy+ D = 0, 2, % 2 1)
Ary+ By, + Cz,+D = 0, +, whose V-Block 18 { #3, 95 25 1 };
Azy+ Byy+ Cz3+ D = 0, ' Tys Y35 755 1
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’

in the Quadriplanar System,
Aa, + BB, + Oy, + D8, = 0, a, By 7y &
Aoy + BBy +Cyy+ Db, = 0, +, whose V-Block is { a5, By, 75, 8 }3
Aag+ B3+ Oyy+ Dby = 0, ag, Bss ¥ss 3

then, in the first place, it is evident that there is a real Plane
on which the 3 Points lie ;

' also further
(1) If |V|#0; .
then the values for the Variables bear to each other one and the same
set of ratios ; ' (Cu. II1. Pgo. IL. Cor.

there is only one such Plane; )
.*. . the 8 Points lie on one Plane, and on one only.

(2) If | V|| =0 ; and if there be, among the 8 Equations, 2 which
have their V-Block not evanescent ;
then the Equations are consistent, and there are 2 Variables to which
arbitrary values may be given, and for each such set of arbitrary values,
there is only one value for each of the other Variables;
: (Ca. III. Proe. IX. Cok.
for each such set, there is only one Plane;
hence, by giving to these 2 Variables certain arbitrary values, and again
certain others not equimultiples of these, 2 Planes may be found on
each of which the 8 Points lie; ‘
and these Planes do not coincide ; (Proe. IX. (1), (2)
the 3 Points lie on one Line, and on one only.

(8) If every 2 of the 3 Equations have their V-Block evanescent ;
(whence also || V| =0); :
then the 8 Points coincide. (Prop. XII. Cog. 1.
" From (2) and (3) may be deduced
(4) If |V||=0; the 3 Points lie on one Line *,

* Prop. XIII. (4.) Thus, in the Quadriplanar System, the 3 Points, whose coordinates are
G 1, 2- l),
(20 - 10 5; 4)’
(11 - 8} 8; 9):
lie on one Line.
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Prorosrrion XIV. Th.

I there be given 4 Points in Space, represemted, in the
Cartesian System, by (z,, 71, 2,), &c.; or, in the Quadriplanar
System, by (aj, B1, 71, &), &c.; and if, in each System, the general
Equation to a Plane be taken, involving 4 undetermined quamtities
A, B, C,D; and if the coordinates of the given Points be suc-
cessively substituted in it; and if the quantities 4, B, C, and D
be considered as Variables in the Equations so formed ; viz.—

in the Cartesian System,

- 4o+ By, + Cn + Dy = 0, 21 Y % l
&e , whose V-Block is { : : : :'%;

434'*'-”.74"' Cz‘+.D‘ = 07 \ 3.4, j‘, é&’ i

in the Quadriplanar System,

Aal+-Bﬂ1+ 071+.D51 =0, . ~ ay, B_l’ Y -81
&e. , whose V-Block is | | i | il

Aa,+ BB, + Cy,+ D8, = 0, ay, ﬁ'p Yo 8,

and

(1) f Vo0, ‘
then the only values for 4, B, C, D> are zero ; (CH. III. Proe. 1. Cor.
the 4 Points do not lie on one Plane.

(2) If V=0; and if there be, among the 4 Equations, 3 which
have their V-Block not evanescent ;

then there are 8 of the Points which lie on one Plane, and on one

only ; (Prop. XIIL. (1)

also the 4% Equation is dependent on the others; (Cu. IIL. Pror. IX.
that is, these values of 4, B, C, and D, which belong to a plane passing
o
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through these 8 Points, the same belong also to a Plane passing through
the 4t Point ;

the 4 Points lie on one Plane, and on one only *.

(3) If every 8 of the 4 Equations have their V-Block evanescent ;
(whence also V=0); and if there be among them 2 which
have their V-Block not evanescent ;

then there are 2 of the Points which do not coincide, that is, which
lie on one Line, and on one only ;
and each of the other Points lies on the same Line;  (Pror. XIIL (2)

the 4 Points lie on one Line, and on one only.

(4) If every 2 of the 4 Equations have their V-Block evanescent ;
(whence also every 8 have their V-Block evanescent; and
whence also V'=0) ;

then the 4 Points coincide. (Peor. XIL Cok. 1.
From (2), (3), and (4) may be deduced
(6) If V=0 ; the 4 Points lie on one Plane.
From (3) and (4) may be dediiced

(6) If every 3 of the 4 Equations have their V-Block evanescent ;
the 4 Points lie on one Line.

* Prop. XIV. (%) Thus, in the Cartesian System, the 4 points, whose coordinates are

(25 1; - 1)1
G 2 b X
(ll - 2; - 3)-
(4; 5, 3),

lie on one Plane, and on one only.

—_—_—————————



CHAPTER VIIL

GEOMETRICAL TESTS.

SECTION 1

Plane Geometry.

Prorostrion 1. TH.
Test for 2 Lines having the same direction.

If there be given 2 Lines represented, in the Cartesian
Bystem, by
4,2+ By+C =0,
4,2+ By + 0y = 0;
or, in the Trilinear System, by
410+ BB+ Cy+D, =0,
4ya+ BB+ Cy+Dy = 0;
the systematic Equation being ea+ 88 + ¢y —2M= 0=
a test for their having the same direction is that ¥'=0.

Let the test be fulfilled ;
then the 2 Lines have the same direction; - - (Cr. VIL, Pgop. IIL (4)
*. the test is sufficient.
' 02




100 Geometrical Tests. [Caar. VIIL

Next, let it be not fulfilled ;
then the 2 Lines intersect in one Point, and in one only ;

(Cu. VIL Proe. IIL. (1)
that is, they have not the same direction ;

the test is necessary.
. Therefore, if there be, &e. Q.E.D.

PROP;)SITION II. Tsa.

Test for 8 Lines intersecting, (1) in a Point at a finite or infinite distance,
(2) in one Point.

If there be given 3 Lines, represented, in the Cartesian

System, by
N 4,24+ By+C, =0,

4,2+ By +G, = 0,

42+ By+ G = 0;
or, in the Trilinear System, ol

4ya+ BB+ Cy+D, = 0,
4,0+ B+ Cy+ D, = 0,
dga+ByB+Cyy+Dy = 0;
the systematic Equation being aa+ 68+cy—2M = 2:

then, firstly,

a test for their intersecting in one Point, at a finite or infinite
distance, is that B=0.
. Let the test be fulfilled ;
then the 8 Lines do so. intersect ; (Cu. VIL Pror. IV. (5)
the test is sufficient. ‘

Next, let it be not fulfilled ;
then the 8 Lines do not intersect in one Point at a finite distance ;
(Ca. VIL Pror. IV. (1)
_ also there must be, among their Equations, 2 which have their 7-Block
not evanescent ; for otherwise B would = 0;
. there are, among the 8 Lines, 2 which intersect in one Point and
in one only ; - (Cau. VIL Peor. III. (1)
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‘.. the 8 Lines do not intersect in a Point at an infinite distanoe ;
.. the test is mecossary.
Therefore, if there be, &ec. Q.E.D.

Seoon_dly,

a test for their intersecting in one Point is that B=0, and
that either there are, among the Equations to the 3 Lines, 2
which have their V-Block not evanescent, or else every 2 of them
have their B-Block evanescent.

Let the test be fulfilled ; _
then the 8 Lines intersect in one Point ; (Cu. VIL. Pror. IV. (6)
the test is sufficient.
Next, let it be not all fulﬁlled
then either |B| # 0, or else every 2 of the Equations to the 8 Lines
have their 7-Block evanescent, a.nd 2 of them have their B-Block not eva-
nescent ;
in the first case, the 8 Lmes do not intersect in one point ;
(Ca. VII. Pror. IV. (1)

in the second, 2 of them are parallel ; (Cu. VIL. Pror. III. (2)
in either case, they do not intersect in one Point ;
the test is necessary.
Therefore, if there be, &c. Q.E.D.

Prorosrrion III. Ta.
Test for 8 Points lying on one Line.

If there be given, 8 Points, represented, in the Cartesian
System, by (i, 1), &c.; or, in the Trilinear System, by (a;, 8:, 71),
&c.; and if, in each System, the given coordinates be formed into
a Block, thus :—

Z, 9 1 a, By n
Z3 90 1 ¢, ay; Bss Ya
T3 Ygs 1 as, Bss vs

a test for the 8 Points lying on one Line is that the Block so
formed is evanescent.
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In each System let the general Equation to a line be taken, involving
8 undetermined quantities 4, B, C; and let the coordinates of the given
Points be successively substituted in it; and let 4, B, and C be considered
" as Variables in the Equations so formed, whose V-Blocks are those given'
above.

Now let the test be fulfilled ; _
then the 8 Points lie on one Line; (Cu. VIL. Proe. VL, (4).
.. the test is suficient. 7

Next, let it be not fulfilled ;
then they do not lie on one Line; (Cm. VII. Pror. VI. (1)

<. the test is necessary.
Therefore, if there be, &c. Q.E.D.

COROLLABIEQ 10 Prop. 111

1.

If there be given 2 Points, represented, in the Cartesian System, by
(@15 31)s (73, 95); or, in the Trilinear System, by (a;, 8y, 1), (a5, By 75): the
Equation to the Line through them is

s ¥ 1 a B, vy
r, 9, 1|=0, or a, B, n|=0.
2y Y2r 1 a3, Bas %2

2.

The Equation in the Cartesian System may also be written

I=h _ITh (Cu.V. Pror. IX.

ry—2, " h—Ys
. 8.

The equation in the Trilinear System may also be written

ﬁu 71| Q5 71| Qs ﬁ1| 0.
lag, 7, 02: By
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Also, since it is equivalent to

a, B ¥ 1 .
a, B, N 11> (Cu. VIL. Pror. V. Cor. 2.
. . (Y] .ﬁ,, Ya» 1
it may be written
o—e _ A=A _¥7n (Cr. V. Pror. IX.

a;—ag - Bi—Bs - 71'—72'

4,
If there be 2 Points, not coincident, represented, in the Trilinear System,
by (a3, Brs 71) (ags Bsy v5) : the 8 ratios

ﬁvhl:a _“1:71|:b “nﬁll:o
Bss vs ’ @z, Vs ’ a5, By ’
cannot be all equal.

For, if they were, the Equation to the Line through them might be written
aa+bB+cy = 0;
but this does not represent a real Line. (Cu. VIL Pror, 1. (2)



CHAPTER VIIL (Continued)

SECTION IL.

Solid Geometry.

Prorosrrion IV, Ta.
Test for 2 Planes having the same direction.

If there be given 2 Planes, represented, in the Cartesian

System, b
y Az + By +Ciz+ D, = 0,

A,2+ By + Coz+ Dy = 0;
or, in the Quadriplanar System, by
4,a+B,8+Ciy+Dd+ E, =0,
430+ ByS+Cyy+ Dyd+ E, = 0;
the systematic Equation being aa+ 68 + oy + a +3M=0;

a test.for their having the same direction is that || V|| =0.

Let the test be fulfilled ;
then the 2 Planes have the same direction ; (Cu. VIL Proe. IX. (4)

it is sufficient.
Next, let it be not fulfilled ;
then they intersect in one Line and one only;  (Cu. VIIL. Pror. IX. (1)



Geometrical Tests. 105

that is, they have not the same direction ;
it is necessary.
Therefore, if there be, &c. Q.E.D.

ProposiTioNn V. Ta.

Test for 3 Plames intersecting, (1) in one Line at a finite or infinite distance,
() in one Line.

If there be given 3 Pla.nes represented in the Cartesian
System, by
4dz4+ B,y+Ci2+ D, = 0,
Ayz2+ Byy+ Cyz+ Dy = 0,
A2+ Byy+ Cz+ Dy = 0;
or, in the Quadriplanar System, by
‘ 4dya+ BB+ Ciy+ D)3+ E, =0,
Aja+ BB+ Cy+ D3+ By = 0, -
4dyo+ BB+ Cyy+Dyd+ By = 0;
the systematic Equation being aa+ 48 + ¢y + @0 —8M= 0

then, firstly, ‘ )

a test for their intersecting in one Line, at a finite or infinite
distance, is that |[B||=0.
Let the test be fulfilled ;
then the 3 Planes do so intersect ; (Cu. VII. Peoe. X. (7)
the test is sufficient.
Next, let it be not fulfilled ;
then the 8 Planes do not intersect in one Line at a finite distance;
(Cu. VIL Proe. X. (1), (2)
also there must be, among their Equations, 2 which have their 7-Block
not evanescent; for otherwise, every secondary Minor of the 7-Block would
be evanescent, that is, B would = 0;
there are, among the 8 Planes, 2 whlch intersect in one Line, and in
one only ; (Cu. VII. Peror. IX. (1)
the 8 Planes do not mtersect in 3 Line at an infinite distance ;
the test is necessary.

Therefore a test, &e. Q.E.D.

<
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Secondly,

a test for their intersecting in one Line is that |B]|=0, and
either there are, among the Equations to the 8 Planes, 2 which
have their V-Block not evanescent, or else every 2 of them have
their B-Block evanescent.
Let the test be fulfilled ;
then the 8 Planes intersect in one Line ; (Cr. VIL Peor. X. (8)
. . it is suficient. ‘
Next, let it be not all fulfilled ;
then either | B| 3 0; or else every 2 of the Equations to the 8 Planes
have their 7-Block evanescent, and 2 of them have their B-Block not eva-
nescent ; ’
in the case where | B| % 0, the 8 Planes do not intersect in one Line;
(Cu. VIL Proe. X. (1)
in the second case, 2 of them are parallel ; (Cu. VIL Pror. IX. (2)
in either case they do not intersect in one Line ;
the test is necessary. :

Therefore, if there be, &c. Q.E.D.

Pmmsxuon V1. Tm

Test for 4 Planes interce.ctihg, (1) in one Point at a finite or infinite distance,
(2) in one Point.

If there be given 4 Planes, represented, in the Cartesian
System, by

Az + B y+Ci2+ D, =0,
. : &e.;
or, in the Quadriplanar System, by
A0+ B,8+Ciy+ D8+ E, = 0,
: ’ &e. ;
‘the systemmatic Equation being aa+ 8B + ¢y + dd—8M=0:
then, firstly,

a test for their intersecting in one Point, at a finite or infinite
distance, is that B=0.
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Let the test be fulfilled ;
then the 4 Planes do so intersect ; (Ca. VIL. Pror. XI. (7)
. -the test is sufficient.
Next, let it be not fulfilled ;

then the 4 Planes do not intersect in one Point at a finite distance;
(Cu. VIL Pgor. XL. (1)

also there must be, among their Equations, 8 which have their 7-Block

not evanescent ; for otherwise B would = 0;
there are, among the 4 Planes, 8 which intersect in one Point and
in one only ; . . (Ca. V1L Pror. X. (1)
the 4 Planes do not intersect in a Point at an infinite distance ;
~. the test is necessary.

Therefore a test, &ec. Q. E.D.

Secondly,

a test for their intersecting in one Point is that B=0, and either
there are, among the Equations to the 4 Planes, 8 which have
their V-Block not evanescent, or else every 3 have their B-Block
evanescent and there are 2 which have their V-Block not eva-
nescent, or else every 2 have their B-Block evanescent.

Let the test be fulfilled ;
then the 4 Planes intersect in one Point. (Cu. VII. Proe. XI. (8)
o it is sufficient.
Next, let it be not all fulfilled ; .
then either B3 0; or every 8 of the Equations to the 4 Planes have
their 7-Block evanescent, and there are 8 among them which have their
B-Block not evanescent; or every 2 have their 7-Block evanescent, and
there are 2 which have their B-Block not evanescent ;
in the first case, the 4 Planes do not intersect in one Point ;
(Ca. VII. Proe. XI. (1)
in the second, 8 of them do not so intersect ; (Cu. VII. Proe. X. (2)

in the third, 2 of them are parallel ; (Cu. VIL. Proe. 1X. (2)
in any case, they do not intersect in one Point ;
the test is necessary. -

Therefore, if there be, &ec. . Q.E. D.
P2

~ ‘\\
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ProrosiTion VII. Ta.
Test for 8 Points in Space lying on one Line.
If there be given 8 Points in Space, represented, in the
Cartesian System, by (z;, %, 2,), &c.; or, in the Quadriplanar

System, by (a;, 81, 71, 61), &c. ; and if, in each System, the given -
coordinates be formed into a Block, thus :—

z, 9 %, 1 e, B v 4
Zg, Y9, % 1 ¢, ag; B3y Y3 O
T3y Y3 %3 1 ags Bs, Vs O

a test for the 8 Points lying on one Line is that the ‘Block so
formed is evanescent.

In each System let the general equation to a Plane be taken, involving
4 undetermined quantities 4, B, C, D; and let the coordinates of the given
Points be successively substituted in this general Equation; and let 4, B, C,
and D be considered as Variables in the Equations so formed, so that their
7-Blocks are those given above. ' '
Now let the test be fulfilled ;
then the 3 Points lie on one Line ; (Cu. VII. Pror. XIII. (4)
it is sufficient.
Next, let it be not fulfilled ;
then the 8 Points lie on one Plane, and one only ;

(Cu. VII. Pror. XIIL. (1)
it is mecessary.

Therefore, if there be, &ec. Q.E.D.

CoroLLARIES TO Prop. VII.

1.
If there be given 2 Points in Space, represented, in the Cartesian
System, by (;, #,, %), &ec. ; or, in the Quadriplanar System, by (ay, 8;, 71, &),
&c. : the Equations to the Line through them are given by

z, 9 2z 1] a;ﬁ:Y:bll
oy $ 7 1 J =0, a, By 1y 8 |[=0.
| @35 Y25 225 1 . a3, Bes v 8 '
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: 2.
" The Equation in the Cartesian System may also be written

o=z _y=9 _2ta
=%y N—Y2 H— %

(C. V. Pror. IX.

8.
The Equation in the Quadriplanar System is equivalent to
a By & 1
a;, By 1y ¥, 1[=0, (Ca. VII. Proe. V. Cor. 2.
‘ ass Bas ¥a 8y 1
and therefore may be written

a—a _ B—8 - r—n - -3 .
a—a B—B n—r 4-%

(Cu. V. Prop. IX.

. ProposrrioNn VIII. Ta.
Test for 4 Points in Space lying on one Plane.

If there be given 4 Points in Space, represented, in the
Cartesian System, by (x,, ¥;, #), &c.; or, in the Quadriplanar
System, by (ar, Bi, 7, 81), &c.; and if, in each System, the given
coordinates be formed into a Block, thus :—

7, 9 2 1 a1, B 7y &
Ty I3 %5 1 : ag, By e O
T3, Y35 23 1 ’ a3, Bss ¥s» 8
Ty Yus %y 1 %4 B Ve 8

the test for the 4 Points lying on one Plane is that the Block so
formed is evanescent.

In each System let the general Equation to a Plane be taken, involving
4 undetermined quantities 4, B, C, D'; and let the coordinates of the given
- Points be successively substituted in this general Equation; and let 4, B, C,
and D be considered as Variables in the Equations so formed, so that their
" 7-Blocks are those given above.

-
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Now let the test be fulfilled ; 4 .
then the 4 Points lie on one Plane ; (Ca. VII. Pror. XIV. (5)

it is sufficient.
Next, let it be not fulfilled ;

then the 4 Points do not lie on one Plane; (Cu. VIL Pror. XIV. (1)

it is necessary.
Therefore, if there be, &ec. Q.E.D.

CoroLrARIES TO Prop. VIII.
1.

If there be given 8 Points in space, represented, in the Cartesian System,
by (21, 715 2), &ec. ; or, in the Quadriplanar System, by (a;, B8;, 11, 8,), &e.:

the Equation to the Plane through them is

z ¥ z.vl a B, 7’8
* Ty Y15 %1 1 =0, or a, By Yo 4
=0, =
Zyy Yas %y 1 a5, Bss Vo O
Ty, Ygs % 1 . 1% Bs> s> 8
2
The Equation in the Quadriplanar System may be written
B ns & a5 7 4 ay By & a5 By n
a.|Bsy ¥as S| —B.|ag ¥as B |+y-|ag Bey Y|—d.]a By 2] = 0
Bss 735 3 a3, s 3 ag, By ¥ a3, By 73
3.

If there be 8 Points in Space, not lying in one Line, represented in
the Quadriplanar System by (a,, 8;, 71, &), &e. ; then the ratios

cannot be all equal.

81> N 5 a, 7 4 a, By & a5, Bun
Bas vas 8 |:a, —|ag, vao 8|18, |0 Bas B0, —|as By ¥:2|: 4
Bss vss s a35-¥3s O ag, Bg, 3 Jag, By ¥s

For, if they were, the Equation to the Plane through these 3 Points

‘might be written
aa+bB+ecy+dd=0;

but this does not represent a real Plane. (Cn. VIL Pror.VIL (2)
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METHOD OF ANALYSING A GIVEN SET OF SIMULTANEOUS
Linear Equarions. (See Page 74, note.)

1. Equations not all homogenéous.

The points, on which information is required, concern
(1) The consistency of the Equations,
(2) Their dependence one on another.

(8) The Variables to which arbitrary values may be simultaneously
assigned.

We begin by examining the 7-Block and B-Block of the first 2 Equa-
tions ; then those of the first 3; of the first 4, and so on. '

If in the course of this process we find a set of Equations whose 7-Block
is evanescent, but not their B-Block, these are inconsistent, and the inquiry
comes to an end.

If in its course we find a set whose B-Block is evanescent, the last may
be set aside as dependent on one or more of the preceding.

This process is eontinued until the whole set have been thus exammed
or until we have found a set, whose .number is equal to the number of the
Variables, and whose 7-Block is not evanescent, In the latter case, if there
be Equations still remaining, we must take each of them separately along
with the set already examined, and examine the B-Block of each set so



112 ‘ Appehdz'a; I

formed. If any such B-Block be not evanescent, the Equations are in-
consistent; but if every such B-Block be evanescent, all these remaining
Equations are dependent on the set already examined.

Thus in any case we either prove the inconsistency of the given Equa-
tions, or else (setting aside all that are proved to be dependent on others) we
obtain a set of independent Equations, whose 7-Block is not evanescent.

Now in this set of independent Equations, the number of Variables is
either equal to, or else greater than, the number of Equations. In the former
case, there is only one set of values for the Variables; in the latter, the
excess gives the number of Variables to which arbitrary values may be
simultaneously assigned, and, for every non-evanescent principal Minor of
the 7-Block, there is such a set of Variables, namely those whose coefficients
do not enter into that principal Minor. (Hence, in this case, there are
always two such sets at least. See Cmar. V. Pror. X.)

Let us take as an example the 4 Equations
%+ v—2z+j-— z— 6=0,
20+ 2v—4a—y+ 2z2— 9 =0,
%4+ v—2z - 5=0,
v— v+ a+y—2z = 0.

We begin by examining the 7-Block and B-Block of the first 2 Equa-
tions; and for this purpose we take the first column along with each of

1,1 1, -2 1, 1
zzkﬂlz—4kmlz7J*&
This shows that their 7-Block is not evanescent.

We now take the first 3 Equations, and combine the 2 columns, which
contain the non-evanescent Minor so found, with each of the other columns

the others successively. Thus we have

successively. Thus we have ; .
1, 1, 1 1, 1,-2
2,-1 2|=0, [2,-1,—-4|=0,
1, 0 1 1, 0, -2
1, 1, -1 1, 1,—- 6
2, -1, 1|=0, |2, -1, - 9]|=0.
1, 0 0 i, 0,— 56

This shows that the B-Block of these 3 Equations is evanescent, so that
the 37 is dependent on one or both of the first 2.
Omitting the 8™ we take the 1%, 2%, and 4%, and proceed as before.
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1, 1, 1
Thus we have {2, —1, 2|3 0. This shows that the 7-Block of these 8
1, 1, -1

Equations is not evanescent. Hence these Equations are consistent, and,
since they contain 5 Variables, there are 2 Variables to which arbitrary values
may be assigned.

To ascertain how many such sets of 2 may be selected from the 5 Vari-
ables, it is necessary to compute a// the principal Minors of the 7-Block of

1, 1, -2
these 8 Equations. These are |2, 2, —4 | = 0, (because the oblong Block,
L, -1, 1
formed of the first 2 rows, is evanescent); next, taking columns (124)
1, 1, 1 1, 1,-6
2, 2 —1|% 0; for columns (125), [2, 2, —9]|+# 0; for (134),
1, -1, 1 ,-1, O
1, -2, 1 1, -2, —6 1, -1, —6
2, —4, —1|#0; for (185),{2, —4, —9 |#0; for (145),|2, 1, —9]#0;
1, 1, 1 , 1, 0 1, -2, 0
1,-2,-1] . 1,-2,—-6
for (284), 2,—4, 1|#£0; for (285), 2,—4,—9]|5#£0; for (245),
-1, 1,-2 -1, 1, 0
1, 1,—-6 1,-1,—-6
2,-1,—-9| # 0; for(345), |-1, 1,—-9]|+#0.
-1, 1, 0 1,-2, 0

‘We have thus ascertained, with regard to these 4 Equations, that

(1) They are consistent. -

(2) The 1+, 24, and 4t are independent, and the 8+ is dependent on
one or both of the first two.

(8) It is possible to assign arbitrary values to 2 of the Variables
simultaneously ; and for this purpose any set of 2, with the exception of
(9,2), may be taken. If, for example, we assign to v and y the values
¢1’, ¢2°, we obtain for %, #, and z the values ¢2°, <=1, < 1’

Q
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Again, let us take the 5 Equations
82— 9+ 7T=0,
62—2y+14 = 0,

2+ y+ 1 =0,
z2+5y— 3 =0,
bz+ y+ 9=0.

We begin by examining the 7-Block and B-Block of the first 2 Equa-
tions; and for this purpose we take the first column along with each of the

6, _2| =0, 6, 14-'_ 0. Hence the
B-Block is eva.nescent and either Equation is dependent on the other.

Omifting the 279, we take the 1* and 3, and examine them in the
!13: —i # 0. Hence these Equations are
consistent, and there is only one set of values for the Variables.

‘We have now applied the general process as far as it will go, since the
number of Equations, last tested, is equal to the number of Variables. All
we have now to do, is to take these 2 Equations along with each of the
remaining Equations successively, and examine whether the B-Block of each
set, so formed, is evanescent or not.

others successively. Thus we have

3, -1, 7
Taking them along with the 4%, we have 1, 1|=0. Hence the
1, §5,-38
4t Equation is dependent on one or both of the 1** and 34,
o 3, _1, 7
Then taking them along with the 5%, we have |1, 5, —8 |= 0.
5 1, 9

Hence the 5% Equation is similarly dependent.

‘We have thus ascertained, with regard to these 5 Equations, that
(1) They are consistent.

(2) The 1 and 3™ are independent, and each of the rest is dependent
on one or both of thése.

(8) There are no Variables to which arbitrary values can be assigned.
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2. Given Equat{ons all homogeneous.

It must be remembered that homogeneous Equations are always con-
sistent, i.e. they may be satisfied by assigning to each Variable the value zero :
in some cases, the Variables admit of no other values, in others, they admit of
a set of values of which one at least is (and therefore two at least are) actual.
In this latter case, whatever set of values for the Variables satisfy the Equa-
tions, any equimultiples of them will do so also, so that in this case it is
always possible to assign an arbitrary value to any one of those Variables
which admit of actual values. Again, there are cases in which it is possible
to assign arbitrary values to 2 or more of these Variables simultaneously.
These properties will be the subject of our inquiry.

The points, on which information is required, concern

(1) The possibility of assigning to the Variables a set of values which
are not all zero. (In which case 2 at least of the Variables admit of
actual values, and to either of them an arbitrary value may be assigned.)

(2) The dependence of the Equations one on another.

(3) The Variables to which arbitrary values may be simultaneously
assigned. '

‘We begin by examining the 7-Block of the first 2 Equations; then those
of the first 8; of the first 4, and so on.

If in the course of this process we find a set of Equations whose 7-Block
is evanescent, the last may be set aside as dependent on one or more of the
preceding.

This process is continued until the whole set have been thus examined,
or until we have found a set, whose number is less by unity than the number
of the Variables, and whose 7-Block is not evanescent. In the latter case, if -
there be Equations still remaining, we must take each of them separately
along with the set already examined, and examine the 7-Block of each set so
formed. If any such 7-Block be not evanescent, the Equations admit of zero
values only ; but if every such 7-Block be not evanescent, all these remaining
Equations are dependent on the set already examined.

Thus in any case we either prove that the given equations admit of zero

Q2
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values only, or else (setting aside all that are proved to be dependent on
others) we obtain a set of independent Equations, whose 7-Block is mno
evanescent.

Now in this set of independent Equations, the number of Variables
exceeds the number of Equations, either by unity, or by some greater number.
In the former case, there is only one set of ratios among the Variables,
(see Cmar. III. Prop. II. Cor.), i. e. it is not possible to assign arbitrary
values to 2 of the Variables simultaneously; in the latter case, the excess
gives the number of Variables to which arbitrary values may be simultane-
ously assignied, and, for every non-evanescent. principal Minor of the 7-Block,
there is such a set of Variables, namely those whose coefficients do not enter
into that principal Minor. (Hence, in this case, there are always 2 such
sets at least. See Cuae. V. Pror. X.)

Let us take as an instance the 8 Equations .

2u+ v+22+4 y+ 82=0,
bu+8v—42+4+8y— 62 =0,
w4+ v—82+ y—122 = 0.

Here the 7-Block of the first 2 Equations is not evanescent.

But the 7-Block of the whole set is evanescent; hence the 3% Equation
may be omitted as dependent on the other 2.

And, in these 2, the Variables exceed the Equations in number by 3;
hence every non-evanescent principal Minor indicates a set of 3 Variables to
which arbitrary values may be simultaneously assigned. The non-evanescent
Minors are those belonging to (x,v), (%,2), (%,%), (% 2), (v,2), (v,2), (2,%),
(9, 2). Hence, with the exception of (, 2, 2), (u, v, y), any 8 of the Vari-
ables may have arbitrary values assigned to them. If, for example, we assign
to 2, y, 2, the values 1, 2, —1, we obtain for % and » the values 5, —11.
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ARITEMETICAL COMPUTATION OF DETERMINANTS.

A genéral method for computing the value of a Determinant has been -

already given (see CH. II. Pror. I. Cor. 1. Note); and, when the Elements are
Algebraical, this method is perhaps the best we can employ.

But when the Elements are Arithmetical, it is often possible so to re-
arrange, or otherwise modify, the given Block, as to make the process of
computation both easier and more expeditious. Were not this the case, it
would seldom be worth while to employ Determinants for any purpose where
actual calculation is necessary; for instance, in the solution of a set of 8 or
more simultaneous Equations, the old method of elimination would be far
preferable.

In this process of simplification, much must be left to the ingenuity of
the student, guided by the circumstances of the case. A few general rules
are all that the teacher can supply.

1. We have seen (Cnu. II. Ax. IL) that ““ if, in a square Block, the Elements
of any one row or column be multiplied by v ; the Determinant of the new Block
18 equal to that of the first multiplied by v.” Hence conversely, if, in a square
. Block, the Elements of any one row, or column, contain » as a factor; it may
be divided out and placed outside the Determinant. As an instance of the

36, 15, —24
application of this principle, let us take the Block {18, -9, 3} . Here
36, 8, 16
we may observe that the 1% row contains ‘3’ as a factor, the 2»4 <3’ also,
and that the 8 contains ‘4’: hence the Determinant may be reduced to the

12, 5, —8
form 82.4.] 6, —3, 1|: and this again, since the 1%t column contains ¢8’
.9, 2, 4 4, 5,-—8
as a factor, may be reduced to the form 3%.4.| 2,,—8, 1]{.
3, 2, 4
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2. We have seen (Cu. II. Proe. ]. Cor. 2.) that “if, in a square Block,
the Elements in any one row, or column, all vanisk but ome: the Determinant
of the Block is the product produced by multiplying the Determinant of the
complemental Minor of that Element by that Element itself, affected with
+ or —, according as the numerals in its symbol are similar or dissimilar.”’
As an instance of the application of this principle, let us take the Block

3 1, 0, 2

2, —1 1

1’ 1’ (5), 9 [’ where the Elements of the 8" column all vanish but
) )y =Yy

4’ _2) 0) '—1

one, and where the symbol of that Element is 3\8, so that its numerals are
similar. Hence the Determinant of this Block may be at once reduced to the

3, 1, 2| : '
form —5.] 2, —1, 1]. When the given Block does not contain any such
4, =2, -1

row or column, it may be made to de so by the application of another principle,
which we proceed to consider.

8. We have seen (Cu. IL. Proe. ITI. Cor. 8.) that « if, in a square Block,
there be added to the several Elements of any row, or column, the corre-
sponding Elements of any other row, or column, multiplied by any number : the
Determinant of the new Block is the same as that of the first.” As an instance of

7, 2, 1,-3

2,-1, 8, 6

1, 4,-8, 2 [’
-6, 4, 1, 5
and let us select the 8 column as the one to be reduced to the required form,
and its first Element, “1,” as the one which is not to vanish. Now to the
Elements of the 2 row add those of the 3%, To the Elements of the 3
row add those of the 4, multiplied by 8. To the Elements of the 4 row
add those of the 1%, multiplied by —1. The Determinant of the Block is

7, 2,1, -3
3 30 8 ) L.
thus reduced to the form —17, 10, 0, 17/’ which again is reduced, by
—-18, 2,0, 8
3, 3 8
the former rule, to | —17, 10, 17}.
-13, 2, 8
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In employing this Rule, we must observe that each modification is a
separate application of the principle, so that if we employ, in any stage of the
process, the Elements of a row, or column, which has been already modified,
we must employ them as so modified, and not in their original state. Failing

8 5 2
to observe this, we might imagine that, in the Block {2, 1, >8} , it
: 4, -1, -2
would be legitimate to add to the Elements of the 2*¢ row those of the 8, '
and at the same time to add to the Elements of the 8 row those of the 219,

: 8,5 2
and thus to reduce the Determinant to the form |6, 0, 1|: whereas the first
6,0 1
' 8 5 2
modification reduces the Determinant to the form {6, 0, 1|, and thus
4, -1, =2

the second proposed modification is impossible. To guard against this error
it is always best to employ, in each stage of the process, the Elements of
some row, or column, which has not yet been modified. :

4. The process of computation, which I now proceed to explain, and
for which “Condensation” appears to be an appropriate name, was com-
municated by me to the Royal Society in the year 1866, and an account of
it is to be found in their « Proceedings,” No. 84. '

In the following remarks I shall use the phrase *interior of a Block”
to denote the Block which remains when the first and last rows and columns
are erased. _

The process of ¢ Condensation” is exhibited in the following rules, in
which the given block is supposed to consist of # rows and # columns:— -

(1) Arrange the given Block, if necessary, so that no ciphers occur in its

" interior. This may be done either by transposing rows or columns, or by
adding to certain rows the several terms of other rows multiplied by certain
multipliers. .

(2) Compute the Determinant of every Minor consisting of four adjacent
terms. These values will constitute a second Block, consisting of n—1
rows and #—1 columns. )

(8) Condense this second Block in the same manner, dividing each term,
when found, by the corresponding term in the interior of the first Block.
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(4) Repeat this process as often as may be necessary (observing that in
condensing any Block of the series, the 7 for example, the terms so found
must be divided by the corresponding terms in the interior of the 7—1t®
Block), until the Block is condensed to a single term, which will be the
required value.

As an instance of the foregoing rules, let us take the Block
-2 -1 -1 -2 :
-1 -2 -1 -3
-1 -1 2 2
2 1 -3 —4

3 -1 1
By rule (2) this is condensed into [ —1 —5 4 |; this, again, by
1 1 =2

rade (3), is condensed into I _Z ‘; I ; and this, by rule (4), into —4,

which is the required value.

The simplest method of working this rule appears to be to arrange the
series of Blocks one under another, as here exhibited; it will then be found
very easy to pick out the divisors required in rules (3) and (4).

-2 -1 =1 =2
-1 -2 -1 -3
-1 -1 2 2

2" 1 -3 —4

3 -1 1
-1 =5 4
1 1 =2
8 -1
-4 3
—4.

This process cannot be continued when ciphers occur in the interior of
any one of the Blocks, since infinite values would be introduced by employing
them as divisors. When they occur in the given Block itself, it may be
re-arranged as has been already mentioned; but this cannot be done when they
occur in any one of the derived Blocks; in such a case the given Block must
be rearranged as circumstances require, and the operation commenced anew.
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The best way of doing this is as follows :—

Suppose a cipher to occur in the 4t row and #% column of one of the
derived Blocks (reckoning both row and column from the nearest corner of the
Block); find the term in the 4** row and #** column of the given Block
(reckoning from the corresponding corner), and transpose rows or columns
cyclically until it is left in an outside row or column. When the necessary
alterations have been made in the derived Blocks, it will be found that the
cipher now occurs in an outside row or column, and therefore need no longer
be used as a divisor.

The advantage of cyclical transposition is, that most of the terms in the
new Blocks will have been computed already, and need only be copied; in no
case will it be nedessa.ny to compute more than one new row or column for
each Block of the series. We must of course observe, in any such trans-
position, whether or no the sign of the Determinant is changed.

In the following instance it will be seen that in the first eeries of Blocks
a cipher occurs in the interior of the third. We therefore abandon the process
at that point and begin again, re-arranging the given Block by transferring the
top row to the bottom; and the cipher, when it occurs, is now found in an
exterior row. It will be observed that in each Block of the new series, there
is only one new row to be computed; the other rows are simply copied from
" the work already done.

2 -1 2 1 -3 1 2 1 -1 2
1 2 1 -1 2 1 =1 =2 -1 -1
1 -1 -2 —-1. -1 2 1 =1 -2 -1
2 1 -1 -2 -1 1 -2, =1 -1 2
1 -2 -1 -1 2 2 -1 2 1 =38
5 -5 =3 -1 -3 -3 -8 38
-3 -8 -3 3 3 ‘8 38 -1
3 8 38 =1 -5 =3 =1 =5
-5 -8 -1 =5 8 -5 1 1
-30 6 -—12 0 0 6
0 o0 6 6 —6 8
6 —6 8 -17 8 —4
012|
|1840
- 86.
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The fact that, whenever ciphers occur in the interior of a derived Block,
it is necessary to recommence the operation, may be thought a great obstacle
to the use of this method; but I believe it will be found in practice that, even
though this should occur several times in the course of one operation, the
whole amount of labour will still be much less than that involved in the old

process of computation.
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ALGEBRAICAL PRrROOF OoF THE METHOD OF ¢ CONDENSATION.’

We have seen (CH. II. Pror. VIL.) that «if there be a square Block of the
ntt degree, and if in it any Minor of the m*™ degree be selected : the Determinant
of the corresponding Minor in the adjugate Block is equal, in. absolute magnitude,
to the product of the m—1th power of the Determinant of the first Block, multiplied
by the Determinant of the Minor complemental to the one selected. Also, if the
numerals, indicating the selected rows, be represented by a, B,......, and those
indicating the selected columns by «, A,...... s and their respective sums by = (a),
S (x) : the relationship of sign between the equal magnitudes will be aecured by
mult@lymy either of them by (—1)y™ (@ +3w),

Let us first take a Block of 9 terms, and represent it by
Nt.....1\3 . N1..... 1\8
: : , and the adjugate Block by : :

35\1 ...... 3&3 . 35\1...... 3‘5\3 4.

If we ¢condense’ this, by the method already given, we get the Block
\- —é\-l } , and i:he Determinant of this will remain unchanged if

-1\3, 1\1, ‘
we transpose the columns, and also the rows, and then multiply the first row
and first column by —1;

" hence it = 1\1‘, 1\‘3‘ |5
3\1,,3\3,

and this, by the theorem above cited,
= D21 2\24.(—1)2-(4“).—_0,.2\2“ ;
3\3,—8\1,
_1\34’ 1\14
D, =
2\2,

which proves the method for a Block of 9 terms.
R 2
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Next, let us take a Block of 16 terms, and represent it by

NI.... 1\4 N1.... 1\4
: 1, and the adjugate Block by 4
Al..... 4\4 ], AL A4,

8\1......3\8 J,
1\1,1\2 1\ 2,1\3
8o that 1\.11; = 2%1,2-\\'2 ¢’ 1\.21: 2%2 %3 |

If we ‘condense’ this Block again, we get a Block of 4 terms, each of
which is, by the preceding paragraph, the Determinant of 9 terms of the
Block of 16 terms;

that is, we get the Block 4\44’—4\1“} 5
' —4’\.1.4’ 1\1.4
and the Determinant of this will remain unchanged if we transpose the
columns, and also the rows, and then multiply the first row and column

by —1;
hence it = 1\14’1\4
A1 4\4,
and this, by the theorem above cited,
D2 2\. \.3 (=1)2-6+8) 5
3\2 3\3 | -
=D,.2\2,;
4\44’_4\1.4
—1\¢,, 1\1,
D, =
2\2,

which proves the method for a Block of 16 terms, and similar proofs
might be given for larger Blocks.
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_APPLICATION OF THE METHOD OF ‘ CONDENSATION’ TO THE
SOLUTION OF SIMULTANEOUS LINEAR EqQUuarions.

If we take a Block containing # rows and #+ 1 columns, and ¢ condense’
it, we reduce it at last to 2 terms, the first of which is the Determinant of
the first # columns, the other of the last # columns.

Hence, if we take the # simultaneous Equations

N\lz,+10\22+......+ \nz,+ T\n+1 = 0,

and if ‘we ¢ condense’ their B-Block, we reduce it to 2 terms, the ﬁrst of which
is ¥, the other D,.

Now we know that », = (—)‘.% ; that is, (—=)*"V.e; = D,.

Hence the 2 terms obtained by the process of condensation may be
converted into an Equation for #,, by multiplying the first of them by z,,
affected with + or —, according as 7 is even or odd. The latter part of the
rule may be simply expressed thus:— place the signs 4+ and — alternately
over the several columns, beginning with the last, and the sign which occurs
over the column containing z, is the sign with which z, is to be affected.”

When the value of z, has been thus found, it may be substituted in the
first #—1 Equations, and the same operation repeated on the new Block,

which will now consist of #—1 rows and # columns. But in calculating the
second series of Blocks, it will be found that most of the work has been
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already done ; in fact, of the 2 Determinants required in the new Block, one
has been already computed correctly, and the other so nearly so that it is only
necessary to correct the Zasf column in each of the derived Blocks. -

In the example given opposite, after writing + and — alternately over
the columns, beginning with the last, we first condense the whole Block, and
thus obtain the 2 terms 86 and —72. Observing that the z-column has -
the sign — placed over it, we multiply the 36 by —, and so form the Equa-
tion —362 = —72, which gives z = 2.

Hence the z-terms in the first four Equations become respectively
2,2,4,and 2; adding these values to the constant terms in the same Equa-
tions, we obtain a Block of which we need only write down the last two

2 4
. -1-2
columns, viz. —1-2l
2 6
0
We then condense these into the column | O |, and, supplying from
2 3
the second Block of the first series the column —1 1], we obtain
3 0 -5
|—1 0 ] as the last two columns of the second Block of the new series;
-5 2

and proceeding thus we ultimately obtain the two terms 12, 12. Observing-
that the y-column has the sign + placed over it, we multiply the first
12 by 4y, and so form the Equation 12y = 12, which gives y = 1. The
values of 2, %, and v are similarly found.

It will be seen that when once the given Block has been successfully
condensed, and the value of the first unknown obtained, there is no further
danger of the operation being interrupted by the occurrence of ciphers.
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- + - + - +

 +2y + 2 — u +2v + 2 =0
*— Yy —22 -~ u—9v—4=0
22 + Yy — 2 —2u — v — 6=0
z -2y — 2z — u +20 + 4 =0
2 — y +22 + u —3v — 8'=0

-

2 1-1 2 2 2 4 2 |2 4
-1 -2 -1 —1 —4||=-1 -2 |1—3
1 -1 -2 —-1-6]|]|-1 -2 1 -1
—2-1-1 2 4 2 6
-1 2 1-3 -8
—3 —3 -3 3—6
3 3 3-—1
—5 -8 —1 —5
3 -5 1 1-4' _2|

0 ol|12 12

DO = DD s

l L 3u=3 ...... ... u=
-1 —2
|6 6]

3 0
-1 o0
—5 =2 =62=6 ....c..ceirriiiiininn S 2=

6 —6 8 =2 | N12Y=12 e Y=
—-17 8 —4 6

' 0 12 12 |
18 40 -8
| 36 —72 |

-+ - . +
bx +2y —32 + 8 =0
32 — y —22 + 7=0
2¢ +3y + z —12=0
5 2 -3 3| |—3 .8| | =3 12
3 -1 -2 7 -2 10 82=12 ..iiiiiiiiinnn o 2=
|2 3 1 —12 | -7 —14]
l—u -7 -15| A= TY= =14 i Y=
1 5 17

| —22 22|
220==22 e e e e ee rer e er e e ee e o =

27

—l —l So—20=4
| 3 3] o v=—2

1



APPENDIX V.

SoLuTioN OF THE PROBLEM “ Given an algebraic function
of 2 or more terms; to construct a square Block, whose Elements
are all mononomial, and whose Determinant vanishes simultane-

ously with the given function.”

In what follows we shall use the word ¢complemental’ in a somewhat
extended sense: its definition may be given as follows: “If, in a Block, any
rows and any columns be selected: the Block formed of their common Elements,
and the Block formed of the Elements common to the other rows and columns,
are said to be complemental to eack other.”” The definition previously given
(Cr. II. Der. VIL.) is evidently a particular case of this.

We have now to prove the following Theorem : “ [f, in a square Block,
any rows and any columns be selected ; and if the Block formed of their common
Elements be multiplied throughout by any quantity, and the complemental Block
divided throughout by the same quantity: the Determinant of the new Block
vanishes simultaneously with that of the first.”

Call the deg'ree of the first Block ¢n’, its Determinant ¢ D’, the number
of selected rows ¢»’, of columns ¢ ¢’, and the quantity used for the processes of
multiplication and division ¢ »’.

First, let the selected » rows be multiplied throughout by v; then the
Determinant of the new Block, so formed, =D.v?, (Cum. II. Ax. IL

Next, let the n—g -columns, which were not selected, be divided
throughout by v;.then the Determinant of the new Block, so formed,
=D.v?*%*; and therefore it vanishes simultaneously with D.

But, by the first pi'ocess, the selected Block was multiplied throughout
by v, as were also all the Elements common to the p selected rows and the
n—q columns which were not selected; and, by the second process, these
latter Elements were again divided by v, as was also the Block complemental

to the one selected.
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Thus, by the two prm, the selected Block was multiplied throughout,
and the complemental Block divided throughout, by v.
Hence this Theorem has been proved true.
01 1\2 1\3) _
Now in the square Block 2\1 2\2 2\3 , let each of the Elements
3\ 3\2 3\3

2\2, 3\3, be divided, and ite complemental Minor multiplied, by the Element
itself. We thus obtain (neglecting exterior factors, which do not affect its

1\1.2\2.3\3, 1\2.3\3, 1\3.2\2
evanescence) the Block 2\1.3\3, 3\3, 2\3 . Then multi-
2\23\1, 3\2, 2\2
plying the 2% row by 1\2, the 37 row by 1\3, the 274 columns by 2\1, and the
N\12\2.3\3, 1\2.2\13\3, 1\3.2\2.3\1
34by 3\1,we obtain { 1\ 2.9\1.9\3, 1\2.9\13\3, 1\2.2\3.9\1 , every
- N\32\28\1, 1\32\1.8\2, 1\3.2\23\1
Element of which is a Constituent of the first Block.

“Now let it be given that 4, B, C, D, E, F are the 6 Constltuents of a
certain square Block of 9 terms: then we have the 6 Equations

4 =10\12\23\3, —D=1\12\33\2,
B=1\22\33\1, —Z=1\22\13\3,
¢ =1\32\13\2, —F =1\32\2.3\1:

A4, —E, —F
then, substituting in the Block just found, we obtain < —Z,—E, B &, or
—F, CG-=F
.4, E, F
multiplying the 1* row and 1% column by —1, { E, —E, B
F, ¢ -F
The Determinant of this Block = EF. {A—‘%’+ E+ByF+ C} ,and

S
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this, since —ATBF?=D, becomes EF.{4+B+C+D+E+ F}, and so is eva-

nescent simultaneously with the unknown Block. And this condition,
ABC = —DEF, is the only one which the 6 given quantities must fulfil,
that the problem may be possible. '

If the given Algebraical function contain 6 terms, we have only to apply
this test, by grouping them into sets of 3, and if they satisfy the test, the
Determinant can be written out at once: this may be done by multiplying
together the 6 terms, taking the square root of their product, and finding,
if possible, a set of three terms, whose product is equal to that square root,
and whose sign is contrary to that of the product of the other 3 terms.
Let us take as an example

5ab®+8a* —3abc—2ab+10a—4c;

here the continued product is 2.2.4.3.3.5.5a%0%c?, whose square root is
60a%82¢, and this may be made up of the 3 terms 542, 34%, —4¢; and as the
sign of this product is —, and the sign of the product of the other 3
terms is +, the problem is possible. Hence, calling these 8 terms ¢ 4, B, C;
and the terms 10a, — 24, ¢ E, F°, we obtain the Block

5a8%, 10a, —2ab

10, 102, 8a? »,

—2ab, — 4c, 2ab

58, 10, —2%
which, if we divide rows by common factors, reduces to 10, —10, 3a },
—ab, —2¢, ab
582, b5, —2¢%
that is, dividing the 27 column, to 10, —5, 3a },thatis, multiplying
—ab, —ec, ab

the central term, and dividing its complemental Minor, by ¢&,’ and also
multiplying the last term in the 3 row, and dividing its complemental
Minor, by ¢5,” and changing the signs of the last term in the 1¢t row and of
6 1, 2
its complemental Minor —2, b, 3a
a, ¢ ba
If the given function contain 5 terms only, it will be necessary to break
up one of them into 2 portions. In this case we ought to find 4 terms whose
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continuous product is such that the Algebraical portion of it is & square, and
form them into 2 groups, each of which furnishes the square root of this
product. We then break the 5t term into 2 portions, assigning one to each
group, and in doing so we have only to attend to the numerical coefficients.
As an example of this let us take
5a'b—4a%c +3atbe +2ac® + 1182 .
here the continued product of the first 4 terms is 8.3.5.41°4%¢%, and the square
root of the Algebraical portion of this is #%4¢?, and this is furnished by the
product of 54*4 and 2ac®: hence, arranging the terms in 2 groups, 52%6.2ac®
and —4a%¢c.34%bc, we find by inspection that the last term must be broken
into the 2 portions 64 and 542. Thus the two products, taken 3 and 3,
become 5446.2ac?.66% and —4a%c.34%bc.58%. Thus the required test is fulfilled
' 5a4b, —4a%, 8adbc
and the Block may be written < —44a%, 4a%, 2ac® 3, which, dividing
8a%be, 682, —38adbe
5420, —4ac, 38be
rows by common factors, becomes { —242, 243 ¢ ; and this again,

a’e, 26, —alc

56, —2ac, 36
dividing columns, becomes -2, a 1
e, b —at

If the given function contain 4 terms only, we may proceed as in the
case of 6, and append two equal terms with opposite signs: +1 and —1 are
most convenient. For example, if the given function be

3a2bc®—4abtc—6ac® 4+ 85°;
the continued product is 4.2.8.3.3.a%%8¢*, whose square root is 24 .4%6*c?, and
this may be made up by the 2 terms 3a26¢? and 8%°. Hence the 6 terms may
be taken to be 3a2ic2, 883, 1, and —4ab*c, —6ac, —1. Thus the test is

3a%bc?, —6ac, —1
fulfilled, and the Block may be written < —6ac, 6ac, 88 », that is,
-1, 1, 1

multiplying the 3 term of the 8™ row, and dividing its complemental Minor,
by 8ac, and also dividiyg the 2* row by 2, and changing the signs of the 1%

abe, 2, 1
row and 1¢ colamn, < 1, 1, 483
1, 1, 3ac '

S 2
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A Block of 16 terms may be constructed by a process similar to that

employed for 9 terms.

Thus, in the Block

N\1 1\2 1\3 1\4
2\1 2\2 2\3 2\4
3\1 3\2 8\3 3\4
4\1 4\2 4\3 4\4

, let each of the Elements

2\2, 3\3, 4\4, be divided, and its complemental Minor multiplied, by the
Element itself. We thus obtain the Block

1\1.2\2.3\3.4\4, 1\2.3\3.4\4, 1\8.2\2.4\4, 1\4.2\2.3\38

2\13\34\4, 3\34\4, 2\34\¢, 2\43\3
2\2.3\14\4, 3\24\4, 2\24\4, 2\23\4
N23\34\1, 8\34\2, H\24\3 9\24\3

Then, multiplying the 2" row by 1\2, the 34 by 1\3, the 4 by 1\4, the
24 column by 2\1, the 3 by 3\1 » and the 4*2 by 4\ 1, we obtain the Block

N\12\2.3\34\4, 1\2.2\13\34\4,
1\2.2\1.3\34\4, 1\2.2\1.3\34\4,
1N\3.2\2.3\1.4\4, 1\3.2\1.3\2.4\4,
N\4.2\2.3\3.4\1, 1\4.2\13\3.4\2,

1\3.2\2.3\1.4\4,
1\2.2\3.3\14\4,
1\3.2\2.3\14\4,
1\4.2\2.3\1.4\3,

N\4.2\2.3\34\1
1\2.2\4.3\34\1
1\3.2\2.3\4.4\1
1\4.2\2.3\3.4\1

every Element of which is a Constituent of the 1% Block.
Now let it be given that 4, B, C, &c. are the 24 Constityents of a certain
square Block of 16 terms: then we have the 24 Equations

4 =1\1.2\2.3\3.4\¢)
B =1\2.2\13\4.4\3
¢ = 1\3.2\4.3\14\2
D =1\4.2\3.3\2.4\1 |
- N=1\12\23\44\3"
P =1\2.2\1.3\3.4\4
—-@=1\32\43\24\1

—EB=1\42\38\1.4\2 |

J

(" —v=1\84\24\14\4

B=1\12\33\4.4\2

F =1\2.2\43\34\1 !

G =1\3.2\1.3\2.4\4

H=1\42\2:3\14\3 |
—§ =1\12\43\34\2)
7= 1\2.2\3.3\4.4\1

>

—7 =1\42\1.3\24\3

J =1\12\43\2.4\3

K =1\2.2\3.8\ 14\4

© L =1\32\23\44\1
M=1\42\1.3\34\2

- =1\1.2\3.3\2.4\4
—X =1\2.9\4.9\14\3

-7 =1\82\1.5\4.4\2

-7 = 1\4.2\2.5\3.4\1
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4,-P,-U,—2
: gt . . —-P,—-P, K, F
then, substituting in the Block just found, we obtain _U 6-U L[’
-4, M, H Z
which, if we change the signs of the 1% row and 1% column, becomes
4, P, U Z
P,-P K F
v, 6 -U, L
Zz, M, H-2

This contains 10 only of the given 24 quantities, so that, in order to
prove that its Determinant contains (4 + B+ &c.+2Z) as a factor, we must
have 14 independent relations among the given quantities.

The 10 quantities which enter into the above Block are

4, F, G, H, K, L, M, P, U, Z;
and the following Equations give the remaining 14 quantities in terms of

these :— -
HLP AHL AFM AGK
B=——7 g AKLY Nz | 8=—"37 | V=7
o _FMU T PUZ 0=-T¢ p—_kKL - _FH
=T""Pr7 ;__AFGH([’ =7 ("TTT (T 7
p=_8%2 PUZ j p__ KM | ,__GH | LN

PU P U Z
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